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DIRECTIONS  FOR  THE   BINDER. 


I.  The  Binder  is  desired  to  observe  that  the  Vol,  consists  of 
4iiferent  sets  of  Signatures.  The  first  set  A,  B,  C,  D,  contains 
the  questions,  and  is  to  be  placed  at  the  beginning  of  the  Vol. 
to  serie  as  a  table  of  Contents  to  the  first  part 

II.  The  first,  second^  and  third  parts  of  the  Voi.  mast  foU 
low  in  their  order.  The  two  sets  of  Questions  of  Vol.  VII. 
(viz.  signatures  A  and  B),  i^hii:^  ^^e  stitched  up  with  numbers 
forming  the  Sixth  Vol.  must  ^  (laBserved  till  the  Seventh  Vol. 
is  completed. 


The  Cambridge  Problems  to  be  placed  after  the  third  part : 
and  the  Plates  to  Wildbore's  Demonstrations  also  to  be  placed 
at  the  end  of  the  third  part. 
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MATHEMATICAL  REPOSITORY. 

MATHEMATICAL  QUESTIONS. 
To  be  answered  in  Number  XXIf* 

I.    QUESTION  49t,  b^  ik»  lUv.  Mr.  K.  C.  TrwK. 

'  A  bent  lever  of  which  the  arms  are  a  and  d  and  the  angle  0  mdkel  snMI  escilla « 
tioas  in  its  own  plane;  find  the  time  of  one  Tibration  ? 

II.    QUESTION  492,  5y  iht  Rm>.  Mr.  Ttsoh. 

Sum  M  terms  of  the  series 

1»  .««-t2^  .  S«+S»  .4«  — 4«  .  5*  +  &c. 

IIL    QUESTION  493,  Ay  the  Rio.  Mr.  TrsbH. 

.  BiTSDf  ^ven  the  focal  length  of  a  coiivex  lens  whereby  a  person  ma^  se^  dff " 
ttnctly  at  a  given  distance,  to  find  the  length  of  another  lens,  which  will  enable 
Ihe  fuse  pet  ton  to  see  distinctly  at  another  giteh  distance. 

IV.    QUESTION  494,  hy  Mr.  Jamks  CvNurFi. 

Seppose  a  body  revolyes  in  a  giVen  circle,  the  centre  of  Tbre^  being  a  giien 
peine  in  the  periphery ;  it  is  required  to  compare  its  velocity,  ar  any  given  pointy 
^iththat  of  a  body  revolving  about  the  centie  of  the  same,  (or  an  eq«Ml)  circle. 

V.    QUESnON  495,  »y  Mr.  Ciivi%iffK. 

Find  the  snm  of  the  infinite  series 

4«  .  6  **■  4*  .  6*  .  8    +   *4«  .  6* .  8« .  to  "•■ 

VI.    QUESTION  496,  fiy  Mr*  SAMuai  Jokbs,  Lk€rp»oL 

Tike  any  two  points  in  the  opposite  sides  of  a  given  ttapestnm,  and  fi«m  eack 
of  tbesediaw  ttf  straight  lines  to  the  opposite  angles;  then  the  two  points  where 
these  lines  iatenect  and  the  point  of  intersection  of  tlie  diagouAls  are  in  a  straight 
fine.    Required  the  demonstiation. 

VII. .  QUESTION  497,  £y  R.  N. 

Find  the  sum  of  the  series 

say  term  being  the  sum'  o^the  two  preceding  terms. 

Vlll.    QUESTION  498,  ^R.N. 

At  psge  84,  Whevell*s  Dynamics,  it  is  stated  thi^C,  -*  The  semtcubical  para- 
bola with  its  axb  vertical  is  a  curve,  the  time  of  a  bedy*s  fidling  down  which,  can 
be  fiMmd.**    It  if  required  to  find  the  time,  if  possible,  in  finite  terms. 

IX.    QUESTION  499,  6y  Mr.  Con Lirrs. 

Suppose  a  small  body  or  pellet  of  lead  at  a  given  point,  in  a  perfectlv  imooth 
■MTowtnbe,  of  a  given  length,  and  suppose  the  tube  to  be  whirled  about  one 
ef  its  ends  as  a  oantre^  widi  a  given  angnltr  celerity,  in  a  horizontal  plane  t  It  is 
Rqulied  to  determine  the  velocity  and  direction  of  the  pellet  when  U  leaves  the 
tajbe)  the  motion  being  solely  generated  by  the  revolving  of  the  tube. 

X.    QUESTION  500,  2y  R.  N. 

The  plane  of  the  paper  representing  the  horiton  of  a  place  at  any  time,  and 
the  pesitioos  of  the  earth,  sun,  and  moon  being  given,  it  is  required  to  find  the 
equation  to  the  straight  line  which  is  the  intersection  to  the  two  planes  passing 
Uumgh  tbe  moon^s  centre  perpendicular  to  the  lines  joining  the  sun  and  moon, 
and  ihe  'earth  and  moon* 

XI.    QUESTION  501,  hy  Mf.  Thomas  8tiv0bki  Da? m,  JtcM. 

Unes  drawn  ftom  the  an^es  of  a  triangle  to  the  points  of  contact  of  the  in- 
scribed circle  mcf  tin  the  same  point  (G),  as  Is  well  known :  lines  drawn  f  the 

A 


{  ^  ) 

.  pcinu  of  contact  of  the  circloi  which  touch  extornally  moel  la  a  poiftt  (H) }  and 
liAes  drawn  from  the  centres  of  the  circles  of  external  contact  to  Uie  points  where 
the  inscribed  touches  meet  also  in  a  point  (K).  Prove  these  two  lattet,  and  shew 
whether  the  three  points  6,  H,  K  are  in  a  straight  line  or  not. 

XII.    QUESTION  502,  by  Mr.  Samobl  Jokes. 

If  a  thin  rectangular  bar  of  polished  steel  of  a  given  length  were  .placed  hort- 
tontaliy  m  haeuo,  and  if  a  smooth  magnetic  sphere  of  a  given  diameter  were 
placed  at  a  given  point  on  the  bar,  and  then  abandoned  to  the  attractive  forcf 
of  the  steel  it  would  oscillate  thereon  perpetually  :  Find  the  greatest  velocity  it 
w(  uld  acquire. 

Xm.    QUESTION  503,  £y  S.  &  S. 

.  A  country  clock-maker  being  directed  to  make  a  pair  of  cydoidal  jMndulum 
jcheeks,  to  a  circle  whose  radius  was  u  inches,  made  them  by  mistalte  to  a  circle 
only  m  inches  radius.  To  remedy  this  defect  he  put  a  rim  of  brass  of  equal  thick- 
ness round  the  cycloid'  to  make  their  axes  ss  %n  inches,  and  believes  that  the 
cheeks  are  properly  formed.  It  is  required  to  ascertain  the  nature  of  the  curve 
described  by  the  pendulum  vibrating  between  themj  and  to  find  the  point  at 
which  its  deviation  from  a  cycloid  is  greatest* 

XIV.    QUESTION  504,  fly  Jtfr  Da viBt. 

Planes  passing  through  a  given  point  cut  a  sur&ce  of  the  second  order  t  Find 
the  leci  of  the  centres  and  foci  of  the  resulting  sections. 

XV.  QUESTION  505,  fly  S.  S.  S. 

Given  the  radii  of  the  four  spheral  of  ei^ttmal  contact  with  a  tetrahedron,  to 
find  the  tetrahedrou,  together  with  its  inscribed  and  circumscribing  spheres. 

XVI.  QUESTION  506,  fly  S.  S.  S. 

Find  the  nature  of  the  curve  surface  (in  Gent.  Diaiy,  No.  1864)  generated  bo 
the  line  which  joins  the  moving  points,  also  the  locus  of  the  centre  of  gravity  of 
these  points  supposing  them  urged  by  equal  forces.    - 

XVn.    QUESTION  507,  fly  JIfr.DAviBt. 

A  series  of  equal  circles  inde^nitely  near  to  each  other  and  whose  centres  are  In 
a  straight  line,  are  put  in  perspective :  What  aiethe  loci  of  the  centres  and  ion 
of  the  representing  ellipses. 

XVIII.    QUESTION  508,  6yiirr.PBTER  Mason.    ' 

Find  the  equation  to  that  sui&ce  whose  property  is  such,  that  if  the  tangent 
plane  at  any  point  cuts  off  portipns  of  the  axes  of  «,  y,  and  s  respectively  equal 
***,  y*,  and  •'*.  Then«^  4.y'a  .f.  s**  shall  always  be  equal  to  the  same  con- 
stant quantity  a'. 

XIX.    QUESTION  509,  fly  R.  N« 

Two  bodies,  P  and  Q,  are  placed  on  a  smooth  horizontal  plane,  and  connected  hy 
a  perfectly  flexible  inextensible  thread  which  passes  freely  through  a  small  ring 
in  the  plane,  a  given  velocity  is  commnnicatMl  to  P  in  a  given  direction:  itis  » 
required  to  fiiid,  the  equation  to  the  curve  described  by  P  on  the  plane,  the  length 
of  the  thread  behig  indefinite. 

XX.     PRIZE  QUESTION  510,  fly  Mr.  Datms. 

If  a  polygon  be  inscribed  in  a  conic  section,  all  whose  sides  but  one  are  parallel 

to  given  lines  that  side  will  either  be  parallel  to  a  given  line  or  touch  a  given  ooBic 

section.  f 

This  Question  for  the  Triangle  was  the  Prize  Question  in  the  Mathematical 
Companion  for  ISld,  but  the  &k>lutions  there  given  were  Algebraical :  it  was  in 
the  fom  here  given  the  I*iize  Question  in  the  Leeds  Correspondent  for  July  182S, 
but  the  principle  of  Orthographic  Projection  there  employed  cannot  properly  apply 
except  to  the  ellipse.  It  is  here  proposed  to  demonstrate  the  property  ^^ometri- 
caliy  without  the  intervention  of  any  kind  of  projection  or  algebraic  calculus. 


SoUihiu  to  theie  fu§ttion$  mutt  come  to  hand  (pott  paid  J  fly   tktjttt  doig  V 
Stptomber.  1880. 
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MA  THE  MA  TICAL  REPOSITORY. 

Mathematical  questions* 

To  be  Answered  in  Number  XXII L 

1.    QUESTION  bUy  by  Mr,  Thomas  Stepbbms  Da  vies,  Bath, 

III  wliat  currip  is  the  Dormal  equal  the  radius  of  curvature? 

IK    QUESTION  5t2,  by  Mytholooicus. 

From  what  point  will  three  given  spheres  subtend  e<iual  conical  angles } 

111.    QUESTION  5lS,  by  DbLta  Solius. 

DG,  FGare  twolines  given  iii  position,  and  £  a  given  point  t  what  is  the  lo« 
cu^  of  ihe  centre  of  the  circle  circumscribing  the  triangle  DFG^  when  the  base 
DF  passes  through  E  ? 

IV.  QUESTION  514,  by  Umbra. 

.  A  given  triangle  ABC  has.  its  base  AC  resting  upon  two  rectangular  directrices 
AO,  CO.     Fiud  t^e  locus  of  its  veitex  B. 

V,  QUESnON  515,  by  Umbra. 

Mr.  Ferguson  constructed  a  cylindrical  dial,  whose  axis  waa  verttcal,t  ^ind  the 
stile  perpendicular  to  the  axis  and  in.  the  plane  of  |he  meridian.  Now,  when 
the  cyliiidrical  surface  is  developed,  what  is  the  equation  of  the  extremity  of  the 
shadow,  supposing  thesuh  retained  its  mean  decimation  during  a  whole  revolu- 
tion. 

VI.  QUESTION  516,  by  Mu  DaVies. 

Let  one  of  the  solid  angles  of  a  regular  octahedron  be  cut  off  by  a  plane :  then 
the  greatest  and  least  edges  thus  cut  off  will  be  the  extremes,  and  the  others  the 
means  of  an  harmonical  proportion. 

VII.  QUESTION  517,  by  ilTr.DAiiEs. 

Two  parabolas  are  given  on  the  same  plane,  to  each  of  which  it  b  required  to 
draw  a  ungent,  so  that  they  shall  be  parallel  to  one  another,  and  the  ibcal 
ladii  vectores  of  the  points  of  contact  sluill  meet  in  a  given  line. 

VIII.    QUESTION  518, /rwnRETKAOD  and  Duhambl  ProbUmts  ei  d^veioppe- 

mmu  sur  dheraes  partiet  det  Utathdmatifuet. 

**  Let  ABCDE  be  any  polygon  inscribed  in  a  circle,  FGHIK  a  polygon  circum- 
scribed whose  sides  touch  in  A,  B,  C,  D,  E  of  the  inscribed  one :  if  with  any 
raditij  we  deacriba  a  hew  circle  eoncehtric  with  the  first,  the  sum  of  the  squares  of 
the  distances  of  these  sumihits  A,  B,  8cc.  from  any  point  M  of  the  second  ciicle, 
multiplied  respectively  by  the  tangents  Kl,  KF,  FG,  GH,  HI,  will  be  always  the 
same,  that  is  to  say,  the  sum  of  tue  solids,  M  A^  .  KI  4-  MB^  •  KF  +  M€^  .  FG 
+  MD«  .  GH  +  M£«  .  IH,  is  consUnt.*' 

'    IX.    QUESTION  519,  ftyJIfr.  Da  VIES.  ^ 

In  any  conic  section  let  two  points  A,  B  be  taken,  and  two  tangents  AC,  BC 
to  meet  in  C.  Likewise  two  other  lines  inflected  from  A,  B  to  any  point  D  in 
the  curve :  then  any  line  from  C  wdi  be  harmonically  flivided  by  these  latter  and 
the  curve  In  £,  F,  G,  H. 

X.    QUESTION  520,  by  SPBMXvn. 

from  any  point  in  one  given  sphere  describe  a  cone  to  envelope  another  given 
«plicre,  and  find  by  considerations  purely  ^feme/nco/,  the  cuive  surface  to  which 
the  plane  of  ctmtact  is  always  tangential. 

XI.    QUESTION  52t,  by  Mr.  Davibs. 
Let  a,  6,  c  be  the  three  sides  of  a  trian|(Ie,  and  r,  r',  f%  r^'  the  radii  of  the  four 
circles  which  touch  them ,  then 

ai  +  «c  +  6c  a  rr' +  rr'' +  rr^' +  r'r'' +  f^f ''' +  r'V" 

That  is  the  sum  of  all  the  rectangles  made  by  the  binary  combinations  of  the 
sides  is  equal  to  the  sum  of  all  the  lectangles  made  by  the  binary  combinations 
of  the  four  radii  of  the  circles  of  contact. 
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(  «  ) 

Ady  OR  are  two  planet  any  how  indiiicd  to  tlio^  horizon  intersecting  in  a« 
angle,  OR  is  an  Inflexible  rod,  devoid  of  grayitf,  .loaded  in  m  with  a  given  hedj 
M  fixed  to  it  there)  and  the  whole  apparatus  thus  formed,  Mied  on  by  gravitj 
glides  along  the  plaites  AO,  OH*  Dnermint  the  velocity  of  M,  inoludiag  the 
effect  of  iriction. 

30If.    <iD£STlON  5S3,  hy  Mr.  Dk^itt. 

Let  the  opposite  sides  of  a  hexagon  In&cribed  in  a  circle  be  prodneed  to  tnMt : 
then  of  the  three  angles  Urns  forfloed  the  middle  one  will  be  equal  to  both  the 
othets.    Geometrical  and  analytical  proofs  are  required. 

XIV.    QUESTION  fiS4,  ^y  Jlfr.  Dayibs* 

.  Let  A9  B,  ^9  p,  £,  F  be  the  six  summits  of  a  complete  quadrilateral,  and  G, 
H|  K  the  mtersectioos  of  its  diagonals ;  from  one  of  the  intersections  as  G,  d  raw 
gL  perpendicular  to  the  third  diagonal,  meeting  it  in  L  s  then 

!•«>.  ^  ULB  «=  /.  £  2:  F, 
8».    Z.  CLA  =  Z.  E  ±  F, 

60.    The  angle* DLB.  CLA  are  bisected  byGL.    Analytical 
and  geometrical  demonstrations  are  required . 

XV.    iiUESTlON  665,  hy  R.  l^t 

Pmp.  \h»  $ec.'4.  Vol.  If.  KeWfon'^  Principle.  A  body  is  supposed  to  describe 
the  logarithmic  spiral  rft  i  medium  whose  resistance  vsirles  as  the  density  X 

1 
(▼elocity)',  and  centripetal  force  varies    -p — r,*    '^^  ^^'^  ^®  law  of  resistance 

and  of  the  density.    U  if^nxr^  jr^uifed  to  find  the  law  of  resistance  and  density  of  ' 
th<^  m.edium,  when  the  body  describes  any  spiral,  the  centripetal  force  carving  as 

...   -r^  ,  and  resistance tarylng- as  dettsfty  Jc  (velocity )•  . 

XVL    QURSTiON  536,  6y  R.  N, 

Art.  340,  page  S3d,vol..  II.  Playfair's  Outlines  of  Natural  Philosophy  it  is  stated, 
that  a  circle  whose  diameter  is  equal  to  the  whole  height  of  the  tide  being  placeii 
perpendicular  to  the  hon'soo  the  lowest  point  being  at  the  level  of  low  water,  tiie 
tide  will  ascend  and  descend  through  equal  arcs  in  equal  times.  Required  the 
proof.  The  earth  b  supposed  a  fluid  sphere  and  disturbed  only  by  the  actioii 
of  the  sun  and  moon. 

XVII.    QUESTION  587,  iy  R.  N. 

A  fine  inextensible  and  flexible  string  passes  freely  through  a  small  hole  in  an 
horizontal  smooth  table,  two  weights  P  and  Q  are  attached  to  the  string,  Q 
hanging  down,  and  P  being  00  the  horiaontal  tsbje  or  plane,  a  given  velc»citv  is 
communicated  to  P  in  a  given  direction,  required  the  equation  of  the  path  it 
describes  on  the  plane. 

Xy^ll.    QUESllON  528,  bff  Delta  Suliui. 

Two  sides  of  a  triangle  inscribed  in  a  conic  section  pass  constantly  by  the  foci ; 
to  what  curve  is  the  third  side  always  a  tangent. 

XIX.    QUESTIOK  589,  ^  FfH.i«oiflfs, 

All  the  angles  but  one  of  a  Polygon  circumscribing  a  given  conlo  section  at« 
npon  given  lines :  what  is  the  locos  of  the  remaining  one  ? 

XX.  PRIZE  QUESTION  580,  bp  Mr.  W.  &  B.  WooftHoosB. 
AO  and  AB  are  «wo  heavy  mtkii  and  equally  uniform  bars  of  given  lengths,  and 
freely  moveable  about  C  in  the  plane  ACB  by  means  of  a  joint  at  C  j  BC  rolls 
over  a  small  pulley  P,  while  AG  moves  freely  round  a  pin  which  is  fixed  at  A  in 
the  Tertical  sight  line  PA»  the  distance  PA  being  given :  being  placed  in  a  friveii 
position  they  are  allowed  to  descend  by  the  force  of  gravity.  It  is  required  to  in- 
vestigate the  velociUes  when  they  arrive  at  any  other  position  t  and  al^so  to  give  a 
method  of  computing  their  position  at  the  instant  BC  quits  the  pnlfey. 


Solutions  to  these  ^€StwH9  must  come  to  Amid  Cp^st  paidj  bjf  the  first  ^  %^ 
Dtcember,  1830. 


THE  ' 

MA  THE  MA  TICAJLllEPOSITOR  Y. 

MATHEMATICAL  QUESTIONS. 
To  be  answered  in  Number  XXIV, 

L    QUESTION  531,  ^  N.  Y. 

If  OB  the  scj?incnta  AB,  B«.  of  the  diameter  of  a  semicircle,  the  feinicircles 
ASA,  ««B  b«  constructed,  Mid  the  ordinate  BQ drawn;  it  k  required,  first,  to 
tastribe  a  circle  in  each  of  the  spaces  aQBSA,  aQBia  \  secondly,  to  shew  that 
thesv  circieft  are  equal;  and  thirdly,  to  uroYe  that  the  least  circle  circuni- 
icrityiiig  the  two  equal  circle*,  is  equal  tu  tlie  space  inclu<*ed  between  the  arcs 
si  the  three  semicirelea.  * 

II.    QUESTION  532,  by  R.  K. 

If  tw<i  sunis  of  money  S,  and  S^  become  due  respectiTely  at  th«  end  of  T,  and 
T,  years  ^  the  equated  time  for  paying  both  the  sums  is  found  by  some  authors, 
ea  the  sofp position  that  the  amount  of  the  present  talues  of  S,  and  S  ^at  the 
expiration  of  the  equated  time  must  ■>  S,  -f-  S^^wh^n  simple  interest  is  allowed. 
The  rate  of  interest  beinfr  (r)  :  It  is  requited  to^explain  the  cause  of  the  diSerenee 
of  ihe  results  obtained  thus  by  supposing  the' interest  of  S,,  for  the  time  it  is 
held  after  its  becoming  due,  equal  to  the  disconot  of  S^  for  payment  before  It 
■Msconcs  due. 

111.    QUESTION  5SS,  hy  Mr.  Thomas  STsPHENt  Da  vies,  Bath. 

If  the  rectangular  ordinates  of  a  conic  section  be  prolonged  till  they  be 
cqoal  CO  the  normals  of  the  same  points,  what  is  the  equation  of  the  carTe 
tra&ed  oet  by  their   extremities  ? 

IV.    QUESTION  534,  hy  Mr,  W.  S.  B.  Woolhocsb,  Iforlh  Shields* 

Fear  filiven  equal  spheies  being  placed  in  close  contact  with  each  other.  His 
vfi^aired  to  6nti  the  volume  of  the  space  enclosed  between  them  and  the  thre^ 
tiiangulAr  pbnes  through  each  three  centres. 

y.    QUESTION  535,  by  Dr,  Brook  Tatlor. 

Let  OV,  <la  be  parallels  eat  by  a  transversal  in  V,  v  respectively.  From  a 
point  i>  in  one  of  ihem,  (OV),  draw  four  lines  meeting  the  transversa]  in  D,  C, 
B,  A  and  the  other  parallel  in  «/,  c,  ^,  a.    Then 

CD      AR  * 

—  ; -r    :-.  CV.  VD  :  AV.  VB. 

ca        ao 

VI.  QUESTION  536,  by  Mf.  GaivriTH  JojiEt,  Liverpool, 

A  pendulum  composed  of  three  cylindrical  rods  of  unequal  lengths  SA^  SB, 
SC,  lying  in  the  same  plane  ^z.  ASB  s  JL  BSC)  is  supposed  to  vibrate  aboui 
the  point  S  in  th<»  plane  of  the  Rgure.  Required  the  distances  .of  the  centres  of 
giaviiy  and  oscillation  from  the  point  of  suspension. 

VII.  QUESTION  557,  by  jlfr.  Samuel  Jones,  Liverpool. 

Sum  the  series 

17       *  3.  11  .  3*.  5.  15  .  3*.  5*.  7  .19 

5*  .  4*  .  6  ■*■  2*    4»  .  6*  .  «        2»  .  4*.  6«  .  8»  .  10  ■**  2*    4«.6f.8».  10*  .  12 
^  Stc  ad  inJSnUum  in  finite  terms. 

VllL    QUESTION  558,  by  M: 

Let  AB  be  the  diameter  of  a  circle,  AM  always  equal  to^BM';  MQ,  M'Q' 
perpendicular  to  AB;  let  AQand  BQ'  (produced  if  necessary)  meet  in  P  :  find  the 
eq  nation  to  the  curve  traced  out  by  P.  Trace  its  whole  extent.and  shew  how  all 
its  parts  are  connected  with  the  circle. 

IX.    QUESTION  539,  by  Galucub. 

Any  conoid  being  cut  by  a  plane,  and  the  section  seen  from  either  focus,  it 
shall  appear  a  circle. 

X.    QUESTION  540,  by  Tintoretta. 

If  spheres  any  how  scattered  in  space,  be  put  in  perspective,  the  major  axes 

•  Mr.  Weelboase  bas  la  the  Press  an  BlemcBtary  Treatise  on  tbe  Modera  ApplicatioB  of  t^ 
Alfsbrak  Aaalycts  to  Geometry. 

C 


•I  the  MprMe^Utiopi  all  Und  to  om  poliiA  In  the  ptetiire»    l^i^twAm  tlmt 

XI.  ausmoN  Hh  h  mbho. 

A  riag  Ucut  by  »  pl^win  t  fWeo  4ir«adfi»:  whai  b  Umi  Equation  of  ih» 
section  ? 

XII.    Q^^STIOM  Mii  h$Mt.  W.  9.  d.  VTootHousB. 

Suppose  with  an  Organ  til*  Hatdwl  dUloatc  oelA^  C,  D,  £,  F,  G^  A,  B,C, 
hare  C  and  D  tuned Ui  the  fatioof  9lo  d)  and  that  E«  F  and  Q  are  tnned  %  per- 
fect (hird  majory  t  perfsct  fourtlu  and  a  per^ct  fifth  reapecttvely  from  the  key 
note  C  \  and  that  the  inter? ab  •/  the  tatrachord  G,  A,  B,  C  are  made  the  same 
is  those  of  C»  Df  £^  F* ;  and  that  the  s)emitoiies  are  taken  half  way  between  th* 
successive-notes  CD«  DK,  FG,  GA,  AB.  It  b  reqnifed  to  shew  the  defects  k» 
the  diatonic  scalea  of  each  of  the  other  eloTeA  major  keys,  vis.  G  one  sharp«  I> 
two  sharps,  A  three  sharps,  £  four  sharps,  B  five  sharps  \  F  one  ftat,  B6  two 
flats,  £&  three  flats,  M  foar  dan.  t>b  ^it  fhitf,  and  GB  six  flau. 

XIU.    QVtWnOV  M9,  lEy  Mr.  W.  ^.  B.  WooLiioijSE. 

Let  there  be  assumed  any  two  opposite  hyperbebs )  let  there  aiso  be  assumed- 
any  ellipse  to  which  any  two  conjugate  semi-diameters  aie  drawn  having  the 
same  ihclination  as  the  asymptotes  of  tke  hyperbolas  5,  let  this  ellipse  be  pUeed 
with  its  centie  any  where  in  9*ie  of  the  branches  of  the  hyperboiaa  in  such  a 
manner  that  the  two  said  semi-diameters  shall  be  paraUel  tath«  asymptot«»«-lf  it 
be  intemected  by  the  hyperbolas  in  four  points,  shew  that  the  four  normals  drawii 
from  thence  will  all  of  them  paKS  through  the  same  point. 

XIV.    QC£dtiON  544,  5y  Mr.  Davxes. 

Fihd  th^  equation  of  a  great  circle,  which  pas«es  thr**ugh  two  given  points  on 
the  surface  of  the  sphere,  in  terms  of  the  vaHables  lat.  antskloiig*  Aiso  find  the 
co-ordinates  of  ^e  poles  of  that  circle. 

XV.    QUESTION  545,  by  Mf.  W.  S.  B.  Woolhoucb. 

Sttt>pose  a  combustible  straight  line  of  a  given  length  and  a  given  iint£urm 
temperature  to  be  lighted  at  one  eKtiemity  and  to  conunence  burning  by  a  flame 
with  a  given  velocity/  lib  required  to  determine  the  time  in  which  it  will  be- 
touUy  destroyed,  snppeskig  the  combustion  to  be  affected  by  two  condK  oual 
circvmstanees}*— 1st.  the  velocity  and  sbeof  the  flanie  when  arrived  at  »'iy 
poiut  be  proportional  to  the  resulting  temperatute  at  that  point )  and  2nd.  that 
the  temperature  ot  each  point  during  the  homing  be  continually  Increasing  it  a 
Vtte  proportional  to  the  magnitude  of  the  ft<ime  and  recip«ooaIly  as  a  given  con- 
stant value  added  to  the  sqiuaie  6f  its  dbunce. 

XVI.    QUESTION  546y  by  Mr,  T.  6  D^viaa. 

P0RI8M.     A  circle  and  a  point  within  it  are  given,  as  well  as  the  positk>n  of  a 
plkne  paniUel  to  the  picture,  then  another  pbne  may  be  determined,  in  any  point 
i>f  which  the  eye  being  placed,  the  perspective  represeoution  of  the  poiut  shaiL 
^b«  the  eetli^e  of  the  perspective  representation  of  the  ci.cle. 

XVll.    QUESTION  547,  by  R.  N. 
sin  0^  1  #         3         .<\& 

^~^*  *^'S-i-Scos0°  4    cot  -   -  ^   cot  -. 

XVItl.   QUESTION  54«,  by  14. 

Find  the  integral  of  ^  betweeo  the  liiniu  of  9  «  0  and  9  ■>  infinity . 

KIX.    WSSTION  54g,  b^  MKT.  8.  Dntita* 

T^«  bodieattiove  in  tilt  cmee  of  ah  ellipse  in^JnCh  ^  m^intter  is  to  be  alwavs 
at  the  same  dtstaitce  fttitt  eneh  ethe#;  It  is  required  to  find  the  nature  of  ifie- 
curve  to  which  the  straight  line  joining  the  bodiei  is  always  «  tangent. 

NoU,  This  question  was  propesed  a#  the  l^rUle  §at  the  list  number  that  was 
published,  of  the  Gentleman*s  Mathemhtical  Companion  (^27)|  but  there  wa> 
no  aAsilrer  to  it  prihted. 

XX.    PRIZE  QUESTION  5fi0»  by  Zt? ftT». 

A  certain  curve  can  be  determined  from  the  following  property^ 
Any  five  poinu  being  denoted  by  jp^y,,  r^yj  Sic  in  order,  and  the  tbsrii^sa:*  . 
'ii  ^4>  *4»  's  ^^^  'i'  's*  '»  ^'^^f[  respectively  in  ariihmetbcaJ  piogrcsiotti  then 

y,  —  9y^  +  16y,  —  Qy,  +  y,  «  0. 

SoUtum*  to  then  quuiSon^  mutt  cmm  to  hand  fpQii  paid  J  by,  th€  J!rit  day  ot 


MATHEMATICAL  QUESTIONS; 
To'h  answered  in  MfnUer  ioCV. 

4.    ^VESrnOS- 35\,  ^  Jiff.  JotilM  BAliiBty  1%<M(i». 

CiiAat' two  days  of  the  year  iii  latitude  52^  14' ld*6'' is  tlie  tWs  aUittt4e 
^  tff  Sk*'%.t  the  middle  ^f  the  time  l>etweten  saohnae  and  oood^  difregarding 
I9  temldiametef  and.pariUax? 

n.    OUeSTtoil  55d,  by  Mr,  WilliaIi  Goi>WAkb,  LtmAm. 

tk&  -v^Hical  ^fl^e,  the  rectanfjie  bf  ihe  '•egtiieiits  iif  the'hise  hj  the  cbn- 

■nof  tiic'lflnefibed  cirele,  ^d  the  diflPeten^e  bf  the  Vgrnen'tsof  ihe  htae,  hy  a 
' — « — Vr  fMm  flie  teitical  aUgle,  to  determine  the  pla^e  triangle. 

tiL    aUEStlON  5&d,  2f  Mr.  J.  H.  Swalb,  Liv^tpoiil. 


.n«-^dkiheier'D£  cuts 'the  chbfd  AB  perpendtcuUrYy  at  F,  and  <% 
^  S(hm  centra  of  the  circle  \  dtncribe  semicircles  upon  the  segmenu  FD»  ^E,  FQ'y 
hnd  flraw  tha  tangents  CT,  Gl,  CV  from  any  point  C  ih  the  peitphery  of  the 
l^pttfentAEB.    Then 

1st.    (AC  +  C?)»  B  4CT* 

2nd.  (AC  —  CB)*  »  4CI« 

35I.   AC»+CB«    «   4CV» 

i\h.  4AC  .  CB        K  2CTS— SCVi. 

iV.    QUESTION  554,^  Jirr.JoBtiBAniBS. 

n»d  the  e^oatioo  ef  a  curve  whore  tangent  varies  dfnsictly  as  tlie  aliscisii. 

Vw    QUEStlON  565>  hy  Mr.  T.  S.  Davibs,  Aih. 

laeC  lif ,  H,  By  R»  lif  t^e  e^liir^  of  four  ciVcles  about  AED,  EBC.  ABP  DCF 
(fi^.  eo  tbesolikflOn  of  question  52^4)  and  letL  be  the  point  where  chey  InteiMct: 
\lMa  M»  N,  Ay  R,  L  are  in  one  circumference. 

YI«   Question  556,  by  idu  Hum^hrbt  CLiNk^a,  Coer  mid6n, 

.    The  leqpritMBfe^iral  Volls  updn  the  circumfeience  t^f  a  given  cirtre,  what  t* 
\he  locos  of  its  pole  ? 

m.    ^WESTION  557,  dy  mt,Jkt/%iCtjiHiffE,Zimdtm. 

Let ^  l» 'ind  c. denote .tiie  ratippil  numerital  values,  of  the  bides  of  a  plsne 
'tnikDgfe/aiMl  let  a  denote  its  double  arsa  $  ttteh  Ifrtlla*^^—  AS  aV^—  A^  and 
(ftV  —  A'  ^  all  rational  squares :  required  the  j^roof. 

VUL    QUESTION  558>  by  ilfr.  J.  H.  8v7Att,  tA^fiM 

^o  detormiDe  fgeomeirioaUyJ  the  pbsiilon  of. equilibrium  of  a  uniformly  heavy 
loflesibla  rod|  of  a  giveta  iengih^^efttrng  on  the  c^fge  of  the  brim  of  a  given 
lievivheiical  bowl,  while  the  lower  eiid  rests  again<^t  the  concave  surface  uf  the 
bowl.  , 

IX.  QUESTION  559,  by  Mr  T.^.  Datibs. 

GWen  the  fatie  and  radius  of  the  inscribed  ctrele,  to  find  the  locus  of  the  ter- 
kex  of  di^  ^pheiic^l  tnangle. 

X.  QUESTION  !^60»  by  Mr.  T.  8,  DAtibs. 

Find  (ha  e<|Uition  of  thehonr-Iitiesoh  the  Horodictical  Qua^^ant  ^  see  itut- 
iMiS  DMUttaKryyaa*  Quadrant ;  or  OiankmS  ftecreacfons,  vol  111.  p.  did. 

XI.    QUESTION  561,  by  the  K«e.  Mr  Bbicb  BaovWrH,  jD«ii^. 

Tlbearchof  a«emlc~»rcle  stands  In  a  vertical  plane^  with  its  extremities  in 
te^  safttf  Aoittatitif  lln^;  and  conireiity  downwards.  Ti'o  material  poinia 
tfWludtt^tf  by  ab  WfejCt^asibte  rod  without  weight  are  laid  on  the  inside  of  the 
if^y  M^cf  them  at  its^iititniity.  In  this  siiaation  they  are  left  to  the  action 
"dfpkfitf*  ■  Fiiid  the  diffeiehde  of  the  time  of  their  desrent  through  any  given 
ivch  hi  thii  cifse,  and  that  in  which  the  two  points  f^»rm  but  one,  namely  the 
Hp^cn^QIfty  ikkfleHfl^  of  the  rod  being  small.  Find  alio  the  pressure  and  the 
IflBsioo. 

Xlt.  .QtlESTiaif  Mf,  by  fte  Rtv.Mr.  Bbonwin. 

9kjfpm»  Ae  tfeh  of  c  semicircle  placed  hr  a'  vei  tteal  pUne,  extremitleft  parallel 
to  the  horisoili  and  convexity  downwards.    A  bar  of  heavy  metal  of  uniform 
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(  «  ) 

thtclcndss  is.Utd  on  th^  \a\\le  of  ths  carre,  on«  end  at  th^-top  pF  the  ^etirielref 
and  descends  along  the  arch  by  Us  weight.    What  U  ths  diffarenoe  betsreea  the 
tims  of  descent  thiough  a  given  irch>  ani  that  of  a  mitedal   potnc  descend ia^ 
down  the  same,  the  length  of  the  bar  being  sinall  I  Reiuired  aU)  the  presiiires 
at  ejich  en-1  of  the  rod  ?  .' 

Xni.    QUElSTIOPr  563,  bydir.W.  S  B.  WooLR9UgB.  London, 
Find    the    equation    to  tne  eroluie  surface  of  anf   pr()p)ied   loxodromtei 
carve.   And  sheif  that  if  any  number  of  Joxodro.n\es  hiring  different  meridional 
inclinations*  becutby^  a  parallel  of  latitud*  thit  the  centres  of  abiolate  -curra* 
tiire  at  the  paints  where  ttiey  are  intersected  will  all  of  thsin  range  in  the  surface  « 
df  a  sphere. 

XIV.    QUESTION  564;  bg  dtr,  WdoLttouSB. 

A  curve  whote  equation  is  /(a?,  y)  «  0,  is  succe^sirelf  m)dified  in  its  figare 
hj  the  simultaneous  motion  of  all  its  points.  At  each  insunt  the  points  iHore 
all  in  directions  perpendicular  to  their  cur^  and  the  motions  respired  parallel  to 
a  gireii  line  are  all  the  «ami.  It  U  reqifirei  co  determine  chs  general  equatioa 
for  the  curve  through  all  its  changes  and  aUo  that  of  the  curve  which  each  point 
describes. 

XV.  aU£STL0N  565,  by  Mr,  WxLiliABt  Go0WA«t>. 

The  s I j(  edges  of  any  irregular  tetrahedron  a'e  opposed  two  by.  two,  and  the 
Hearest  di^uiide  of  twd  opiiosite  edgsi  is  called  breadth ;  so  that'  the  tetrahedroni 
has  three  breadths  and  four  heights.  It  is  required  to  demonstrate,  Independenttjr 
of  the  geometry  of  co-ordiiiate^i  that  iii  every  tetrahedron,  the  sum  of  the  red* 
procals  of  the  squares  of  the  6reai<^f,  iseqtlal,  to  ths  sum  of  the  reciprocals  of 
the  squares  of  the  kei^kit.  (See  Lsldiei'  Diary,  Question  152d|  and  Young*! 
Dififisrential  Calcdids,  page  235.) 

XVI.  QUESTION  666^  by  m.  W.  S.  B.  WooLfaouss. 

A  heav^  metal  rod  AB  is  suspended  at  C  by  a  string  SC  connected  to  a  fixed 
point  S  and  is  made  to  describe  a  doable  conic  surface  round  an  .unknow  n  poiat 
P  in  the  vertical  right  line  SR.  There  are  given  SCm,  AGssGBsa^  GC«=6,'and 
the  arlgular  veldcity  rcmnd  SR  =r  t^ ;  to  find  the  position  of  Pand  the  iiidinatton 
of  the  rod.  AUo  A  J  =  GB  and  GC  bjiag  given  ai  ab  )ve,  there  are  partictilar 
determinate  values  of  SC  and  GP  which  are  required,  b  sing  such  that  if  the  aa- 
gular  volozity  be  vairiei  at  pleasure,  tiie  point  P  will  consuntly  be  fouild  in  the 
vertical  right  lin»  SR;  that  is  P  will  always  be  the  centre  of  rotation  or  cojioioa 
Vertex  to  the  two  conic  surfaces  described  by  the  rod. 

XVII.  QUESTION  567,  by  Mr,  W.  S.  B.  WoocBousK. 

OWe„(aW)(,.g+g)-i(,^..)S+g-^  +  2i.-. 

3-1^  SB  0,  to  find  y  in  terms  of  «  without  series  ;  supposing  y  ss  0  when  x  tssO. 

XVill.  QUESTION  568,  by  theRev,  ATr.  Batc^  BftoNwit^,  Benby^near  Wakefield. 

Inveitii^ate  the  expression;  of  Lt^rangs  for  the  variationi  of  the  elements    is,  e, 
w  of  a  disturbed  orbit,  coi  side  red  as  an  ellipse  )  and  mike  use  of  the  Very  same 
pitnciple  and  meth 3d  as  those  by  which  Newton  deiermined  the  regressloa  and 
variation  of  the  inclination. 

XIX.    QUESTION  56^,  by  Mr.  t.  &  Davxxs. 

Take  a  globe  in  any  dblique  potition  with  respect  to  the  horizoa,.  and  Nhsect  ajl 
its  semi-diurnal  arcs.  Now  if  any  parallels  of  equal  declination  D,  D'bedrawn,  and 
great- circlechotds  be  drawn  through  the  corresponding  settiods  of  D,  D' :  Then 
as  n  takes  consecutive  values,  ^  the  intersection  of  the  resulting  coitsecutivo 
gl'eat-circle  chords,  will  trace  out  upon  the  surlace  of  tne  spdere  a  curve  w  hich 
It  is  required  to  determine. 

XX.    PRIZE  QUESTION  5^0,  by  Mr.  T.&Davibs,  BM. 

If  the  loxodrome  were  deuched  from  its  fixed    position  and   made   to  roll 
upon  one  of  the  circles  of  the  sphere,  its  pole  would  trace  out  a  particular  kind 
of  epicycloid.    It  is  required  to  find  the  equations  of  this  epicycloid'^to  ascertain 
ivhethet  in  any  case  it  can  be  algebraical,  quadcable,  or  rectiliable««and    to  as- 
sign the  conditions  which  must  be  fulfilled  by  any  class  of  loci,  which  emplof  ed 
as  directrices  instead  of  the  circle,  shall  confer  upon  the  epicycloid  the  propertief 
abjve  mentioned  either  singly  or  simultaneously. 


Solutiont  in  iheae  qutftions  mutt  come  to  hand  fposi  peddj  by  the  /M  day  rf 
t)e€ember,  1832. 
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Sitlutioiu  to  Questioms  proposed  in  JVo.  XX* 


1.    QUESTION  491,  by.ihe  Rev.  E.  C.  T.y$oN. 

-  A  bent  lever  of  which  the  arms  are  a  and  k^  aitd  the  angle  9, 
makes  small  oscillations  in  its  own  plane  ;  find  the  time  of  one 
vibmioo* 


First  Solution^  ty 


Ma  SON  9  o/ScouUon^  near  Wat-' 


ion,  Norfolk. 


Let  p  be  the  angle  the  arm  (a)  thakes  with  the  horizon, 
•*•  V  —  0  —  ^  =:  the  angle  the  arm  (&)  makes  with  it :  hence, 
considering^the  weights  of  the  arms  as  their  lengths,  we  have, 
by  the  property  of  the  lever,  a*  .  cos  ^  -V  6*  •  cos  (f-h  p)  =^ 
o  . •  •  •  •  .(i).  Also  a*  .  sin  ^  +  6*  •  sin  (d  +  9)  =  a  ^  moment 
of  the  lever .  •  •  %  •  .(a).  We  i^ow  square  ^nations  ( 1 )  and  (a) 
and  add  the  results  which  give  c^  +  2a^b^  (cos  9  cos  (d  4-  ^)  + 
sin ^  sin  (d+9))-l-ft*  =  4(moment)*,  or  v^(a*+fta*A*  cos  fl+ft*) 
^  a*  moment  ot  the  lever  estimated  in  a  vertical  line.  Also 
i{a*  +  ^M  =  momentum  of  inertia  of  the  same,  and  •*•  the 
length  of  the  simple  pendulum  which  will  vibrate  in  the  same 


time  at .tUs  tever  is  -: 

3 

tioae  of  oscillation  =  a»  a/  j-- 


V^{a*  +*  aa^i*  Cos  9  +  i*)  * 


Hence  the 


h* 


VOL.  VI,   PaUT  I. 


A 


( 


) 


Second  Solution,  ^y  i^e  Rai^  Mr.  £•  C«  Tyson,  London^ 

Lcti>Alf  be  tbo  bent  lever  of  uniform  thickiies**  ae  sa, 

AD  =  h^  and  Z.  dae  =  0.  Bi- 
sect AD,  ae  in  G,  e  which.will  be 
the  centres  of  gravity  of  the  arms. 
Join  Gg  and  draw  aju  perpendi* 
cular  to  the  horizontal  line  bc  and' 
cutting  Gg  in  m  which  witt  be  the 
centre  of  gravity  of  the  system. 
Suppose  o  th«  Q^otre  01  oscilU- 


2   -     *  ,   ,    9       a 

g    .  a     « 


a»  +  fc* 


tiort.     Then  ao  =:  ^ ;^ ^ —   •  •  ; — .  .>  t 

(a  +  6)  i  Awi  8     (a+ 6i .  Alls 

Now  suppose  the  levcf  tA  be  ai  rcar»  thon  A  »  a»  s  4»  •  xc»  or 
if  *  =  /.  GAB,  we  have  ^* .  cos  «  =  a*  .  cos  {»  —  (*  +  6)). 
from  this  equation 

6*+4S«-cosd     J  .  ft«  4-  «•  .  cose 

By  a  wmibr  p«>cesfc  sin  of  a  gAC  a  |X^^^J;|Vj?,^cos'e>)  • 

^.  i  6*  +  a*  cos  a 

Now  GB  =  GA  .  Sm  GAB  =    -    •   -77-^— 7- L^-^. iili*^ S\  • 

ft       •(a*  +  **  +  ftfl'o* .  cos  a) 

A%    4,    I                                       a              a«  +  fi* .  cos  a 
Sitnilarly  ^c  n  #a  •  siit  ir AC  =:  --  •  1 — n ztz r;  • 

Hence 

Now  tbe^time  of  Qscillation 

Ume  of  on^.  osciDation. 

Ingenious  Sotutions  mere  dAti  received  fr&m  Messrs.  BaihbSi 

DaVISS,  aif^OoDWARD, 


11.    QUESTION  499»  *y  <*^  -Rw.  Air.  Tymm< 

Sum  A  terras  of  the  scries 

i*  .  2^  — a^ .  3*  +  8^.  4^— 4^ .  5*  -^  &c. 


C    3    J 
FissT  Solution*  iy  ^^^^^  M^sqk,  rfScduU0i^^ 

The  increment  of  the  sum  of  x  terms  is  ( —  i )'  .  {j?  +  j  )* 
.(*+»)•,  the   imegral  of  which  Or  the  slim  of  a?  icrms  i% 

(— iy+*    ^    — — iw  .  f-^iv 

+  ^^        ,s     A*  (a:  +  i  .  a-  4.  «)•  +  c  =  ii ii    X 

|— a  (it .  *  +  «0*  +  »  }  +  c  ;  wrhenct  c  sx  —  i  *%  the  sum  is 

Secokd  Solution,/!)^  Afr.BAiNES,  ThornAi/l,  near  Wakeftld, 

Fimi*.ft«— ft^.g*  +  3^.4^  — 4'-5*  4-&C.  -  4(i*-3* 
+  6* —  lo*  +  15* — ai^  +  &c.)*  When  the  number  of  terms 
is  odd,  (he  is'**  term  is  =«*(«+  i)S  and  when  «  iS  even,  the 
scries  ma]f,  by  taking  the  differences  of  each  (wo  adjacent  terfn^, 
be  written  thus,  —  4  (8  +  64  +  ai6  +  512-4-  lobo  +  Sec). in 
which  the  number  of  t»ms  within  the  parenthesis  =:  \n.  Honce 
by  the  common  differential  method. 


t,  64,  ^16,  51  At   tOOOi  &C, 
56,  15a,  296,     488, 
90,  144,     191, 

48.      48     >       I 


Putting  a  :=:,  1,  the  first  ternf, 
and  ^(^^  96,  48,  the  first  terms 
of  the  several  orders  of  differ- 
ences, r:  d!^  d^\  and  d'^'^  re» 
spectively/  vf^  have 


n — I     J,  ,         n— 1      «— %2      ,,.,        «-*-!      If --a 
%  2323 

.*5-^^.d'''=  8«  4-  28«rif  — i)v+  i6/ir;i— i).(ii  — 2)  + 

4 
ais  (II —  t)  •  (^  —  *)  *  (^  —  3)  —  ««*  +  4«^  +  »^«'>   i«  which 

writing  -  for  n,  and  multiplying  the  result  by  —  4,  we  have 
—  —  (n*  +  4«  +  4)  =  —  — *  (n  4-  2)*  :::  the  san  ot  n  tetfrDs 

2  2 

when  n  is  even."=— Again,  for  the  sum  when  n  is  odd  ;  if  we 
write  n  —  1  for  n  in   the  ai)ove  expression,  and  add  the  n^^ 

A  a 


term,  viz*  «^(i|  ^  i)\  the  result  will  obvtpusl^  be  the  turn  in 
thii  case^  that  is 

^i(«-i)e.(«+tr-|-n*(»  +  t)«=  l(n*-i)+fta*(ii+i)-thc 

sum  when  n  is  odd* 

<7Mtfr  Solutions  wert  received  from  Messrs.  Dav lis.  Cod- 
ward,  TriOMP80N,  aiiJ  Tyson. 

HI.    QUESTION  493,  iy  theRevi  Mr.  Tvaoji. 

Having  given  the  focal  length  of  a  convex  lens  whereby  a 

f»crson  may  see^djstinctiy  at  a  given  distance,  to  find  the  focal 
ength  of  another  lens,  which  will  enable  the  same  person  to  see 
distinctly  at  another  given  distance* . 

First  Solution,  iy  —  Mason,  of  ScouUon. 

Let  D  ==  the  distance  the  person  can  see  distinctly  with  the 
naked  eye,  d  ^  the  first  given  distance,  d,  the  second,  and  y! 
the  given  focal  length  of  the  convex  lens,  x  the  focal  length 
of  the  required  lens.  Now  the  rays  proceeding  from  an  object 
at  the  distance  d  ^  and  passing  through  the  first  lens  enter  the 
eye  as  though  they  proceeded  from  the  distance  D*    Therefore, 

by  Optics,  we  have  —  =  —  5?  +  ^ —  and  for  second  lens  —  =: 

•^       '^  D  /  D^  D 

1.1,  1  1.1  1  J 

-  ,^ ;    hence    --=  —  -.    +    — •  —    —      and   X    = 

— V>^-^ -'.     If  D.  and  Dj,  be  such  that  the  value  of 


X  is  negative  the  lens  must  be  convex,  and  if  it  be  positive  it 
must  be  a  concave  lens. 

Second  Solution^  /^>  Mr.  Godward,  WakefeU. 

Let  a  be  the  lens  with  which  a  person  can  see  distinctly  at 
the  distance  aq,  and  af   its  focal   length ;  also  let  af^  be  the 
focal  length  of  that   lens  with 
which  the  same  person  can  see 
distinctly  at  the  distance  aq^ 

'f*hen  it  is  manifest  that  the  rays     y— |xf* y— y — x    ^ 

diverging  from  Q  and  q''  and  in- 
cident upon  the  lenses  must, 
after  retraction  in  each  case,  con-  , 

verge  to  the  same  point  y.     Now  by  Art.  183,  Wood's  Optics 


f    5     ) 


AQ  4  AY. 


wc  have  a^  equal  la  each  side  of  the  equation  —^ — — i-  zz 
— 7 ;  which  gives  af'  r: ^ jr — '-^ — 

AQ'—  Af'  ^  AQ^AF    +   Aft")  —    AQ,'  .  AF 

the  Focal' length  required* 

Thied  SoLvriov,  iji iheRev.  Mr.TYSON,   London. 

Suppose  the  lens  to  be  placed  at  E,  and  let  qe  be  the  distance 
at  which  he  can  view  objects  by 
meant  of  the  lens,  whose  focal  a 

length  KP  is  given,  and  q'r  the  /'  ^ 

disiance  at  which  be  ^wishes  to      i  ^    ■        ■     f  | 

view  objects   by  means  of  the      ^    ^      ^  ^ 

lens  whose  focal   length  is  re- 
quired.    Then  since  he  wishes 
to  view  objects  with  both  lenses,  rays  diverging  from  q^  Q. 
must  be  made  ta  converge  to  the  same  point  q.  . 

Let  QE  =  a,  q'b  =  i,  BF  =/;  if  •=.  x. 

TTien  QF  :  qe    ::  qe  :  Qf  =  j,Wood*s Optics, prop. 45. 

Also  ofj :  Q'E  : :  q'e  :  q'^  it  , . 

And  since  qf   :  qe  ::  qe  :  q^,    •*•  fe  :  qe  ::  \q  :  q^ 
also  .•.  qff :  q'e  : :  q'e  :  Q'y,  .\  q'b  :  e/"  : :  q'^  :  ej. 
Also      QE  :  QE  \\  a  \  h\ 


Therefore 


«ft«        a*&  .        ^  h 


: :  7 :  >»  ory  .  j? : : : --• 


hence  x  =     ■.      — ^^ — ^-^  the  focal  length  required. 

Messrs.  Bai  n es  and  Davies  answered  this  question. 


IV.    QUESTION  494.  by  Afr.  James  Conliffe- 

Suppose  a  body  revolves  in  a  given  circle,  the  centre  of  force 
being  a  riven  point  in  the  peripherjr ;  it  is  required  to  compare 
its  velocity,  at  any  given  point,  with  that  of  a  body  revolving 
about  the  centre  of  the  same,  (or  an  equal)  circle. 


(    6    ) 
JiR(T  SoLUTiow,  by  Afr.GoDWARDt  WcAtfidd. 

Let  the  force  at  p  in  direction  PC  =  ifi,  and  inflect  sp'  =r  cp ; 
then  the  force  at  p  in  direction  p^s  is  also  =: 
m.     By  Cons.  Prop.  7.  B.  I.   Newton's 

Principia,  sp'   :   sp"  11  m  i   m  I  -r- 1    =2 

force  at  p  in  direction  p8  ;  also  by  Wbewell's 
Dynamics^  Page  29^  Note,  the  veK*  of  p 


about  s 


= -  (S-T 


8P 


CP" 


:♦  » 


—  2! 

4    "■  a       8P' 
and  vel.*  of  p  about  c  =:  m  .  cp.    Hence  veM  of  p  about  & 

:  veU*  of  p  about  c  : :  —  .  — »   :  «  •  cp  : :  C*  :  •8F*,  «ir  Teh 

ft         8P*  ^ 

of  p  about  8  :  vel.  of  p  about  c  2 :  cp*  :  »p*  \/«. 

Second  Solution,  by  -.— —  Mason,  ofScouhon. 

Let  8  be  the  centre  of  force  in  the  circumference  of  the 
circle  apb,  p  the  place  of  the  body  at  any 
time,  [m)  the  accelerating  farce  at  the  dis-   ^ 
tance- which  is  considered  the  unit :  hence 

— ^  1=  force  on  body  at^  p,  and,  since  the 

velocity  is  always  equal  to  that  which  a 
body  would  acquire  in  falling  down  |  of 
chord  of  curvature  with  the  JForce  continued 


•           1     .                     /  ftin     sp             i/m 
constant,  we  nave  velocity  at  p  =:  a/   —:  •  —  =  — {- ; 

•^      8P^         a  SP    .   <^ft 

and  if  a  body  describe  a  circle  raJ.  =r  iA8  or  =:  80  round  the 
same  centre  of  force  the  velocity  most  s  l/  ^  •  ~  s  — ^ . 


SO' 


Hence  ve!oc«  at  p  .  vcloc.  in  circle  rad  so  :  t 


so*  so 

« .  —r-  :  asQ  •  SN  : :  •— r-  :  aSN- ; :  8a :  4SK, 


8P*.  v'*  *  80* 

so* 
*  *  -*«»>  *  fip 

if  OB  and  np  be  perpendicular  to  the  diameter  sa  and  SB  be 
joined. 

Anstcers  wtre  also  given  by  Masts.  Bain  es  and  Davies, 


(    7    ) 
V.    QXJi&TlOa  ^^,iy  Mr,  Cvnvittt. 
Find  the  tarn  of  the  infinUe  series 

4« .  6  ^  4« .  6«  .  8  *  4«  .  6« .  8*  .  lo  ^ 
First  Sulotiow,  iy Mason,  of  ScouUon, 

The  expansion  of    „  '     ,,  =  i  +   -  +  2jj!  +  ^/^^ 

+  &c.  to  tnfiinity.    Multiply  by  dx  auid  integrate,   and 

BoT^  X  =  or  +  -i*  +    ^*^"  +  ■■■^■tf-/-     +  &c.  to  infiiL 

a. 8       •M-S       a. 4. 0.7 

Mvkiply  f hb  by  ■■■■     >   --s,  and  take  the  integrals  at  boCh 


from  JT  =  o  to  X  =;  1  and  we  have 

&€•  to  infinity  ; 

Hence?-.i  =  -1^  +    4^':/,  +  ^AAr^  +*<• 
where  ir  z:  2*1415996  &c« 

SscoKD  SoLUTtoiTy  &y  Mr.  Codwaro. 

Then  —  _  — ^  +  :^^tgr^  g  +  a^.^^.d^S^ .  to  ^ 

=!  ? i  —  *JL-{Sinjpaon*ii  Fluxionf,  ait.  435); 

ir         s         a  •  4 

8 
hence    s  s «Jf  a»  reqoircd. 

Thmb  SoLUTiQn,  *jf  ilfr*THo«.  Thompson,  N^Bf^mUe- 

-•(»-'•>=-«  +  T  ■♦^  ?7i  +  7^  +;... transpose 


(  «  ) 


-»+ . 


*•  .    «♦ 


+•  ^-^ — ,  then  multfpty  by  -s— ; -.  add  we  hav* 


+  V.  y/ Tt  &c;  but  between  the  limits  «  1=  o  and 

2  •4,ov/(i— *  ) 


j  '    "  **  *'     ■    ■  i—rr-^ — 77 ;  therefore  taking  the  fluents 
ft  »4»6..  ..an    ^  v^{i  —  *-j  ^ 


between   those    limita  we  have   1  —  a  <—  +  -z-- — f    ^ 

arc  to  radius  1,  therefore  the  required  sum  is  ^  —  (a  +  il* 

Fourth  Solution,  ^j^  Afr.  John  Bainbs.  TkornkiU. 

IF  a  and  b  represent   the   semi-axes  of  an  ellipse^    and 
I ^  be  put  r=  x\  and  ar  =  3*141598,  it  is  well  known  that 

^  /,  _  f!  _  JfL 8li6^  3^5' -7^    _  &,  % 

%^  8         8*,4«       ft*.4».6«~  a«.4«   6«.8*  ^^ 

=  the  length  of  the  quadrantal  arc  of  the  ellipse.  Now,  if 
^  =  o,  and  a  =  1,  il  is  evident  not  only  thatx^  =  1,  but  also 
that  a:=L  x\  also  in  this  case,  the  curve  obviously  becomes  a 
straight  line,  coinciding  with^  and  equal  to  the  semi^axis  major. 

Hence— /i  —  ^—-3jL?l  «     3*-5«*        &c^-t 

or  s  -  — —  J""*  ,  -    f  ^^""1.  —  &c.  =  .1.     Divide  by 
ft         ft*  •  4*       !i*^ .  4* .  6*  mx  ' 

X,  differentiate,  and  change  the  signs,  then 

\X*  8*  2*  •  4*  ft*.  4*  .  6*  /  wX* 

multiply  by  4^^,  and  integrate,  then 

"    ^     4    *^  4*  .  6  ^  4«.  6»  •  8  ^  4*.  6*  .  8* .  10  ^  *^'  - 


or  1 


(    9    ) 


JMir.  DAVIE9  Mpotr<d  tiU  gwKMNi* 


VI.    Qy SfiTION  495,  iy  Jlir.  S AM o CI.  Jo Nifl,  UptrpttL 

4 

Take  any  two  point!  in  the  opposite  tidcf  of  a  ^ven  tra*- 
pezium;  and  from  each  of  these  draw  two  straight  hnet  to  the 
opposite  angles  t  tiwo;  tho  points  vbcn  dieee  lines  intersect 
and  the  point  of  intersection  of  the  diagonals  are  in  a  straigfal 


First  SolutioiTj  bffJ4r^BAHVMtJonii$. 

Let  AB€0  Wtfae  gi?et)  ti^pfeaiiun,  vaad  q  the  ussmMdl 
poioti,  and  s  the  ^ofitf ect|Mrof  its  dil^poiuli }  j6is  c«  n  % 
Q;  intersecting  ia  fj  and  9ft|  4»gt  inters 
secung  in  r  ;  then  a,  n  and  t,  919  tp  • 
straight  line. 

fk»^  draw  R»  pissHrl  to  «p  iMeting  ao 

10  If  I  and  Hf  pflfrUlcl  |o  PC  meeting  ap  in 

1 1  ^Isoii  T? pv^llfl  to  A«  neetisg  ao  in  Vf 
ip4  ?a  pfpsuisl to  94  mMtiag  an  in  us  tad 
joioB,  t;  a«i;  at«3  9a4l>T(  thep,  it  is 
pwnifest.  foMa  th^  n^v^e  of  psndJel  lines*  that  Uia  tniptii^ 
aflif*  fCaiiv  ^e  je^uiaagolar.  ihevefore  ah  :  Ml  t:  »e :  cd*i 
apd  Cor  the  fame  rew>a  t&  triangles  Aiia^  f  ot^  ate  eqiiitqgav 
br»  tfirseforp  Antm%  i«  fc :  cTt  whcacc  hi  :  he  j:  Ca 
;  GT*  and  «in^  ^i  ant  m  4.TCa»  it  follows  that  the  as  Hia# 
99T«  pia  ^lailar  aa4  bt  is  parrikl  to  au  hence  /«  aif  ca 
ATM»  igaiPt  PT  :  M  s :  PC :  HI  ::  DS  t  ia»  altecnaleljr 
DT :  pt  ; ;  ai :  if«  wbaiefbre  the  as  wpit  ais^  aia  siaulst 
and  /i,  DST  =  ^  RSI :  bnt  aai  is  a  straight  line»  conseqaentiy 
aaviaastrai^Jiaep    ^.E^JK 

This  remarkable  proposition  occurred  to  me  while  stadpiitt 
the  40th  Question  m  the  UniiedSiaiu  Atmanac^  as  prupasul 
vox..  Ti«  PAaT  I.  a 


(         lO      ) 

I^  Mr.  J.  B.  Saile,  and  previpusl/  to  the  publication  of  the 
iotitVo.  ot  the  RepoJilary,  I  was  not  aware  that  it  had  been 
noticed  by  aqy  perGon  whatever.  On  iti  being  propoied  in 
HkeAipotitopy  I  wai,  however,  immediately  told  liMl  it  wiMia 
old  queitioh,  .and  had  already  appeared  in  tbe  Letdt.Ccrres- 
PfindemU  Conscioiuof  not  having  borrowed  ^om  xn^  one,  Z 
ftalr'fxtremely'dctirouioFsi-eing  iiiiolutionr  and  having  pro- 
cured the  lait  number  of  that  work,  I  find  it  is  a  deductioa 
made  from  a  ^ueaitoa  prepoted  therein  by  Mr.  J.  H,  S.  which 

iueition  ii,  in  fact,  the  same  as  that  from  which  I  deduced  k, 
lOUgh  in  another  work ;  and  since  its  soJuiion  haa  not  previ- 
dualy  appeared;  I  claimthe  indulgence  of  laying  tb«  prtceSmg 
ane  before  the  readers  of  the  Repoiilory. 


tbt 


SCCOHD  SOLDTION,^;' Afr.JoHM  Baikbs* 

Let  AfiCD  represent  thegr<^en  trapezium,  two  of  k*  lidea, 
ria.  BC,  AD  produced,  meet- 
ing in  p.  T^ke  any  two 
points  E,  V  in  the  opposite-' 
aides  Bc,  ad,  and  let  ae, 
kof  VD,  BF,  &D  and  'Robe 
joined,  then  c,  .H  and  x- 
being  the  poinu.ef  con*' • 
^ourseof  A£,BV;  Ac.Bn;      I 

and'FC,  ED,  we  have  only  ... 

to,  prove  that  these  three  )H>inis  are  iii  the  aarae  strai^  line. 
Through  I  draw  oiQ  paiallrl  to  ap;  interirctlng  nr  (dnrWD 
from  the  intersection  o  of  ae,  bd  ttf  p,)  in  n ;  also  draw  the 
line  mHo  intersecting  ab  in  # ;  then  om  it  Either  paraHel  or  not 
parallel  tp  ap.  If  it  be  not  parallel,  eoiKeivc  another  lirte  m» 
jnot  expressed intbe  fig.)  parallel  to  ap,  intersecting  Gl,  joined, 
IR  /,  and  BD  in'  a.  By  parallels  ad  :  DP  : :  ivh  :  Kas,  and 
•I  i  112  <:  vtt-imi  but  ad  t  dp  ;:  vH  i  tm.  This  an^o^, 
h  ia  very  obvious,  can  only  take  plac^  wheti  the  points  /  feno  m 
coincide  with  H,  or  when  the  straight  lineuku  coaleac^s -with 
mil  9m'  is  therefore  parallel  to  At.  Hence  01  :  ijj  :  ]  ad 
to?  ::  0H.:  M«,  and  consequeittly'  iH-tetidt  to  the  point  d, 
or  the  three  points  g,  u  and  i  arc  in  (he  same  itnight  line. 

Tiiij  nearly  the  quesHon  vms  ^mtwtnd  by  Mr.  God-wakd. 


I 


Third  SotuTrdat,  Af  Mr.  DavI<««« 


I  >    • 


Cet.cOt  BA  be  takeo  for  axes  of  co^di* 
imesi  and  thdr  intersection  o  aa  i>rifpn. 
Denote  tbe  co^ordinakes  pi  a,  b,  e,.D  by 
«•  A  Tf  ^  atwl  Uio«c  of  Fi  ft  by : ar^  jf //  w*p*^-. 
lifely*  Then  the.  eqnationa  of  the  liaea.  of 
the  Igoie  are  aa  ioliow. 

ThelineAC  gives «y. -1^y9  r:  ^y  ••(!) 

BD    •v/9jr+^*    ii:aj83   ..(«> 

Aft    . .  rfy  +  y;,ar  =:  aay,y .  .{3) 

DP    ••   x,y-^ix.=:zxi  .•(4) 

.    Bft    • .  ^jf  +  3f//r=ft/3y,/  .-(5) 


X/>5,v^./i9r  the  CQ»^-, 
finales  of  the  poiqts, 
f,ii»T,  Tljen'taUng. 
the  above  equatioxia, 
in,  pairs  in  order,  i^z^f^ 


Now  the  ifieUnations  of  the  lines  rs,  8T  to  the  axii  oP  jr  de- 


•V,y  — Y.         ,  Y^  — Y 


pcad  apoa  the  equationa ■ /^   ■    /  and -^-^ '''   ..   •(ui)4it 

Bat  by  ioaening  in  (to)  the  values  iurnished.  by  (7);  (8>t  (f}^ 
wc  iad  Mck  pfihe  ^aniitUs  ( 10)  equal  /<?  lAe  i4W#  qu»niiiy,  ^ 

Hence  the  two  lines  Rs;  st  being  equally  inclined  »{>  the 
umc  line  ob  are  6ne  continaous  Hue,  as  stated  in  the  questibiu 

Sckolium.  Thia  proposition  is  only  a  parcicalar  caseof  thit 
remarkable  property  discovered  by  Pascal^  that  •«  if  a  bexagoa 
be  iascribed  in  a  conic  section,  and  its  opposite  ^ide^  are  pror 


•  See  Math.  Rep.  Vol.  II.  Question  180.    The  j»olutio|i  of  Mr.tTory 
is  copied  hiio  IMaud's  Geometrical  Problems,  p.  231. 

B  a 


(  ••  ) 

nmiily  bfemid  bf  ccnitnl  proiaolion  to  Mmtf  to  all  the  cur« 
vilipear  tectionfl  of  the  cone.  Fiscal  himielf,  it  is  quite  clear 
ttom  hit  Essaisj^our  hi  ConiqM€i^  (1640)^  cxleaded  ii  to  the 
oclMBr  liaet  of  the  second  order  by  pfojecttng  the  circle  and  ile 
hexagon  on  an  oblique  pline%  He  alao»  contemplated  the  ptt^ 
lent  case*  though  it  does  not  appear  under  what  aspect  be  coold 
hive  viewed  it»  to  see  the  trapeaium  as  the  pro|ecitoiiof  a  cir« 
^le  upon  a  plane.  Yet  he  exnressly  in  enaaierating  the  eonio 
sections  (in  his  and  definition)  mentions  the  **  angle  recHlignt^ 
m  one  of  thcin.  it  would  seem  thai  he  had  employed  some 
<ididr  considerations,  perhaps  derived  from  the  law  of  con- 
tinuity, in  establishing  the  proposition  in  reference  to  the  tra- 
Kzium ;  for  howevef  eloi^atea  the  conic  section  might  be,  by 
t  approach  of  one  point  towards  the  line  joioingtwo  others,  the 
property  was  still  true  by  projection,  and  theretose,  it  was  true 
also  at  the  limit,  vrfaen  the  conic  section  degenerated  into  straight 
lines  forming  a  rectilineal  anffle.  The  subject,  however,  did  not 
excite  much  interest,  and  the  writings  of  Pascal  were,  irreco- 
verably lost.  The  taste  of  the  times  was  fio^r  ether,  and,  doubt- 
less, more  important  subjects  :  though,  perhaps  in  respect  to 
single  properties  of  the  conic  sections  this  is  the  most  important 
as  well  as  the.  most  elegant  yet  discovered. 

The  bint  given  by  Newton,  and  followed  out  by  Maclaurin 
while  yet  a  minori  tor  the  orgainic  description  of  curves  was 
calciilated  to  produce  a  change  in  the  method  of  invsntigatifig 
aome  classes  of  properties  of  the  conic  sections.  The  restora* 
tiom  by  Simson,  ot  two  of  the  porisowtic  propoaitiosia  of  Pap* 
pus  of  great  geometrical  beauty,  o^  new  interest  to  enquiries 
oonneoted  with  the  properties  of  the  trapeainm.  hiiaclaufi» 
during  a  voyage  to  Fnuice,  whilst  oonsiderinflr  the  pj^r  of 
Simson  in  conjunction  with  his  own  G^arnHfia  Vrgamsa,  struck 
out  the  method  of  describing  curves  by  means  of  rulera  oiilv,  in^ 
ftead.of  angles,  which  after  Newton  he  had  employed  in  hispook. 
Thip  wasin  172a.     In  i^ay  he  published  his  Algebra,  in  which 

IB.  til.  §  38.  chap,  a.)  ne  first  made  his  method  public :  and 
ft  which  he  deduced  the  proposition  of  Pappus,  and  a  propo- 
sition identical  with  Mr.  Swale's  (Leeds  Correspondent,  No.  19. 
P*^t»J,  as  corollaries  from  bis  general  proposition ^wMch 
general  proposition,  is  in  reality,  though  diflFerin^  fi^Mn  it  in 
appearance,  Identical  with  that  of  Pascal.  Indeed,  m  hts  **  Ap- 
pendix" he  fi^es  two  particular  cases  of  Pascal's  proposition*. 
Notwithstandiog  the  ingenuity  of  the  method,  and  aided,,  more- 
over, by  one  of  the  most  successful  auxiliaries  for  keeping 
interest  alive, — the  acrimonious  discussioo  concerning  puoiity 
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of  discovery  whkb  took  place  hetveen  Maclaurin  and  Braiken^ 
ridl(B^r««ilie  Mbjcci  was  again  dropped. 

It  Witt  revived  witbin  the  present  century  by  Camot*  wli^ 
ii  hu  Giomeirii  de  PosiMn^  bringi  it  perpetually  into  use  i 
ttmgh  rather  for  the  developement  of  prc^rtiet  of  the  conid 
NCtioas  ihan  for  their  omnic  description,  Briancbon^  bow<- 
evw  hftm  eppUod  k  very  eficiently  to  the  latter  purpose  at  well  aa 
for  an  inatrament  of  invcitigaticfti :  and  the  methods  are  now  so 
inimUjp  cnkivated  on  tbe  continent  aa  to.  have  rendered  '*  the 
GMDcirf  of  the  Rmle,"  an  important  branch  of  mathematical 
If  feciaodky  of  result^  and  power  of  investi^auon  can 
importance  in  a  science,  there  can  be  little  doubt  that 
tbif  deterv^  the  estimation  in  which  it  is  held ;  inasmuch  as  it 
sSoids  in  many  cases  a  greater  facility  than  even  the  analytical 
OMthoda  chenaaelves*  Hence  in  the  investigation  of  some  classes 
of  psopertiee  we  see  it  almost  exclusively  employed  by  foreign 
vritera. 

in  this  countryv  except  in  case  of^  the  salient  hexagon  in- 
tcrifaedin  the  circle^  the  subject  does  not  appear  to.  have  ob« 
tstned  attention  till  about  i8si,  when  Mr.  ^waIe  proposed  in 
UicLea4s  Correspondent  the  following  theorem.  *'The  tight 
liacs  BM,  M  Fj  &x»  and  the  point  a  are  given  in  position ;  and 
c«Mftare  gi^wn  points  in  em.;  draw  ac,  am  intersecting  ^k» 
sr,  in  B,  Q,  Tfaten  if  any  line,  as  ax.f  be  drawn  through  a 
ncctum  E«»  EFt  at  K»  r«  the  points  o,  q  and  the  points  of 
CMconrse  of  Cf,  ux  will  be  m  the  same  right  line."  The 
truth  Up  thM  **  the  points  n^  q'*  are  two  poims  in  tbe  general 
linear  locus  of  **the  point  of  concourse,,  as,  wiU  appear  fur- 
dicr  on.  It  is  imponant«  however*  to  bear  'in  mind>  in  attending 
to  the  solution  given  to  that  question  in  the  Correspondent*  that 
thtterm  tiapezium  though  properly  applied  to  any  assemtlage 
^/our  Utus^i^  fiQl  unHoUy  oecn  so  applied  in  this  country^  except 
ta  tk€  case  of  thiir  forming  a  saltenl  Jigure.  This  cai\  oni)r, 
tske  plaice  ia  reiorence  to  tbe  present  question  when  the  line 
SI  liea  Aeiatetn  em ,  Expand  the  noint  A  without  tbe  angle  keF 
oa  the  side  opposite  to  M,  c.  The  corollary  froip  that  spin- 
tioo,  asui  in  reference  to  the  figure  was  not,  then>  justiBable ; 
except  the  definition  of  the  tn^ezinm  had  been  eiaended  to  in^ 
clode  the  case  to  which  tbe  fieure  was  adapted. 

Ia  Goeimofl  with  several  other  gentlemen  who  had  sketchedf 
tMs  figures  in  the  same  manner  I  had^  I  then  obtained  the  same 
CQBcittsioo<*^for  the  one  was  identical  with  the  other,  afid  who 
coold  then  help  obtaining  it  ?  I  did  not,  at  that  time  pursue  the 
•obita  to  much  extent :  but  in  182^  I  pabtshed  a  demonstra- 
tion of  that  corollary  upon  the  very  obvious  principle  ul  pro* 
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jection :  viz.  by  first  establishing  it  for  a  trapezoid^  and  \hen 
projecting  it  upon  an  oblique  plane.  See  Monthly  Maga2inc, 
July.  Septembefy  October^  1825.  In  the  same  year  1  read  be- 
fore the  Society  of  Enquirers,  in  Bristol,  a  paper  containing 
several  properties  of  the  trapezium  with  their  aemonsttations, 
amongst  which  this  was  included.  These  were  effected  by  the 
method  of  transversals — ^a  method  strictly  geometrical':  and 
were  published  in  the  Philosophical  Magazine,  Augutti  f8ft6* 
Though  in  some  of  these,  as  well  as  in  some  of  the  atialagous 
properties  of  the  conic  sections  which  I  published  inihe  aame 
work,  November  18369  I  afterwards  found  myself  anticipated* 
by  M.  Branchon  and  other  foreign  writers;  yet  there  has  not, 
as  far  as  I  have  discovered,  been  any  anticipation  of  my  geheral 
reasonings  oh  the  subject.  There  is,  however,  one  proposition 
CO  which  I  feel  disposed  to  attach  some  value  in  that  series 
which  has  not,  I  think  been  noticed  by  any  one  before  me : 
**that  if  two  triangles  have  their  sides  intersecting  in  pairs  in 
the  perimeter  of  a  conic  section,  then  the  three  lines  which 
join  the  opposite  pairs  of  angles  will  pass  through  the  same 
point." 

When  I  sat  down  to  write  this  scholium,  I  intended  to  give 
•ketcbes  of  the  different  methods  employed  in  demonstrating 
Che  proposition  before  us,  which  I  have  met  with  tn  more  re- 
Vent  reading  :  hot  I  find  it  would  far  exceed  the  possible  limits 
allowable  to  such  a  subject.  Besides,  I  cannot  foresee  what 
inethods  the  other  correspondents  of  the  Repository  may  devise. 
A  very  neat  geometrical  solution  might  obviously  be  made  up 
from  the  investi^tion  employed  in  the  Leeds  Correspondent, 
by  scarcely  altermg  more  than  the  order  of  the  reasoning  and  the 
ftructure  of  the  diagram.  1  am,  myself  in  possession  of  another 
geometrical  demonstration,  but  as  it  forms  a  patt  of  a  coune 
of  enquiries  scarcely  matured  for'publication,  I  shall  witbtiold 
ft  at  present.  I  shall,  however,  give  a  new  analytical  inVtesti* 
gation  of  Maclaurin*s  Organic  theorem  above  referred  to,  which 
furnishes  a  result  remarkable  in  the  symmecry  of  its  form,  and 
Affords  an  instance  of  the  superiority  of  general  methods  over 
particular  artifices.  I  give  it,  moreover,  as  well  as  the  alge« 
braicat  one  ac  the  head  of  this  scholium,  to  shew  with  respect 
10  this  case  at  all  events,  that  M.  Briancbon  is  mistaken  in  sup« 
posing  that  no  algebraical  soltition  of  the  proposition  is  possible. 
Indeed,  the  skilful  general  investigation  given  by  Mr.  Lubbock 
in  the  Philosophical  Magazine^  Oct;'  iStp,  had  already  she^n 
this :  but  on  such  a  question  it  cannot  be  uninteresting  to  make 
an  addition  to  the  instances  in  which  the  surmise  of  the  learned 
Frenchman  was  erroncout. 
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Referring  the  system  of  lines  toobUque 
oo-ordtnates  ek»  sf  (the  two  directrices  of 
the  system)  and  denoting  the  co«ordinates 
of  the  three  poles  a,  c,  m  by  tV,  vf'^\ 
^**1^"  \  and  the  variable  valnes  of  ek,  bf 
by'^  Sf/^;  we  shall  have  for  the' equation 

of  FK. 

But  as  this  line  also  passes  through  a*  we  have 

*/»"'— Jf/J//  +<y^/  =  o .  •  •  .(1). 

Apin  the  equation  of  cf  is  ^ — y''  =  —  ^""^i'  {x^^'  .  •  • .(«) 

andthatof  MKis y-y'''=  -    -^— ^(^-^''^•.••(S). 

*y— or 


From  (a)  we  find  y^^  =: 


y^x  —  r'^ 


ic  — a' 


.// 


•  •  •  •  (4) » 


and  from  (3),  we  have  4?/  =    '•     _   ///  ■    •  •  •  •  (Sh 

Substituting  the  values  of  x/»  y^/ of  (4),  (5)  in  (t),  and  re- 
ducing we  obtain  for  the  locus  of  p,  the  equation 

The 'point  P  then  is  in  a  line  of  the  second  order* 

Ltt  now  E,  c»  M  be  in  one  straight  line^  the  equation  of 
which  is  jr  =  ox*  Then  y*^  =  ax"  and  ^^'  zz  a^f" ;  and  (6)  be- 
comes  divisible  by  the  common  factor,  which  gives  us 

,  .  ^r"'  (y^  -  tfx'O  4-  tf .  x^'  {x'"  -  Jt')  +  9/'9f"  ( »'  +  a*')  =  o, 
the  equation  of  a  straight  line,  which  the  locus  in  this  case  be- 

:  i^reeing  in  that  resjpect  with  MaclaurinV  concluding 

tpb  of  §  g8  already  referred  to. 

point  D,  Q  of  Mr.  Swale's  theorem  are  points  in  this  I0-- 
coi :  the  former  when  m,  k,  a  are  in  a  straight  line,  and  the  lat- 
ter when  C»  Q,  a,  are  also  in  one.liile.  ^  Hence  the  property  in 
question  \$  also  established  by  this  method. 

It  may  also  be  remarked  that  in  Maclaurin's  reduction  he  has 
made  the  wrong  letters  vanish  in  the  particular  case  he  sup- 
poaed:  but  so  tar  as  merely  the  depression  of  the  equation  is 
concerned  the.  same  efiPect  is  producea.  It  may  also  be  stated  that 
no  method  of  solution  of  the  general  theorem  has  yet  been  de- 
.vi^ed9  txupt  by  analyiics,  which  justifies  its  application  to  the 
trapezium  as  a  panicular  case  included  in  that  general  investt* 
gation«    Make,  for  instance,  the  experiment  of  deducing  the 


(.  «6    ) 

trapo^um  iirom  Lwiit^ft  Ocoiii*  of  Cunw  Lines,  (p*  a^4**7Y  or 
asjrotber'work  of  the  ume  kindt  audit  will  imasedisttely  be 
perceived  that  the  fOMoning  does  not  apply* 

OtJUr  dtmoHStrationt  mrt  rtcdved  from  Meurs.  CiiBKioOS 

and  N.  Y. 

VII.    QUESTION  497,  by  R.N. 

Find  the  suni  of  tfie  aeriei 

1  +  t  +a+3-*-*  +  8  +  &C. 
any  term  being  die  aum  of  the  two  preceding  terms. 

FiasT  Solution,  by  ««-—  Ma8ok,  efScouUcn. 

Let  ««  =  the  o:*^  term,  then  by  the  same  notation  u^^  and 
if«4.i  are  the  x^ — i*^  and  :ir*i*.a*>^  terms  of  |be  sanie  series: 
hence  by  the  question  we  have  Uxj^\  —  ««  —  ti^^^i  =:  o«    Now    . 
a*  is  a  value  of  »«  in  this  equation  of  differences  4^^^^  =  it 

»*•  a  :z  ^V"K^  and  .T  ^y  :  hence  the  complete  value  of 
n,  =  c, [^^^y  +  Ct ('  ~  ^^Vl  ifwemaU^sgand 
4  successively  we  shall  find  Ci  =  —^  and  Ct  :=  -•  -y*    •*• 

••  =  7i  \(^^)' *'-(r=P)'} '-  *-  *"»' 

which  is  the  increment  of  the  sum  of  of  -«*- 1  tema  sz  a  f^u-i « 

sum  of  X  termSx  which  was  re€|uired* 

Second  Solutiok,  Ajr  Jtfr.  Johh  Baimbs* 

Since  each  term  of  a  geometrie  seriet  depends  on  the  pre* 
ceding  only,  it  folldws  by  a  kind  ci  indoetive  reasoning,  chat  a 
series  whose  terms  depend  upon  the  twppfeeeding  respeolivel]^ 


(     «7     > 

muit  be  composed  of  two  geometric 'teriet ;  whc^  upon  the 
three  preceding  terms,  of  three  geometric  series.  Sec. — Suppose 
the  series  i  +  if9  +  34-s+  &c.  composed  ot  a  +•  tf  r  + 
«»•+  ax^  &c.  and  6  -|.  iy  4.  by*  +  bj/^\  occ;  then  we  have 
obTioosly  a  +  6  r=  i,  ar  4-  Ay  =  1,  oa^  -t  Av*  r:  a,  and 
^  +  Ay*  -  3.  By  transposition  6,  6y,  fry*  and  by*  =  1  —  a, 
1  —  ax,  2  —  aaf'  and  3  —  ax^  ;  but  the  former  are  in  geometri- 
cal progression,  hence  the  latter  are  so  too,  and  consequently 
we  have  these  two  equations,  liz.  (1— a) .  {a— ax*)  =  (1— a4f)S 
and  (1 — ax)   .  (3  —  ax*)  =  (a  —  ax*)*.     The    former  gives 

-,  and  the  latter  a  =:  — -3- 5 .  Equa- 


a!«  —  ax  —  a'  — ap*+4a?'— 8* 

ling  these  two  values  of  «,  we  get  x*  —  31'  +  a?  +  a  =  o.    In 
this  equation,  one  value  of  x  is  obviously  =  a,  but  as  this  gives 

a  z:    -  ,  and  consequently  y  =  o,  it  is  of  no  use  in  the  present 

enquiry.     Wherefore  depressing  the  equation  by  dividing  by 
« —  a  =  o,  we  have  the  quadratic   *•  —  jc  —  t  =:  o,   which 

gives  X  =:  -  (1  +  l/f )«  the  upper  sign  belonging  to  the  value 
of  X,  and  the  lower  to  y«  Hence  we  have  a  +  &  =  t,  and 
-(1  +  v'^J  +  -  (1 —  •i)  =  1.    These  equations  solved  give 

a  =  ^  (5  +  ^/Sh  and  6  =  ^  (5  —  /fi)-  ^X  »  proper  ap- 
plication of  what,  has  been  already  determined  we  easily  obtain 
tile  two  geometric  series,  tnz, 

^5^+V'5)+(5+8V5)+(io+4^5)+(i5+7V5)+(«6+Ji>/5)+&c.}^ 

and 

~  {  (5-N/5)+(5-3>/6)+(io-4>/6)+{i5-7>/5)+(t5-tt  v'5)+&c.  { 

the  sum  of  which  is  evidently  =  the  given  series.    The  sum 
of  the  first  geometric  series  to  n  terms,  by  well  known  rules,  = 

ft  +  )/sY    ^ 

a 
'  nd  the  latter  =  . 

*-^iY  ..t 


a  ^' 
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Hence 

::;;  ibe  sum  of  n  tsrniiS  of  the  given  series,  as  was  required^ 

Remark.  In  prosecuting  myr  researches  on  the  subjcjct  of  tbif 
question,  it  has  appeared  sufficiently  manifest,  that  if  the  scal^ 
of  rehtion  of  a  recurring  series  be/  4  g,  the  ratios  of  the  twa 
geometric  series  into  vehich  it  is  separable  are  the  two  root« 
of  the  quadratic  equation  *• — fx^^g  zz  o;  when  the  scale  of 
rdaijon  isf+g  +  A,  the  raj^ios.of  the  three  jseometric  series 
are  the  threie-roois  of  the  cubic  equations  x^  — fie*  — gx  — A  = 
Qi  &Q.  Hence  in  the  present  example  we  have  x^-^*  —  i  n  o^ 
%s  abovf^. 

Mr*  HerscM  h«a  gifiN^  a  ^ enenrf  iavestiga^on  of  tiie  proposUioB— 
**  that  every  recurring  series  may  be  resolved  into  two  or  more  Kea-» 
metrical  series/'  (Trea;tlse  on  Differences,  and  Series,  ];>.  456).  By  a 
rjofereocCy  however,  to  tbat  work,  our  correspondents  will  learn  that 
the  method  has  a  numerous  class  of  exceptions,  viz.  wlien  the  equa* 
tioa.fro!BLwbich  tbeseometrieai  ratios  wee  derived,  lias  any  number 
of  equal  roots.  They  will  see,  Mso,  a  little  farther  on,  that  whether 
the  roots  of  this  equation  eaa  be  found  or  not,  or  even  if  they  be 
imaginary,  yet  the  recurring  series  can  in  all  cases  be  summed  bj> 
diveei  methods*— j6tf  4 

Messrs.  Davies  and  Goo  ward  al4o  answered  this  qutsdon^ 

VIII.    QU68TION  498^  *y  B.  N. 

At  page  84,  Wheweirs  Dynamics,  it  is  stated  that,  ••The 
^emicubicai  parabola  with  its  axis  vertical  is  a  curve*  the  time 
of  a  body's  falling  down  which,  can  be  found" ;  it  is  required 
tf>  fipd  the  time  in  finite  terms. 

SoLUTiof#»  6y -^^-^  MjisoK^  tfSeaukon. 

The  equation  of  this  curve  y'  =  ax*  the  axis  of  y  being,  tb^ 
vertical  axis  of  the  curve.     Let  h  be  the  perpendicular  heigh) 

from  mdiich  the  body  begins   to   fall,   then   -r   =3    -    =t: 

,  ds     ^    V. 

— — = -r^r^rr — ,   aud  by  the  nature  of  the  curve 


(     *9     ) 


hence  f  = 


l/lt  +  J.|jv/(A-y) 


3  •^    a^\  4      ^J 


X  ear-*  v    ^  '  ^ — f-  t^e  cofrect  integral.    Ltt  y  =  o,  .•• 

1  +  2- .  — 

eke  liinfe  of  descent  t6  the  cusp   cr    aV  —   4-  -    »/ 


(■+-:D- 


«^ 


a 


Cos"** 


s 


^I'^VH' 


•MLturt.  BainbSj  Datic^)  4Nii  GoDWARb  answered  this 

question. 


IX.    QUESTION  499.  «>  Mr.  CuNLiFFB. 

Suppose  a  small  body  or  pellet  of  lead  at  a  given  pointy  in  a 
perfectly  smooth  narrow  tube»  of  a  given  lengthy  and  Suppose 
the  tube  to  be  whirled  about  one  of  its  ends  as  a  centre,  with  a 

S'lven  angular  velocity,  in  a  horizontal  plane ;  it  is  required  to 
etermine  the  velocity  and  direction  of  the  pellet  when  it  leaves 
the  tube ;  the  motion  bein^  solely  generated  by  the  revolving 
of  die  tube. 

iFinsT  SoLU'fioni  by  -~—  Mason,  ^fStoutton* 

I^et  lA  be  the  tube,  s  the  point  round  which  k  revolveV  in 
the  ^lane  of  the  paper  with  the  uniform 
angular  velocity  «;,  sa  nis,  b  the  place 
o\  the  body  at  first*  sb  =  &»  r  the  dis- 
tance of  the  body  from  s  at  the  time  / ; 

.•.   w'r  rr  -jj^  is  the  force  accelerating 

the  body  along  the  tube.    IMuttiply  by 
dr  attd  integrate  and  we  have  i&^r*  4- 

c  zz   l^zj   *nd  ^**  +  c  =2  o;  there- 

iowt4.    (r        oj  -  ^^j     ..   ^^    _    ^^.  V^(r«_6*;' 

c  2 


(  "  ) 

hence  /  =:  —    .  hyp,  log,      —^ ^  and  t  =  -    • 

h.  !• i-^T ^  =  the  time  at  which  the  body  quiu  the 

tube  as  at  c.    Hence  the  angle  asc  =:  t  •  q;  =  hyp.  log. 

T ^,  alto  velocity  of  body  ate  iii  direction  sc  = 

1^  l/(a*  —  3*).  Let  EC,  in  sc  produced,  represent  this  velo* 
city,  and  the  velocity  of  the  body  at  c  in  common  with  the 
point  c  '=:  to .  a.  Let  CD  perpendicular  to  8C  represent  this, 
•*•  CF  the  diagonal  of  the  rectangle  £D  represents  the  actual  ve- 
locity of  the  body  in  direction  and  quantity,  •*•  velocity  zz 

E  F  ^ 

«cf  V'^aa*  —  ^*),  and  the  tan  of  z.  ecf  z:  —  =:  ^ 


CE        t/(a*  —  b*')' 
hence  the  direction  of  the  motion  of  the  body  at  c  makes  with 

AS  the  angle  TW  +  tan*^*     v    >  j^  , ,> . 


Second  Solution^  by  Mr.  John  Baines, 

Let  AB  represent  the  given  tube,  p  the  given  pdnt  in  it  at 
which  the  pellet  is  situated  at  the  commence- 
ment of  motion,  and  pib  the  curve  described 
by  the  pellet  in  moving  along  the  tube,  till  it 
quits  it  at  b.  Also,  let  nc  be  a  tangent  to  the 
curve  at  a,  meeting  ac,  drawn  from  a,  at 
right  angles  at  c.  rut  ap  =  a,  ab  =:  ^,  the 
angular  velocity  at  an  unit's  distance  from  a  = 
Ct  the  distance  from  a  passed  over  by  the 
pellet  in  any  variable  time  /  =  *,  and  the  corresponding  velo- 
city =  V  5  then  c*jc  =  f  =r  the  centrifugal  force,  and  vdv  zz 
jdx  =  c*xdx,  .%  i;*  =  c^x^  +  const. ;  but  when  x  -a,  v  =  o^ 
/.  the  correct  integral  is  t;  =  c  /(x*  —  o*),  which  suppose  to 
be  represented  by  bf,  and  complete  the  parallelogram  bfed, 
having  be*  the  tangent  cb  produced  for  its  diagonal.  But  the 
velocity  of  the  pellet  in  the  direction  BD  =  ex  ;  hence  by  com* 
pounded  motion,  the  velocity  in  the  direction  of  the  tangent, 
which  is  that  in  which  it  quits  the  tube,  is  =  c  ^(.2X*  —  ««),  and 
when  X  =  A.  we  have  c\/(2b''  —  «*)  =  the  velocity  of  the  pel- 
let when  it  is  quitting  the  tube.T-Again  it  is  evident  that  the 
direction  of  the  body  at  the  time  of  leaving  the  tube  zz  c  ABC  zi 


(      •!       ) 

4L  EBF,  By  trig.  b£  :  rad  ::  bf  ;  coi  L  jjbf  =?  4/  .^j^  , 
••.  fin  /.  BBF  =  fin  /.  ABC  =—77-,.  — •%• 

Cor.  I.     When  .,^ =:  1,  ora  =  6,  the  pel  let  quia 

the  tube  at  right  angles  as  it  oughu 

Cor.  2.    The  time  ot  quitting  tb^  tube  from  the  conimeiice<* 

ment  of  motion  is  easily  obtained;  for^/r:  1*=:  — — --^ ^. 

which  being  integrated  between  the  limits  x  -zi  a^  and  x  =  ^, 
give.  1=  ^  .  h.I.  ( L ij 


-  I  • 


M4ssrs.  Davies  and  Godward  answered  this  quesHon. 

X.    QUESTION  500.  hy  R.  N, 

The  plane  of  the  paper  representing  the  horizon  of  a  place 
at  any  time,  and  the  positions  of  the  earth,  sun^  and  moon  being 
given,  it  is  required  to  find  the  equation  to  the  straight  line 
which  is  the  intersection  of  the  two  planes  passing  thj^ughthe 
iiiooQ*s  centre  perpendicular  to  the  lines  joining  the  sun  and 
mooOf  and  the  earth  and  moon. 

TiRST  Solution,  ^y— •— Masok,  ofSccuUom. 

Let  the  centre  of  the  earth  be  the  origin  of  co-ordinates, 
the  rational  horizon  the  plane  of  jry,  the  intersection  of  the 
meridian  with  this  plane  the  axis  of  x.  Then  the  axis  of  y  is 
the  intersection  of  the  prime  vertical  with  the  same,  and  the 
line  drawn  to  the  zenith  or  the  intersection  of  the  prime  vertical 
and  the  meridian  is  the  axis  of  «•  Let  a,  A,  c  be  the  co-ordinates 
ot  the  sun's  centre  a^,  b^^  c^  those  of  the  moon's  centre.  Hence 

^/^  —  ^c*       I    ah.-^ajh  •    ^r  .'      ^     ^i_ 

X  f  -j^^ r-^  y-f-  ^-1 ^z  =  o,   IS  the  equation  to  the 

be, —  b,c  "^        bc^  —  bfi  ^ 

Slane  passing  throgh  the  centres  of  the  earth,  sun,  and  moon. 
Tow  the  intersection  mentioned  in  the  question  being  per- 
pendicular to  each  of  the  tines  drawn  from  the  moon's  centre 
to  that  of  the  earth  and  sun,  is  necessarily  perpendicular  to  the 
plane  passing  through  these  lines,  that  is  to  the  plane  whose 


(  "  ) 

e^lMtion  is^iven  above.    The  equations  to  thit  perpendicular 

Cor.  This  line  is  that  which  joins  the  horiis  of  the  moon  : 
hence  the  times  of  the  year  and  of  the  day  being  given,  the  posi- 
tions of  the  centres  of  the  sun  and  moon  are  given  with  respect 
to  the  koriion  of  a  given  place  and  the  meridian,  and  also  with 
respect  to  the  prime  vertical :  hence  ^  i^  ^  as  well  as  a,^  h,^  c,  are 
given,  and  consequently  the  line  is  given*  If  we  suppose  x  =: 
oiti  the  equation  to  the  line ;  we  shall  have  the  co-ordinates 
of  the  j>oint  of  intersection  of  this  line  with  the  horizon,  and 
tht  sinei^f  inclination  ot  this  line  to  the  horizon  is 

Second  Solution,  by  Afr.  Davies,  Bath. 

Let  E,  s,  M  be  the  centres  of  the  earth,  sun,  and  moon ;  and 
let  ooOf  x,yfl, ,  ^tl9tJ^n  ^^  ^^^  co-ordinates  of  these  points  re* 
f erred  to  the  horizon,  prime  vertical,  and  meridian  as  co-ordi- 
nate planes.  Then  the  line  in  question  is  obviously  drawn  at 
right  angles  to  the  plane  £sm  through  the  point  m* 

liie  equation  of  the  plane  is 

and  the  line  through  x,;y,^„  at  dght  angles  to  (x)  iias^  as  well 
known,  the  three  following  equations 

(y — yj  (y/«//— y//2/)  =  (*//«/  -  ^^^A  (*—*//) ) 
(2— «/a)  («//y/— ^,/y/)  =  f*//y,  -a?/y//)(»— ^J  >  (b), 
(y— yj  (*//y/— ^/y//)  =  {^//«/-  */«/,)(«—«//)  3 

any  two  of  which  equations  involve  the  third. 

IT*  however^  by  tne  position  of  the  bodies  we  are  to  under- 
sund  their  astronomkal  positions  referred  to  the  equinoxial  and 
meridian,  then  the  coefficients  of  these  equations  must  be  other- 
wise expressed;  Thus  let  m^ ,  a^^  be  the  distances  of  the  Sun 
and  moon  estimated  in  right  ascension  from  the  meridian  of  the 
place;  S^,  d,,  their  respective  declinations;  and  r,y  r.^  their  dis- 
tance* itrom  the  earth's  centre.  Let  also  X  be  the  latitude  of  the 
place  of  observation.  Denote  moreover,  by  (xfy^T^  and  sp^'y'V^ 
the  tr^^^rdiTiates  bf  the  sun  and  moon  referred  to  the  equator, 
prime  meridian,  and  secondary  meridian  as  co-ordinate  planes. 
Then  we  have 


x'  —  r,  cos  i,  cos  *, 
y'  =  r,  cos  ^,  sin  «, 
-^  r:  r'  sin  ^, 


x"  =  r^,  cos  3''  cos  a^, 

y"  r:  r„  cos  i„  sin  it,X  (c). 


,//  — 


=  r,,  sin  c, 


(    *3    ) 


Agatn,  the  inclinatimif  of  the  ntw  and  o\4  co-ordiiMte->aM* 
are  as  expressed  in  the  anneic«d  tablet. 


Axes 

*/ 

y/ 

«/ 

«* 

90"  — X 

90» 

180°— X 

y' 

90' 

o** 

90' 

a' 

X 

90* 

90*- X  1 

From  this,  and  tbe  fpramls  in  genial  use  for  trao^rorina^ 
(toBSy  we  obtain 

jc,  siQ  X  +  z^CQS  \  :;;  x'  —  r^cos  i,  cos  «/  ,^  .  •  (1) 

X/  3^y^=:r^co»5,sinav  ••••(*! 

z^sinX — :r/CosX  =:  Z/=  r^sia^^  .*   ♦... .    (j) 
in  virtue  of  equations  (c)» 

To  find  «/»  yv&  «/  we  ooay  pcoceoi  thu$2 

Multiply  (1)  by  cosX,  and  (3)  by  sin  X^  and  add  the  results: 
dlea 

Sy  =  r^  {cos  S,  cos  X  cos  a^  +  sin  2^  sinX}  •  «.•••  (4) 
Multiply  (1)  by  sin  X»  and  (3)  by  cos  X^  and  subtfattc  cbeii^ 
9,zz  r^{cos^^sinXcos«/-— sin^^cosX)  ••••(^ 
and  y,  is  given  already  by  equation  (a  ).    . 
In  precisely  the  same  manner  we  learn  that 
x,^  =:  r,,  {co.  ^^, sin  X  cos  «,,  —  sin  ^,, cos  X}  •  • . « (6V 

y//  =  ^/,co»«//S»n«//   • • -(7» 

z^^  ==  T//  {cos  ^^^  COS  X  cos  a^y  +  sin  ^^^  sii^X}  •  •  •  •  (ft). 

The  values  of  x^y,z^,  *,/y//«//  furnished  by  (»»  4,  5,  6,  7,^ 
inserted  in  the  equations  (a)  give  a  solution  of  the  profakna* 

ScAoUunu    The  coefficients  of  ry»  r^,  in  the  values  ofx^ 

^uVit^ii  <°^y  ^^  ^'^^  exhibited.     Describe  a. 
spherical  lune  aea^a  whose  angle  a  is  =  a^^ 
measured  by  the  intercepted  portion  £Q  of  • 
the  equator.    T^ke  ad  =:  jl'W  =  d^ ;  ql  =: 
^iJ  ZL  X  ;  join  Dt^  i^'\J ;  and  lastly  draw  dk. 
perpendicular  to  a  k  meeting  aq  in  k.     Dcm 
note  DL,  d^lS  and  ^  k  by  r/,  r^,  and  v^  rei- 
spectively*    Then 

cos  a/  (=:  D^tO=cos  d^sinXcos  tf^«-sin  l^  cos  X 

cos  V,  (=  ^  r)  =:  cos  I,  sin  at, 

cos  R,  ( =:  dl)  =  cos  ^/ cos X cos 7L,  \  sin  l^ $in X 


(     «4     ) 

ind  doing  the  like  with,  another  lune  whose  angle  is  ay,»  and 
taking  h,,  instead  of  ^^ »  wq  have  also 

cos  K\,  =  cos  i„  sin  \  cos  «,,—  sin  J„  cos  \ 

cos  v^,  =  cos  ^^,  sin  a„ 

cos  Ky^  =  cos  Z„  cos  ^  COS  m,,  +  tin  j^^  sin  X. 


XL  QUESTION  501,  ^v  Afr. Thomas  Stephens  Dati£s« 

Bath. 

Lines  drawn  from  the  angles  of  a  triangle  to  the  points  of 
contact  of  the  inscribed  circle  meet  in  the  same  point  (G)»  as  it 
well  known  :  lines  drawn  to  the  points  of  contact  of  the  circles 
which  touch  externally  meet  in  a  point  (h);  and  lines  drawn 
bam  the  centres  of  the  circles  of  external  contact  to  the  points 
whcie  the  inscribed  touches  meet  also  in  a  point  (k).  Prove 
these  two  latter*  and  shew  whether  the  three  points  6»  H,  k  are 
aie  in  a  straight  line  or.  not. 

SoLUTiOKi  by  Mr*  Davibs,  tht  Proposer. 

Lemma  i*  If  the  sides  of  a  triangle  abc  be  divided  in 
Bt  ■»  F  so  that  the 
solids  of  the  alter* 
rate  segments  be 
cqoal,  (that  is,  so 
that  BF  •  ae  •  CD 
=:  FA  •  EC  •  db)  : 
then  the  lines  ad. 
BB,  CF  intersect  in 
one  point  6t  Con- 
verse of  Simpson's 
Geometry,  Prop. 
B3.  Book  IV. 

Lbmma  a.  If 
three  sides  of  one 
triangle  def  be  re- 
apectiveljr  parallel 
to  three  sides  of  an« 
cHber,  PQo;  then 
lines  J^ing  each 
pair  of  eaual  an- 
gles, will  pass 
through  the  same 
points  This  is  too 
simple  to  need  demonstration. 


(  •$  ) 

1 

We  come  next  lo  the  Proposition  It^f. 

1.  Let  R  be  the  centre  of  the  inscribed  circlcy  'and  d,  e,  p 
the  points  of  contact.  Then  by  cominoit  properties  of  tan- 
gents to  the  circle*  and  Lem.  t.  we  find  that  ad»  b£»  ce  pass 
through  the  same  point. 

8*  Let  o,  p,  Q  he  the  centres  of  the  escribed  circles  (the 
circles  of  external  conuct)  t  then  by  well  knoim  properties  of' 
the  figure  we  find  that  bl  •  an  •  dm  =:  la  .  nc  •  mb;  and 
bciice  (Lem.  i.)  the  lines  cl^  au,  bn  intersect  in  one  point. 

(•  Since  po  and  pc  are  both  perpendicular  to  aq  they  are 
parallel.  In  the  same  manner,  oq  i|  db  and  pa  ||  fd.  Hence 
the  AS  PQo  and  fkd  have  thetr  sides  respeotivety  parallel: 
and,  therefore,  by  Lem.  a.  the  lines  pf»  oe,  qii  meet  in  one 
poinu 

The  determiaaiion  whether  the  points  o,  n*  k  be  in  one  litie 
•r  not,  being  discussed  in  my  Paper  on  the  Analytical  Valuea 
of  the  different  parts  of  a  Triangle,  in  the  numbjer^.of  the  Re- 
pository, need  not  be  further  noticed  here. 

•  * 

XIL    QUESTION  502,  ty  Samuel  JoNJis. 

« 

If  a  thin  rectangular  bar  of  polished  steel  of  a  given  length 
vere  placed  horizontally  in  vacud  and  if  a  smooth  magnetic 
sphere  of  a  given  diameter  were  placed  at  a  given  point  on  the 
bar«  and  then  abandoned  to  the  attractive  force  o^  the  steel,  it 
would  osciHate  thetvon  perpetually.  FHid  the  greatest  Velocity 
k  vould  acquire. 

Solution,  by  Mr.  Samuel  Jonbs»  ike  Ptofidser, 

Let  AB  be  the  given  bar,  c  its  middle  point,  o  the  centre 
of  the  sphere,  p  its  point  of 

contact  wiih  the  bar  at  the  . — * 

comnaencenfent  of  the  mo-  /1j[> 

tion.    and    o   any   variable 
point    m  AB.     rut   Ac  =:     a  <i 

CB  =  a  ;  a  vertical  section 
of  the  bar  =:  A ;  the  tadius  of  the  sphere  plu«  haff  the  thickness 
ot  the  bar  =  r ;  the  mass  of  the  sphere  =  m ;  also  pq  ;=  x  ; 
and  cp  =:  z ;  then,  oa*  =  r«  +  ** ;  and  as  aJx  is  an  element 
of  the  bar,  the  attractive  force  of  this  element  on  a  particle 

^  ^  *•  ^>   i   ^1 »  whence  the  horizontal  value  of  this  fortre  in' 
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the  direction  or  is      ^*  ^    ^  ,    the  integral  of  wKi^ch  givct 

{r«  +  «*r 

c  —  *-7===r  for  the  attractive  force  of  the  setrment  pa  on 
a  particle  o ;  but  when  4*.  :t  o,  then  c  =  -- ;  therefore  the  mo- 

tive  force  of  the  secrment  ap  19  A  x  < —    v.  —  ^  -    f  » 

c^...^  '            ^ ... 2         7  •     i_ 
in  like  manner  a  x    < •—     ..    > ^^ ^V  w  the  mo- 

tive  force  of  the  segment  bp;  but  the  difference  of  these  is  the 
motive  force  of  the  sphere,  which  divided  by  its  mass  gives 

i.   X     \^+       ^„illL_    ■^■.  ^^^  I    which 


is  the  accelerative  force  of  the  sphere  on  the  bar  at  the  point  p  in 
direction  PC. 

^  Now 

the  integrals  of  which  give 

but  when  z  =:  ft;  then  0=0;  whence  the  correct  integrals  give 
and  this  when  z  =:  o»  gives  ' 

which  is  the  greatest  velocity  the  sphere  would  acquire. 

Seconix  Solution,  iy  Mr.  Davies,  Balk. 

Let  A  be  the  centre  of  the  sphere  in  one  of  its  positions  ^ 
BD  the  line  of  contact,  pro- 
longed to  the  ends  of  the  bar, 
By  D  ;  E  its  middle,  and  h  the 
point  of  contact  corresponding     ^ 
to  the  posttton  a.    Then '  if  kc 
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ft 

be  the  attractive  force  oi  the  bar  al  the  distance  unity  upon  the 
fphere,  we  have 

Let  now  B£  =  fin  =  a^  ah  =  &».  and  he  =  x :  multiply  (a) 
by  2dx,  substitote  these  values  in  it»  and  integrate;  we  get 

at  /  **  ...       '       y— ^_~-    ,^rr  r     •  •  •  •%.*'/• 

C  a  +  «  +  v/a  +  jtl  +  *    ) 

which  expresses  the  velocity  at  A  iii  the  direction  ao. 

This  sphere  being  supposed  to  be  actuated  solely  by  the  at- 
traction of  the  bar,  if  we  put  a  =  the  initial  value  of  x,  this 
will  be  one  of  the  limits  between  whiqh  the  integration  is  to  be 
performed.  The  other  limit  is  easily  found  from  Jv  =  o, 
which  gives  ab  =  ad,  or  a  =  o. 

Let  us  now  suppose  a  to  represent  ^the  initial  position  of  the 
ball;  and  denote  the  angles  abh,  adh,  and  6B£;=:  gbb,  by 
S0,  a^,  and  2a  respectively.  Thie  integrals  between  x  zz  of  and 
or  =  o  become 

T  =  I  an  •  log  {cot  I  cot  ^  tan^a}  \    zz  the  greatest  velocity. 

m  W.  R. 


XIIL    QUESTION  503,  by  S.  S.  S. 

A  country  clock*maker  being  directed  to  make  a  pair  of  cy- 
cloidal  pendulum  cheeks  to  a  circle  whose  radius  was  r  inches, 
made  them  by  mistake  to  a  circle  only  m  inches  radius*  To 
remedy  this  defect  he  put  a  rim  of  brass  of  equal  thickness 
round  the  cycloid  to  make  their  axes  equal  to  2r  inches,  and  be* 
lievcs  that  the  cheeks  are  properly  formed.  It  is  required  to 
^certain  the  nature  of  the  curve  described  by  the  pendulum 
vibratinj^  between  them;  and  to  find  the  point  at  which  its  de- 
viation from  a  cycloid  is  greatest. 


SoLUTiOMy  by  Mr.  T.  S.  Davies,  Bath 
Let  AB  r:  ar  =  diameter  oi  generating  circle^  and  a  zz  %Qf 


*  Airejr's  Tracts,  p.  85. 

D  2 
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3  ft«i  ^  2r  zz  brcwlih 
of  the  rim  of  the  cy- 
cloid. Let  G  be  a  point 
in  the  cycloid,  gb,  db 
the  co-ordinates,  and  gh 
the  nornial  at  that  point. 
Join  fic  and  let  jL  abo 
=  e.  Then  arc  ac  = 
amO  =  c.G,  and  bc  =: 
2rco5d  z=  GH*  Hence 
if  M  be  a  point  in  the 
exterior  ^dgc  of  the 
added  bor4er^  we  have 


HN  r:  ar  cos  0  +  a, ..... 

X  rr  BP  =  arfl  +  (ar  cet  0  H*  d) 
y  ^  MP  =:  (2r  cos  8  ^  a)  cos  d 
which  are  the  vahies  of  the  co-ordinates  in  terms  ot  the  third 
variable  0. 

Now        X  zz  ara  +  ar  sin  6  cos  6  +  a  sin  6 
dor  r:  (ar^- arcosa^-t-'  cos0)dd 
d^x  =  —  (4rsin  e9-|-a  sinfl)JS* 
jf  =  2r  cos*d  +  a  cos  d 
cly  zz  —(air  sin  a6  4-  4  ain  9) de 
(P/  rr  —  (4r  cos  36  +  a  cos  6)  dt^  ' 

Hence  cfec*  +  rf/  r:  f4f  cos  d  +  tf)*da» 
or  d(MT)  z=  ±  (4r  cos  6  =  a)d0. 

Hence  arc  mt  =:  ±/\r  cos  6dd  ±.J^ai8 

=  ±  (4riiD^-|"  ^).*..(3) 
which  needs  no  correction. 

In  the  next  place  d^ydx  —  ^xij  is  found  by  making  the 
substitutions  of  (a)  to  become 

—  (4r  cos  9  +  fl)'cW,  and  hence 

^^jjj^X^  =  -  (4  r  cos  fl +..1 . . .  .(4). 

Hence  the  evolute  is  the  same  cycloid  h%  belongs  ta  age  ; 
and  consequently  the  tangent  to  the  rim  at  m  is  parallel  to  the 
tangent  to  the  cycloid  at  G. 

The  involute  of  the  rim  is  the  curve  sought.  Draw  mq  ps^* 
rallel  to  AC  and  make  it  =  mt  =  ^r  sin  0  4-  ad;  draw  the  or* 
dinate  qs  ;  and  prolong  qm  to  meet  the  axis  in  r.    Then 


(«) 
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MR  =  MH  cot  B  rr  (flr  co$9  4-  a) cot  9, 

H  a  =:  M H  cosec  6  sr  (tr  cos  ^  4-  a)  cosec  0 

BR  rr  BH  +  HR-  =:  »f9  +  (ar  cot  B  +  a)  cosec  f 

^  srO  -f-  ar  cot  6  +  «  cosec  $ 
KH  =  RM  +  MQ  =  (2r  COS  B -{^  a)  cot 6  4-  4rsin  0  -f  a0 

KS    =  RQ  cos  d. 

Uence  jr,  =:  br  —  R8  :::  srO  +  2r  cot0  -f  a  cosec  d 

— {(«rco80+4i)cotd4-4rsind-had}xcos9 

jf^  =  QRsinfi  z:{(flrcosd  +  a)cot&i-4r8in9+ii§}  sinO 
or  by  reduction 

Xy  =  (2r  —  tfcosd)*  —  (srcosO  —  a)  sin  9  p 
y^  =  ar(i  +  sin*  e>)  +  fl)  cos  fl  +  9  sin  8.  J  '^^ 

These  are  the  values  of  the  co-ordinates  of  the  sought  curve 
in  terms  of  the  variable  0«  We  may  put  them  to  the  test  in  one 
or  two  simple  cases* 

Thus-^let  d  =:    o ;  then  x^  =  o^  and  y^zz  ar  +  u. 

leti  ^90®;  then  x,  =  arfl  +  a,andy,=  \r  +  — ^. 

4 
All  which  we  readily  infer  from  the  nature  of  the  figure  should 
be  the  case. 

Again^  if  in  <he  equations  (5)  we  put  a  =0,  6=0^' and 
fsit'^'a^  we  find 

X,,  =  2(r  +  a')  (6^  —  1  sin  2(KJ       }         ,^. 
>,,  =  2(r+aO(i  +  sin«(K)  p^-'t^^ 

which  is  the  equation  of  the  involute  to  the  cycloid  upon  t)ie, 
axis  2r4-aa'  viz.  of  that  which  we  are  required  to  compare  with 
the  curve  found  in  (5). 

In  all  cases  of  deviation  we  must  of  course  suppose  an  inde* 
pendent  variable  in  one  curve  equal  to  a  corresponding  variable 
m  the  other :  and  we  can  always  take  that  variable  as  inde- 
pendent which  may  best  suit  the  object  we  have  in  view«  In 
catest  however^  where  both  co-ordinates  are  expressed  in  terms 
of  B  third  variabk,  it  will  almost  always  happen  that  the  said 
third  variable  is  the  most  convenient  one  to  be  equated  in  the 
two  curves:  and  so  it  is  in  the  case  before  us.  We  shal),' 
therefore  consider  that  B  zz  6%  and  seek  the  distance  of  the 
points  Q,  q'» 

Then  («/*^«„)*  +  (J^/-^J^//)*  =  !>*•  ^^  by  inserting  the  vn* 
luesof  X,,  x,,^  j,^y„  from  {5),  (6)  we  have 

«'{(t+cosft)*($inO.flr+{(i-co30}+(e.5ine)sinfl}»|  =  D«,.(7). 
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or  diflferentiating  for  the  maximum,  we  have 

d*  —  I  cosec  6(4  +  lo  cos &+  ^  cos*6  —  4 lin 6 cot B}d 
-r-i(tocos0— asin9}  =  o • (8)* 

From  (7)  we  learn  that  the  deviation  is  independent  of  r,  the 
ra4ius  ot  (be  generating  circle :  and  that  for  any  value  of  0.  it 
varies  directly  as  the  breadth  of  the  rim. 

Also,  since  the  tangents  to  the  t^o  cycloids  upon  ba,  bt^ 
and  to  the  curve  ($)  are  all  parallel^  it  will  follow  that  the  line 
(2Q^  makes  with  x,  y  an  angle  dependent  alone  upon  0 :  or 
which  comes  to  the  same  thing,  when  0  is  determined,  in  any 
point  of  the  curve,  the  several  corresponding  points  (j',  q'^, 
q'^^  • ...  of  the  several  involutes  whose  breadths  are  a,^  a^^^  a^^,» 
&c will  have  a  straight  line  for  their  locus. 

Of  course,  too,  the  valq^  of  0  for  the  maj^imum  deviation  is 
independent  of  both  r  and  a\  and  may  be  cal^ulat^d  ffom  equa- 
tion (8),  When  once  calculated  the  general  question  is  numc-' 
rically^nBwered:  but  this  is  a  work  of  more  labour  than  I  feel 
disposed  to  undertake.  Evidently  no  method  is  so  applicable  to 
it  as  **  Pouble  Position." 

These  curious  results  may  be  partly  justified  by  other  inde- 
pendent investigations,  but  it  is  unnecessary  here  to  enter  fur-? 
ther  into  detail  upon  the  subject. 


We  may  also  remark  that  the  curve  of  the  border  falls 
wholly  within  the  cycloid  upon  djam^ter  ar  +  cf :  and  there- 
fore that  the  involute  of  this  ^urve  falls  zmthin  the  involute  of 
the  cycloid. 

For  by  (5)  and  (6)  we  have 

jr,  •=,  2rO  —  a  cos  6  •  0  —  r  sin  2d  -f  J  sin  (1 
X,,  =  2rB  +  aQ  —  r  sin  2O' —  a  sin  0  cos  9 
••.  *„  —  jry=  a  (1  +  cosO)(0 — sinei). 

Now,  as  din  0  ^  d,  the  factor  0  -«  sin  6  is  positive  through  tho 
•emicycloid  age,  and  minus  through  the  other.  Also  t  -f  cos  A 
is  essentially  positive.  Hence  in  both  semicycloids  the  value 
of  X,,  is  greater  in  its  own  direction  than  x-,  or  the  curve  ex* 
tends  to  a  les^  distance  abng  the  axis  of  x  than  the  cycloid 
does. 

In  .the  same  manner  it  will  be  found  that  y^, — y^  is  always 
positive.  But  we  may  infer  the  latter  at  once  from  the  crr-i 
cumstance  just  established,  vis.  that  in  the  similar  triangle  hmp, 
MM  V  the  point  m  is  within  the  cycloid  traced  byM^;  and 
hence  M V  >  m  p,  or  y^^  — y^  is  always  positive. 

When  BT  r:  r  —  m,  then  the  reverse  of  this  takes. place  (that 
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if 9  if  a  rim  of  equd  thickness  w^e  taken /ram  thctfcloii)  tlic 
evolute  sought  would  fall  without  the  corresponding  evolute  of 
the  cvcloid. 

To  ascertain  whether  we  have  chosen  the  most  conyenieot 
independent  variable  kt  us  try-  the  two  other  pairs  of  hypo- 
thesis;  vix^ 

*/  —  ^/,  =  o.  and  d{y,  ^  y,,)  =  a (9) 

^(*/— *,/)  =  o,  and  (>/  —  y^)  =  o (jo). 

Let  also  in  both  ca$e$  G'  rr.nft..  .  . 

Then  the  equations  (g)  give  the  two  following 
t(r+a^)  (nfl— -I  sin  2w9)=:(9r-fl  cosO)  fl~(arcos  fi-a)  sin  Q .  .(11) 

fiff(r-HaOsinfiJ9d=  2rcosad  4-  6 •••»..  ..(12). 

Multiply  ( 1 1 )  by  2ff.  and  add  tt  to  ( ta)  :  then  > 

4(r+aO«*fi— a(r— tfcos«}«d-^ain2fl+«rcosad+a(coi9— sin6), 

«r  —  a  cos  6   . 
or  «  =  — ; — - — j^  + 

|(tr— flcosfl)"— (rsin26—2rcos*fl-rtfcosd+a8ind).4(r+a'))* 

which  substituted  in  (ib)  gives  an  equation  of  which  it  would 
be  hopeless  to  attempt  the  numerical  reduction. 

The  equations  (10)  also  give  two  others  even  move  intractable 
than  the  last :  viz. 

tf(i  +  sin*fl)  +tf(co$  0  +  flsin  e)  =  2{r  +  a')  [i  +  sin«a9) 

If  -V  a^  sin  6  —  r  cos  26  =  2(r  +  a')  sin  2«fl. 

XIV.     QUESTION  504.  h  Mr.  T.  S.  Davies.  Bath. 

Planes  passing  through  a  given  point  cut  a  surface  of  the 
second  order  :  Find  the  loci  of  the  centres  and  foci  of  the  re- 
sulting sections. 

Solution^  ty  Mr.  Daties,  the  Proposer. 

This  question  was  inadvertently  printed  in  two  places  at  the 
same  time,  and  solutions  were  given  both  by  Petrarch  and  myw 
lelf,  in, the  Gentleman's  Diary,  1830,  p.  36 — 8.  It  Was  not 
my  intention  to  propose  the  question  for  the  loci  of  the  foci'' 
in  either  place,  but  of  the  "  centres''  merfely;  chiefly  because 
the  foci  of  the  sections  will  form  the  subject  of  a  chapter  in  my 
Geometry  of  Three  Dimensions.  This  will  enable  me  to  dis- 
pense with  any  partial  or  premature  discussion  of  my  views  on 
this  matter,  as  well  as  enable  me  to  present  my  investigations  in 
a  more  systematic  form   than  I  could  give  them  were  I  to  lay 
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down  a  series  df  lemitlas  prepaititory  to  a  single  pTopoiition  of 
the  system.  I  shall  however  add  another  investigation  of  the 
focus  of  the  centres,  different  from  those  given  in  the  Oemie* 
man's  Diary. 

Let  the  given  surface  of  the  second  order  have  its  origin 
transposed  to  the  given  point,  and  referred  to  pkfnea  parallel  to 
their  conjugate  diameters.     Its  equation  will  be  of  the  form 
Aa?*-f  By«  -I-  C2»-hftA^  +  2B^  +  ftC,2  +  B  =:o.^..(i) 

Let  yax^  z  =  bx «•  •  •  (fl) 

be  the  equation  of  one  of  the  lines  drawn  from  the  origin  to 
cut  the  suriace.  Then  the  middle  of  its  intercept,  (denoted  by 
*/  V/ '/)  ^^*'  ^*  ^°^  ^f'  the  centres  in  question.  Insert  the  va- 
lues of  y,  z,  from  (2}  in  (1),  arid  we  have 

(a  +  Ba«  +  C*")ar«  +  «(a,+  b/j+  r^i)*  +  B  s:  o (3)  i 

A/  +  B,a  -H  C-6   ,      ^— .  ,  ^ 

0''=-  /+  Ba'  +  ci'  ±  ^'^    (4) 

and  jr.  =: r fj fe). 

But  since  x,  y,  z,  is  a  point  in  the  line  (a)  we  have 

*=  l^**«^*  =  r (6)- 

Write  the  values  of  a,  ^  from  (6)  in  equation  (5)^  and  reduce. 
This  gives  for  the  locus  sought,  the  equation 

AX^*  +  By/  +  cz/  4-  A,^,  +  B,y,  +  cv«,  =  o (7). 

This  eouation  it  is  obvious  represents  a  complete  surface  of 
the  second  order,  of  which  the  place  of  the  centres  form  only  a 
part.  It  passes  through  the  origin,  and  through  the  centrt  of 
(1).  It  would  be  easy  to  shew  from  the  equation  that  these 
points  are  the  opposite  vertices  of  one  of  its  diameters. 

An  elegant  solution  of  the  same  question  by  M.  Durrande 
may  be  seen  in  the  Eleventh  Volume  of  Gergonnes  AnnaUs  des 
Mathematiques  :  and  one  stiFl  more  elegant,  in  Mr.  J.  R.  Young's 
useful  and  well  timed  '^Analytical  Geometry^'  jusi  published. 

In  my  solution  of  this  question  in  the  Gentleman's  Diary, 
for  ••  parallel**  read  **  conjugate,"  at  the  top  of  page  38* 

XV.    QUESTION  505.  by  S.  S.  S. 

Given  the  radii  of  the  four  spheres  of  external  cbntact  with  a 
tetrahedron,  to  find  the  tetrahedron,  together  with  its  inscribed 
and  circumscribing  spheres. 

•     • 

Not  Answered* 
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XVI.     QUESTION  506.  by  S.  S.  S. 

Find  ihe  nature  of  the  cuive  surface  (in  Gentleman's  Diary. 
No.  I C43)  generated  by  the  line  which  joins  the  moving  points, 
also  the  locus  of  the  cftntre  of  gravity  01  these  points  supposing 
them  mg^ed  by  equal  forces. 

QuESTioji  1S43, //-era  M«  Gentleman's  DiAnv,  i8a8. 

"  Two  straight  lines  are  given  in  space,  along  which  two 
points  move  uniformly;  supposing  that  the  initial  position  of 
the  points  is  given,  as  also  the  ratio  of  their  vclociiies,  ii  is 
required  to  construrt  the  straight  line  which  joins  them  at 
the  instant  when  their  distance  from  each  other  is  the  least  pos- 
siblev" 

First  Solution,  iy  JI/r.WM.  Godward,  ffaie^fW. 

Let  APX  and  bq  be  the  lines  in  which  ihe  points  move,  a 
and  B  being  the  initial  and  p  and  q  any 
other  cotempocary  positions  of  the 
moving  points.  Let  bx  be  the  projec- 
UoD  of  B(2  upon  the  pldne  bax,  draw 
QC  perpendicular  to  bx,  and  join  qp, 
CF,  From  aoy  point  n  in  qf,  draw  de 
parallel  to  QC  meeting  CP  in  e;  and 
draw  EF  and  co  respectively  parallel 
to  PA  and  BA,  intersecting  each  other 
in  K. 

As  it  will  make  no  difference,  in  the      ■ 
present  inquiry,  whether  we  consider 

the  equal  forces  impulsive,  or  merely  instantaneous;  we  will 
lake  for  granted  that  the  latter  is  the  proposer's  meaning,  and 
stui)  therefore  consider  the  points  to  move  with  an  equal  uni- 
form velocity. 

Put  AB  —a,  BX  —  b,  £,  QBC  =  c  ;  AF  =  n^  =  x,  ab  ~ 
HO  ~  y,  and  ds  =  2.  Then  hC  ~  x  cose,  and  qc  =  x  sin  c 
bence  ex  ==  i  —  x  cos  c,  and  by  sim.  triangles  b  :  a  ::  A  — * 

cos  c  i  cu  =   r-  {t  —  X  cos  c).    Also  by  sim.  triangles  CG  :  hr 

{: :  CP  :  pe)  : :  fic  :  de,  or  in  symbols  t  (^  —  x  cos  c)  ;  y 

: :  xsiae  :  z.    Whence  the  equation  of  the  surface   is  s  ::; 

bxy  sin  c 
a{b  —  X  cose) ' 
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Again,  bisect  ab  in  Kt  PQ  in  Lt  and  through  t  draw  the 
straight  line  klm" which  will  be  the  locus  of  the  centre  of  gra- 
vity of  the  moving  points,  as  is  manifest  from  the  well  known 
pfoperty  that  **  when  any  number  of  bodies  move  uniformly 
in  straight  lines  in  different  planes,  their  centre  of  gravity  also 
moves  uniformly  and  in  a  straight  line." 

Second  Solution,  J7  Mr.  Davies* 

This  question  supposes  two  given  bodies  to  move  with  given 
velocities  along  given  lines :  and  it  requires  us  to  determine 
the  surface  traced  out  in  space  by  the  line  joining  these  bodies, 
and  to  assign  the.  locus  of  their  centre  of  gravity. 

The  general  mechanical  principle — **  that  when  each  body  in 
the  system  moves  in  a  straight  line,  their  common  centre  of 
gravity  also  moves  in  a  straight  line  or  is  at  rest" — conducts  us 
to  an  immediate  solution  of  the  first  part  of  the  question,  and 
is  itself  a  solution  of  the  second. 

The  second  granted,  let  us  in  the  first  place  suppose  the 
centre  of  gravity  fixed.  Then,  the  generated  surface  must  be  a 
plane.  For  a  line  passing  through  a  fixed  point  and  rectilinear 
directrix  is^enerates  that  surface* 

We  may  learn  from  this,  that  except  the  two  directrices  of 
the  question,  be  in  one  plane^  that  the  centre  of  gravity  cannot 
be  at  rest. 

In  the  next  place,  consider  the  centre  of  gravity,  moving  in 
a  straight  line :  then  the  generatrix  moves  upon  three  straight 
lines,  not  all  in  the  same  plane ;  and  hence  the  surface  in  which 
it  moves  is  the  hypcrboloid  of  one  shecL 

We  see  from  this,  also,  that  if  the  centre  of  gravity  be  in 
motion,  it  does  not  move  in  the  same  plane  as  either  of  the  di« 
rectrices  of  the  bodies,  except  the  lines  themselves  be  in  the 
same  plane. 

%*  The  analytical  difficulty  of  the  question  is  too  incon* 
siderable  to  detain  us,  and  presents  moreover  no  particular  no- 
velty in  its  results  :  and  hence,  as  I  have  drawn  up  a  lon^ 
scholium,  containing  a  history  of  the  various  superficial  loci 
generated  by  right  lines,  that  I  have  been  able  to  discover,  I  shall 
not  dwell  upon  the  subject  here,  further  than  to  refer  to  Art.  Ill* 
Part  IL  page  8,  of  the  present  number  of  the  Repository, 

Mr.  Baimes  answered  this  Question* 

XVIL    QUESTION  507,  by  Mr.  Davies. 
A  series  of  equal  circles  indefinitely   near  to  each  other  and 
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whose  centres  are  in  a  straight  line,  are  put  in  perspective: 
What  are  the  loci  of  the  centres  and  foci  of  the  represenling 
diipses? 

Solution,  by  Mr.  Davies,  the  Proposer. 

Let  AO  be  the  line  in  which  the  centres  of  the  circles  are 
litiiated  ;  ad  ihcdireeting  line ;  C£,  the  ground  line,  or  trace  of 
the  picture  upon  the  original  plane;  o»  the  centre  of  one  of  the 
circles  ;  and  b,  c,  the  centres  respectively  of  the  directing  and 
ground  lines*  Refer  the  whole  system  to  the  reaangular  co- 
ordinates, X,  Y,  z  coinciding  respectively  with  BCy  bd,  and  a 
perpcfndicular,  from  b,  to  the  plane  of  the  paper. 

Let  the  common  radius  of  the  circles^  0R»  be  denoted  by  r 
the  height  oi  the  eye  =  c ; 
the  distance  between  the 
ground-line  and  directing- 
line,  BC,  =  A;  and  the  an- 
gleOADzroc,  Finally  put 
xjg^  the  co<ordinates  of 
the  line  ao  ;  x'y\  those 
of  the  circle  (o) ;  xyz, 
those  of  the  visual  cone 

msedupon  the  circle  .o)  ;  xyzl  those  of  the  intersection  of  the 
cone  and  picture. 
Now,  the  equation  of  the  line  ao  is 

y  =z(x^  -h  ^i)  tanoc..  ..(i)* 
That  of  the  circle  whose  centre  is  o,  is 

Combining  equations  (i)  and  (2)  we  get 

(s/— *,)«  +  ly'  — a+^  tan •)•  =  r«  . . . ^3) 
The  equation  of  the  cone  of  rays  is  formed  by  inserting  in  (3) 

XT  zz —  ,  and  y'  =  —  — ^, 

which  gives 

l^^Ti  +^/f    +  \^~n+  *y+flltana^    =:r\,..(4).  ^ 
But  the  equation  of  the  picture  is 

y  =  b •...•(s). 


projection 
rays 

E  fl 
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of  (i)  to.;r.Vi  the  projection  is  similar  and  equal  to  the  fcction 
itself.    The  curve  upon  xy  will,  therefore,  be  identical  with 
that  upon  the  picture,  and  its  equation  may  therefore  be  con- 
sidered as  that  of  the  delineation,  referred  to  its  own  plane. 
The  equation,  then,  of  the  section  in  question  is 

{cx  +  (c-.t)X/}«  +  {ci+(c-2)(ar,+fl)Una}«=r«{c—2}«.  ..(6). 
Which  reduced  and  arranged  in  the  usual  manner,  becomes 

Aa*  +  BJrZ  +  C2*  +  DJC  +  E«  +  F  =  O.  .  .  .(7). 

Where   a  i=  c* 


B  =  —  ^cx, 


==  X*  +  a:,  +  o^*  tan  a  —  r* 


D  =  2C^X, 


£  n  2c{r*— x^—i' .  x^^r  ajtana— JC/V-  fll'tan'a} 
F  =  c»{6  +  X, —  a\  tan«)*  —  r«} 
Now  the  co-ordinates  of  the  centre  of  the  curve  (7)  are 

2AE —  BD 


.  .(8). 


X — c  = 


n' —  4  AC 

2CD  —  BE/    ••  "CP)* 


B* 4AC 

Or  making  in  (9)  the  substitutions  furnished  by  (8)  we  get 

he  ix,  +  fl)  tan  a  ^     ^ 

*  — c  = ^    ^  '  ; — —  ...•(10) 

r*  —  a?, +.  a /tan'*  a 

_L      ^*/  (*/  +  a)  tan  a  ,     . 

«  — 1 > ....(11). 

r« ~  i/Tfll  tan« « 

I'he  two  equations  (10),. (11,  contain  three  simultaneous  va- 
riables, X,  y,  X,.  If,  therefore,  we  drop  the  marks  from  x,  z, 
and  eliminate  x,  between  the  equations,  we  shall  obtain  the  equa« 
tion  of  the  centres  of  all  the  sections.  To  effect  this,  divide  (1 1 J 
by  (10),  which  gives 

z           X,                      cz  ,     ^ 

=  -f-,  orjf,  =   ••••(12). 


X  —  c        c  *  — c 

Insert  the  value  of  x,  from  (12)  in  eq.  (10)  and  perform  the 
obvious  reductions.    The  result  will  be 

ozzr*cos^«x(a? — c)'— (cz—tf;r+ac)*  sin*  a+^c  sin  «  cos  «f2—a( 
which  is  of  the  second  degree,  and  represents  any  one  of  (he  conic 
sections^  according  to  the  values  of  a^  i,  r,  r,  and  a. 

This  subject  will  be  resumed  in  a  more  ample  manner  and  by 
a  diiTerent  process  on  a  future  occasion. 
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XVIII.    QUESTION  508.  by  Mr.  Peter  Mason. 

Find  the  equation  to  that  surface  whose  property  is  8uch« 
that  if  the  tangent  plane  at  any  point  cuts  off  portions  of  the 
axes  jr,  y,  and  z  respectively  equal  to  x^,  y^  and  z\  Then  x'* 
+  jf^*-{- 2^  shall  always  be  equal  to  the  same  constant  quan« 
titva*. 

First  Solution,  by  Mr.  Mason. 

Let  2  +  Ajr  +  By  -4-  c  =:  o  be  the  equation  to  the  plane  sur* 
face,  X  y  z  being  the  co-ordinates  of  the  point  of  contact  with 
the  required  surface,  and  let  c  and  c^  be  the  distances  along  the 
axes  of  X  and  vat  which  this  plane  cuts  them  •*•  v^(a^— c*— c/) 
=  distance  along  axis  of  z  at  which  it  cuts  it.  Hence  z  + 
A(x  — c)  +  By  =  Oy.and  z  +  aap  4-  B(y  —  c)  =  o,  and  hence 

zc  zc 

An—  7 >  ^   ,■-*■   and  b  =  —  , r — ■ :  hence  the 

(a-^c)c,-+-cy  («  — 0^/+  cy 

equation    to  the    tangent    plane  is  z  —  v^(fl*  —  c*  —  c/)  — 

zc^  (x  —  c)  +  zc  (y—c,)  _  ^    .^  ggg/  _ 

(x —  c)€f-{'  cy  "  *  (^  —  0  O  +  ^y 

Vl-'-  C-  O .  .[u),  or     J -1+1=  p^.:^,.-Z^  .  .(*)- 

Now  the  point  of  contact  xy  z  remains  fixed  whilst  c  and  c^ 
independently  of  each  other  change  by  indefinitely  small  quan- 
tities :  hence  the  differential  coefficients  of  equation  [b)  with 
respect  to  c  and  also  c^  are  each  =r  o,  from   which   we  find 

I                                                    J. 
ax^ ,     _  _  ay^ 

•(a;«  +  y*  +  zQ  '"  ''~      ^(x^  +  y*  +  z*J  ' 

4       f       # 
these  values  being  put  in  equation  (a),  we  have  a:  +  y  +  z*  = 

4. 

a  ,  the  equation  required. 


m 


Cor.   If  «,*  +  y,"  +  z/  =  a* ,  the  equation  of  the  surface 


in  n  M 


touched  by  the  plane  is  x*-*""  +  »"•+"  +  z'»+*  =  a-+"  which 
may  be  shewn  as  above. 

Second  Solution,  5y  Mr.  T.  S.  Davies,  Bath. 
Generally.    Let  the  given  equation  of  condition  be 
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thentheequationoftangentplane  willbe-^  +  ^  +  — ,  m  ••.(«) 

X       y       z 


From  (i)  and  (2)  we  have— ^  4-  -/  + 

X       y 


cU-'^ -tLf~*  "^^^ 


The  partial  "i  ,.         ,    .       .  k       .  x  -2- 

of  (3)   rela-V      «"         J^  Vc» /"  \x  *  cA  /       «'--^4; 


tivetox 


'.and  I 


Hence  from  (4)  and  (5)  weget;t'»  =  ^ .  T- .  ti»y+^  ....  (6) 

These  values  of  ap'«  andy»  inserted  in  (1)  give*  us- 

Thig  value  of  z'"  substituted  in  (6)  and  (7)  gives  the  value 
of  a/",  j^*  :  and  the  values  of  x\  y\  z'  thus  obtained,  inserted 
in  the  terms  of  equation  (2)  furnish  the  following 


n    ^i 

n 


••••(9) 


f> = a)*^  I  (IF' + (IP + (fh- 

Whence,  ultimately  (by  9,  1) 

(s  )=^  +  (IF'  +  C-)"^  =  W=^  wU«h  1.  4.  g- 

ncral  equation  of  the  system  of  curve  surfaces  enveloped  by  the 
said  variable  tangent  plane., 


1 
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Cor.  I.  Ifdnir:^;  thenar""*"'  +y'^+''+  2^+^  =  tf"*^  ; 

in  which  form  the  question  vi'as  proposed  in  the  Cambridge  Se* 
oate  House,  iSap* 

i  i  i  i 

Ccr.  t.  If  also  n  n  s ;  then  x  -f  y  +  ^  =  ^  which  i« 
the  solution  of  the  question  before  us. 

XIX-    QUESTION  S09,  by  R.  N. 

Two  bodies  p  and  q  are  placed  on  a  smooth  horizontal  plane, 
and  connected  by  a  perfect  flexible  inextensible  thread  which 
passes  freely  through  a  small  ring  in  the  plane^  a  given  velocity 
is  communicated  to  P  in  a  given  direction  :  it  is  required  to  find 
the  equation  to  the  curve  described  by  p  on  the  plane,  the  length 
of  the  thread  being  indefinite. 

First  Solutiov*  iy Mason,  oJScouUon. 

^  Let  X  and  jr  be  the  co-ordinates  of  the  body  p  at  any  time,  the 
nng  being  the  origin,  and tj*  measured  along  the  first  portion 
rf  the  string  ;  let  also  r  =:  distance  ot  p  from  the  ring  at  time 
U  0  the  angle  between  r  and  axis  of  x  ;  x,  the  distance  of  q  from 
the  ring;  then  r  -h  a?^  z=  length  of  the  string  is  constant.  Let 
7  =  tension  of  the  string. 

Tbcn  -y-r-    =  —  «  COS  d  . . .  .(1),  -rn;  = sin  0 . . .  .(2) 

slid  -—  zz or  -rrr  =  -  .  • .  •(q),  are  the  equations  of  the 

motions  of  p  and  q.     Now  x  zzr  cos  d,  5/  =  r  sin  d ;  find  •*•  the 

d^x  d^ V 

values  of    r-7  and  -7-^    in  functions  of  r  and  B  and  multiply 

(i)bysinO  and  (2)  by  cos  0  and   subtracting  we  have  sin  d 

.  -TJX  —  cos  d  .  ~T^  =  o . . .  .(4),  also  multiply  (1)  by  cos  fi 

d^x 
and  (2)  by  sin  0  and  add  and  we  have  P  cos  B  .  -^  -f  p   sin  0 

•  «^  =  —  Q  •  'irr  '  •  •  Ao)*    ^^^  equation  (4)  becomes  by 

puttmg  for  -5-5-  and  t-|-  their  values  in  t  and  iJ,  ^  +  -2- 
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.    2'^  =  o . . .  .(6),  and  (5)  becomes  a  .  ^  =  pr  (^j  J   —  p 

• 

ing  the  original   value  of  (r),  u  the  velocity  communrcaied 
to  F  and  a  the  Z.  that   velocity  makes  with  (a)  produced, 

H     /  >  ^  +  ft    ^^   -  g^«^ sin* a     ^     P  +  Q    /^''V       P4-Q 

^y  (7J  —7—  55r  -      ^5       •  •  — ]r-  \dt)        ~ 

»•  cos*  a  =  tf*tt'  sin*  a  < >  •     Put  for  rf/  its  value  from 

la         r«  S 

(    )  and  we  have 

^        p  raa         V     (     pa  sin" «  ) 

Hence  by  integrating  d  =: 

^        F         I  a    ^       Psin'o:  y        psin*« 

which  is  the  equation  to  the  elliptic  spiral  which  has  been  fully^ 
treated  on  by  Cotes* 

This  question  might  have  been  solved  more  briefly  from  the 
consideration  that  p  moves  round  ^  fixed  point  \oyr9xA%  which 
action  of  tbe  string  always  tends,  and  •*•  p  describes  equal  areas 
in  equal  times  round  this  point,  and  also  the  principle  oi  vis  viva. 
But  I  tbouglu  it  better  to  do  it  from  first  principles* 


Second  Solution,  by  Mr.  W.  S.  B.  Woolhous£, 

North  Shields. 

The  motion  of  q  must  evidently  be  always  in  the  direction 
QR  of  the  thread.    Assume  pr  = 
X  and  the  Z.  prx  of  pr  with  any 

fixed  line  hx  =  ^.    Then  x  -— 

at 

'  PO 

,    — ^^  =  the  tension  of  the 

thread,  is  the  impressed  force  act- 

(Px 
ing  on  both  bodies.    But  q   -rpr  is  the  effective  force  on  ^ 

dp*         Pft  d\r      J     rfiZ>*  V  (i'X 

dr       P  -I-  ft       *  e//  ^/        V  {   v>  ^'* 
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Again  since  the  tension  of  the  thread,  which  alone  acts  on  P, 
is  l«MfarcI$  the  fixed  |K>int  E  k  riiutt  :bc  subject  to  the  lairs  ol 
central  forced  and  consequently  describe  sectoreal  areas  about 
tiiac  pornt  pn:)]>ortiona]  to  me  timen,  •*•  x^dtp  rr  kit  (h  being  twice 

tbearea  deicribed  in  an  unit  of  time)  and  ~  z:  —  «...  (a).  « 
Which  iilbstituted  ift  (i)  givc«  — y   =  ^-y- .     Mukiply  by  ilcIx 

and  integrate  and  rA*  (— ij  =  2^-  ••••(3)*    •'•  -^  = 

,  y^r  , ; i .     Divide  ^uation  [^)  by  this  and  -7^    = 

T"  •  — :r"? ^»  •*•  ^P  =  -T-  •  — 7r-5 :;rv    Which  irl- 

tqptted  gives  <p  —  c's3:  -^..^fcc"*  -*  •    Where  the  value  of 

c  is  determinable  from  the  original  motion  of  the  bodies,  by 
mnivi  of  Equation  (3J ;  and  the  value  of  c^  may  thence  be 
foand  from  their  original  position  by  means  of  the  last  equa« 
tion  itself. 

When  *  h  infinite  we  have  ^  — ^  c'  =  -r-  .  —   a  finite  value 
anJ  therefore  the  curve  has  an  asymptote. 

Otherwise. 

Assume  fKzzx  and  the  angular  velocity  of  bp  round  R  zr 
w.    Then  srsu^p  is  the  centrifugal  force  of  p  and  therefore 

sto* S —  is  ihe  tension  of  the  thread.     Now  as  this  tension 

which  acts  on  p  is  directed  to  th«  fixed  point  R  the  body  P 
must  be  subject  to  the  laws  of  central  Forces  round  r,  and  con- 
sequently describe  sectoreal  areas  round  that  point  proportional 
to  the  linesj  •*•  x^w  zz  const.  =  A^twice  the  area  described  in 

an  unit  of  time)  aiid  u;  =:  -^ ,  therefore   ihe  tenstoa  of  the 

A*  PQ 

thread  =  ^  ^  '^ — -  which  divided  by  p  gives  the  accelerating 
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force  on  p  towards  r  =:  -5  .  — ; —  =:  -,  (m  being  =  — —  A*)w 

Hence  p  is  drawn  towards  r  by  a  force  which  is  reciprocally  as 

the  cube  of  the  distances;  and  since  t^  =  — ?—   <  !•    th* 

curve  described  by  p  round  r  is  the  same  as  Species  V.  Wheweli's 
Dynamics,  p*  4£  ;  whose  equation  as  there  determined  is 

*  =  7:^ TfT  =  c  sec  7  (^  —  c'). 

cosy  (9  —  C) 

Where  f  denotes  the  polar  angle  with  any  axis^  and  y  :=. 

Mr.  DaviES  also  furnished  a  Solution  to  the  Question* 

XX.    PRIZE  QUE^STION  ^to,  by  Mr.  Davieb. 

If  a  polygon  be  inscribed  in  a  conic  section^  all  whose  sides 
but  one  are  parallel  to  given  lines^  that  side  will  either  be  parallel 
to  a  given  line  or  touch  a  given  conic  section. 

This  Question  tor  the  Triangle  was  the  Prize  Question  in  the 
Mathematical  Companion  for  1813,  but  the  Solutions  there 
given  were  Algebraical :  It  was,  in  the  form  here  given,  th^ 
Prize  Question  in  the  Leeds  Correspondent  for  July,  182s, 
but  the  principle  of  Orthographic*  Projection  there  employed, 
cannot  properly  apply  except  to  the  ellipse.  It  is  here  pro- 
posed to  demonstrate  the  property  geometrically  without  the 
intervention  of  any  kind  of  projection  or  algebraic  calculus. 

First  Solution^  Jy  Mr.  W.S.  B.Woolhouse. 

In  the  case  oi  the  ellipse  let  pp'  and  p'  p'^  represent  two 
chords  which  are  drawn  paral- 
lel to  two  given  lines  or, 
(which  amounts  to  the  same.) 
to  two  given  semidiameters  o  A 
and  OB.  Also  let  oa'  bisect- 
ing PP^  at  6  be  the  conjugate 
semidiam.  to  oa  ;  and  b^oc^ 
bisecting  p'p"'  at  H  the  conju- 
gate diam.  to  on*  Bisect  p^'p 
at  M  and  draw  mgd  and 
the  ordinate  a^r  bdth  parallel 
to  P^P^^  or  OB  ;  and  also  draw 


•  Sec  (•)  at  the  end  of  Mr.  Davies's  Solution. 
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A$  and  aV  parallel  to  03' or  oC  I  join  mu  and  gh  and  let 
the  tangent  zaS' at  the  point  A^  meet  the  semidiams.  os'and 
OB  at  X  and  Y* 

Then  the  sides  of  the  triangle  pp'p'''  being  bisected  at  the 
points  c,  H  and  m,  it  follows  that  mb  r:  PC  ;  and  by  the  pro- 
p^7  of  the  ellipse. 

OA* :  pA«  : :  oa'*— oq*  :  pg*  =r  mh' 

Also  by  sim.  as    oa*  :  os«   : :        mh*      :         md« 

and     OR*  :  Qa'*:  :  or*  — qd*  :  oa'*—  og^ 

By  combining  these  proportions  we  get, 

OR*  :  OS*  ::  OR*-r  OD*  :  MO*. 

Which  analogy  shews  the  point  m  to  be  situated  on  the  arc 
of  an  ellipse  whose  semi- conjugate  diameters  are  or  ^nd  os. 

By  a  property  of  conic  sections  xa\  a'x  =  oa*;  and  since 
the  triangles  xoy  and  ASO  are  similar^  we  hence  infer  that 
oy  .  s'y  =  os\  But  by  another  principle  of  conic  sections 
os' .  s'y  :  A^s'*  : :  ob*  :  ob'*.  Substituting  therefore  for  os' 
.  s'y  its  equal,  osS  and  inverting  the  proportion*  we  derive, 
a's'*  =:  or*  :  OS*  : :  ob'*  :  ob*. 

.•*  or  :  OS  : :  ob'  :  ob. 

It  therefore  appears  that  the  ellipse  which  is  the  tecus  of  m 
is  not  only  concentric,  ^>ut  likewise  similar  and  similarly  situated 
with  the  given  on^ ;  and  consequently  that  ??''  is  a  tangent  to 
this  ellipse  at  the  point  of  bisection  M. 

Hence  the  inverse  of  this  principle,  viz.  **  If  two  concen- 
tric, similar  and  similarly  situated  ellipses  be  given ;  and  any 
tangent  P MP"  be  drawn  to  the  interior;  and  p^'p'  drawn  pa- 
rallcl  to  a  j?iven  line.  Then  will  pp,  be  parallel  to  another 
given  line."  For  p"p'  being  parallel  to  a  given  line,  the  paral- 
lel semidiameter  osb,  intersecting  the  interior  ellipse  at  s  and 
the  exterior  one  at  b,  is  given.  Therefcire  s  A  drawn  parallel  to 
oc',  which  is  an  ordinate  to  the  exterior  ellipse  and  a  tangent 
to  the  interior,  is  given;  and  consequently  the  semidiam.  oa 
is  given.    Therefore  pp'  is  parallel  to  a  given  diameter  o  A. 

The  foregoing  demonstration  applies  equally  to  the  hyperbola, 
the  only  difference  being  a  change  of  signs  in  the  former  pro- 
portions. .     , 

But  in  the  case  of  the  parabola  it  does  not  apply  so  ele- 
santly,   rince  ail  the  diameters  are  parallel  to  each  other. 


F  2 
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In  the  annexed  $gure  let  p?^  9^4  . 
p^p^^  be  any  two  cbord»  of  a  gtvei) 
parabola  which  are  drawn  parallel 
to  two^givea  fight  lines  and  conser 
queotly  wboa^  ^hm^ien  4/Q  and 
B^HD  are  given. 

As  before  bisect  pp^^  at  u  and 
draw  GMD  and  ar  parallel  to  ?'h^" 
meeting  b'hd  at  n  and  a ;  join  MM 
and  GH  and  demit  the  perps.  PL 
and  MN  on  the  diameteri  4^0-  an4 

B^HD. 

Then,  the  sides  of  the  triangles  fgl  and  mun  being  re- 
specttveiy  parallel  and  MH  =  fo,  thev  are  both  similar  and 
equal,  •*.  pl  =:  MN.  Supposing  P  to  denote  the  parameter  to 
the  axis  we  have  by  a  well  known  property  of  the  parabola^ 
p  .  hfG  r:  pL^  which  is  therefore  equivalent  to  p  •  rd  zz  MN*. 
Since  r  is  a  fixed  point  and  md  ordtnately  applied  to  the  di« 
ameter  b'd,  the  fatter  equation  shews  the  locus  of  m  to  be  an 
equal  parabola  with  a  coincident  axis,  and  passing  through  R ;  the 
distance  of  the  vertices  or  foci  being  equal  to  b'r,  because  b' 
is  transferred  to  R  in  cUrection  of  the  axis;  and  since  pmp^^  is 
ordinately  situated  to  a  diameter  passing  through  M,  it  is  a  tan* 
gent  at  that  point. 

This  property  may  be  inverted  as  before.  Thus,  "  if  any 
chord  FP^^  touches  the  periphery  of  an  equal  parabola  with  a 
coincident  axisi  and  p^^p^  be  drawn  parallel  to  a  given  line*  or 
ordinately  to  a  given  diameter;  then  will  pf^  be  parallel  tea 
given  line  or  ordinately  applied  to  another  given  diameter." 

For  the  diameter  BfB  being  giveo^  its  intersection  r  with  the 
interior  parabola  is  given  ;  and  therefore  ra^  which  is  parallel 
to  the  same  given  line  with  p'^^is  given.  Therefore  the  point 
A*  and  the  diameter  A^c  are  given;  and  consequently  ?p^  is 
ordinately  applied  to  a  given  diameter  A^d,  and  therefore  paral- 
lel to  a  given  right  line^  viz.  the  tangent  at  the  given  point  a^  or 
any  line  parallel  to  it. 

The  above  principle  together  with  its  inversion,  which  are 
now  generally  established,  may  be  successfully  employed  in  de-' 
monstrating  the  property  enunciated  in  the  question. 

i*6t  PP'p'V''^P^''.»..P  represent  the  polygon,  all  of  whose 
sides  except  the  last  are  drawn  parallel  to  given  lines;  and 
join  P  with  each  of  the  other  angular  points.  By  the  prin- 
ciple now  laid  down;  since  pp'  and  p'p^'  are  drawn  paral- 
lel to  given  lines,  pp^''  will  touch  a  given,  similar  and  si« 


milarly  situated  conii;  j^aiop ;  aod,  \>y  l^c  ioK^rfi^  9f  tkc  tame 
principle,    pp'"^  touching  this 


// 


conic  section  and  p''p'''1fceing 
drawn  parallel  to  a  given  line^ 
PF"^is  parallel  lo  a  given  Irne. 
Again  pp^''-^  being  paratld  to  a 
given  line  and  p'''p^^  being  al- 
so pirallel  to  a  given  linc^  pp'''^ 
will  touch  a  given  conip  sec- 
tion;  and  pp^''  touching  this 
conic  section  and  p''p'  beii\g 
<l«wn  parailel  to  a  given  linf, 
PP'  will  be  parallel  to  a  given 
line,  &c.  &c. 

Hence  it  Is  obvious  that  pp'  is  parallel  to  a  given  line  |  pp 
touches  a  given  conic  section  ;  pp''''''  is  parallel  to  a  given  lise; 
f^^  touches  a  given  conic  section;  pp'  is  parallel  to  a  given 
lioc,  8cc.  &c.  alternately. 

it  therefore  appears  that  when  the  number  of  ^ides  of  the 
polygon  is  even,  the  last  side  will  be  parallel  to  a  given  line ; 
and  when  the  number  of  sides  is  odd  the  last  side  will  touch  a 
pven  concentric,  similar  and  similarly  situated  conic  section. 
The  position  of  the  line  or  the  magnitude  of  the  said  conic  sec- 
tion may  be  ascertained  or  constructed  by  means  of  the  forego- 
ing principle  and  its  inversion. 

Second  Solut^on^  by  Mr»  Davies* 

Lemma  L  When  in  any  given  conic  section  the  proximate 
chords  bisect  one  another,  they  are  tangents  to  another  conic 
section,  concentric,  similar  ^d  similarly  placed  with  the  given 
one.  This  is  an  impaediate  corollary  from  what  is  shewn  ia 
Robenson's  Sectioned  Codicae,  p.  a66 ;  and  Dr.  Hugh  HamiU 
ton's  Conic  Sections,  p.  16  j. 

Lemma  IL  If  any  two  triangles,  acd, 
B£F,  be  inscribed  in  a  conic  sectiop  so 
that  the  sides  AC,  aD  be  parallel  respec- 
tively to  the  sides  be,  bf  :  then  the  lines 
Cii,  KF  being  drawn,  these  also  will  be  pa- 
rallel to  one  another. 

For,  let  AC,  bf  intersect  in  N,  and  ad^ 
B£  in  M.     Then  by  Conies, 

AN  .  Nc  :  FN  .  NB  ;:  bm  .  ME  ; 


AM  •  MD. 
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But. by  parallel!,    we    have  ax  =  bm,   and   am  =  bit. 

Hence,  also, 

CN  :  NF  ::  £M  :  md. 

Hiis  proportion  combined  with  the  p^auallelism  of  the  same 
lines,  establishes  the  parallelism  alao  of  cf,  £D. 

Lemma  III.  Generally,  the  lines  CD,  ef  are  unequal, 
and  therefore  also  the  segments  into  which  cd,  ep  mutually 
divide  one  another  in  g.  As,  however,  A,  b  approach  each 
other  more  closely,  the  lines  cf,  ei>,  also,  approach  more 
closely  :  and  the  point  c  comes  nearer  to  the  middle  both  of  CD 
and  ef.  At  the  limit  ed  is  equal  to  CP,  and  the  proximate 
chords  CUf  sf  whilst  they  coalesce,  also  bisect  one  another  in  G. 

Remark.  Whatever  bye  the  distance  of  the  ppints  a,  b  in  the 
case  when  ac,  ad  are  conjugate  chords,  the  bases  of  the  tri- 
angles become  diameters,  and  therefore  bisect  each  other  in  the 
centre  of  the  circumscribing  conic  section.  The  inequality  of 
the  segments,  ^ave  in  this  case,  and  that  of  the  ultimate  proic- 
imity  of  the  bases,  is  universal. 

Demonstration  of  the  PnaposiTioN* 

(a).  Let  the  inscribed  polygon  be  the  triangle.  In  the 
(igureof  (Lem.  II.)  let  AC,  ad  be  parallel  to  the  given  lines. 
Then,  (Lem.  III.)  the  consecutive  bases  bisect  one  another; 
and  hence,  (Lem.  I.)  they  touch  a  conic  section,  concentric,  si- 
milar and  similarly  situated,  with  the  given  one.  The  third 
side  of  the  triangle,  then,  touches  a  given  conic  section. 
Q.  E.  D. 

(b).  Let  the  inscribed  figure  be  a  QUA* 
DRi LATERAL,  Mr^«  of  whose stdes  CA,  AB, 
BP  are  parallel  to  given  lines.  The  fourth 
side  CF  shall  be  parallel  to  a  given  line* 

For,  let  CA,  BF  meet  in  n.  Then  by 
conies 

CN  •  NA  :  FN  ,  NB   is a  civen  ratio; 
and  because  the  triangle  anb  is  given  in 
species,  an  :  nb   is  a  given  ratio.     Hence  also 
.CN  :  NF  is  a  constant  ratio. 

This  combined  with  the  parallel  motion  of  cs^  nf  shews  that 
CF  is  also  parallel  to  a  fourth  given  line.    Q.  £.  O. 
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(ey  Lei  iki  figure  ie  a  Pentagon* 
four  of  tuAose  sides,  ab»  bc,  co,  de  arc 
parallel  to  four  fiven  lines.  Then  ea 
skatt  touch  a  come  section. 

For  it  may  be  divided  by  the  diagonal 
AD  into  a  quadrilateral  and  a  triangle. 
The  side  ad  of  the  quadrilateral  a  BCD 
^H,  by  case  (b),  be  parallel  to  a  given 
line;  and  the  base  ea  of  the  triangle  ade,  will,  thereforej  and 
^7  (a) touch  a  given  conic  section.     |2*  ^*  ^* 

(d).  The  HEXAGQNfi  divisible  into  two  quadrilaterals: 
^d  it  may  be  shewn  that  the  side  bf  is  parallel  to  a  given 
Sne. 

We  thuf  «ee  that  polygons  of  an  even  number  of  sides  (n) 

are  divisible  into  a  certain  number  of  quadrilaterals  (= i\ 

9 

and  hence  that  the  last  side  is  parallel  to  a  given  line. 
We  seelilso  that  polygons  of  an  odd  number  of  sides  (a)  is 

di?isible  into  a  number  of  quadrilaterals  (—    » — i)  and  one 

triangle :  and  hence  that  the  last  side  touches  a  conic  section 
concentric,  similar  and  similarly  placed  with  the  given  conic 
lection.  The  proposition  is  thus  fully  demonstrated,  as  was 
repaired,  without  the  intervention  of  any  kind  of  projection  or 
algcbiaic  calculus. 

Note.  The  frequent  mistakes  that  have  been  made  in  trans- 
ferring properties  from  the  circle  to  the  conic  sections  by  means 
of  perspective  induced  me  to  draw  up  a  solution  of  the  ques- 
tion on  the  priciples  of  scenographic  projection :  more  espe- 
cially where  parallel  lines  enter  into  the  statement.  The  length 
to  which  that  paper  necessarily  extends  renders  it  unsuitable  to 
the  present  section  of  the  Repository;  and,  hence,  I  shall  re- 
serve it  for  a  future  communication  to  the  section  of  Original 
Memoirs. 

I  have  also  investigated  the  proposition  by  means  of  the 
Analytical  Geometry,  considering  the  first  angle  of  the  poly- 
gon as  a  variable  parameter,  to  be  eliminated  between  the  last 
side  and  its  differential.  I  have  not  deemed  it  necessary,  how- 
ever, to  insert  it  here,  though  the  symmetry  of  the  results  may 
perhaps  induce  me  to  annex  it  to  the  perspective  solution  al- 
ready mentioned. 

(*)  Mr.Davies  desires  us  to  state— that,  speaking  from 
memory  at  the  time  he  wrote  the  note,  (p.  49,)  he  inadver- 
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tently  put  down  OrAb graphic  for  Scinografhic  Projection. 
The  conscqtteitc6  of  which  i%  that  the  demonstration  is  not 
correct  even  folr  the  ellipse  ;  the  learnfed  author  of  that  solution 
havings  by  somfe  imeans,  unaccountably  overlooked  the  simple 
fact,  that  the  ioiimon  cenfrt  of  two  concentric  circles  seen  per^* 
spectiteiy  i<s  m4  the  centre  of  the  two  elliptic  representations — 
that  the  ellipses  are  not^  indeed^  concentric — and  that  the  several 
lines  which  form  the  sides  bj  the  folygony  whtn  thus  projected^ 
cease  to  be  parallel  to  their  original  positions.     En. 
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with  some  supplementary  information  relative  to  Madras,  Bom- 
bay, aud  Canton ;  as  also  the  latitude  and  longitude  of  Point  de 
Galle  and  the  Friar's  Hood.  >  By  the  same. 

The  Vol.  for  1823,  contains,    1.  Corrections  applied  to  the 
great  Meridional  Arc,  extending  from  Lat.  8^  9**  gS'^.gg  N.  to 
»8**  3'  B3''^4  N.  to  reduce  it  to  the   Parliamentary  Standard. 
By  Lieut.  Col.  Lambtbn.     a.  On  the  Changes   which   have 
taken  place  in  the  Declination  of  some  of  the  principal  fixed 
Stars^  and  Appendix  to  the  same.     By  John  Pond,  Esq.  Astro* 
nomer  Royal.     3.  On  the   Parallax  of  a  Lyrae.    John  Pond, 
Esq.  Astronomer  Royal.     3.  Observations  on  the  Heights  oF 
Places  in  the  Trigonometrical  Survey  of  Great  Britain,  and  upon 
the  Latitude  of  Arbury  Hill.     By  B.  Bevan,  Esq.     5.  On  the 
Chinese  Year.     By  J.  F.  Davis,  Esq.    6.  Experiments*  tor  as* 
certaining  the  Velocity  of  Sound  at  Madras,    oy  John  Go)ding« 
ham,  Esq.     7.  Details  of  Experiments  made  by  Captain  Basil 
Hall  and   Lieut.  Henry  Foster,  with  an  ifiyariable  Pendulum 
in  London;  at  the  Galapagos   Islands  in  'the  Pacific  Ocean, 
near  the  Equator;  at   San  Bias  de  California,  on  the  N.  W. 
Coast  of  Mexico ;  and  at  Rio  Janiero  in  Brazil.     With  an  Ap. 
pendix,  containing  the  Second  Series  of  Experiments  in  Lou- 
don,  on  their  return.     8.  An  Account  of  Experiments   made 
with  an  invariable  Pendulum  at  New  South  Wales.     By  Major 
General  Sir  Thomas  Brisbane,  K.  C.  B.    9.  Observations  and 
Experiments  on  the  Daily  Variation  of  the  Horizonul  and 
Dipping  Needles  under  a  reduced  directive  Power.     By  Peter 
Barlow,  £sq«     to*  On  the  Diurnal  Variation  of  the  Horizontal 
Needle  when  under  the  influence  of    Magnets.    By  S»   H. 
Christie,  Esq.  M.  A*     1 1.  On  Astronomical  Refractions.     By 
J,  Ivory,  A.  M*     lo.  On  Certain  Changes  which   appear   to 
have  taken  place  in  the  Position  of  some  of  the  principal  fixed 
&ars«    By  John  Pond,  Astronomer  Royal* 
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The  VoL  for  18114,  contains,  u  On  the  North  Polar  Dis^^ 
tancci  of  some  of  the  principal  fixed  Stars.  By  Dr.  Brinkley. 
s«  On  the  Figure  requisite  to  maintain  the  Equilibrium  of  a 
Homogeneous  Fluid  Mass  that  revolves  on  an  Axis.  By  James 
Ivory,  A.  M«  3.  On  a  Finite  and  exact  Expression  for  the 
Refjraction  of  the  Atmosphere,  nearly  resembling  that  of  the 
Earth,  By  Thomas  Young,  M.D.  <  4.  A  Comparison  of  Ba- 
nnnetrical  Measurement,  with  a  Trigonometrical  Determination 
of  a  Height  at  Spitzbergen.  By  Captain  £d«vard  Sabine, 
j.  Experimental  Inquiries  relative  to  the  Distribution  and 
Changes  of  the  Magnetic  Intensity  in  Ships  of  War.  By  George 
Harvey,  Esq.  6.  A  short  Account  of  some  Observations  made 
with  Chronometers,  in  two  Expeditions  sent  out  by  the  Ad- 
miralty for  ascertaining  the  Longitude  of  Madeira  and  Fal- 
mouth! By  Dr«  Tyarks.  7.  Of  the  effects  of  the  Density 
of  Air  on  the  rates  of  Chronometers.  By  George  Harvey, 
Esq.  8*  An  Account  of  Experiments  on  the  Velocity  of 
Sounds  made  in  Holland.  By  Doctors  G.  H.  Moll  and  A. 
Vanbeek,  ot  the  University  of  Utrecht.  9.  Catalogue  of  nearly 
all  the  principal  fixed  Stars  between  the  Zenith  of  Cape  Town 
and  tbe  South  Pole,  reduced  to  the  1st  of  January,  1824.  By 
the  Rev.  Fearon  Fallows.  i«.  Remarks  on  the  Parallax  of  a 
Lyrae.     By  Dr.Brinkley. 

The  Vol.  for  1825,  contains— 1.  On  the  effects  of  Tempe- 
laiure  on  the  Intensity  of  Magnetic  Forces ;  and  on  the  Diurnal 
Variation  of  the  Terrestrial  Magnetic   Intensity.     By  Samuel 
Hunter  Christie^  Esq.  of  the  R.  M.  Academy.     2.  A  general 
method  of  Calculating  the  Angles  made  by  any  Planes  of  Cryfr- 
lals  and  the  Liaws  according  to  which  they  are  formed.     By  the 
Rev.  William  Whewell.     3.  Explanation  of  an  Optical  decep« 
cion  in  the  appearance  of  the  Spokes  of  a  Wheel  seen  throu^^h  a 
vertical  aperture.    By  Dr.  P.  M.  Roget.    4.  On  a  new    Pho- 
tometeff  with  its  application  to  determine  the  relative  intensi- 
ties  of  Artificial   Lighu     Bv   Wm.  Richter,    Esq.      5.  'I'he 
Description  of  a  Floating  Collimator.     By  Capt.  Henry  Kater^ 
6.  An  Experimental  enquiry  into  the  radiant  heating  effects  of 
caloric  from  Terrestrial   Sources.      By   Baden  Powell,  Esq. 
y.     On  the  Temporary  Magnetic  effect  induced  in  Iron  Bodies 
by  rotation.    By  Peter  Barlow,  Esq.     8.  On   the  Magnetistn 
of  Iron  arising  from  its  rotation.     By  S.  H.  Christie,  Esq. 
9.  Some  Account  of  the  Transit  Instrument  made  by  Mr.  Dol. 
londy  and  lately  put  up  at  the  Cambridge  Observatory.    By 
Robert  Woodhouse,  Esq.     10.  An  Account  of  the  Repetition 
of  M.  Arago's  Experiments  on  the  Magnetism  manifested  by 
various  substances  during  the  act  o(  rotation.     By  C«  Babbage^ 
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Mid  J«  P«  W*  Herschel,  Bsqrs.  i  i.  On  the  Magn^iim  *  deve- 
loped in  Copper  and  other  Substances  during  rotation.  By 
6.  H«  Christie,  Esq.  it.  On  the  Annual  Variations  of  some 
of  the  ixed  Stars.  By  J.  Pbnd^  Esq.  13.  On  the  Nature 
of  the  Function  expressive  of  the  Law  of  Human  Mortality^ 
and  on  a  new  mode  of  determining  the  value  of  Life  Codtiti- 
gencieSk    By  Benjamin  Cotnpettz,  Esq* 

The  Vol.  for  i8ft6|  contains^-i.  Observations  on  the  ap- 
parent Discaitces  and  Positions  of  458  double  and  triple  Sura^ 
made  in  the  years  i8a3»  18941  ^^^  ^^bj;  together  with  a  re* 
examihatton  of  06  Stars  of  the  same  description^  the  distances 
Md  positions  otwhich  were  communicsited  in  a  former  Memoir. 
By  James  South,  Esq.    a*  An  Account  of  the  Construction 
4nd  Adjustment  of  the  New  Standard  Weights  and  Measures 
cyf  the  United  Kingdom  of  Great  Britain  and  Ireland.     By  Cap* 
tain  Katen    3*  On  the  Transit  Instrument  of  the  Cambridge 
Observatory;  being  a  Supplement  to  a  former  Paper,     ay 
Robert  Woodhous^,  Esq*    4.  Account  of  a  series  ok  Observa- 
rions,  made  in  the  summer  of  the  year  iBfi^,  for  the  purpose 
vf  determining  the  difference  of  the  Meridians  ot  the  Royal 
Observatories  of  Greenwich  and  Paris.     By  J.  F.  W»  Herschei, 
Esq.    5.  On  the  Magnetic  Power  of  the  more  refrangible  So- 
lar Rays.     By  Mrs.  Somervitle.     6.     On  the  Constitution  of 
the  Atmosphere.    By  John  Dalron^  Esq.     7.  On  the  Mathe- 
matical Theory  of  Suspension  Bridges,  with  Tables  for  facili- 
tating their  Construction.    By  Davis  Gilbert,  Esq.     8.  On  the 
Magnetic  influence  of  the  Solar  Rays.     By  S»  H.  Chri^tie^  £s<]. 
9*  On  a  method  of  expressing   by  Signs  the  Action  of  Ma- 
chinery.    By  Charles  Babbage,  Esq.     lo.  On  the  Parallax  of 
Fixed  Stars.     By  J.  W.  Herschel,  Esq.     11.  A  Formula  for 
expressing  the  decrement  of  Human  Life.     By  Dr.  Thomaa 
Young,     la.  Results  of  the  Application  of  Captain  Kater's 
Floating  Collimator  to  the  Astronomical  Circle  at  the  Obterva^ 
tory  of  Trinity  College,  Dublin.     By  Dr.  Brinkley.     13.  On 
the  manner  of  lacilitating  Observations  of  Distant  Stations  in 
Ceodetical  Operations.    By  Lieut.  Drummond.     14^  Some  Ex<- 
perimemt  relative  to  the  passage  of  radiant  lieat  through  glasa 
screens.    By  Baden  Powell,   Esq.     15.  On  the  discordances 
between  the  Sun's  observed  and  compiled  right  ascension,  at 
^ttrmined  at  the  Blackman«strect  Observatory,  in  the  year 
iSftO  and  rSat ;  with  experiments  to  sihew  that  they  did  n^ 
originate  in  instrumental  derangement.     Also  a  description  <A 
the  seven  feet  Ttansit  by  which  the  Observations  were  made. 
By  James  Souths  Etq«     s6.  On  the  Hlectric   and  Magnetic 
Rotauons.    By  Charles  Babbage,  Esq.     sy,  On  the  progressive 
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ccmppei^im  if 'Water  by  \\ig\\  ilegrcei  of  Forc^,  with  loine 
triaU  df  its  cflbcis  ujp6n  other  FluUs.    fey  !•  Perkins,  ftscj. 

18.  Ofi  the  fifUre  oT  the  Rarth.     By  George  Biddell  Airy,  Ssq. 

19.  A<hroilflt  of  l!>perimcAti  made  with  an  invariable  f  enduluni 
n  Ifae   Royal  Ob^erValdry  At  Greenwich  ahcl  at  I^Orl  ftoweri. 
By  Lieut.   Hchry  ^ster.     ^0.  Expcrimenti  On   the   Diurnal 
Variation  of  tht  Magnetic  Keedle  at  lh6  Whale-Fiih  Island*, 
Dari$*i  Strait*.     Bv  the  sam6.     61.  Magnlflital  Observations  at 
hirt  Bowcii,  &e.  A.  D.   i824-5»  eomprehendiiig^   Observations 
on  (lie   Diamal  Varisition  artd  Diurrtal  Intensity  of  the  Hori- 
zontal   Needle,    made  at  Wbolwich  and    at  ditfereht  stations 
Whhjn   the  Araic  Circle.     Bv  Cajpt.  iParry  and  Lieut.  Foster. 
«t.  Abstract  of  the  Daily  Variation  of  the  Msigrtetic  Needle.  By 
Lieut.  Foster.     63.  Observations   for  determining  the   dip  ot 
the  Magnetic  Needle.     By  Capi.  W.  j£.  farrv.     24.  Observa- 
tfons  On  the  Diurnal  changes  in  the  position  of  the  Horizontal 
Needle,  undera  reduced  directive  power,  at  Port  Bowen,  1825. 
By  Lieut.  Henry  Foster.     25.  A  comparison  of  the  Diurnal 
changes  of  Intensity  in  the  Dipping  and  Horizontal  Needles  at 
Pbn  Bowen.     By,  the  same.     26.  Account  of  the  repetition  of 
Mr  Christie's   Experiments   on   the  Magnetic  properties  im- 
oarted  to  ah  iron  plate  by  rotatioh,  at  Fort  Bowen,  in  May  and 
jahe,  1825.     By  Lieut.  Foster,  with  Mr.  Christie's  remarks 
tberam.     27.  Observations  to  determine  the  amount  of  Atmos- 
pherical Retraction  at  Port  Bowen,  in  1824.^,    By  Capt.  Parry, 
Lieut.  Foiter,  and  Lieut.  J.  C.  ftoiS* 

The  Vol.  for  1827,  contains — 1.  On  the  expediency  of  as- 
sigfHng  tpecffic  names  to  all  such  functions  of  simple  elements 
as  represent  definite  physical  properties ;  with  the  suggestion 
of  a  new  term  in  Mechanics ;  illustrated  by  an  investigation 
of  the  machine  moved  by  recoil,  and  also  by  some  observations 
on  the  Steam  Engine.  By  Davies  Gilbert,  £sq.  2.  Ilemarks 
on  a  Correction  of  the  Solar  Tables  required  by  Mr*  South*s 
observations.  By  G.  B.  Airy,  Esq.  3.  On  the  mutual  action 
of  the  particles  of  Magnetic  Bodies,  and  on  the  law  of  varia- 
tion of  the  Magnetic  Forces  generated  at  different  distances 
daring  rotation.  By  S.  H.  Christie,  Esq.  4.  Corrections  ta 
the  reductions  of  Lietit.  Foster's  observations  on  Atmospherical 
Refractions  at  Pbrt  Bowen ;  With  Addenda  to  the  Tables  of 
Magnetic  Intensifies  at  the  same  place.  By  Lieut.  Foster.  5. 
Correction  of  2nl  Error  in  a  Paper  published  in  the  Philosophical 
Transactions,  entitled  **  On  the  Parallax  of  Fixed  Stars.  By 
y  F.  W.  Herschcl,  Esq.  6,  On  the  derangement  of  certain 
Transit  Insthtfhehts  by  the  effect  of  Temperature.  By  Rob«it 
Woodbouse,  Esq,     7.  On  the  Rules  and  Principles  for  deter- 
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mining  the  dispersive  ntio  of  Glass  ;*  and  for  computii^  the 
radii  of  Curvature  for  Achromatic  Object  Glast^  tubmitted  to 
the  test  of  experiment*  Hy  Peter  Barlow,  Esq.  '*8.  On  the 
secondary  deflections  produced  on  a  magnetised  needle  by  an 
iron  shell,  in  consequence  of  an  unequal  distribution  of  ma]^ 
netism  in  its  two  branches,  By  Peter  Barlow,  Esq.  g*  On 
the  difference  of  the  Meridians  of  the  Royal  Observatories  of 
Greenwich  and  Paris.  By  Thomas  Henderson,  Esq.  lo.  The- 
ory of  the  Diurnal  variation  of  the  Magnetic  Needle,  illustrated 
by  experiments.  By  S.  Hv  Christie,  Esq.  ii.  Considerations 
of  the  objections  raised  against  the  geometrical  representation 
of  the  square  roots  of  negative  Quantities.  By  the  Rev.  Joha 
Warren.  12.  On  a  new  series  ol  Periodical  Colours  produced 
by  the  grooved  surfaces  of  metallic  and  transparent  boaies.  By 
Dr.  Brewster,  la.  On  the  reduction  to  a  vacuum  of  Capuin 
Kater's  convertible  Pendulum.  By  Capt.  E.  Sabine.  24.  Ob 
the  Geometrical  iiepreseniation  of  the  powers  of  quantities 
whose  indices  involve  the  square  root  of  negative  quantities. 
By  the  Rev.  John  Warren.  15.  Astronomical  Observations 
made  at  the  Observatory  at  Paramatta.     By  Charles  Rumker» 

Esq- 

The  Vol.  for   1828,  contains — i.  Experiments  to  ascertain 

the  ratio  of  Magnetic  Forces  acting  on  a  Needle  suspended  hori- 
zontally in  Paris  and  in  London^  By  Capt.  Edward  Sabine. 
s.  On  the  Resistance  of  Fluids  to  Bodies  passing  through  them. 
By  James  Walker,  Esq.  3.  On  the  Corrections  in  the  £le« 
ments  of  Delambre's  Solar  Tables  required  by  the  Observa* 
tipns  made  at  the  Royal  Observatory,  Greenwich.  By  G«  B. 
Airy,  Esg.  ^.  Experiments  to  determine  the  difference  in  the 
length  01  Second's  Pendulum  in  London  and  in  Paris.  By 
Capt.  Edward  Sabine.  5.  On  Captain  Parry's  and  Lieut.  Fos* 
ter*s  Experiments  on  the  velocity  of  sound.  By  Dr.  Gerard 
Moll,  6.  An  Account  of  a  series  of  Experiments  made  with 
a  view  to  the  construction  of  an  Achromatic  Telescope  with  ^ 
fluid  concave  lens  instead  of  the  usual  lens  of  flint  glass.  By 
Peter  Barlow,  Esq.  7.  A  Catalogue  of  nebulae  and  clusters  of 
Stars  in  the  Southern  Hemisphere,  observed  at  Paramatta,  i^ 
New  South  Wales.  By  James  Dunlop,  Esq.  8.  Account  of 
the  Trigonometrical  Operations  in  the  years  i 8a  1,  s«  3»  f^f 
determining  the  difference  of  Longitude  between  the  Observa- 
tories of  Paris  and  Greenwich.  By  Capt.  Henry  Kater.  9.  De- 
scription of  a  Venical  Floating  Collimator,  and  an  account,  of 
its  application  to  Astronomical  Observations  with  a  circle  and 
with  a  zenith  sector.  By  Capt.  Kater.  10.  On  the  Heigiit 
of  the  Aurora  Borealis  above  the  surface  of  the  Earth*  and 
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especially  of  oae  teen  on  the  agth  of  March,  i8a6.  By  John 
DaJtoiit  £sq.  ii.  A  compariton  ot  the  changes  of  magnetic 
iotentity  throughout  the  day  in  the  dipping  and  horizontal  nee* 
dies  at  Treurenberg  Bay  in  Spttzbergen.  By  Capt*  Henry  Fos- 
ter. IS.  Experiments  relative  to  the  effect  of  temperature  on 
the  refractive  index  and  dispersive  power  of  expansible  fluids, 
and  on  the  influence  of  these  changes  in  a  telescope  with  a 
fimd  lens«  By  Peter  Barlow  ^Esq.  1 3.  On  the  laws  of  the 
deviation  qf  the  magnetic  needles  towards  iron.  By  S.  H. 
Christie,  Esq.  14.  Description  of  a  sounding-board  in  Atter- 
cii&  Church,  invented  by  the  Rev.  John  Blackburn.  15.  On 
the  magnetic  influence  of  the  Solar  Kays.  By  S.  H.  Christie, 
Esq. 

The  Vol.  for  1829,  contains-*!.  On  a  method  of  comparing 
the  Light  of  the  Sun  with  that  of  the  Fixed  Stars.     By  Dr. 
William  Hyde  Woltaston.     s.  An  account  of  the  preliminary 
experiments  and  ultimate  construction  of  a  Refracting  Tele« 
scope  7*8  inches  aperture,  with  a  fluid  concave  lens.     By  Peter 
Barlow,  Esq.     3.  On  the  dip  of  the  Magnetic  Needle  in  Lon- 
don* in  August,  1828.     By  Capt.  Henry  Sabine.    4.  Expert. 
ments  to  determine  the  diflerence  in  the  number  of  vibrations 
nade  by  an  Invariable  Pendulum   in  the  Royal  Observatory  at 
Greenwich,  and  in  the  house  in  London  in  which  Capt.  Kater*s 
Experiments  were  made.     By  Capt.  Edward  Sabine.     ,/^.  Ex- 
pcriioents  on  the  Modulus  of  Torsion.     By  Benjamin  Bevan, 
Esq.   6.    On  a  Difierential  Thermometer.    By  the    late  Dr. 
Wbllaston.     7.  Experiments  on  the  friction  and  abrasion  of 
the  surfaces  or  solids.    By  George  Rennie,  Esq.     8.  An  attempt 
to  rectify  the   inaccuracy  of  some  logarithmic  formuls.     By 
John  Thomas  Greaves,  Esq.     9.  On   the  Reflection  and   De- 
composition of  Light  at  the  separating  surfaces  of  media  of  the 
same  and  of  different  refracting  powers.     By  Dr.  Brewster. 
10.  On  the  reduction  to  a  vacuum  of  the  vibrations  of  an  In- 
variable Pendulum,     By  Capt.  Ed.  Sabine. 

The  Vol.  for  1830,  contains  :  — 1 .  Account  of  the  Levellings 
carried  across  the  jfsthmus  of  Panami  to  ascertain  the  relative 
height  of  the  Pacific  Ocean  at  Panam&«  and  of  the  Atlantic  at 
the  mouth  of  the  river  Chagris.  By  John  Augusus  Lloyd,  Esq. 
s.  On  the  Law  of  partial  polarization  of  light  by  Reflexion. 
By  Dr.  Brewster.  3.  On  the  production  of  regular  double  re- 
fraction in  the  molecules  of  bodies  by  simple  pressure :  with 
observations  on  the  origin  of  doubly  refracting  structure.  By 
the  same.  4.  Experiments  on  the  Influence  of  the  Aurora 
Borealis  on  the  magnetic  needle.  *  By  the  Rev.  J.  Farquharson. 
5.  On  the  progressive  improvements  that  have  been  made  in  the 
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eflieif  ney  of  fitaaiQ  Bngtnot*  in  C«ffiiwaU ;  whb  investigatiotis 
,of  tbo  beat  methpcl  oE  imparting  great  angnlar  velacitie$.  By 
Dayies  Gilbert,  Esq.  6.  Qn  the  Laws  of  the  polarisation  of 
light  by  Refraction.  By  Qr.  Brevrster.  7.  On  the  action  of 
the  aecond  aurfacca  of  transparent  plates  upon  light.  By  the 
S9me«  8.  Ohservationa  roade  at  the  Cape  of  Good  Hope,  with 
the  invariable  pendulum  ()4a  4.  Jones)  for  the  purpose  of  de«> 
termining  the  ik>inpressipn  of  tnc  Earth.  By  the  Hev.  F.  FaU 
lows.  9^  On  sone  properties  in  achromatic  object-glasses  ap« 
pHcable  to  the  improvement  of  the  M  icrotcope«  By  J.  J«  Lister^ 
Esq.  |Q.  On  the  Pendulum.  By  J.  W,  Lubbock,  Esq.  11.  On 
the  Theoretical  Investigations  of  the  velocity  of  Souud,  as  corn 
rected  from  M.  Dulong's  recent  experiments,  compared  with 
tb«  results  of  Dr.  Moll  and  Dr.  Van  Beek.  By  Dr.  Simmons. 
la.  Experiments  made  to  determine  the  difference  of  the  Num- 
ber of  Vibrations  made  by  an  Invariable  Pendulum  at  Greenwich 
and  Altpna.  By  Captain  Edward  Sabine.  13.  Experiments  to 
aacf rtain  the  Corrections  for  Variations  of  Temoeraaure  fri^'° 
the  limits  of  the  natural  Temperature  of  the  Climate  of  the 
South  of  England,  of  the  Invariable  Pendulum  recently  employed 
by  British  Observers.  By  the  same.  1 4.  On  the  Phenomena 
and  Laws  of  Elliptic  polarization  as  exhioited  in  the  action  of 
metals  upon  light.  By  Dr.  Brewster.  1 5.  Uesearcbes  in  Phy- 
sical Astronomy.  By  J.  W«  Lubbock,  Esq.  16.  On  the  Er- 
rQr  in  Standards  of  Linear  Measure,  arising  from  the  thickness 
oJF  the  bar  on  whieh  they  ai«  traced.    By  Capt.  Kater. 


11,     BOYAl.  SOCIBTT  OF  fi^lNBUaOH. 

We  gave  the  contents  of  the  first  five  vol umep  and  a  half 
of  the  Trania^tions  of  this  learned  My,  at  p?ige  195,  Vol,  11- 
we  shall  continue  it  to  th<r  tenth,  which  is  tbe  la<(  co^npl^tfd 
vdlupfie* 

Vol,  yi,  P^n  U.-^i.  Of  (he  Splid$  of  Grcnt^at  Attraction,  w 
,thpse  which,  among  all  that  ha^v^  certain  Properties,  attract  with 
the  grfaten  Force  in  a  given  Direction,  By  Ur.  PLjyfair. 
2.  Ap  Account  gf  a  v^ry  extraordinary  Pffe^t  of  Rar^fa^tipn, 
ohaervpd  at  JJamsgafe.  By  the  JRev,  5,  Vipce.  8«  New  p^iei 
fpr  the  quadrature  ol  the  Conic  Sc^Uon*.  By  Mr.  WalU^^ 
4.  On  the  Fxogress  of  Heat  when  coipipuniv^ated  tp  Spherical 
Bodies  fron^  their  Ccntrea.  By  Mr.  PlayUir.  5.  Pemotmra" 
tion  of  the  Fundainemal  Property  pf  the  iUv^.  By  Ort 
Brewster. 
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Vol.  VI L — I.  Comparison  of  the  North  Polar  Distances  6f 
38  principal  fixed  stars,  im  the  1st  of  January,  i8oo»  as  deier- 
mincd  by  Observations  made  at  Greenwich,  Armauh,  Palermo, 
Wcstbury,  Dublin,  and  Blackheath.  By  S.  Groombridge, 
Esq.  2.  On  the  Optical  properties  of  Sulphate  of  Carbon, 
Carbonate  of  fiarytes,  and  Nitrate  of  Potash,  with  inferences 
respecting  the  structure  of  Doubly  RefractinK  Crv5tdls.  By 
Dr.  Brewster.  %-  On  a  new  species  of  Coloured  Fringes  pro- 
duced by  the  reflexion  of  light  between  two  plates  of  parallel 
gl^sof  equal  thickness.  By  Dr  Brewster.  4.  Biographical 
Account  of  the  late  Dr.  John  Robison.  By  Prolessoi  Plav^ 
fair. 

Vol.  VIII. — I.   On  the  action  of  Transparent  Bodies  upon 
the  diflferently    coloured    Rays   of    Light.     By  Dr.   Brewster. 
2.  Description  of  a  New  Darkening  Glass   for  solar  observa- 
tions, which  has  the   property  of  polarising  the  whole  of  the 
transmitted  light.  By  the  same.     3.  On  the  lines  that  divide  each 
semidiuri^l  arc  into  six  equal  parts.     By  W.  A.  Cadcll,  Esq. 
4.  On  some  optical  properties  of  Muriate  of  Soda,  Fiuate  of 
Lime,  and   the   Diamond,   as  exhibiicd    in   their   action  upon 
polarised   Light.     By  Dr.  Brewster.     5.  On  a  new  optical  and 
mineralogical    property   of  Calcareous   Spar.      By  the    same- 
6.  i'iemeniary  demonstration  ol  the  Composition  of  Piessures. 
By  Dr.  Thomas  Jackson,  St.  Andrew     7.    On    the    effects  of 
Compression   and  Dilation  in  altering  the -polarising  structure 
of  Doubly  Refracting  Crystals.     By  L)r.  Brewster.     8.  On  the 
laws  which  regulate  the  distribution  of  the  polaiising  force  in 
plates,  tubes,  and  cylinders  ot  glass  that  have  received  the  po- 
larizing  structure.      By  Dr.  Brewster.     9.  On  certain   impresr 
sions  of  cold  transmitted  from  the  higher  atmosphere,  and  an 
instrument   to  measure  them.     By  Professor  Leslie^     10.  Me- 
thod of  determining  the  time  with  accuracy  from  a  series  of  al- 
titudes of  the  Sun  taken  on  the  same  side  of  the  meridian.     By 
Major  Gen.  Sir  1  homas  Brisbane. 

Vol.  IX. — 1.  Memoir  on  the  Repeating  Circle.  By  Major- 
Gen.  Sir  Thomas  Brisbane.  2.  Memoir  relating  to  the  Naval 
Tactics  of  John  Clerk,  Esq.  of  Eldin.  By  Professor  Play  fair. 
g.  On  circular  polarization,  as  exhibited  in  the  optical  struc- 
ture of  the  Amethyst,  with  remarks  on  the  distribution  of  co- 
louring matter  in  that  mineral.  By  Dr.  Brewster.  4.  An 
examination  of  some  Questions  connected  with  games  of  Chance. 
By  Charles  Babbage,  £sq.  5.  Observations  on  i he  mean  7^em- 
perature  of  the  Globe.  By  Dr.  Brewster.  6.  Method  of  deter- 
miring  the  latitude  by  a  sextant  or  circle,  with  simplicity  and 
accuracy,  from  circum-meridian  observations,  taken  near  noon. 

VoU  VI.     PART  !•  H 
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By  'Major  Gen.  Sir  Thomas  Brinbane*  7«  Description  ot  a 
'Magnetimeter,  by  a  new  Instrument  for  measuring  Magnetic 
Attraction,  and  finding  the  dip  of  the  needle.  By  William 
Scoresby,  Esq.  8.  Description  of  some  remarkable  Atmo- 
spheric Reflexions  and  Refractions  observed  in  the  Greenland 
sea.  By  the  same  gentleman.  9  Account  of  a  remarkable 
structure  of  Apophiilite,  wich  remarks  on  the  optical  peculiari- 
ties of  that  mineral.  By  Dr.  Brewster.  10.  On  the  application 
of  Analysis  to  the  Discovery  of  Local  Theorems  and  Porisms. 
By  Charles  Babbage,  Esq.  1 1.  Observations  on  the  Errors  in 
the  sea-rates  of  Chronometers,  arising  from  the  magnetism  of 
their  balances ;  with  suggestions  for  removing  the  source  of 
Error.  By  William  Scoresby,  lisq.  id.  Description  of  a  Mo- 
nochromatic Lamp  for  microscopic  purposes,  wiih  remarks  on 
the  absorption  of  the  prismatic  rays  by  Coloured  Meditf.  By 
Dr.  Brewster.  13.  On  the  absorption  of  light  by  Colouied 
Media,  and  on  the  Colours  of  the  prismatic  spectum  exhibited 
by  certain  flames ;  with  an  account  of  a  ready  mode  of  deter* 
mining  the  obsolute  dispersive  power  of  any  medium.  By  J« 
F.  W.  Herschel,  Esq. 

Vol.  X. — !•  Astronomical   Observations  made  at  Paramati^ 

and  Sydney.     By  Sir  T.  Brisbane,     s.  Remarkable  caseof  mag* 

netic  intensity  in  altering  the  rate  of  a  Chronometer.     By  Geo. 

.  Harvey,  Esq.     3.  Inyestigaton  of  Formulae  for  finding  she  Lo- 

Srithms  of  Trigonometrical  Quantities  from  one  another.  By 
\  Wallace,  Esq.  4.  A  proposed  improvement  in  the  solution 
of  a  case  in  Plain  Trigonometry.  By  the  same.  5.  On  a  new 
species  of  Double  Refraction  accompanying  a  Remarkable 
structure  in  the  mineral  called  Analcime.  '^y  Dr.  Brewster. 
6.  On  the  forms  of  Crystallisation  of  the  mineral  called  Siri* 
phato-4ri*  Carbonate  of  Lead.  By  William  iiardinger,  Esq. 
y.  On  an  anomalous  case  of  viMon  wit>h  regard  to  coloui^.  By 
Cpeorge  Harvey,  Esq.  8.  Observations  Sefore  and  after  the 
superior  conjunction  of  Venus  and  the  Sun,  with  iThe  Mural 
circle,  at  Paramatta.  By  Sir  Thomas  Brisbane.  9.  Observa- 
tions on  Two  Comets  discovered  at  Paramatta,  in  4  824.  By 
Mr.  Rumker  and  Mr.  Dunlop.  In  which  are  a4ded  the  de- 
ments of  these  Orbits.  By  Mr.Oeorge  Innes  and  Mr.  Jamea 
Gordon,  ao.  On  the  construction  of  Meterological  Instiu* 
jnents  so  as  exactly  to  determine  the  indications  during  absence, 
at  any  given  instant,  or  at  successive  intervals  of  time.  By 
Henry  H.  Blackadder,  Esq.  11.  Results  of  Thermometrical 
Observations  made  at  Leith  Fort^  every  hour  of  the  day  and 
night  during  the  yeara  18^4,5.  By  Dr.  Brewster,  la.  On 
ihe  Refractive  power  of  the  two  new  fluids  in  minerals  with  ad- 
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ifitional  observatioii»  6n  the  natui'e  arid  propaities  of  their  Sub-' 
nances.  13;  Description  of  a  new  Register  Thermometer,  with- 
out  any  fndex.  Bv  H.  H.  Blackaddef,  Esq.  14.  On  a  New 
Photometer.     By  Wiiiiam  Riehtie*  Esq. 


ni.    Transactions  of  tiik  Cambridge  Philosophical  Society^ 

EitabKshed  Nov.  15,  1S1Q,  and  com()e)sed  of  FeltoWs  and 
Honorary  Members.  The  Fellows  must*  be  Graduates  of  the 
University  of  Cambridge ;  and-  no  member  of  that  University 
can  be  elected  an  h<»tiorary  member.  Three  Volumes  of  its 
'1  ransactions'  ate  completed  and  they  contain  the  following  Pa- 
pers'relating  more  or  less  to  pure  and  mixed  Mathematics, 

Vol  I.  contaihs-^i.  On  Isometrital  Perspective.  By  Pro- 
fflsot  Farisii.  2.  On  cenain' remarkable  instances  of  deviation 
imn  Kewton's  scale  on  Tints  developed  by  Crystals^  with  one 
•kirofddoble  refraction,  on  exposure  to  polarized  light.  By 
Mr.  H'ersche).  3.  On  the  rotation  impressed  by  plates  ofrock- 
ctystalon  the  planes  of  polarization  of  the  rays  of  light,  as  con- 
nect^ with  certain  peculiarities  of  Crystallization.  By  Mr. 
Herechel.  4.  Observations'  on  the  notation  employed  in  the 
Calculus  of  Functions.  By  Mr.  Babbage.  g.  On  the  Reduc- 
tion of' certain  classes'of  Functional  Equations  to  Eiquations  of 
Knite  DifFerencei.  By  Mr.  Herschcl.  6.  On'the  Position  of  the 
Apsideof  Orbits  of  great  eccentricity.  By  Mr.  Whewell.  7. 
On  the  regular  Crystallization  of  Water  and  upon  the'  form 
of  it^  primary  crystals  by  Dr.  E.  D:  Clarke  8.  On  the  appli- 
cation of  Hydrogen  Gas,  to  produce  a  moving  power  in  M^- 
chittery ;  with  a  descrijitibn  of  an  Engine  which  is  moved  by  the 
pressure  of  the'  atmosphere' upon  a  vacuum  producedby  explo- 
sions'of  Hydrogeti  Gas  and  Atmospheric  Air.  By  the  Kev.  W. 
Cecil,  o;  On  a  remarkable  peculiarity  in  the  Law  of  Extraordi- 
nary Refraction  of  differently  coloured  Rays  exhibited  by  certain 
varieties  of  Apophyllite.  By  J.  P.  W.  Herschel,  Esq.  10  No- 
tice of  the  Astronomical  'Tables  of  Mahommed  Abibe  ker  el 
Arsi.  By  the  Rev.  Professor  Lee.  ii.  On  double  Crystals  of 
Floor  Spar.     By  W.  Wliewell,  Esq. 

YoU  IL  contams — i.  On  the  disrributton  of  the  Colouring 
matter,  and  on  certain  peculiarities  in  the  structure  and  optical 
pmpeniei  of  the  Brazilian  Topaz;  By  Dr.  Brewster,  a.  On  the 
kotktory  motion  of  Bodies.  By  W.  Whewell,  Esq.  3.  A  new  dc-» 
monstrationof  the  Parallelograni  of  the  Forcer.  By  Joshua  King, 
Esq.  4.  On  an  Apparatus  for  grindingTelescopic  Mirrors  and  Ob- 
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yti  Lensea.  By  the  Rev.  W.  Cecil.  5.  On  the  use  of  Silvered 
glass  for  the  mirrors  of  Reflecting  Telescopes,  By  G.B.  Airy, 
Ksq.  6.  Account  of  some  Experiments  made  in  order  to  deter- 
mine the  Velocity  of  Sound  in  passing  through  the  Atmosphere, 
By  Dr.  Gregoiy.  7.  On  the  angle  made  by  two  planes  or  two 
straight  lines,  referred  to  their  oblique  Co-ordinates.  By  W. 
Whewell  and  J.  W.  Lubbock,  Esqrs.  8.  On  the  Figure  assumed 
by  a  Fluid  Homogeneous  Mass,  whose  particles  are  acted  on  by 
their  mutual  attraction,  and  by  small  extraneous  Forces.  By  G. 
B.  Airy,  Ksq.  ^.  On  the  Determination  of  the  General  Term  of 
a  New  Class  o(  Infinite  Series.  By  C.  Babbage,  Esq.  lo.  On 
the  principles  and  Construction  of  the  Achromatic  Eye- Pieces 
of  Telescopes,  and  on  the  Achromatism  of  Microscopes.  By  G. 

B.  Airy,  Esq.  1 1«  Oh  a  peculiar  Defect  in  the  Eye,  and  a  mode 
of  correcting  it.  By  the  same.  12  A  general  demonstration  of 
the   Principle  of  Virtual  Velocities     By  the  Rev.  J.  Power. 

13.  On  the  Forms  of  the  Teeth  of  Wheels.  By  G.  B.  Airy,  Esq. 

14.  O.n  the  Influence  of  Signs  in  Mathematical  Reasoning.  By 

C.  Babbage,  Esq.  15.  On  La  Place's  Investigation  of  the  At. 
traction  of  Spheroids  differing  little  from  a  Sphere.  By  G.  B« 
Airy,  Esq.  16.  On  the  Classification  of  Crystalline  Combina- 
tions and  the  Canons  by  which  their  Laws  of  Derivation  may  be 
investigated.  By  the  Rev.  W.  Whewell.  17.  Reasons  for  the 
selection  of  a  Notation  to  designate  the  planes  of  Crystals.  By 
the  same.  18.  Experiments  on  Percussion.  By  B.  Bevan,  Esq. 
10.  Computed  and  Observed  Variations  of  Magnetic  Intensity. 
By  R.  W.  Uothman,  Esq. 

Vol.111,  contains—  i.  On  the  Spherical  Aberration  of  the 
Eye  Piece  of  Telescopes.  By  G.  B.  Airy,  Esq.  2.  On  Alge- 
braic Notation.  By  'ihomas  Jarrett,  Esq*  3.  On  the  Distur^ 
bances  of  Pendulums  and  balances,  and  on  the  Theory  of  £s« 
capemeuts.  By  G.  B.  Airy,  Esq.  4.  On  the  pressure  produced 
on  a  flat  plate,  when  opposed  to  a  Stream  o(  Air  issuing  from  an 
Orifice.  By  the  Rev.  Robert  Vl^illis.  5.  On  the  Calculation  of 
Annuities,  and  on  some  Equations  in  the  I'heory  of  Chances. 
Sy  J .  W.  Lubbock^  Esq.  6.  On  the  Longitude  of  the  Cam* 
bridge  University.  By  G.  B.  Airy,  Esq.  7,  On  the  Extension 
of  Bode*s  Empirical  Law  of  the  Distances  of  the  Planets  from 
the  8un,  to  the  Distances  of  the  Satellites  from  their  Primaries. 
Cy  James  Challis,  Esq.  8.  On  the  Focus  of  a  Conic  Section. 
By  Pierce  Morton,  Esq.  9.  Mathematical  Exposition  of  some 
Doctrines  in  Political  Economy.  By  ihe  Rev.  VV.  Whewell. 
10.  On  tiie  Vowel  Sounds,  and  on  Keed  Organ-pipes.  By  the 
Kev.  11.  Willis.     11.  On    the  1  heory  of  the   small  vibrating 
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fflocions  of  £iastic  Fluids.  By  James  Challis»  Esq*  is.  On 
the  Comparison  of  the  Various  1  ables  of  Annuitiea.  By 
J.  W.  Lubbock,  Esq.  13.  On  a  correction  requisite  to  be 
applied  to  the  length  ot  a  Pendulum  consisting  of  a  Ball 
suspended  by  a  fine  wire.  By  G.  B.  Airy,  Esq.  14.  On  an 
Amient  Observation  of  a  Winter  Solstice.  By  R.  W".  Roth- 
man,  Esq.  .  15.  On  the  Crystals  of  Boracic  Acid.  By  W.  H* 
Miller,  Elsq.  16.  On  certain  conditions  under  which  a  per- 
petual motion  is  possible.  By  G.  B.  Airy,  Esq.  17,  On  the 
ibe  general  equations  of  the  motions  of  Fluids,  both  incompres* 
sibleand  compressible;  and  on  the  pressure  of  Fluids  in  Motion, 
By  James  Challis,  Esq.  18.  On  the  Crystals  found  in  Slags. 
By  W.  H.  Miller,  Esq.  19.  On  the  Improvement  of  the  Mi- 
croscope.  By  H.  Coddington,  Esq.  20:  On  the  general  pro- 
peities  of  Definite  Integrals*    By  KI  Murphy,  Esq. 


IV.   Mrmoires  of  the  Class  of  Mathematical   and  Physical 
Sciences  of  the  National  Institute  of  FIiance. 

Vol.  VII.  for  1805-6,  contains — 1.  Memoire  upon  the  Orbit 
ofthe  Comet  of  1770.  By  M.  Buckhardt.  2.  Researches  upon 
^1«  Temperature  of  Water  at  its  maximum  of  density.  By 
Count  Rumford.  3.  Analysis  of  Triangles  traced  upon  the 
'or&ce  of  a  spheroid.  By  A.  M.  Legendre.  4.  Note  upon  the 
Planet  discovered  by  M.  Harding.  By  M.  J.  C.  Buckhardc 
S»  i^econd  correction  of  the  Elements  of  the  New  Planet,  By 
Bockhardt.  6.  Upon  the  Comets  of  1784  and  1763.  By  the 
Mine.  7.  Memoire  upon  the  Affinities  of  Bodies  for  Light, 
aod  upon  the  Kefringent  Forces  of  different  Gases.  8.  Ana- 
lysis of  the  Labours  of  the  Class  of  Mathemaiical  Sciences  of 
thelnstitute  during  180 j  and  i8o6.  By  Delambre.  9.  Second 
Memoir  upon  the  measurement  ot  Altitudes  by  the  Barometer* 
By  Raymond,  lo.  Observationn  upon  the  passage  of  Mercury 
over  the  Sun,  and  upon  the  Planet  Pallas.  11.  Upon  the 
Tout  Eclipse  of  the  Sun,  June  16,  1806.  By  Jerome  de  la 
Lande. 

Vol.  VIIL  for  1806-7,  contains — i.  Observations  on  the 
Nebulas  in  Andiomeda.  By  Messier,  a.  Observations  on 
the  Dispersion  of  the  light  of  Lamps  by  means  of  screens  of 
n>aghend  glass,  stuffs,  ice.  with  the  description  ot  a  new  lamp. 
By  Count  Rumford.  3.  Experiments  upon  the  freezing  of  li- 
quor, in  porcelain  vases,  open,  and  shut.  By  the  same,  4*  Me* 
iQoir  upon  the  construction  of  new  Tables  of  Jupiter  and  Saturn, 
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oafdulM^  al<Gor(ling*tb  ihe  rtbw  division  of'iHt  day  and  of  rfic 
ciraun>ibt^HC6'  of  the  circle.  5.  M^tnoire  upon  the  influence 
of  hun^idity  anrt  oPheat  in  Atmospheric  Refraeiions.  By  Blot. 
6i  Anilysis  of  the  LaboUrsrof  the  Class.     By  Delambre. 

Voll  IX.  1807-8,  contains — 1.  Analysis  of  ilie  Labours  o{ 
the^  Glass  during  1808.  By  Delambre.  2.  Report  upon  the 
KefiectJng  Sextant  of  M.  Lenoir.  By  Biickhardt;  3.  Report 
to  the  Emperor  of  the  Progress  of  Science  from*  1789  to  ieo8. 
4;  Di»M-ibuiion  of  the  Mathematical  Prizes.  5.  Memoir  upon 
the  theory  of  the  variations  of  the  elements  of  the  Plaheis  ;  and 
in>particu!kr  the  variation  of  the  Major  Axes  of  their  Orbits  By 
Lagrange.  6.  Third  Memoire  upon  the  measurement  of  Altitudes 
by  the  B&rometer.  By  Raymond.  7.  Memoire  uport  the  ge- 
neral theory  of  the  AVbitfiiry  Constants  in  Mechanical  Pro- 
blems. By  Lagrange.  8:  Supplement  to  the  same  Memoire; 
By  the  same  9.  General  formulae  for  the  pertuibation  of  Su- 
perior Orders.  By  Buckhardt.  10.  Memoircs  upon  several 
means  of  perfecting  the  tables  of  the  Moon,     By  the  same. 

ATol.  X.  i8o8-9»  contains  — I.  Analysis  of  the  Labours  of 
(tie  Class.  By  Delambre.  a.  Prize,  for  181  »•  3.  Distri- 
bution of  the  Prizes.  4.  Researches  upon  the  extraordinary 
R^iattions  which  are  observed  very  near  the  Horizon*.  By 
Biot..  5.  Memoire  upon  the  motion  of  light*  in  Diaphanous' 
Media.  By  Laplace.  6.  Second  Memoire  upon  the  theory 
oftho  variation  of  Arbitrary  Constants  in  Mechanical  ProblcmSy 
in  whicH  is  simplified  the  application  of  the  general  formuls  to 
these  ptx>blen1s.  By  Lagrange.  7.  Memoire  upon  the  Ap- 
proxinjation^^  of  fbrraulac  which  are  functions  of  very  high 
numbers^  together  with  their  application  to  Probabilities,  By 
Laplacie.  84  Researches  upon  several  kinds  of  Definite  Inte^ 
graia4  By  Legendre.  94  hourth  Memoire  upon  the  measure  of 
Altiiudes'  by  the  Barometer..  By  Raymond.  io«  Examination 
of  the  DiiFerent  methods  of  laying  down  forienter)  a  chain  ot 
Iriangles*  By  Buckhardt.  lu  Supplement  to  the  Memoire 
upon  approximaring  to  the  formulae  which  aie  functions  of  high 
niunbers.     By  Laplace. 

Voh  XL  1810, .contains — 14  Metnoire  upon  Definite  Inte- 
grals. By  Laplace.  2.  History  of  the  Class.  By  Delambre* 
3«  Report  made  to  the  Class^  by  a  Commission.  4*'Menlo]Te 
upon  some  new  Phenomena  in  Optics;  By  Malus.  5.  Itfc- 
moire  upon  the  Axe  of  Refraction  of  Crystals  of  organised 
subsiancei.  By  the  same.  6.  Upon  the  method  oi  Least 
Squares,  for  finding  the  most  probable  mean  betweta  the  resuhs' 
of  several  observaftiuns.     By  Legendre* 
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Vol.  XII.  i&i  1,  contains — i.  Memoire  upon  the-Distvihution 

of  Electricity  upon  the  8ur.face  of  Conducting '^Rodies.  fiy 
Poiuon.  2.  Memuire  upon  a  remaikable  modification  suffered 
by  rays  of  light  in  their  passage  through  diaphanqus  bodies. 
By  Arago.  3.  Memoire  upon  new  relations  which  exist  be- 
tween reflexion  and  polarization  of  light  in  Crystalline  ibodieau 
fiy  Biot*  4.  A  History  of  the  CU$s.  5.  Second  MemoivciUpon 
the  Distribution  of  L^Jectricity  upon  the  surface  of  Conducting 
Bodies.     By  Poisson. 

Vol.  XIII.  1 81  fi,  contains-— 1.  History  afthe  JLabouis^o^f^he 
-Class,  a.  Memoires  upon  a  new  kind  of  O'C  llatian  whtohithe 
•molecules  of  light  undergo  in  traversing  certain  crystals,  Biy 
Biot.  g.  Memoire  upon  a  new  application  uf  the  Theory ;oftlie 
oscillations  of  light.  By  the  same.  4.  K/Csult  of  NCeteoiulogi- 
cal  Observations  made  at  Clermont-Ferrand,  from  the  jnquoh 
of  June  s8o6y  to  Che  end  of  1813.  By  Raymond,  g.  .Meimiiae 
upon  r.'lasiic  Surfaces.     By  Poisson. 

*^*  The  History  of  the  Class  in  this  year  contains  tlie'liMes 
of  Malus  and  Lagrange. 

Vol.  XIV.  for  18139  14.  15,  contains-*-^!^  Histosy 'Gif.iihe 
Class.  2.  Barometric  Levelling  of  Monls^Dor^s  nxiA  M^nts^ 
Romes.  By  Raymond.  3.  Application  of  the  Levelling  in <the 
Qcpanment  of  Pur-de-Dome  to  the  Physical  Geography  of  )€hi8 
pwof  France.  By  the  same.  4.  Demonstration  of  ilie  Ge.- 
neral  Theorem  of  Fermat  upon  Polygon^J  N^umbers.  Ay  JL 
L  Cauchy-  5.  Observations  on  the  nature  of  the  Forces  v;hich 
separate  the  Luminous  Rays, in  the  Crystals  of  Double  Refrac- 
tion. By  Biot.  6.  Demonstration  of  a  Theorem  from  which 
we  m^  deduce  all  the  Uws.of  ordinary  and  extraordinary  Jfte- 
fraction.  By  Ampere.  7.  Memoire  upp^  the  motioo  0/ .Fluids 
in  Capillary  tubes,  and  the  influence  of  temperature  upon  thi$ 
jDotion.  By  Girard.  8.  Extr^ict  horn  some  ,pew  Rest;arches 
upon  A^^ebra^  s^nd  iipon  the  Theor^y  of  Numbers,  J^y 
PoinsQt* 


V.    Journal  de  l'Bcole  PoLYTECnfHQUE. 

Only  t4voCAi<E(us  of  this  workjiave  been  published  Mfiop 
our  last  report,  viz.    XVIII.  and  XIX.     Their  contents  ari:  ' 
as  follow  : — 

Caheir  XVIII. —  I.  Memoire   containing  the   application 
of  the  thecry  expounded  in  No.  17*.  of  the  Journal  ol  the  Foly- 
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technique  School,  to  the  integration  of  partial  difiTcrenlial  equa- 
tions of  the  first  and  second  order.  By  M.  Ampere.  2.  Con- 
tinaation  of  the  Memoire  upon  Definite  Integrals,  inserted  in 
the  two  preceding  volumes  of  this  Journal.  By  M.  Poisson. 
3.  Memoire  upon  the  application  of  Al>^ebra  to  the  Theory  of 
Numbers.  By  M.  Poinsot.  4.  Upon  the  imaginary  roots  of 
equations.  By  M.  Cauchy.  5.  Upon  the  manner  of  expressing 
functions  in  a  series  of  periodical  quantities,  and  of  the  use  of  this 
transformation  in  the  solution  of  problems. 

Caheir  XIX. — u  Memoire  upon  the  di^ttibution  of  hratin 
bodies*  By  M.  Poisson.  s.  Addiiioo  to  the  preceding  me- 
moire  and  to  the  memoire  upon  the  manner  of  expre>sing 
functions  by  series  of  periodic  quantities  By  the  same.  3. 
Memoire  upon  the  general  principles  of  Dynamics,  and  especi- 
ally upon  a  new  ptinctple  of  general  Mechanics.  By  M.  J. 
Biner.  4.  Memoire  upon  the  Couries  de  Race  or  dement.  By 
M.  Brianchon.  5.  Memoire  upon  a  particular  kind  of  motion 
in  Fluids.  By  M.  Augustin  Cauchy.  6  Memoire  upon  the 
integration  of  Linear  eouations  of  partial  diflPerentiais.  By 
M.  roisson.  7.  Second  Memoire  upon  the  distribution  of  heat 
in  solid  bodies.  By  M.  Poisson.  8.  Completion  of  the  me* 
moire  upon  definite  integrals,  and  upon  the  summation  of  series 
inserted  in  this  Journal.  9.  Memoire  upom  the  integration  ol 
linear  equations  of  partial  difFereutials  having  constant  coeffi- 
cients.    By  M.  Augustin  Cauchy. 


%♦  We  accidentally  omitted  in  the  list  of  Mathematical  Pa- 
pers  in  the  Philosophical  Transactions  for  1829,  the  following 
ones* 

1.  Considerations  on  the  objections  raised  against  the  Geome- 
trical Representation  of  the  square  roots  of  negative  quantities. 
By  the  Rev.  John  Warren.  2.  On  a  new  series  of  periodical 
colours  produced  by  the  grooved  surfaces  of  metallic  and  trans- 
parent bodies.  By  Dr.  Brewster.  3-  On  the  geometrical  re- 
presentation of  the  powers  of  quantities,  whose  indices  involve 
the  square  roots  of  negative  quantities.  By  the  Rev.  John 
Warren.  These  come  between  the  articles  numbered  4  and 
j  in  our  list^  and  in  Part  2  of  the  Transactions  for  that  year. 
Ed. 
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ARTICLE  II. 


Solutions  to  Questions  proposed  in  JNo.  XXL 


1.    QUESTION  511,  by  Mr.  T.  S.  Davies,  Baii. 

In  what  curve  ia  the  oormal  equal  to  the  radius  of  carvai- 
ture  ? 

First  Solution,  *y  — Mason,  of  Scoultm^  NarfM. 
Let  3  and  y  be  the  co-ordinates  of  any  point  in  the  curve, 

d* 

then  /  — ^  =;  -—  —  (j/  -*  x)  is  the  equation  to  ^be  nonnal  ani| 
•{7'  --  (ap'  —  xY)  =  length  pf  the  wyroal^ 

•••>  v/ [. -H  (in = ?  ^^#^*., 

da?2 

the  sign  being  —  or  +  according  as  the  curve  is  concave  or 
convex  to  the  axis  oi  x.     Hence 

'■%  •  3?  -i-  )•  +  (3j)"(  =  '=  7'  '■•""'^'"'^ 

lion  li.  1.  i  I -t-  {jjYt  =l'-l- J"  h-'-^'  "corfiogM 
wc  use  the  upper  or  lower  sign ; 

••£ y  dx  ^ 

hence  «  =  c'  ^V(c*— ^^)  and  jp  =  c  .  h.  L  '^  ^ . 

It  we  suppose  jr  =  c  whctt  ;v  s  p«  then  op^  +  jr*  =:  rS  the 
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equation  to  a  circle  :  and  -   =:  \u  U      "^        ^ — 


or  e 


/ 


-  +  \/  M^\  —  *^     Whence  «^  -h  «  '  =  2  .  i^  which 
c   —  V     l\c  /  i  c  \ 

is  the  equation  to  the  catenary.     The  curves  required  •%  ^re  tl\e 
Circle  and  the  Catenary, 

Second  Solution,  hy  Mr.  Davies,  the  Proposer, 

This  question  should  have  been,  *Mn  what  curve  has  the 
radius  ot  curvature  a  given  ratio  to  the  normal  ?"  The  par- 
ticular case  above  proposed  is  obviously  a  property  of  the  circle, 
and  frequent  solutions  by  integrating  the  diiferemial  equation 
have  shewn  that  it  belongs  alone  to  that  curve.  Dr.  Lardner  in 
his  valuable  treatise  on  the  differential  and  Integral  Calculi^s, 
has  proposed  one  more  general  still,  but  a  slight  inspection  of 
the  aifferenual  expression  will  convince  us  that  when  the  radius 
of  curvature  i^  **  a  given  function*'  of  the  normal,  the  integra- 
tion, very  few  cases  excepted,  transcends  all  known  proces^s. 
For  the  given  ratio^  the  solution  may  be  as  follows. 

The  general  condition  is  expresseq  \ty  the  equation 

(Pydxl    -    dx    •  ••••v  ^* 

Let  F  de^iote  a  constant  factor,  n,  in  which  case  it  become^ 
as  above  proposed.     Then 

yd*y  =  —  a(dx*  +  dy«) ....,,.  (2). 

Lety''  =  ^,  anddy'  =  g:  then  also y''=  5^.  Mai?, 

ing  these  substitutions  in  (2)  and  reducing,  we  obtain 

dif   _     y'dy' 
•—a  •  —  —  — V — "ji* 

Integrating  this,  we  have 

Jog(l  +  y-J*  =  log(^)',  or 

»+^*=(fT ^3' 

••***—    ^ic*' y)*» *'■'■ 

This  is  the  differential  equation  of  the  curve  sought,  and  wi" 
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tfpmcnt  diflerent  (amilies,  according  to  the  values  of  «.  We 
may  just  notice  one  or  two  of  them. 

I.  Let  n  =:  o ;  then  djf  =  o,  and  ^  =  c,,.  This  represents  a 
tine  parallel  to  the  axis  of  jp  at  the  distance  c,,. 

The  radius  oF  curvature  is  2ff/Em7^»  and  c^^  finite;  hence  rad. 
cunr.  X  o  =  c„  as  it  should  be. 

+  W^/^ — y)  -V  c,, i  vers,  sin-'  2iL  .     This  curvfe  may 

be  thus  constructed. 

Let  AY,  AX  be  rectangular  coordinates.    ^ 
Make  ai>  =  c^,,and  draw  dl  parallel  to  ay. 
Make  DC  =  c,  and  describe  the  circle  dgk. 
1^  DH  =  AL  ==  y;  then  gh  =  t/(e,y-.^«) 

and  arc  DC  =  -<  vers.->  2i^ .     Make    gp 

2  c, 

=  DC:  then  p  is  a  point  in  the  curve 
whose  radius  of  curvature  is  equal  to  half 
the  normal* 

3.   Let   »  =  —  1.    then   ar  4-  c,,  =  f    ^^y  _ 

Jp(y-^c)  "  *  '^''^^^'^  ~  ^'*^  ^*^*^**   "  '•^^  equation  to  the 
parabola^  the  co-ordinates  of  whose  vertex  are  x'  :=, c    and 

y'cc,,  audits  parameter  =:  --'.     Hence, 

4  ^ 

//rt^r  rd^V  d/  curvature  of  a  parabola  be  prolonged  beyond 
tkccurye^  till  the  prolongation  be  half  the  radius,  then  their  ex^ 
tnmties  will  trace  out  a  straight  line  perpendicular  to  the  axis 
V  w  curve* 

^ctde  *"^  '  '  ^^""^  ""'  "*"  ''^'  "^  ^(^^'-  '/*)  ^•^>c'^  <l«notes 
5.  Let  «  =  —  t :  then  the  differential  equation  becomes 

This  equation  has  already  been  discussed  at  pp.  229, 23o»  ot 


nc  tolented  author  of  the  first  of  those  solations  has  made  a  rem^rlr 
which  seems  to  imply  that  the  stratg^ht  line  is  not  a  ••  proper  solatfoi'' 

I  a 
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the  last  volume  of  the  Repository,  and  the  inUgral  solution 
found  to  be  a  catenary.    In  this  respect  the  result  of  the  en* 

Suiiy  agrees  with  that  found  at  p.  507-8,  of  tome  X**"  ot  the 
iemcires  des  Savons  Eirangcres^  by  MtMeusnier,  by  a  different 
process. 

€.  Let«=:ii:  thend*  =  — JLJ'  ^hich  is  the  diffe- 

V(^/  —  y*j 
rential  equation  of  the  elastic  curve* 

This  quesH^m  tvas  answered  by  Messrs.  Baines,  Godwako, 

andTnoiA'^sov. 


IL    QUESTION  51a.  by  Mythologicus. 

From  what  point  will  three  given  spheres  subtend  equal  co- 
nical  angles* 

First  Solution,  i[y  Afr.T.S,  Davies,  Bath^ 

The  solution  ot  this  questioti  is  a  locus,  and  hence,  there 
should  be  another  condition  annexed  to  its  hypothesis  to  render 
it  determinate.  We  shall,  therefore,  take  four  spheres  in- 
stead of  three. 


of  thai  question.  The  singular  solution  of  a  difiercntial  equation  it  is 
true,  is  not  always  a  solution  of  a  pioblem  which  gave  rise  to  that 
equation— nevertheless  it  often  is'^and  sometimes  tiie  only  one.  In  that 
case,  I  think  he  will  allow,  upon  reconsideration,  that  it  is  a  proper 
solution  of  the  problem :  in  this  case,  however,  it  is  not  a  tfolution 
of  the  problem  at  all,  for  the  value  w  =  ^  1.  As  then,  the  radius  of 
curvature  is  iniinite,  and  n  finite  as  well  as  c^.  Hence  it  would  require 
Infinite  X  finite  r=  finite ;  which  is  a  manifest  absurdity.  Indeed,  the 
general  equation  (4)  might  in  like  manner  be  put  Under  the  foim, 

!^4.   1  -  !j1 

Which  for  all  values  of  n  has  y  s  r/  for  a  singular  solution :  though 
the  only  ease  in  which  the  straight  line  can  solve  the  problem  above  is 
when  n  =  0.  This,  however,  is  neither  the  time  nor  the  place  for  en- 
tering upon  the  discussion  of  so  importani  a  topic  as  the  nature  and 
interpretation  of  singular  solutions. 

I  most  also  here  take  the  opportunity  of  corrcoiiug  the  dubious 
phraseology  of  the  remark  upon  the  singular  solution  at  the  foot  of 
n.  231,  of  the  place  referred  to.  It  should  have  been  thus :  *'  Thoitgb 
Cliie  integred  equation  can  never  represent  a  right  line,  yet,  if  we 
mk  for  the  singular  iolutumot  the  d^trewtial  equation,  we  shall  find 
it|r  =  <r,  and  that  singular  solution  is  the  straight  line  already  men- 
tioned." 
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locus  of  the  point  ^  froni  which  two  circles  subtend 
is,  is  a  circle  described  on  the  diameter  of  similitude^ 


1.  The 

ecjual  angles, 

or  those  two  circles,  gd. 

Let  NR9  MS  be  drawn 
to  touch  the  two  circles : 
and  join  AR,  BS,  an.bn, 
GN,  DN  and  prolong  an 
lOT.  Then,  because  (a), 
(i)  subtend  equal  angles 
9t  Et  the  angles  anr^ 
BNS  areequal.and  arn, 
BSN  are  right  angles  : 
hence  the  triangles  anr, 
BSN  are  similar,  and  an  :  nb  ::  ar  :  bs. 

Again,  because  d  and  o  are  the  poles  of  similitude,  we  have 
AG  :  GB  : :  ar  :  bs,  and  ad  :  db  : :  ar  :  bs. 
Hence,  ex  equally 

AG  :  GB  : :  AN  :  nb,  and  ad  :  db  ::  an  :  nb; 
It  follows,  therefore,  (by  means  of  Simson's  Eucl.  VI.  3,  and 
AOthatGN  bisects  the  angle  bnc»  and  dn   bisects  the  angle 
BNT.    Hence  gnb  is  a  right  angle,  standing  on  the  line  GDt 
<nd  the  locus  of  the  point  n  is  that  circle*  £.  £.  D. 


*  These  terms  iMt  yet  being  familiarly  used  amongst  us,  and  some 
9tikeia  beioic  new,  or  used  in  a  diiferent  sense  from  that  which 
Moage  assigned  them,  it  may  be  necessary  to  define  them  here. 

l^tP.  I.  Tlie  circle  of  sitnifitude  is  a  circle  from  any  point  of  which 
^0  given  ciTcles  subtend  equal  angles.  The  existence,  position,  and 
nsgnitade  of  this  citcle  is  shewn  in  (I). 

Bbf.  2»  The  axis  cfnmilkude  is  a  line  drawn  through  the  centres  of 
two  circles  and  indefinitely  prolonged, 

E>SF.  3.     The  dianuier  of  similitude  is  the  diameter  of  the  circle  in 

Bef.  4k  The  nadiue  oftimilitude  and  centre  of  ttmilitude  are  the  ra-^ 
^«i  and  centre  of  the  circle  of  similitude. 

]>Ef.5.  The  poles  ^similitude  are  the  points  in  which  the  circle  of 
tioiilitnde  and  axis  of  similitude  intersect  one  another.  They  arn  iu-^ 
^oiial  or  external. 

^The  *^  eenire  of  similitude"  is  the  term  employed  by  Mongc  to  de- 
tigoate  the  points  which  we  have  called  **  poles  of  similitude.**  It  was 
Vkywish  to  a^d  any  change  of  term,  but  enquiries  concerning  tiie 
figores  in  question  have  led  rae  to  results  that  render  that  change  im- 
perious: and  hence  I  have  not  scrupled  to  change  the  name,  even 
^^gh  oonsecrated  by  the  authority  of  that  illuslrious  mathematician, 
which  was  originally  framed  under  the  views  resulting  from  a  less 
extended  enquiry  than  it  was  natural  for  succeeding  Geometers  to 
pvrftoe^  It  wottid  be  incompatible  with  the  length  of  a  note  to  enter 
loto  farther  detail  at  present:  hut  I  hope  to  establish,  hereafter,  the 
propriety  of  the  definitions  as  given  above. 
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^  11.  Let  (k),  (l),  (m)  be  the  circles  of  similitude  of  the  three 
fcircles  (a),  (b),  (c)  2  then,  they  all  intersect  in  the  same  poirtts, 


For  let  us  suppose  (k)^  (l)  to  intersect  in  those  two  points. 
Then  at  pand  q, 

t(A)  =  T(B)and  T(,)  =  T(c)»  by  (I). 

Heiice  T(b)  =  T(c)  :  which  is  a  property  of  the  circle  (m)- 
Hence  p  and  q  are  also  in  the  circle  m  ;  or  these  circles  pass 
through  p  and  Q.  Q.  E.  D. 

III.  The  sphere  of  similituie  (k)  of  two  spheres  (a)  and  (b) 
is  the  locus  of  all  the  points  from  which  those  two  spheres 
subtend  equal  conical  angles.     (Fig.  1.). 

This  is  evident,  because  the  sphere  of  similitude  is  the  locus 
of  the  circle  of  similitude  and  the  spheres  (a),  (b)  are  the  cor- 
responding loci  of  the  circles  (a),  (b)  as  the  whole  system  re- 
volves about  the  axis  of  similitude  ab* 

IV.  The  spheres  of  similitude  (k),  (l),  (m)  of -three  givert 
spheres  ^a),  (b),  (c)  intersect  in  the  same  circle^     (Fig.  s.> 

This  IS  obvious  from  TIL) :  the  line  pq  being  the  trace  of  the 
plane  of  section  of  the  spheres  two  and  two,  and  hence  the 
common  section  of  all  three*    This  circular  section  is  the  locus 


•  Angeles  contained  by  Ihc  tangents  drawn  to  (a),  fccv 
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of  itt  the  poinU  from  which  the  three  spheres  subtend  equal 
angles. 

V.  [f  a  fourth  sphere  (d)  be  taken,  and  its  sphere  of  siroili* 
tude  with  one  of  the  three  former*  its  intersection  with  the  cir- 
cle already  determtn^  in  (iV.)  will  give  two  points  from  which 
ihe  four  spheres  wilf'svbtend  equal  conical  angles.  This  is  a 
lolotion  to  the  problem  modified  by  the  addition  above  men- 
tioQcd. 

Cor.  1.  The  three  centres  of  similitude  K,  l,  m  of  three  cir- 
cles or  three  spheres  are  in  one  line,  the  line  of  similitude  of 
('^)t  (b),  (c) :  since  each  line  ML,  lk»  km  bisects  pq  at  right 
angles. 

Cor,%.  If  there  he  four  spheres,  the  centres  pf  similitude 
willy  three  and  three,  be  in  one  line,  and  henec  all  six  in  one 
plane. 

Car.  3.  The  four. spheres  of  similitude,  then,  are  so  related 
tbat  the  four  planes  ot  section,  three  and  three,  all  pass  through 
the  same  lii)e ;  scil.  the  line  passing  through  the  two  points  de- 
termined in  (V). 

Cor.  4.  Except  the  spheres  of  similitude  all  meet  one  another, 
tbe  problem  is.iixipossible. 

TAe  sarHe  Analytically. 

Tajke  A  (supposed  to  be  the  centre  of  the  largest  sphere)  zt 
origin  and  the  line  drawn  from  a  to  the  centres  of  b^  c,  D  for 
ttcs  of  co-ordinates ;  d^riote  by  x,  y,  z^  the  co-ordinates  of  the 
point  sought ;  and  put 

xfio,  PV/O,  QOZ/  for  the  co-ordinates  of  b,  C,  D  ;  and 
a^  b^  c^  d  the  radii  of.  the  foiir  spheres. 
Put  also,  n  =  ratio  of  the  distance  of  xyz  from  each  centre 
^  the  radius  of  that  sphere  whose  centre  it  is.     Then  the  fotir 
^itUnces  of  the  point  xifz  from  the  centres  will  be 
na  =  a^9  nb  ==  6,,  nc  =  c^,  nd  zz,  d^ 
Bat  these  san^e  distances  are,  putting  the  angles  xy.  xz,  yx 
•qtnl  to  ^,  y,  /3  respectively, 

'*  +  **+ *^  l=a^    (t) 

tax^cos^  +2X2 cosy         +9yzconP       >       /  -'v  # 

,  +2(*-apJycos^  +«(ap-r;»,)2Co§y+ 27/zcos^        $    .  1  ••!  / 


+**(y-y/)  cos  i  +  2XZ  cos  y        +2(y— ^;)a  cos  fi 
+  ^xycotS        +»«(«-«/)  cosy  +  By(3— «/)  cps/3 
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Wc  have  these  four  equations  from  which  to  dcteriniiic  »,  y, 
2,  n  ;  and  this  effected,  the  question  will  be  solved. 

Sub^act  (2,  3,  4)  from  (1 ),  and  imagine  a  sphere  whose  cen- 
Ire  is  A  to  be  described,  and  cut  by  the  co*ordiiiai(e  plancain  a 
spherical  triangle  bcd. 

Then  we  have 

x+  V  cos ^+2  cos y  =    • "- Zl  Oj,  ..^ .^5> 

.Tcos5+i/H-zcosi3=  -^ -^ — ^^±,c„....{6y 

a:9osy+^cos^  +  2  =  -^ -; =»,/•  •••(?> 

Finding  the  values  of  jr.  y,  2,  and  writing  in  the  result. 
^os  0  —  cos  y  cos  ^  =  sin  y  sin  ^  cos  b  &c.  we  obtain 

_  h  "'^  ^  —  ^v/  *'*"  7  cos  D  —  d,j,  sin  a  cos  c   ^  ^.^^ 
'  "■    X  —  cos'/i— cos^y  — cos*a+  2  cos/3  cosy  cos^ 


-.  ^/y sin y  —  ft,, sin /3  cos  P  —  1/^^  sin  a  cos  B    ^  ^.^^ 
1  —  cos*/3— cos*y — cos*a+  2Cos/3cosycosa 

-  ^-^Ig-^n^-  sinjS  cos  c  —  c„  sin  y  cos  d    ^  ^.^  ^ 
1  —  cos*/3 — cos*y — cos^a  4-  2  co%i3cos  y  cos  a 


..(»% 


Substituting  x,j/,  z  af  (8)  in  equation  (*)  we  h^ve, 

C     a«,  =  V  sin»,3  +  c./sinV  -f  d,,  sin'a 

f—  2{i^,c,,sin/S8inycos  d  4-  ft^^d^^sin/Jsinacos  c  +  c,,rf,,siny sinacosB} .  .(j 

Restoring  the  values  of  a^^  ft,,,  c,,,  d,^  in  terms  of  «;  /#  ^/i  ^/* 
4,x  and  then  returning  tofl,  ft»  c,  d,  we  ^hall  have 

(- ^)  sin«^  —  2  .  ^-^ ^^-^^ '  smy  %\n  S 

«*<^  I J  sinV  —  2  . 

( J  vn«  ^  —  2  •  > ^-^ —  su 


U^- *)»in*/5-2.  A 


cos  B  + 


^--*')^-*-'^*»,ip/J.m5co.<:  + 


•^/«/ 


sin  fi  sin  y  cos  b 


lf!=£K±i^!z:^l5^ Wy  sin  a  cos  C -f 


y/«/ 


jsiny  si) 


(««  - d')  sin«^- .  . (^(<-<W  +  (V-*%')  »in  V  sin  J  cos  D 

C     «,*  sin*/?  +  y,«  sinV  +  «/•  8»n»i 

i  _9jr^^sin  gsi?  y  cos  B— aJf/Z/sin  |3  sin  S  cwC'-»jfyZ,sin.yunii^ ' 


=  o 


(10). 
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Writ?  tl^is  A/i*  +  »R,n*  +  g^  =  p,  and  we  get 

A/ 

Upon  substituting  for  b,* —  A/C,  its  value,  it  is  found  to  be 
csicmially  positive ;  and  therefore  if  we  denote  its  root  by  ±  n, 
we  have 


We  shall  also  find  —  b  —  r  a  negative,  and  —  b  4-  R  (when 
the  problem  is  possible)  apositive  quaotity*  Whence,  also^  n^  x, 
y,  2  are  determined.  The  latter  part  of  the  work  i^  too  com- 
plicated tor  insertion  here,  and  as  the  labour  is  the  only  diffi« 
culty,  I  thought  it  enough  to  set  down  the  result. 

Second  Solution^  by  Mr*  ]ohv  Raines.  Thornhill. 

Let  the  three  given  spheres  be  denoted  by  a,  b,  and  c,  their 
radii  by  r,  r^,  and  r'\  and  the  required  point  by  p.  Then,  on 
the  supposition  that  the  centres  of  the  spheres  are  not  in  the 
'  vmepianp,  we  will  imagine  two  planes  <x«  Y.)  to  pass  verti* 
callyand  horizontally  through  the  centres  of  ▲  and  b,  i.e.  at 
ngltt  angles  to  each  other,  and  another  plane  (z )  through  the 
centre  of  c,  parallel  to  (x).  Put  a  zz  the  distance  between  the 
centies  a  and  b,  ft  t:  the  perpendicular  distance  of  the  planes 
|x,  z),  +  c  =  the  distance  of  the  centre  c  from  the  point  op» 
posite  the  centre  of  a,  measured  ob  z  parallel  to  T,  ±  ^  =  us 
perpendicukir  distance  above  or  below  Y>  and  :r,  y^  and  z  zz  the 
co-ordinates  of  the  point  p,  referred  to.the  planes  x,  y.  From 
these  assumptions  we  easily  deduce  the  distances  of  the  point  p 
From  the  centres  of  A,  b,  0  = 

l/{«*  +  j^«  +  s«}.  yr{[a^x)^+if^+z% 
^  and  ^^l{x  :F  c/  4-  (y  =P  d)*  +  (*  —  «)•}• 

Now  it  is  Evident  that  the  conical  angles  will  be  equal  when 
the  plane  Jingles  made  by  sections  passing  through  their  axes  are 
^qoal ;  also  that  the  cosecants  of  the  halves  of  these  plane  an« 
gles  are  equal  to  the  above  distances  divided  by  the  radii  r,  r', 
Md  r^';  hence  we  have  two  (and  only  two)  equations,  viz. 

7  •{*•  +  J/*  +  «*}  =  p  •{{«-*)•  +  y'  +  »*) 

and  l|/{*«+^«+2«}  zz  p>l/{fx  +  0»+Cy=Fi)«  +  (6-*n. 
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but  there  are  three  unknown  quantities,  and  unless  either  x^  y^ 
or  z  be  given,  the  question  is  unlimited.  When  6  =  o,  x  =  o« 
and  ihe  centres  of  the  spheres  are  in  the  same  plane.  Under  this 
idea,  which  was  probably  the  intention  of  the  proposer,  the 
question  is  limited.    In  this  case, 

and  i  v/{x*  +  y*}  =:  ^\/{{x  T  €)-  +  (if^dY}. 
From  the  first  of  diese  we  obtain 
y  =    < — ^~^  ~ — ^>  ,  which  substituted  in  the  second 

gives 

{r^*  (a«  —  2ax)  -  (r^*  —  r«)  .  (x«  ip  acjr  +  c*  +  d«)}  = 
4i*r«  (K*—  r*)  .  (a*—  2ax)  +  4(i*ar*(ftr*/*  —  r*—  r'*),  an 
equation  from  which  x  may  be  found.    This  also  furnishes  an 
analytical    solution     to  Quest.  IX.    (ijij)*    Ladies*  Diary, 
s 830-31. 

Solutions  wen  also  received  from  Messrs.  Godwabd»  MASONt 

aff(/ Thompson. 

III.    QUESTION  513,  by  Delta  Sulius. 

DG,  FG  are  two  lines  given  in  position,  and  £  a  given  point: 
what  is  the  locus  of  the  centre  of  the  circle  circumscribing  the 
triangle  DFC,*when  the  base  df  passes  through  £  ? 

First  Solution,  hy  —^Masos,  of  Scoulion,  Norfolk. 

Let  OD  be  the  axis  of  jr,  gf  the  axis  of  ^,  6  z=  ^  gdf,  x 
and  ^  the  co-ordinates  of  the  centre  of  the  circle,  0,  ^9  the  co- 
ordinates of  E.     Then,  by  the  circle,  gd  =  ax  +  «^  cos  dand 

GF  =  2^  +  24?  cos  d  ••.    DH  =  2*  +  2^  COS  0  —  «,     IT    EH    be 

parallel  to  gf  ;  and  by  sim.  as  dm  :  U£  : :   dg  :  gf  :  whence 

(x*  +  j^*;  .  2  cos  B  +  2xy  .  (i  +  cos* 6)  —  (a  +  /3  cos  B] .  j^  -- 

f  0  +  a  cos  0)  X  znois  the  equation  to  the  required  curve,  which 

is  the  equation  to  the  hyperbola,  the  co-ordinates  of  whose 

flf  — /3  cos  B      J  /3  —  a  cos  fl 

centre  are ^—^  r —  and  —   -  •  »  £—  • 

2  sm'  0  2  sm*  9 
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Second  Solution,  by  Mr.  T.  S.  Davies,  Bath. 


Let  the  system  be  referred 
to  rectangolar  cO'Ordinates  bi- 
secting the  angle  a.  Let  cab 
=  2a,  and  put  AC  =  6,  ab  =: 
c,  and  the  co-ordinates  of  d  = 
j',  /.  Denote  also  by  x^ ,  y» 
the  co-ordinates  of  v,  and  so 
of  the  other  points.    Then 


Xf  =:  b  cos  a 
tfc  =  —  6  sin  a 
x^  =:  ccosft 
^ft  =       c  sin  a 


•  •  •  • 


(O. 


X«  ^  4  i  cos  a 

jf«  =z  —  4  J  sin  a 
oTm  =:  f  c  •  cos  a 
y^n  zz  i  c  tin  at 

The  equations  of  90  and  MO  are 

ysinoe  —  xco$azz  jfj^  nina-^x^  cosa)  . 

^    '        ■  -        ■  /-•••#  fa). 

y  nn  at -{-  X  cos  a  =  yn  sm  a  +  X|,»  cosa^  ^ 

Addingand  subtracting  equations  (2^  and  inserting  fonrn*  8cc. 
their  Taloes  given  by  equation  (1)  we  get  for  the  co-ordinates 
of  the  centre  o  of  the  circumscribing  circle 

• •  •  •  (3) 


_  (yn   +  Vm)  gin  a'^(xn—  x„)  cos  a  _ 

2  sin  a  * 


«  -  IVm  —  Vn)  iin  (X  -f  (x^-h  x^)  cos  g  _ 

2  cos  at 


Sin  a 
c  +  6 
sin« 


•  •  • 


(4V 


But  expressing  the  line  bc  in  terms  of  the  co-ordinates  of  its 
extremities,  b,  c  we  have 

y{x^  —OPj  —  *(yft  —Ve)  =  ye*6  —  y»«r 

and  as  this  line  also  passes  through  d,  (^y)  we  also  have 
y  (*ft  — jcc )— x'(y6  — yc)  =  ye*b  —-Vc^v 

Now»  this  becomes,  upon  the  substitutions  of  the  values  of 
«A,&c.  from  (1) 

y'cosa(r — 6)  —  x'sin«(r+  6)  =  —  2^csin2«..  ••(j). 

But  from  (3),  (4),  we  obtain 

c  —  6  :=  4yo  sin  a  % 

c  -{-  b  =:  4X0  cos  a  # 

!c  =  2  (Xo  cos  a  +  I/O  sin  a)         \  •  •  •  'vS;. 
&  =  2  (Xd  cos  a  —  yo  sin  a)        i 
— /;f  =  —  4(x^*cos*«— yt*  sio'a)./ 

K  • 
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Inieitiiig  these  valaef  of  b,  e^  and  dropping  th^  sobscribed  o 
from  X  and  ^,  we  find  the  equation  of  o  to  be 

fiif*  cos««  —  2x^  sin*a  =s  —  ii/  +  jpap\ .  ♦ .  (7). 

The  path  pursued,  then,  by  the  centre  of  the  circle  is  the 
Aypiriola* 

The  co-ordinates  of  the  centre  are 

X  zi  —  i  a/  coscc^a      ■> 

Y  =  —  jy  sec'a  i  ^ 

Transposing  the  origin  to  the  centre,  by  fneams  of  (8)  the 

equation  becomes 

y  cos*a  —  X*  sin*«  =  i{^^  seo^a — a/*  cosec*ct}  • . .  .(9). 

The  principal  diameters  are  fotind  by  putting  a?  and  jr  it>  (9) 
successively  zt  c.  This  gives  for  the  intersection  of  the  curve 
with  the  new  axes 

sec  a^(2)    .   ,^      ^         ,^  «  lO 

y^  zz ^ { j^'*  sec^a—  a:'*  coscc-a}  / 

4    ^       ,  ^>....(io). 

cosecav^(-*a>.  .J      ,        ,.  ^    i£ 

x^zz 5^-2 — -  {y^sec'a— jr'*coscc*a}  \ 

By  means  cf  (10)  we  have  for  the  equation  of  the  asymptotes 

if  zz  +  x  cotdt (11). 

Or  the  asymptotes  are  perpendicular  to  the  lines  AC,  ab. 

Afeiifj.  Bainbs,  Godward,  aiti  Thompson  answered  this 

question. 

ly.    QUESTION  514,  by  UmUra. 

A  given  triangle  abc  rests  upon  two  rectangular  directrices 
AC,  CO  :  Find  the  locui  of  its  vertex  b. 

Solution,  6y  illr.  T.  S.  Davibs. 

For  any  angle  of  inclination  of  the  Ijpes  ao»  co. 

The  figure  being  constructed 
as  directed  in  the  enunciation, 
draw  eb,  db  parallel  to  the  given 
directrices,  and  take  these  direc- 
trices as  co-ordinate  axes  of  the 
system.     Put 

OACrrOf  oCA=:f,and  A0C=k: 
EB  =:  OD  =:  X,  DB  ziff,  and  the  sides  and  angles  of  the  triangle 
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ABC  at  uioal  equal  to  tf,  hy  r,  a,  j8,  y.    Then  ihcac  three  equa- 
tions are  at  once  obvious 

Sin  {0  +  aj=: (i) 

.     *     .     ,        V  sin  K  ^   . 

sm(<p-fy)=  =^-— — (a) 

K  +  (p  +  d  =   >8o'    (3) 

B7  eliminating  (p  and  ^  from  these  we  shall  obtain  the  equa- 
tion  of  B  in  (ernls  of  jt,  y.  This  may  be  accomplished  as 
foliowf : — 

From  f3)  we  have  k  +  6  =  180  —  ^, (4) 

From  (4)  we  get   S^n^  =  coiKsinO  +  sin  kcosO.  .    .(5) 
^  °      /co8(pi= -*cosKcoiO  +  8mKsind».    .(6) 

Expanding  fi)  and  (aXy  and  in  (a)  for  sin  9,  cos  ^,  inserting 
their  values  from  (^,  6)  wc  have,  after  a  slight  modification  of 
tbe  rei  ulty 

cos  (k  —7) sin  0  f  sin  (k— y)  cos  ft  =:  ?^ . . .  ,(7) 

cos  at  sin  6      +      sm  a  cos  0  =  . . .  .(8). 

c 

From  (7)  and  (8)  we  get 

.    ^        cysina  —  ^xsin(K.— y)  ,  . 

sm  fl  =  -^ r— ; — : i — ; — '-  «  sm  K  ••  • .  (o) 

acsm(a  +  y  —  k)  ^^' 

^^.g—  c.ycosg~tfxsin(K— y)      .  . 

cos 9= .    ■  ■    . — I — •  Sin  K ••  •  •rio)« 

flcsin(— a— y  +  K) 

Patting  the  values  of  sin  69  cos  9,  found  in  (9, 10)  in  the 
equation 

cos«d  +  sin*fl  =:  j, 

ve  have  ultimately  for  the  equation  sought, 

cy — 2tfc  x^  cos(k— «— y)  +  a*x*=:aV  cosec^K  sin*(!C— y^«), 

which  represents  an  tllipst  whose  centre  is  o. 

Corollaries. 

i.If  flcH-yas.,  then  sin  (iL-*y— a)=:o,  andcos(K  — y— a=l 

hence  ±  cjf — ax  tz  o, 

or  the  locus  is  a  straight  line  through  o. 
t.  Let  the  point  b  be  turned  inwards*  and 
y  +  a  +  K  =  180°;  then  also,  sin  (K —  y  — «)  =t  o,  and 

+  c^  —  AJ?  =  o,        J 

which  represents  also  a  straight  line. 
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3*  Let  K  =  90° :  then  the  equation  becomes  that  proposed  in 
the  questioQ  :  and 

cV  —  «^c  xy  sin  a  +  y  +  a*x*  =z  a*c^  cos*  y4-«. 

4.  If  a  =  o  =  y,  and  a  =  c;  then  the  point  in  question  is 
the  middle  of  AC;  and  we  have,  in  this  case, 

^  —  «ay  cos  K  +  «*  =:  a*f 
and  when  K  is  aright  angle  we  obtain, 

the  equation  of  a  circle,  agreeing  with  a  '' known  genesis"  of 
that  curve. 

g.  When  a  =  7  =  o,  it  might  seem  that  a  :=  c  was  a  conse" 
quence^  since  tf  :  c  ::  sin  a  :  sin  y  in  the  triangle  abc.  The 
e(]uation  upon  \\i^  former  supposition  only  becomes 

€*^'  —  2flc  xy  cos  K  -h  «*x*  =  a'^c'^. 

We  can  ascertain,  however,  by  a  slight  modification  of  the 

process  already  employd  that  this  is  the  equation  of  the  curve 

when  a  is  not  equal  to  c.    For  suppose  b'  to  be  the  point  in  the 

line  AC :  and  draw  b^d^  parallel  to  oa.     Then  the  co-ordinates 

of  b'  are  Wb\  b'e.    Then  put  ab'  =  c  and  b'c  r:  a. 

.     .       a?  sin  K       X 
„nfl=— _,     1 

V  >in  K      ^  ^^^  '^^  three  equations    corres- 
sin  f  ==  • — - —  ,   i      ponding  to  the  new  hypoth^'sis. 

and^+  fl+  K=  i8o,-^ 

sin  ^  =  cos  K  sin  0  4-  sin  k  cos  6 ;    and  inserting  the  values  of 
sin  (f  and  sin  0,  it  b'^comes  after  squaring 

feu  —  ajTcosKV*        c*  —  a?*sinK*        ,         - 

i^ I    —  . ,  or  by  reduction 

cy — ^acxy  cos  K  +  a^x  =  a'c*. 
The  same  as  above  obtained  from  the  general  formula. 

*  Scholium* 

The  locus  in  the  general  case  of  K  being  any  angle  has  been 
already  investigated  geometrically  by  Messrs.  CunlifiTe  and  John- 
son, in  the  first  vol.  of  the  Repositorj',  p.  ft66,7.  The  method 
employed  by  these  gentlemen  (for  the  two  solutions  are  esstn^ 
iialfy  the  same)  is  very  elegant  and  simple  :  viz.  that  of  reducing 
the  general  problem  to  the  **  case  of  ease"  contained  in  our  Co- 
rollary (5),  which  had  been  long  known. 

Ingenious  Solutions  were  also  received  from  Messrs*  Bainbs, 

GoDWARD,  affi  Mason. 
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V.    QUESTION  gis,  h  Umbra. 

Mn  Fei^uson  constructed  a  cylindrical  dial,  whose  axis  was 
vertical,  and  the  stile  perpendicular  to  the  axiis  and  in  the  plane 
of  the  meridian.  Now,  when  the  cylindrical  surface  is  deve- 
loped, what  is  the  e(]uation  to  the  extremity  of  the  shadow, 
supposing  the  sun  retained  its  mean  declination  during  a  whole 
rcToIution. 


First  SoLu^riON,  ty Ma8on»  efScoulton. 

Let  r  =1  the  radius  of  the  cylinder,  a  =  the  distance  of  the 
end  of  the  stile  from  the  axis  of  the  cylinder,  x  zz  the  length 
of  the  circumference  of  the  cylinder  from  the  line  parallel  to 
the  axis  passing  through  the  extremity  of  the  shadow  below  the 
horizontal  plane  passing  through  the  stile.  Then  or  and  ^  are 
the  co-ordinates  of  the  extremity  of  the  shadow  upon  the  deve« 
loped  surface. 

Now  ^  ^ r»  +  a«  —  aar  cos  (x^r)^  =  the  distance  in  the 

horizoDtal  plane  of  the  stile  from  the  vertical  line  passing 
through  the  extremity  of  the  shadow  upon  the  cylindrical  sur- 
face, .••  k/  J r«  +  a*  +  y*  —  %ar  cos  («  -J-  r)  ^  =  distance 
from  the  end  of  the  stile  to  the  extremity  of  the  shadow ;  hence 
y-i.  4/  Jr*  +  a*  +  y*  —  ^ar  cos  (x-i- r)  J   =:  sine  of  the 

sua's  altitude,   and  ^ \^*  +  ^'  —  ^^^  cos (je  -f-  r) |    -f. 

i/  J  r*  +  a*  +  y'  —  ^^r  cos  (x  -7- r)  ?  =  cosine  of  the  sun's 

altitude,  and  if  /  z:  the  latitude  of  the  place,  i  =  the  sun*s  decli- 

,      ••     1      f  1  rri_      sin  ^— sin /sin  A 

nation  and  A  =  the  altitude  ot  the  sun.  1  hen 


cosine  of  the  sun's  azimuth  -= 


cos  /  cos  A 

2a' —  2ar  cos  (x  -f-  r ) 


2a -^  J  r« + a*— 2ar  cos  (x-f-r)  I 

. a-^rcoi{x^  a) 

. .  sm     -      /  I  ^t  ^  ^a  _  ,^y  COS  (OP—  r)  | 

4/ |r*  +  a»  — '^arco8(*-J-r)J 

Cos  /  •   #T a"  *^ 

^  Jr»  +  tf*  +  y*  —  aar  cos  («  -r-  r)  J 
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sin  / 1  ^ 


|r2  4-  ^*  +  >*— aarcos  (;if-i-r)( 

!a  —  rcos(a:~r)?  cos/. —  ysin/         t  •  i  •    ..  •    j 
> 1 which  IS  the  required 

4/  I  r«  +  a*  +  y^  —  2ar  cos  (,r  -i-  r)} 

equation,  the  arc  x  being  the  abscissa  and  y  the  corresponding 
ordinate. 

Second  Solution,  i^  Afr.  Bain^s,  ThornhilL 

Put  r  =  the  radius  of  the  cylinder,  h  =  the  length  of  the 
pin;  and  with  respect  to  the  curve  traced  out  upon  the  surface 
of  the  cylinder,  put  a?  —  the  abscissa,  or  distance  from  the  foot 
of  the  pin  produced  inward,  measured  on  a  plane  passing  through 
the  axis  of  the  cylinder  and  foot  of  the  pin,  y  =  the  ordinate, 
or  distance  from  the  extremity  of  x^  perpendicular  to  the  said 
plane,  and  meeting  the  surface  at  the  end  of  the  pin's  shadow, 
and  %  zz  the  part  of  the  pin  from  the  surface  to  the  origin  of  x, 
then  A  -f  2  =  the  distance  from  the  top  of  the  stil^  from  the 

origin  of  x,  and  \/ \^*  +  y*  +  (*  +  «)'  (  =  the  diagonal  of 

the  parallelopipedon  formed  by  a:,  y  and  A  +  z,  or  the  distance 
between  the  extremities  of  the  shadow  and  x ;  hence,  from  a 
little  consideration,  it  is  evident  that  the  cosine  of  the  sun's  al- 
titude -  (A  +  2)  -7- 4/  J  r*  +  y«  +  (A  +  «;* L  and  the  cosine 

of  its  nzimuth  from  the  south  —  (A  +•  8)-f-^l  y* +(*  +  *)*!  » 

but,  by  spherics,  putting  l  =  the  co-latitude,  dih  the  co-decli- 
nation^ or  polar  distance,  and  a  :=  the  co-altitude  of  the  sun, 
the  cosine  of  the  azimuth  rr(cos  d  — cos  a  cos(.)^(sin  a  sin  (.)• 
Therefore,    by   substitution  and  reduction^   tan  l  {A  +  2)*  ::= 

cos  D  sec  L  y/  J!>*+  (h+z  y-]  .  [*•  +  y*  +  (A  +  «)•]  {  — 

\/  \  i^'  +  y^) .  [^  +  (A*  f  2)-i  (  =  the  equation  of  the  curve  upon 

the  surface  of  the  cyliudcr,  when  the  surface  is  unopened  out. 
In  this  state  the  curve  is  obviously  a  curve  of  double  curvature, 
but  if  the  surface  be  developed,  y  becomes  =  sin"*^y,  and  z  (which 
in  the  former  case  zz  r —  v^(^*  — y*))  =  0;  hence  tan  l  X  A' 

=  cos  D  sec  L  y^  j  (A«  -h  (sin-^y)"  (  '  |  **  +  *'  +iC«n-^y)*  |  - 

k/\^^  ^  (sin--'*y)*  .  (A*  +  (sin-^y)*^  z:  the  equation  of  the 
curve. 
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Cor.  When  the  sun  is  on  the  equator,  0=90%  and  cos  D 

in  this  case,  a*  =   if      '  . — 7— rr—  (sin-^'y)*. 

h   +  (sin— '^y)*        *  ^ 


=  *; 


Third  Solution,  by  Mr.  T.  S.  Davie s. 

Let  ABC  be  a  meridian  plane  drawn  through  the  axis  BC 
of  the  cylinder;  af  the 
radius  of  the  cylinder, 
atid  FE  the  perpendicular 
gnomon.  Draw  ed  pa- 
rallel to  the  earth's  axis, 
and  let  bec  be  the  coni- 
cal angle  of  the  shadow 
QD  the  day  in  question. 
Then  ed  is  the  axis  of 
a  right  cone  whose  ver- 
(icul  angle  is  twice  the 
mean  co-declination  of  the 
tun  on  that  day.     Put 

DLC=  DEB  =  2  ^  co-dec. 

AEG  =  8  =  elevation  of  the  pole  in  the  given  latitude* 
AF  =  r  =  radius  of  cylinder. 

ji£  =:  a  =:  distance  of  extremity  of  the  gnomon 
from  the  axis. 

Let,  also,  bc,  and  ll^  drawn  at  right  angles  through  o  (the 
middle  of  bc)  lying  in  the  plane  of  the  prime  vertical,  be  taken  as 
thcaxesof  2and  y  respectively,  and  the  line  6k  perpendicular 
to  both,  as  the  axis  of  x.  Then  denoting  for  the  moment  bv  Af 
and  B^  the  axes  of  the  elliptic*  shadow  upon  yr,  we  shall  have 
Its  equation 

A  V*  +^  b'*^'*  =  a''b'« (1) 

In  this  case  v^'e  have  the  co-ordinates  of  £,  viz,  OA,  o,  ab,  or 
'/9  Of  X, ;  and  whose  values  we  shall  seek  presently.  Hence  the 
equation  of  the  cone  e  (g)  is 

A'*J,V  +  b'»Jx,«  — i,*}*  =  a'«b'^  [x-^x^y....  (a) 
and  the  cylinder  is  denoted  by 


^«=  f* 


(3)- 


^^m^t^ 


*  1  have  said  elliptic,  for  in  the  ca^e  of  an  hyperbola  or  parabola, 
the  process  is  scarcely  ditTerent.  lo  the  hyperbola  simply  a  change 
ofugo,  aud  10  tbejparabola  a  change  of  origiu  by  which  we  get  an 
e(|uatioa  still  siiiipJer  than  (4). 
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a'* 
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Putting  for  ^'  in  (a)  its  value  derived  from  (3J  we  obuin 

This  is  the  projectron  of  th^  interiecUon  of  tfie  cone  and  cy- 
linder upon  the  plane  of  the  prime  vertical :  and  ii  is  something 
remarkable  that  the  projection  qpon  the  meridian  is  oi^ly  of  the 
second  order. 

Npw,  wlien  the  cylindrtqal  surface  is  developed,  the  value 
of  2  remains  unaltered:  whilst  for   x  is   substituted  the  af c 

r  COST-*  —  ,    Then  we  have   for   the  equation  of  the  curve 
sought 

jf/r'(  1  -  cos-«  fj  +  n^*  J  x,2  -  z^r  cos-i  ^t  *:z  a<»b^  { rcos-»  ^  ^si 

U  only  remains  to  determine  the  val^f^  ^  a\  »^:r  .  2  .  For 
this,  we  have  '     ' 

AB  =  ^  tan  ^  f  6 » 
A©  =  ^tan  ^  —  8, 


AG  =1  \a  (tan  5  +  g  —  tan  3  —  e),  and 

SO  =  1 1  +  J  (tan  rn  —tan  J"^ei«|  *ii. 

These  give 

A- =  11%.     V-^"'^^?;LandBl^=a>,,tan>4t+        ^in>^cos>^      1 
cos^a+.cos«a-a  ^  I    ^cosVMcos'^rif 

AC  IS  ^^  =:  ^ 

T^  ^  RioUfngi  ilk  f OM|ilately  aeWed. 

C«r.  Had  it  been  required  from  the  curve  developed  to  assign 
the  azimuth  of  tlk^  poim  ^\  tif\  thw  pottil^cr"'  5:  j^c©*-*  ^  = 
r^  icekave 

fl«x/A'«««,)±  ^ 


aW-b/2«+4'»^»*  "^ 


5ci(»A  Thift  dial  though  coft^tmciid  by  Mr.  Ferguson  was  «#/ 
tWAile^  hy  him.  It  was  known  to  Ozanam  and  Bion  :  and  as 
4mf>  ^  woffk  <m  iBStrumcnlft  having  been  translated  by  Stone 
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mtnf  y'c2LT$  before,  that  is  d9UblIei$,4iie  KDH^ce  Vrhence  fWgifton 

derived   his   knowledge  of  the  contrivance.     This  seems  the 

more  iikclvt  as  both  Bioli  «ud   Fttr^son  hav«  made  th^  sanA 

error  in  setting  of  their  vertical  ordihates.     This  method  caft 

only  he  true  whf*n  the  stile  is  mmftmbU  so  as  («  liav«  always/^ 

iAme  azimuth  as  the  sun  has.     l^he  dial  of  Father  Quesnet  had 

for  gnomon  a  circular  hoop  projecting  beyond  the  surface  of 

thediali  so  that  (he  point  of  the  hoop  which  had  the  same.azi- 

nmh  as  the  sun  formed  a  temporary  gnomon  :  but  it  seems  too 

difficult  CO  imagine  by  what  process  this  point  was^  at  any  mo- 

niem«  determined  in  practice.     See  tiuttoh'sMontuclS^i  Vdl.fll. 

pp.  308-13.     This  dial  ^Quesnat'sj  has  bedn  sihae  cdrllid^i^edl 

by  M.  .MoTlci^  of  Lyons,  in  ihe  IIP"*  volume  of  th8  AfihftlW 

des  Ma'h^matiques,  p.  ^8-7  ;  and  itl  bis  two  lIUl^  Wofk^  Siib* 

MqutaiJy  published  on  GnomOnics^  181 J  and  iSaoc  but  as  he 

treats  of  a  problem  altogether  diBefent  from  that  now  btfdfe 

us,  it  will  be  unnecessary  to  do  more  than  refer  to  il  f&r  tb^  in^ 

fortttation  df  thoM  who  may  be  ini»#e«ied  in  luoh  eftquMeii 

jk>.  CoDWAUD  anstuereJ  ihis  Q^uesthn^ 

Vis    ^OKSriON  ji6,^y  Mr.  Dait  K»i. 

Let  on€  of  ibe  lolid  angles  of  a  fibular  octahedron  be  cutoff 
^  a  plane  :  then  (he  grCltgJt  Mi  least  eAge%  th^i  tiil  dff  wHt 
be  the  extremes,  and  the  others  the  means  of  an  harmonica! 
pfo^ftioD. 

First  Solution*  fy  il/f.  Wli.  Godward»  WakefieUU 

It  is  manifest  that  when  one  of  the  solid  angles  of  a  reguhr 
octahedron  is  cut  off  by  a  plane,  the  opposite  e^^  are  (fce  Ugs 
of  two  right  angled  trian^es,  ahd  that  the  MM  which  billets 
ooe  right  angie^  also  bisects  the  other  :  so  that  this  line  and  thf 
ivo  hypothenuses  have  a  commod  point  of  int€fsetti6fl« 

Let  therefore  a«b«  4ch  be  two  right  angled  H-iangles  leaving 
CB  the  line  bisecting  the  vertical  jTngle,  com- 
iQon  to  both.  Put  ac  =  r,  and  bc  =  ^; 
then  AB  =  v/(r*  "f  Ot  *to  ACD  s  i  f-  •«, 
sill  BAc  ==  *  -f-  \/(r*  -f  j'),  and  ac  +  bc 
'AC  ; :  AB  :  Afif  sa  r^(r«  -f-  *')  -r-  (r  -t-  j); 
whence  sin  ac1>  :  tin  bag  ::  ad  :  co^s 
W}  -f-  (r  +  s). 

Similarly  I  if  ac  ==  r^  and  be  =:  $\  we  have  CD  =:  f'^^%  -r^ 

i<  % 
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Hence  — — -  =  ->-r— ;  •  or =    -  .  ,    ;  and  .•.  -^  + 

•  =  •,  +  "7,  an  equality  indicating  that  f ,  j,  are  the  cxtrcnie«i 

•  •         •» 

and  1^9  /ihe  means  of  an  harmonical  proportion. 


Second  Solution,  hy  —  lAKiot^^ofScoulton. 

Let  that  diameter  of  the  circumscribing  sphere  which  passes 
through  the  angle  of  the  solid  be  the  axis  of  z,  it  *•*  makes  an- 
gles ol  45^  with  the  edges.  Let  the  plane  yz  be  coincident 
with  the  opposite  edges  6^,  e,  and  the  plane  xz  with  the  edges 

«P  t/  2» 

•fit  ^4»  Let,  further,  -  +  ?  +  •=  i,  be  the  equation  of  the 

cutting  plane. 

liz^^z^^z^yU^  be  the  distances  from  the  plane  of  jry  at 
which  the  edges  meet  the  plane,  we  shall  havear^  =  o,  y^  =— Zj» 

Xg  =  «j,  Vg  =  o;    *3  zz  o,  y,  =  ^3  ;    ^^  =  —  z^.  y 


4 


=  o: 


Hence  —  -^  -4*  -^  =  i,  .•.  2,  =  7 and  hence  e,  =:  1       , 

0         €  *       V — c  *      o — c 

also  -^  +  -*  »  .•.««  =  — : —  hence  e^  =  — 7 — 2  .»    +   -* 

he         ,  bCi/^        %       Za,        Za 

p.  =:  r-^ —  and  e.  =  -r—^ — ;  and ^  +  -*  =  i, 

•        6  +  c  *       6-ff  ac 


=  1,  .•.  «s   = 


•  • 


—   and  c.  =  — ^—  .    Now  —  —  —    =  — 

^       a^^c  ♦        a  —  c  e,  e^         •« 

ft — g        d  i  .^  JL  —  -i-     ^  —  <».         1  1   _  2^_ 

flft    '         *g        #,  "*  V'a  *     fl6    *       e7        ^  ""  ^9         1 

i 

— 9   hence  tf^,  ^g*  e,  and  e^  are  in  harmonical  proportion,     I 

^*  .  1 

e^  and  #^  being  the  extremes,  and  e^y  t^  the  means. 


Third  Solution,  by  Mr*  Daties. 

To  establish  this  theorem  with  more  simplicity,  we  shall  lay 
down  the  following  Lemma ; 


( 


■\ 


ind  HAC 


Let  BAG  he  any  ana!.;,  and  a  d  tl»e  H'le 
biicciing  il.      I.et    d  tie  a  puitit  in    ihdt 
li-ie,    through    wlii.li    aityline 
Jrawn.     Tlien  rfeni'i  i  i^g  .» i>  by  a 
by  2x,  we  shall  have 

_!__!__    a  CO*  a 

For  denoie  the  an^le  a  i)  ^  by  0.     Then 


'  .^.Hi  =  ^JUl  <  coU-Cot  9}. 


Hence 


■  C'') 


It  may,  from  this,  he  shewn,  that  the 
propeity  is  not  confined  to  the  regular 
octahedron,  but  that  il  appertains  to  any 
pyramid  raised  perpendicalariy  upon  a 
Tcclangular  base. 

L«  D  be  the  cenireof  the  [ecian(iiili.r 
bue  BECK, :  then  the  angles  kae,  iiac 
which  arc  equal  to  one  another,  aru'  l>i- 
Mcicd  by  AD.  Let  aiy  plane  jmss 
through  D  and  cut  the  four  edges  ol  tlie 
pyramid  JQ  f,  M,a,  L.as  in  the  figure, 
llien,  lemma, 

AF    ^    All  V       a        /  AL  AC 

ind  herce  af,  al,  ao,  ah  are  in  harmonical   pmponion. 
Mated  in  the  theorem.  - 

Cor.  1.     If  the  pyramid  be  raised  perpendicularly  on  a 
paraUelogTam,  then  shall 
J_  +    _!_  ;  J_    )-  —  ::  coiaicosa/ 

AF  All        AL  AG 

•We  a,  *' are  the  semivertical  an^ 
gle«  of  the  lec-tions  of  the  pyra- 
mid. 

Cor.  8.  If  any  p'ane  cut  the  axis 
of  a  given  right  cone  m  D,  and  any 
lecond  plane  drawn  through  ad  cut 
the  rides  of  the  cone  in   acj,    ah. 
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Then 

I  t         1 

-  — I-  —  :  —  =  constant  ratio. 

AG  AH        AD 

This  Formula  becomes  applicable  to  the  case  where  an  edg^. 
as  well  as  an  angle,  has  undergone  a  decrement  by  making 
one  of  the  quantities  infinite,  the  plane  in  this  case  being  pa- 
rallel to  the  edge  in  question.  Thus  for  such  a  decrement  from 
the  edge  of  a  right  pyramid  upon  a  rectangular  base  we  shall  have 

AB  AD     ""    AC    ' 

Scholium.  I'he  property  to  far  as  the  regular  octahedron  is 
concerned,  appears  to  be  due  to  that  able  Mineralogist,  Mr. 
Levy;  and  was  first  published  in  the  form 

•i  JL  +  J L=:  -L*» 

AF  AH  AL  AG 

by  Mr.  Brooke,  in  his  Treatise  on  Crystallography,  p.  317*-!  8. 
The  demonstration  given  by  the  latter  gentleman,  was  not  foundc  A 
upon  mathematical  considerations  so  much  as  on  the  arbitrary, 
and  I  had  almost  said  absurd«  methods  of  denoting  and  deter^ 
mining  the  decrements  of  the  crystdline  edges  and  angles,  which 
deform,  even  to  the  present  day,  the  investigations  of  those 
geometrical  figures  which  nature  so  profusely  puts  before  tis  in 
her  difieient  mineral  productions.  In  the  Phi).  Mag.  June  18^69 
I  gave  an  investigation  of  this  elegant  property  (seeVol.  LXVII. 
P*  53),  not  materially  different  from -the  above,  but  confined  to 
the  case  where  a  =  4^%  or  the  regular  octahedron. 

Perhaps,  whilst  1  am  upon  this  subject,  it  might  not  be  irrei- 
levant  to  express  my  thorough  conviction  of  the  impossibility 
oi  employing  the  co-ordinate  methods  to  investigate  the  relations 
between  the  faces  and  edges  of  crystals.  The  expressions  when 
applied  toother  than  the  simplest  cases  become  so  fearfully 
complex  as  to  banish  all  hope  of  success  by  means  ot  them-^atid 
especially  when  the  constants  are  expressed  in  terms  of  the  axes 
cut  off  by  each  plane,  raiher  than  in  trigonometrical  functions 
of  the  planes  employed.  For  a  few  faces  lying  near  the  origin 
of  co'-oniinates,  or  situated  in  particular  relations  to  themt 
tolerably  neat  expressions  have  already  been  obtained:  but  when 
we  apply  the  method  to  more  complex  figures — it  may  safely  be 
predicted  that  they  will  always  fail,  as  they  have  hitherto  done. 
,  An  attempt,  the  firs^  I  know  of,  was  made  by  M.  Lami^  in 
18  iK,  in  his  little  tract  entitled  Examen  des  different  miihodti 
tmployecs  pour  rhoudre  Us  probUmes  dc  Qiomtirie.  He  gave  a 
a  cnapter  (pp  9a*io5)on  the  analytical  expressions  for  the  faces. 
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t^9^  &c*    and  applied   it   to  the   hexahedron,    tetrahedron, 
rKpiBiMMdal  dodocabecbon,  and  one  or  two  other  figures.     Six 
foan  after  this*  (vi».  i894*)  a  paper  in  the  Philosbpica)  Trans- 
actions from  the  pen  of  Mr.  Whewell  made  its  appearance,, 
oomainii^t  however*  scarcely  more,  if  any  thing  at  a^}  more, 
than  a  repetition  of  M,  Lamp's  procesaei.    It  is  a  matter  of  re- 
gfet  that  the  labours  o(  the  Professor  of  Mineralogy  in  the  Uni* 
varsity  of  Cambridge  ahould  be  beslown  on  froitless  enquiries 
Kke  tbeac :  and  frutileaa  we  may  expect  them» — as  well  as  his 
aucmpts  to  merefy  modify  a  notation  which  is  radically  defective 
iMprxmcipU^ik  notation  formed  before  the  facts  to  be  included 
ooder  it»  and  the  detailed  purposes  to  which  it  is  to  be  applied 
afQ  at  all  understOQd*»^fruitIe8t»   I  say,  we  may  fairly  consider 
tbem»  since  the  chances  against  the  permanrncy  of  the  system 
nnder  such  circumstances  are  almost  infinity  to  one.     I  regret, 
too,  tQ  learn  that  some  of  the  other  ingenious  speculations  of 
Mr«  Whewell  ^re  anticipated  with  respect  to  ^*  notation/'  as  we 
are  told  in  tl^  Brituk  C^iiiCf  Jan.  tS^t,  is  the  case  respecting 
his  Mf^thnni^ic^U  pria^iplts  cf  Poliitcal  Ec0nofnyf  the  ground 
having  been  already  occupied  by  the  Baron  Dupin.     These 
trivial  accidents^  however,    can  do  little  in  the  eyes  of  Mr. 
Wlieweirs  admirers  towards  depriving  him   of  bis   own   se- 
leaed  ii#ffliaur  du  gtum-^T^f^ofMi^toa^*^  worthy  pf  honour.** 

Other  methods  have  been  devised  for  expressing  the  figure, 
and  cs^cially  the  subordinate  vaiieties  of  figure,  which  crystals  . 
pat  on  during  the  unknown  process  of  their  formation.     The 
■method  of  Haiiy  is  well  known,  and  its  defectiveness  perfectly 
oisderstood*     1  he  chief  contrivances,  indeed,  that  have  been 
cnnployed  consist  in  referring  the  family  of  forms  to  some,  pri- 
mary lorm  or  nucleus,  from  which  they  can  be  generated  by 
certain  specified  laws  of  inclement  or  decrement.    This  is 
strikingly  the  case  with  the  systems  of  Haiiy  and  Mohs ;  and 
the   essential  difference  between  these  two  is  the  particular 
nucleij^   and  consequently  the  subordinate  modifications  they 
uudergOt  to  produce  any  particular  crystalline  form.     The  Na- 
tural- History  s/siem  of  Mohs,  may  be  seen  fully  developed* 
in  the  tvdinburgh  Philosophical    Journal,  and  in  Haidinger*s 
Mineralogy  ;  and  some  modifications  and  attempts  to  improve 
the  notation  are  printed  in  the  Cambridge  Transactions  by 
Mu  WhenelK     Several  curious  properties  and  mutual  relations 
of  the  figures  which  crystals  more  commonly  assume  is  given  in 
Lai'kin's  Solid  Geometry  ;  but  tbewaiu  ot  systematic  classifi* 
cation  will  doubtless  be  considered  by  some  a  serious  defect* 
ltfr»  Brooke^  too^  has  beside  bis  list  oi  hnear  and  angular  forms 
produced  by  decrenKOts  from  a  laige  eoUection  of  alleged  pri- 
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mary  forms,  devoted  one  pait  of  bis  book  to  the  application  of 
spheijcal  trigonometry  to  the  investigation  of  the  angles  solid, 
dihedral  and  plane,  of  the  faces  and  edges  of  crytals.     The  very 
complicated  calculations  to  which  this  process  inevitablv  leads  i» 
an  objection  to  its  use,  and  an  inducement  to  search  for  methods 
of  more  facility.    Mr.  Brooke's  utter  rejection  of  all  the  compen- 
dious methods  of  calculation  by  subsidiary  angles  and  otherwise, 
so  wcl  I  known  to  those  ever  so  little  conversant  with  astronomical 
reductions,  gives  a  repulsiveness  to  the  whole  system,  which 
cannot  procure  it  much   favour  from   the  mineralogist  who  is 
Ignorant  of  mathematical  science— to  whom  alone  his  book 
•eems  to  be  addressed.     Besides,  after  all  this  is  done,  after  all 
Uie  angles  are  computed,  there  is  no  provision  made  for  the  de- 
lermmiiig  the  linear  magnitudes  concerned  in  the  enquiry. 

Horizontal  and  vertical  projections  have  also  been  proposed, 
and  occasionally  employed,  but  the  complexity  of  the  figures 
render  the  method   ineligible  and  almost  useless  for  dilineative 
purposes :  yet,  certainly,  so  far  as  perfectly  defining  the  figure 
IS  concerned,  though  it   docs  not  furnish  the  form  at  a  single 
g  ance  the  Descriptive  Geometrv  gives  as  complete  a  statement 
ot  the  boundaries  ir»  question  as  any  method  yet  devised.     Yet 
i  am  far  Jrom  thinking  that  this  is  the  course  that  will  be  ulti- 
inalely  adopted  by  mineralogists,  its  inconveniences  bejng  of  a 
nature  fatal  to  general  use.     The  Isometrical  Perspective  of  the 
first  Piesident  of  the  Cambridge  Philosophical  Society,  and 
published  m  the  Transactions  of  that  Bodv,  was  considered  by 
Mr.  l-arish  to  be  well  adapted  to  the  delineation  of  crystalline 
torro.     Had  the  faces  of  every  crystal  been  formed  by  faces  pa. 
rallel  to  three  particular  plaues,  it   is  true  the  linear  quanti- 
ties  concerned  that  is  the  edges,  diagonals.  &c.  might  have  been 
uometrically  projected :  but  still  the  angles  of  those  faces  and 
ol  those  edges  would  not  have  been  so  projected.     When,  how- 
ever,   we  find  every  diversity  of  angle,  solid,  dihedral,  and 
plaiie  occurring  m  strange  varieties  of  combination,  it  appears 
a  most  extraordinary  assertion  to  state  that  isometrical  pe«pec- 
iTwl?       f'f''  to  exhibit  by  a  single  figure  on  one  plane,  a 
knowledge  of  the  three  dimensions  of  Ipace  which  that  fijure  oc 
^?r'       ,"'•  '"*?''• '?  '•'*  fi"t  attempt  that  I  recollect,  tmongst 
tZT\       ""^tJT"^'  ••>''  ^"'"s^^on  perspective  have  in. 
tlA       "'*'''"^  «he  maxim-that  the  object  itself  can  be 
nier  cd  Irom  one  single  projection  however  it  may  be  made 
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to  every  principle  of  geonietry*and  common  snese  to  suppose  that 
even  these  can  perfectly  enable  us  to  judge  of  the  actual  dis- 
tance of  any  point  in  space  from  its  delineation  on  the  picture* 
^Direction  alone  is  furnished  by  the  eye,  and  this  is  all  the  pic- 
ture tells  us.  of  the  true  place  of  the  object :  all  other  knowledge 
is  collateral  and  accidental,  and  hence  very  inefficient  as  to 
metrical  quantities.  That.  Mr.  Parish's  method  may  serve 
▼ery  well  for  machinery  I  have  no  doubt — but — what  is  the 
diference  between  that  method  and  the  old  Military  Perspec- 
tire  ?  I  am  in  some  degree  surprized  to  see  the  method  brougl.t 
forward  with  any  pretensions  to  novelty — and  still  more  to  s^e  it 
stand  as  the  earnest  of  the  labours  pf  chat  body  in  the  opening 
of  whose  transactions  it  made  its  appearance. 

Mr.  Bain  es  also  fur  nisAed  a  Solution  to  this  Question. 

■t 

VII.    QUESTION  517.  *y  Mr.  Davibs. 

Two  parabolas  are  given  on  the  same  plane,  to  each  of  which 
it  is  required  to  draw  a  tangent,  so  that  they  shall  be  parallel  to 
one  another,  and  the  focal  radii- vectores  of  the  points  of  con« 
tact  Khali  meet  in  a  given  line. 

Solution,  by  Mr.  Davies. 

Let  4a  and  ^^  be  the  parameters  of  the  parabolas,  and  k  the 
angle  formed  by  their  axes.  Take  these  axes  for  co-ordrnates 
of  the  system,  and  let  6,  h^  be  the  distances.of  the  vertices  from 
the  origin  respectively.  Then  by  the  usual  methods  of  trans- 
formation,  the  equations  of  the  parabolae  become 

Aob  +  X*  sin*  K  —  Aax,  cos  K  ,  . 

y^  =  — i^ — ••••^*^ 

^a'b' 4- y ,/ 8in« K— 4aY^cosK  .  . 

*//  =  — 4^r"^^^ ....(»; 

and  because  the  tangents  are  parallel  we  have  ~-^  =  -f-^ ,    or 

from  (1,  2) 

ua^  _  X,  sin*  k  —  2a  cos  K 


y,^  sin*  K  —  2a'  cos  k  2  a 

The  co-ordinates  of  the  foci  of  the  parabolas  are 

a/  n  o,  and  y'  =  a  +  6  =  c 
a/'  =  a'  +  b'  =z  c\  and  y''  =  o. 
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AIhi  the  e^iMUoiu  of  the  focal  radii  veclorct  are 

(y^cv  «:(y,  — ^)* (4) 

9/^-  *)  5^  (<^/ — *//)y  ..-.••  (5 ) 

and  the  given  line  in  which  the  focal  radii  vectores  are  required 
to  meet  may  be  written       s 

AX  +  By  -jrc  zz  o (6). 

EliroiBaiing  x  and jy  from  (4*  j»  6)  we  ditain 

^VjA^c" — €M,  ^  e'y  J  +  BX,(€c'  ~  ex,,  —  (^y,, ) 

•f  e{€&^tx„^t'y,^x,,y,^x,yJ-o (7). 

AUo  from  equatiotts  (s^  3)  we  have 

_   2af(x,  cos  K  +  »aj  .^. 

X,  iin'R  —  sa  cos  k  ^ 

_  flr/jp^<in^K-'4a)(&^<tn*K-tf^cosgK)4-4fl*(6^cos*ic+^*)     .  % 
*^'"'  (x^sin«K  — 2acosK)«  •'^^' 

For  y/ty//«  ^r^^  In  (7)  put  their  values  given  by  (1,  8.  9)  and 
we  get 

HAf  *  +  1Kx}  f  par/  +  Qx^  +  R  ^  0 (10). 

As  the  four  roots  of  this  equation  ( 10)  are  all  real,  or  two  real, 
or  all  imaginary  so  will  there  be  four,  two*  or  no  construction 
possible.  The  mode  of  constructing  this  equation  by  means  of 
the  conic  sections,  is  too  well  known  to  call  for  further  i lus- 
tration, and  we  may  consider  the  problem  perfectly  solved. 

Missrs,  Bainss,  GoDWAitD,  and  Masok  also  answered  this 

Question. 

VIII.  QUESTION  5i8»  from  Reynaud  and  Duhamel 
Protlhnes  et  devHoppemtns  sur  diverses  partiee  Mather 
matique^ 

*'  Let  A&CDK  be  any  polygon  inscribed  in  a  circle,  pguik 
a  polygon  circumcsribed  whose  sides  touch  in  a,  B,  c,  d,  e  of 
tke  inscribed  one :  if  with  any  radius  we  deseribe  a  new  ei#cie 
concentric  with  the  first,  the  sum  of  the  squares  oi  the  distances 
of  these  summits  a,  b,  &c.  from  any  point  m  of  the  second 
circle,  multiplied  respectively  by  the  tangents  Ki,  kf,  fg,  oh, 
HI,  will   be  always  the  same,  that  is  to  say,  the  sum  of  the 

solids,   MA*  •  KI   -f  MB*  .  \Jl  +  MC'  .  FG  +  MD*  .  GH  -f  ME* 

•  IH  is  constant.'' 
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SoLtrtfON,  iy  Mr.  T.  Tuompsom,  NttotdstU-upon-Tyiie. 

V 

Let  the  ungents  ki^  Kf^  fa,  Qii,  hi  touch  the  given  circlet 

in  the  points  a,  b,  C,  o,  e  respectively. 

Draw  the  radios  ao,  and  Mq  perpen-  Q^ 

dicular  (p  h:  also  joirt  mk,  Mr,  then  ^.<^^J^ 

All«=  OM« AO*  -h  2AO    .    OQ  =r  ^M*  ^.^^S^^^^^^^^^^ 

—  AO  +  4A0  •  ;  whence    AM* 

.Ki=  Ki  (qm^ — AO*)^  4Ai^  «  ^  IMK.  Continuing  in  a 
similar  manner  for  all  the  lines  »Mf  CM,  Su:.  we  find  the  aiini 
of  ihcresults  to  be  am*  .  Ki  +  bm*  ,  kf  +  CM*  •  pg  4-  &c.  = 
(II  +  KF  +  FO  &c.)  X  (0M«  —  AG*)  -{-  4A0  X  area  of  the 

circuflucribivg  polygon.    Bui  tim  area  2^  —  « (&i  4^  kv  -f 

FG  &c.),  therefore  the  eonstant  space  is  ^  (Om*  4-  AO*)  X  pe- 
rimeter of  the  circumscribing  polygon. 

Iferiri.  Baimes,  Davibs,  and  GotyWAKD  answered ihis 

QuesHon. 

IX.    QUESTION  519,  ty  iMr.DAViES. 

In  any  cooic  faction  let  two  potnls  A*  b  be  taken,  and  turo 
t^au  AC,  BC  to  meet  tn  c*  Likewise  two  ocber  linei  in. 
'eaed  from  a^  n  to  any  point  i>  in  the  curve :  then  any  line 
from  c  will  be  hamonioally^divided  by  these  latter  and  the  curve 

W  1,  F,  G,  H. 

First  Solution,  by  Mr.  Dk^itSf  ihe  Proposer. 

Case  1.  Let  the  tangents  meet  in  an  infinitely  distant  point : 
^  the  chord  becomes  a  diameter* 

Ut  A  be  the  eentre,  ncihe 
^^  diameter,  n<s,  c  k  the  tan« 
jS^ts,  and  qm  the  line  lead- 
ing to  their  intersection,  which 
<^nse<}Qently  in  the  present 
(ate  is  paranel  to  them.  From 
B  and  c  draw  lines  to  any 
point  E  situated  in  the  perime* 
f^  of  the  curve,  and  let  them 
iQtersect  bg,  cr  in  c  and  k. 
'^peciivcly:  also,  let  them 
^^  QM  in  K  and  L,  and  let 
^  ^  the  intersection  of  bc, 
"i^*  Ma 
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Then  CL  ..  le  :  aL  .  lm  : :  co  ,  gb  :  ob%  by  the  figure  i 
CL*  :  LP*  : :  CG-         :  gb',  by  sim.  iriangs. 

•  ••  GC  .  LE  :  GE  .  LE  W    QL  .  LM  :  LP*,  Of, 

G£  •  LC  — GL  •  C£  :  GE  .  CL  :  :  PL*  —  PM^  I  PL* 

.*.  GE  .  CL  :  GL  .  CE  ::  LP*  :  pm* (i)* 

In  like  manner,  we  shal^find 

KE  •  BN  :  KN  •  BE  ::  np"  :  pm' (2). 

But  by  the  parallels  gb,  lp,  ck»  we  have 

G£«cl:ol.ce  ::  kn  .  be  :  ke  •  bk (3). 

Hence  by  comparing  the  results  in  (1^  2,  3)  we  find 

PN* :  PM*  : :  pm*  :  pl%  or 

«  ♦ 

PN  :  PM    : :  PM    :  pl. 
But  p  is  the  middle  of  qm,*  and  by  well  known  properties, 

QO  :  OM  ::  QL  :  lm. 
Hence,  &c.  Q.  E.  i"^  2). 

Cast  tst,  OlherxLue, 

Because  bg  is  a  tangent  at  b,  it  is  conjugate  to  the  point  b: 
and  hence  (by  a,  Repos.  Vol.  V.  Part  II.  p.  150}  we  have 

QN  •   NM  =.  PN  •  NL. 

Also,  because  bc  is  a  diametert  and  qm  (II  bg)  is  a  conju- 
gate  chord,  aM  is  bisected  in  p.  Hence  (Lawson's  Theorems, 
th.  !•  conv.)  the  line  qm  is  harmonically  divided  in  n  and  l» 

Q.  E.  t°.  D.  Aliter. 

Case  2«  Let  the  point  not  be  infinitely  distant ;  that  is^  let 
bg,  qm,  ck  meet  in. one  point  t. 

Here  the  figure  is  the  perspective  projection  of  that  considered 
in  the  last  case:  and  as  qm  was  there  harmonically  divided, 
and  the  perspective  oF  an  harmonical  line  is  itself  harmonically 
divided,  the  line  is  also  in  this  case  divided  as  was  stated  in  the 
proposition.  Q.  £.  2°.  i). 

Oiherwise. 

The  general  proposition,  however,  might  be  demonstrated  at 
oncej  without  tbe  aid  of  projection. 
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Let  T  be  the  intersection  of  the  tangent*  tb,  tc;  and  te  be 
any  line  drawn  from 
T  to  cut  the  curve 
in  M,  a ;  and  the 
lines  C£,  be  (drawn 
to  any  point  e  in  the 
curve  from  the  points 
of  contact)  in  L,  N. 
Draw  TE  to  cut  the 
curv2  again  in  s,  and 
pin  E,  My  and  s,  q. 
These,  it  is  well 
known  meet  at  some 
point  R  in  bc.  Join 
Q>  B»  and  M,  s  ;  these  also  meet  \n  BC,  in  a  point  p  :  and  the 
line  BC  is  harmonically  divided  in  p,  R.  Then,  also,  since 
BME,  RNE,  QPE,  and  c E L  are  drawn  to  these  points  of  sec- 
tion, these  lines  are  themselves  a  set  of  harmonical  sectors  : 
and  since  tft  crosses  them,  and  is  cut  by  them  in  q,  m,  m,  l, 
these  four  points  are  also  points  of  harmonical  division  of  qm, 
as  was  stated  in  the  enuncialiou  of  the  theorem, 

Q.  E.  D. 


Second  Solutiok,  by  Mr.  Godward,  Wakefield. 

Join  AH  intersecting  the  curve  in  k,  and  bk  interseting  AD 
in  p.  Then,  by  §  44,  Maclaurin  on  the  properties  of  Geome- 
trical lines,  the  three  points  H,  f, 
c  are  in  the  same  straight  line. 
Hence  CH  and  the  diagonals  ad, 

BK  of  the  trapezium  abdk,  have  ^x        ^..--''XTfii^^H 

a  common  point  of  intersection.  ^< 

Wherefore,  by  Emerson's  Conic 

Sections,  B.  1.  Prop.   71,  Cor.  i.     B.  II.   Prop.  64,  Cor.  1 
B. III.  Prop.  38,  Cor.  1,  eh  :  ch  ::  ef  :  fg. 

(2.  B.  D. 

Solutions  were  also  given  by  Messrs.  John  Baines^ti^ 

Thomas  Thompson, 


X.    QUESTION  520,  by  SpiiiERUS. 

From  any  point  in  one  given  sphere  describe  a  cone  to  en . 
vclopc  another  given  sphere,  and  find  b)'  considerations  purely 
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geometrical,  the  curve  surface  to  which  the  plane  of  contact  i» 
always  tangential 

First  Solution,  by  Mr.  T.  S.  Davies,  Uath. 

1.  Let  A,  B  be  the   centres  of  the  enveloped    and  dlreciing 
spheres,  and  L  any  ^ 

point  in  the  latter, 
which  is  the  vcr- 
tex  of  one  of  the 
cones.  Draw  la 
cutting  (B)  again 

in  M  and  (a)  in  H.     /  ^•-t.Jp*^  I  ^i* 

Then  the  cone 
whose  summit  is 
L  has  with  the 
sphere  (a)  a  plane 
of  contact  which 
divides  AH  in  l 
so  that  ^'^  *• 

Ai  :  AH  : :  AH 


AL. 


It  will  be  sufficient  then  to 
seek  the  locus  of  i  whilst  L 
moves  through  all  the  points  of 
the  sphere  (b). 

« 

Let  a  plane  be  drawn  through 
ABL.  Then  it  cuts  the  spheres 
(a)»  (b)  in  circular  sections 
AGH^  BLF  respctively. 


Ai  :  AH  : :  AH  :  AM  / 
AL  :  AF  : :  ae  :  am  S 


Then 

and 

AI  :  AL  : :  ah';  ra  •  af. 

But  AH' :  EA  •  AF  is  a  given  ratio,  and  therefore  also 

AI  :  At  is  given;  and  hence  the  locus  of  i  is  a 
given  circle.  ApoU.  Loc.  Plan,  lib.  11.  pr.  14,  Leslie's 
Geom.  Anal,  book  IIL  pr.  4,  &c« 

In  like  manner  all  the  other  positions  of  l  give  circles  on  the 
diameter  CD  the  assemblage  of  which  constitute  a  sphere,  the 
locus  sought. 
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IL  The  limtlarky  of  the  locus  to  the  enveloped  and  direaing 


surfaces  leads  us  to  enquire 
funher  whether  the  pro- 
pcrty  is  confined  to  the 
case  of  the  sphere.  Let 
the  fetters  in  fig.  (3),  so  far 
as  they  are  common  to 
those  figs.  (1),  (2)  represent 
corresponding  lines  and 
points.  Draw  bp  parallel 
to  AL«    Then  as  before 


WigS. 


AK  =: 


AM 


But  AL 

Hence  ak  :  am 

AH 


AH* 
AL 

AC  •  AF  I  :  B^'  :   fb\ 


BF' 


AG  •  OF 


Atf 


Now  if  ^^-^  be  constant,  then  Ak  l  am  is  a  given  ratio,  and 

hrnce  reasoning  nearly  as  is  done  by  Apollonius  and  Leslie, 
as  rtferred  to  above^  we  shall  find  the  locus  of  k  to  be  a  figure 
itmilar  and  similarly  situated  with  (b).  But  that  ah  :  bp  may 
be  constant,  (A)and(B)  ihust  be  similar  and  similarly  situated 
figures.  Hence  we  find  generally  (very  obvious  steps  ot  the 
reasoning  being  supplied  by  the  reader)  that  when  the  vertex 
of  a  cone  moves  upon  6ne  surface  of  the  second  order,  and  the 
cone  itself  envelopes  a  similar  and  similarly  situated  silrface 
of  the  second  order,  then  the  plane  of  the  envelopement  will 
coosutidy  b«  tangential  to  a  third  similar  and  similarly  situated 
•ttrbce  ol  ifae  second  order. 

III.  It  might  be  shewn  from  tlie  analogy  found  above,  viz. 


AK   :    AM 


bf 


«    • 


■   I 


GA   •  AF 


AH« 


AH 


that  wkedier  ^^^  be  constant,  or  subjected  to  such  changes  as 

result  from  the  conditions  which  those  lines  are  subject  to  in  the 
figure  (3),  the  surface  touched  by  the  planes  of  envelopement  is 
still  of  the  second  order.  But  it  is  more  readily  fojind  by 
projective  considerations :  for  there  can  always  be  found  two 
circles,  and  a  constant  position  of  the  eye  with  respect  to  their 
plane  and  another  given  plane  or  picture,  such  that  the  perspec- 
tive of  the  circles  upon  the  pictt^re  shall  be  any  two  conic  sec- 
tions whatever.    The  locus  toncbed  bjr  the  chords  M  contact 
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mustthen^  being  itseH  a  circle,  be  projected  into  a  conic  section 
also.  Hence  we  infer  that  whatever  be  the  species,  magnitudes, 
and  positions  of  the  directing  and  enveloped  surfaces,  so  long 
as  they  are  of  the  second  degree,  the  plane  of  envelopement  wiil 
always  touch  a  third  surface  of  the  second  order. 

IV.  In  these  remarks  I  have  not  considered  the  paraboloid 
particularly :  but  indeed  it  scarce- 

ly  needs  it,  as  this  like  the  other  ^ '«  ^* 

surfaces  ot  the  second  order  are 
contained  in  the  remarks  in  III. 
When  similar  and  similarly  si- 
tuated figures  are  considered  the 
paraboloids  have  common  axes 
and  are  equal  in  all  respects:  so 
that  the  property  will  readily 
offer  to  the  mind  of  every  geome- 
ter, its  o wji  demonstration  the  mo- 
ment he  has  constructed  his  figure. 

V.  It  may  be  well  to  notice  that  a  is  the  pole  of  similitude 
of  the  two  similar  surfaces  which  direct  the  movement  of  the 
vertex  and  touch  the  plane  of  envelopement.''  Some  neat  pro- 
perties oi  the  figure  under  this  aspect  may  be  given  did  space 
allow  us  to  do  so. 

In  the  preceding  remarks  I  have  been  rather  desirous  to  point 
out  the  principal  steps  in  the  reasoning  by  which  the  proposition 
ipay  be  established  in  its  most  general  cases,  than  to  fill  up  the 
minuter  details,  which  though  essential  to  a  finished  demonstra- 
tion, are  too  simple  to  arrest  the  progress  of  any  attentive 
reader :  and  as  the  statement  of  all  thos^  details  would  have 
taken  the  room  which  might  be  more  advantageously  employed 
in  giving  different  methods  of  solution,  I  thought  it  better  to 
omit  them. 

Two  analytical  solutions  of  this  problem  were  given  in  i8o6« 
in  the  Journal  of  the  Polytechnic  School  by  M.  M.  Livet  and 
Brianchon,  and  which  are  here  annexed.  What  I  have  to  add 
concerning  these  solutions^  which  is  very  trifling,  I  shall  put  in 
the  form  o^  notes. 

M.  Bbiancuon*8  Solution,  Journ.  de  TEc.  Polyt.  Cah. 

»3'  PP-  308—10. 

General  Theorem. 
.    A  surface  of  the  second  degree  is  circurijscribcd  by  a  variable 
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cane,  the  summit  of  which  moves  alto  upon  another  surface  of 
the  second  order,  disposed  arbitrarily  in  space :  then  the  plane 
of  contact  of  the  cone  and  first  surface  will  always  touch  a  sur- 
face of  the  second  degree. 

Demonstratiou* 

Let  Aa:'+  b^«  +  cz*'\'2i^2+2exz+2?xi/ +2Gx-t-2H^+2i2  SSK.- ...( J ) 

be  the  equation  of  the  given  surface  enveloped  by  the  variable 
cone. 

Let  us  represent  the  surface  in  which  the  summit  of  the  cone 
moves  by 

Ma*  +  »b*  +  pc'=  Q (2) 

«,  (,  c  being  the  current  co-ordinates. 

When  the  conical  surface  which  has  its  summit  in  any  point 
(a,  b^  c)  of  the  directing  surface  (s)  envelopes  the  surface  (1) 
we  know  (Monge  Feuilles  d*Anal.  No.  5.)  that  the  curve  of 
contact  is  found  upon  the  surface,  . 

.-r  =  (,-.)(^)+(y-6)(|i) (3) 

in  which  ■—  and  3—  are  given  by  equation  (i). 

The  system  of  equations  (1,  3)  represent,  then,  the  curve  of 
contact.  But  in  taking  the  difference  of  these  equations  we 
obtain  the  following : 

X  (Aa  +  FB  4-  EC  +  o)  +  y  (pa  +  bJ  +  dc  +  Hj  >   _ 
+  z  («a  +  d6  +  cc  -f  1)  +  oa  4-  h6  +  ic  +  K       S   ^     ' 

which  being  linear  represents  a  plane,  psz.that  upon  which  this 
curve  of  contact  is  situated. 
This  last  equation  may  be  written  in  a  more  simple  form  i^^ 

.  an  +  i86  +  7C  +  5  =  o   (4) 

by  making,  for  brevity, 

AJC  +  Fy  -I-  E3  +  c  =  a 
Fd?  H-  cy  +  BZ  +  H  =  /3 
E^r  +  Dy  +  c«  +  I  =  y 
Gx  -I-  Hy  +  12  +  K  =  ^. 

Let  us  now  suppose  the  summit  of  the  cone,  though  always 
situated  upon  the  surface  (a)  to  be  removed  to  an  innnitesemal 
distance  in  any  direction  from  the  point  (a,  &,  c)  of  this  surface. 
Then  the  plane  (4)  of  the  curve  of  contact  will  take  a  new 

Eosition  infinitely  near  to  its  former  one  :  and  if  equation  (4) 
e  differentiatcfd  relative  to  a,  b,  c,  considering  x,  y,  z  constant, 

VOL,  YU   FART  t.  N 
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vm  shall  virtually  tuppose  tb«t  «•  y>  z  appcruin  h>  ihe  »trai^ 
Hoe  which  is  the  intersection  ol  ihe  consecutive  planes  of  conua. 
We  shall  have,  theny  for  ar»  y^  t  of  this  straight  line^  simply 

aAa  +  /3d6  +  yAc  =  o* 

It  is  now  requisite  to  express  that  th^  moving  summit  ot  the 
cone  is  always  found  upon  a  known  surface,  that  is,  that  the 
co-ordinates  a,  i,  c  of  this  sumnxil  are  connected  by  equation 
(3);  which  gives  hy  differentiation 

lAaAa  +  ubib  -f  pcdc  =  o. 

Eliminating  dc  between  these  differenlial  equations^  we  get 

{uay —  pc«)  dj  +  (Niy  —  pejS)  dft  =  ©• 

But  the  summit  (a,  ft,  c)  having  been  displaced  in  any  direc- 
tion whatever,  the  ratio  d^i  :  dft  is  perfectly  arbitrary,  and  may 
be  as  great  or  as  little  as  we  chuse.  The  last  equation,  then, 
requires  the  separate  conditions 

MOy  —  PCa  =  o (5) 

K  fry  —  pc6  =  o (6) 

then  the  co-ordinates  x,  y,  z,  of  which  a,  /3,  y,  }  are  functions, 
appertains  to  a  particular  point  of  the  plane  (4)  which  is 
common  to  it  and  any  two  other  consecutive  planes  whatever. 
We  have^  then,  for  the  determination  of  this  particular  point, 
the  linear  equations  C4»  5%  €)• 

Thus  the  plane  of  contact  (4}  of  which  the  motion  is  regu- 
lated hy  that  of  the  summit  of  the  cone,  touches  in  this  point 
(^9  y^  2)  a  certain  surface  which  i(  is  now  required  to  aeter- 
mine* 

For  arriving  at  the  equation  of  this  surface,  which  is  the 
locus  of  all  the  points  determined  as  has  been  just  shewn,  it  is 
requisite  to  eliminate  the  quantities  a,  6,  c,  between  the  four 
equations 

.    Ma*  +  Ni*  +  FC*  =:  <i (9) 

aa-^  fib  +  yc  +  J  =  o (4) 

May  —  PC«    :s  O *  •  •  (fi) 

wJy  —  pciS  =  o (6) 

and  the  resulting  equation  in  ar,  y,  2  is  that  of  the  surface 
sought,  since  it  expresses  the  relation  which  exists  amongst  the 
co-ordinates  of  the  point  {^x^  y^  z)  wherever  on  the  surface  (a) 
the  summit  of  the  cone  be  situated. 

In  performing  the  calculation  we  find  for  the  result  an  equa- 
tion, of  the  second  degree. 

MNPi*  =  Q(NPa«  +  np/3'  +  MNy*) (7} 

w,hk;H  is  the  surface  to  which  the  plane  of  contact  is  alwaa  ttAT 
gential.  W.  W.  Ry 
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C$r.  !•  There  exists  i  remarkable  relation  between  the  sur« 
bet  (a)  and  the  surEace  (7)  Which  is  the  object  of  our  en* 
qoiritt :  Of  z.  that  if  the  one  b^  a  twisted  surUce  the  other  is 
%o  too. 

CoTm  2«  Converse  of  the  General  Propositions  If  a  surfkce 
of  the  second  order  (7)  be  touched  by  a  plane  which  cuts  an- 
other surface  of  the  second  order  (1),  then  the  cone  which  en- 
velopes the  latter  at  the  current  plane  section,  will  have  its 
vertex  always  in  a  third  surface  of  the  second  order  (2). 

Cor,  3  (By  Mr.  Davies).  IfD=E=*=:G=:ft=:i=:o, 
and  M  =  A»  M  -r  B,  and  p  =:  c  :  that  is  if  the  surfaces  (1,  a) 
are  concentric  similar  and  similarly  situated,  we  shall  have  the 
equation  (7)  under  the  form 

AX*  +  iy/  4-  cz;  =  —  . 

B 

Thatis.  this  surface  is  also  concentric,  similar  and  similarly 
situated  with  them,  agreeing  with  what  has  been  shewn  by  M. 
Livet  in  the  same  work,  p.  9961  vel  Repos.  p.        before. 

tke  SoLUtiON  of  hi.  Livet,  Journ.de  PEc.  Polytk  Call  13. 

p.  884. 

Monge  in  his  lessons  to  the  Polytechnique  School  has  proved 
that  when  a  conic  surface  envelopes  a  surface  of  the  second 
order,  the  curve  of  contact  is  always  plane ;  that  this  plane  (the 
position  of  which  depends  upon  that  of  the  vertex  of  the  cone^ 
possess  always  by  the  same  straight  line  when  the  summit  of  the 
circumscribing  cone  moves  in  a  straight  line.  Also  supposing 
the  summit  of  the  cone  moves  in  a  determinate  plane,  Monge  has 
shewn  that  the  plane  of  the  curve  of  contact  passes  always  by 
same  point. 

We  will  explain  this  theory,  and  add  to  the  propoiitioni 
ennoeiated  above,  several  other  properties  very  worthy  of  ob- 
serration* 

Representing  by  tf,  l^  c  the  co-ordinates  of  the  summit  of  a 
eonic  surface,  we  shall  have  the  equation  of  partial  diflferences 
of  this  surface 

z_c  =  (x— a)  j^  +(y— 6)g^   (a). 

Let  the  equation  of  the  envelope  surtace  be 

aV  +  bV  +  c»«'  =:  1    (B>. 

N  a 
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It  it  necessary,  in  order  that  the  equation  (a)  may  adapt  it- 
self to  the  curve  of  contact  of  the  conical  surface  and  of  the 
surface  of  the  second  degree  denoted  by  (b)*  that  the  yalues 

o[  T-  and  2 —  ^^  ^^^  same  as  those  given  by  the  equation  (b) 

for  these  same  differential  coefficients.     We  shall  have  then  for 
one  of  the  equations  of  the  curve  of  contact 

which  reduces  iiself  to 

A*ax  +  B*iy  +  c'cz  =  i   .  • ( i ). 

As  this  equation  is  linear  in  respect  to  the  co-ordinates,  r, 
y,  Zt  it  follows  that  the  curve  of  contact  of  a  conic  surface  and 
a  surface  of  the  second  degree  is  plane* 

The  equation  (i)  may  be  put  under  the  form 

_        A*a  B*A  1 

c  c  c  c  cc  * 

We  tee  that  the  coefficients  of  x  and  y  remain  the  tame  whiltt 

the  ratios  -  and  —  remain  constant ;   which  takes  place  even 
c         c  "^ 

when  a 9  b,  c  are  variable^  if  at  the  same  time  they  be  connected 
by  the  equations  a  =  mc»  h  =  ne,  which  appertain  to  a  ttraight 
line  passing  through  the  origin  of  co-ordinates.  It  follows  from 
this  that  if  the  summit  of  the  circumscribing  cone  move  upon 
a  straight  line  passing  by  the  origin  of  co-ordinates^  then  the 
curve  of  contact  will  also  move  parallel  to  itself. 


Now  considering  in  the  equation  (c)  the  constant  term  -  ,-  « 

it  represents,  obviously,  the  vertical  ordinate  of  the  point  of 
intersection  oi  the  plane  which  includes  the  curve  of  coiUact, 
and  which  we  shall  call  the  plant  of  contact,  with  the  axis  of  z« 
This  point  will  be  always  the  same  when  the  quantities  a,  b^  are 
indeterminate  if  c  remain  constant :  which  proves,  that,  if  a 
conical  surface  circumscribing  a  surface  of  the  secvijid  degree, 
to  move  that  itt  summit  be  always  in  a  horizontal  plane  always 
distant  from  that  of  x,  y,  by  a  quantity  c,  the  plane  of  conuct 
will  always  cut  the  axis  of  z  in  the  same  point,  the  distance  of 

chit  point  from  the  origin  will  be  —  ,  a  quantity  which  is  ab- 
solutely independent  of  a  and  b,  so  that  it  will  be  the  same  for 
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ill  surfaces  of  the  second  degree  whose  equations  do  not  differ 
oriieniirise  than  by  these  two  parameters. 

Returning  to  equation  (i),  we  see  that  when  a,  b^  c  have 
fixed  and  determinate  values,  the  curve  of  contact  will  have  a 
fixed  and  determinate  position :  but  when  these  quantities  are 
variable,  or,  which  is  the  same  thing,  when  the  summit  of  the 
cone  changes  its  position  in  space,  the  curve  of  contact  takes 
ako  different  positions.  But  the  summit  of  the  cone  may  move 
ii  space  in  three  different  ways. 

I®.  By  following  a  curve  of  double  curvature. 

2*.  By  following  a  iiurve  surface. 

3%  The  summit  of  the  cone  may  move  in  a  discontinuous 
manner. 

We  shall  consider  the  circumstances  which  relate  to  each  oi 
these  particular  movements. 

Let  <  ^;  *  /    J  ""      f  be  equations  of  the  curve  of  double 

cttrvatore  upon  which  the  summit  of  the  cone  is  confined  du- 
ring  its  motions,  and  which  we  shall  call  the  directing^curve 
or  directrix. 

When  the  summit  of  the  cone  corresponds  to  two  consecu* 
live  points  of  the  directrix,  there  will  result  two  different 
curves  of  contact ;  their  planes  intersect  in  a  straight  line  of 
which  the  position  in  space  is  dependant  upon  that  of  the  sum- 
mit ot  the  cone :  and  there  will  be  to  each  pair  of  consecutive 
positions,  a  similar  straight  line.  The  locus  of  all  these  lines 
forms  a  developable  surface,  the  nature  of  which  depends  upon 
that  of  the  directing  curve. 

To  obtain  the  equation  of  this  straight  line  in  any  position 
of  the  cone,  it  is  requisite  to  differentiate  the  equation  (i)  rela- 
tive to  a,  6,  c,  and  regarding  x,  y,  a  as  constant,  since  the 
intersections  of  the  two  consecutive  planes  of  contact  does  not 
vary  except  when  a,  6,  c  vary.  The  result  of  this  differentia- 
tion will  be 

A^xda  +  B^^dft  +  B^zdc  =  o. 

This  equation  may  be  freed  from  the  differentials  which  it  in- 
cludes by  differentiating  the  equations  of  the  directrix,  which 
will  give  the  values  ot  any  two  of  the  quantities  da,  db,  dc. 
By  means  of  the  third  we  shall  arrive  at  a  finite  equation  be* 
tween  a,  y,  z,  a,  £,  c. 

If  we  eliminate  a.  &,  c  between  the  equations 

F(fl,  6,  c)=:o    (i) 

f(a,b,c)zz  o (2) 
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A-aat   +  B«6y    +  c^cz    =  i (g) 

A*xda  +  bV6  +  c*»dc  =  0 (4) 

we  shall  have  the  equation  of  the  developable  surface  which  is 
the  locus  of  all  the  continual  intersections  of  the  planes  of 
contact. 

Application  to  the  case  where  the  directrix  is  a  straight  line. 

In  t^is  particular  case,  the  equations  of  the  directrix  are  of  die 
form 

a  ^  mc  +  m^ 

from  which  we  have  da  =  mdc  and  d&  =  nic^  and  the  four 
formulB  become 

a  =:  sftc  +  m' (1) 

b  =  nc  -4-  n' •  •  •  .(2) 

A*a«  +  B^iy  +  c*cz  =  i (3) 

A*«i»  4-  B*iiy  +  c*z  =0 (4) 

The  equations  (i*  fl)  reduce  equation  (3)  to 

(A*mx  +  B*/iy  +  c^t)  c  h  A^m^x  f  ^Wy  r:  1. 
Which,  by  means  of  equation  (4)  becomes 

A*m^x  +  nWy  zz  !....•.  (5). 

Eliminating  successively  y  and  x  between  the  last  and  equa- 
tion (4)  we  shall  have 

A*(»i'H  —  m^n]  X  —  c^nft  =  n 
B*{mfn  —  a/n)  y  —  c^m'z  =  m. 

These  and  equation  (5)  referring  to  a  straight   line,  it  fol- 
lows that  the  planes  of  contact  pass  by  the  same  straight  line. 

The  plane  which  joins  this  straight  line  to  the  centre  of  the 
developable  surface  being  represented  by 

z  zz  vix  4-  Ny, 
the  constants  m  and  m  are  determined  by  the  following  equations 

MB'«  —  NA'w  =  o, 
AVfin'ii  —  mn^) —  MB«cV  +  na»cW=  o. 

They  are  considerablv  simplified  in  the  case  of  the  sphere^ 
where  a  =:  b  =  c,  as  tney  reduce  to 

Mn—  vm  =  o 

m^n  —  mn^  —  iw'  +  Nm'  =  o. 

We  deduce  from  this^  Mr:  —  m  and   k  z:  •—  n :   which 
proves  that  in  the  sphere,  the  piano  which  joins  the  common 
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intersection  of  all  ibe  planet  of  contact  i$  perpendicular  to  the 

rectiliDear  directrix. 

Application  to  the  case  where  the  linear  directrix  is  a  plane 

curve  of  any  kind  whatever* 

In  this  particular  case,  the  equations  of  the  directrix  may  be 
represented  under  the  form 

c  =:  Ha  +  x6  +  L, 

B  =  (fa. 

The  equations  (i«  a,  3,  4)  refierred  to  above  become 

c  =:  Ha  +  li  +  L 

B  =:  ^a 

A*ax     y-  B^by    +  c*cz    =,  % 

A^xda  +  h^ydb  +  c^zdc  =z  o. 

Making  d6  =:  9^  X  da  and  eliminating  Cj  6^we  shall  obtain 
A*ajc  +  B*y  .  9  +  c««  (Ha  +  i<p  +  j,)  =  1 
A«x    +  B«y9'    +  C*2  (H    +  i$0  =  o. 

The  nature  of  the  function  9  remaining  unknown  it  ia  abso- 
istdy  impoasible  to  effect  the  elimination  of  a  between  these 
two  equations :  but  we  may  at  least  arrive  at  the  equation  of  the 
partial  differences  ol  the  surface  which  we  seek.  For  this^  it  it 
nficient  to  differentiate  the  firsts  the  former  relative  to  op,  jt,  2, 
aofl  a.  which  gives 

da[A«x  -f  bW  -1-  c'z(H  +  Kp')]  4-  A*ad»  +  B*^y 

+  c«(Ha  + 19 ^ L)  (ji  -da:  +  g^  •  dy3  =  o. 

Making,  for  brevity,  T^  ^  fi»  T"  =  7t  and  remarking  that 

the  multiplier  da  is  =:  o  in  virtue  of  the  preceding  equations* 
we  shall  have 

4r[A"a4-cV  (Ha  + i(p  f  L)]+dy[B«(p+ c*y  (Ha+i<p+ L)]  =  o 
and  because  of  the  independence  of  do?  and  dj^  we  have  also, 
(a*  +c«pH)a  +  c*pi(p  +  c'Lp  =:  o 
c*yHa  +  (b«  4-  c^rq)  (p  -f-  c^ig  =  o. 

We  obtain  from  these 


a  =1 


9  =  — 


A*(B*+  C^I^I  +  bV/H  • 
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Then  the  equation  A*axr^B*yp  +  c*2(Ha  +  i^  +  i.)  =  t» 
may  be  put  under  the  form 

(A*ji:4-c«H2ja  +  (B*y  -f  c^iz)(p  +  c*l«  =:  i. 

If  we  substitute  for  a  and  ^  the  values  found  above,  the   ex- 
pression reduces  to 

A*B*(2 pX — 93f)  1 

Multiplying  out,  and  arranging  the  results,  we  get 

Under  this  form  it  is  obvious  that  the  developable  surface  en- 

Slendered  by  the  motion  of  the  plane  of  contact  is  a  conic  sur- 
ace,  the  co  ordinates  of  whose  summit  are 

H  '  J      1 

—  —-a — :  —  — T — 9  and  — = — • 

As  the  result  to  which  we  have  arrived  is  absolutely  inde- 
pendent of  the  form  and  position  of  the  directing  curve  in  its 
plane  we  may  conclude  from  it  that  when  the  summit  of  a  conic 
surface  circumscribing  a  surface  of  the  second  ^order  moves 
upon  a  plane  surface,  the  plane  of  contact  passes  in  all  its  posi- 
tions through  the  same  point. 

When  we  consider  the  motion  to  be  upon  a  surface  we  shall 
demonstrate  this  proposition  in  a  more  simple  manner.  If  the 
quantities  H  and  i  become  null,  that  is  if  the  plane  of  the  di- 
recting curve  become  horizontal  the  equation 

^  -  c*I  =  ^"^  ■*■  A)^  "^  f^+  i^)y  becomes 

z—px~qy  =    >J-. 

which  appertains  to  a  conic  surface  of  which  the  summit  is 
situated  upon  the  axis  of  z.  If  the  quantities  ii,  i,  L  become 
nnl  at  the  same  time,  we  have 

z — px  —  9y  =  oc- 

This  equation  appertains  to  a  cylindrical  surface  of  which 
the  generatrix  is  vertical  In  fact,  z — px  ^qy  is  nothing 
more  than  the  vertical  ordinate  from  the  point  of  intersection 
of  the  tangent  plane  with  the  axis  of  2,  since  this  ordinate  is 
infinite.  This  proves  that  the  tangent  plane  is,  in  all  its  posi- 
tions, parallel  to  the  axis  of  z.    Hence,  the  surface  of  which  the 

equation  is 

z^px — qy  =  ot. 
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is  a  vertical  cylindrical  surface.     Finally  the  quantity  L  may  be 
nul  without  H  and  i  being  so ;  in  which  case,  we  shall  have 


A»^    '  B 


This  equation  appertains  to  a  cylindrical  surface  of  which 
the  generatrix  is  parallel  to  a  straight  line  represented  by  the 
equations 

JP  = ^  z  +  a 


A' 


Ia  the  case  where  tfa'e  surface  of  the  second  degree  we  are  con  i. 
iidering  is  a  sphere,  this  straight  line  is  perpendicular  to  the 
plane  of  the  directrix,  supposed  given  by  the  equation 

^  =  HA  4-  lA  +  L. 

When  ihe  directrix  is  a  curve  surface^ 

Let  its  equation  be  f  (a,  h,  c)  zz  o*  Then  supposing  the 
saromit  of  the  cone  to  take  two  positions  infinitely  near  to  one 
another  upon  this  surface,  the  plane  of  contact  takes  also  two 
consecutive  positions,  and  the  line  of  interseaion  of  these  planes 
will  have  for  equations 

A*tfX    +  B*iy    +  c*cz  £=  t, 

A^xda  +  B^db  +  cHdc  =:  o. 

Suppoaing  de  rz  pda  +  qdb^  we  shall  have  for  fbe  second 
of  the  preceding  equations 

A^x+c^pz  +  (B»y  +  c'gz)  ^  =  o- 

The  position  of  this  line  depends  upon  the  numerical  value 

dh 
of  the  ratio  j-  • '   If  we  differentiate  this  equation,  only  varying 

ih 

7^  we  shall  have  an  equation  relative  to  the  point  of  intersect 

Hon  of  this  straight  line  with  that  which  corresponds  to  the 
nriatioA  ot  y*    This  operation  leads  us  to  the  two  following 

equations : 

«     .     •       dc 
AX  +  c*z  .  ^    =0, 

^  .      .       dc 
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The  locus  of  all  the  points  determined  in  this  manner  forms 
a  particular  surface  of  which  the  nature  is  intimately  related  to 
that  of  the  curve  surface  which  directs  the  summit  of  the  cone* 
We  shall  obtain  this  surface  by  eliminating  a^  i,  c  between  th<* 
followingr  equations 

F(a.  b,  c)  =  o (lO 

A^ax  -h  B%  +  c^z  z=  1    (2O 

A»x    +  c*i   .  -^   =0 (3O 

B*y    +  c«2   .  ^     =0 (4') 

jlpplicatton  to  the  case  when  the  directins(  surface  is  a  plane* 

The  equation  being  now  of  the  form 

c  =  iia  +  16  +  L, 

,  dc  d^ 

we  have  -r-   =  h,         tt   =  i 

da  do 

which  reduces  the  four  preceding  equations  to 

c  =  Ha  -f  i&  +  L 
A*aa?  +  B^by  +  c*cz  =  1 

A*jf    +  c'na;  =  o (A) 

E'y    +  cHz  =0 (b). 

Eliminating  c  between  the  two  former,  we  have 

(a*x  i-  c*H«)  a  +  (a^y  4-  0*12)  b  +  c^Lz  =  1. 
This  reduces  by  means  of  the  two  last  to 

c'Lx  =1,        or  z  =  — ; — . 

c"l 

The  equations  (a)  and  fa)  give,  by  substituting  the  value 
just  found  of  2,    y  zz — , 

a     Ma 

_  JH_ 

""  A^JL* 

These  results  shew  us  that  if  the  summit  of  the  conic  surface 
move  upon  a  plane,  all  the  planes  of  contact  pass'  by  the  same 
point. 

The  line  which  joins  the  centre  of  the  enveloped  surface  to 
this  point  has  for  equations 

*=:--^z,    y=  —  ^z. 
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These  reduce  to 

in  the  case  where  the  enveloped  surface  is  a  sphere :  which 
proves  that  when  a  conic  surface  circumscribes  a  sphere  so 
that  its  sunnmit  is  always  in  a  plane,  the  line  which  joins  the 
centre  of  this  sphere  to  the  point  of  common  intersection  of  all 
the  planes  of  contact,  is  perpendicular  to  the  plane-directrix. 

We  may  here  notice  some  of  the  circumstances  which  relate 
to  a  discontinued  movement  of  the  conical  vertex. 

It  must  be  remarked  that  the  equations 

__      1             __  I  _  H 

'"PI*    ^ B^*     ^"-~I^* 

appertain  to  a  single  and  unique  point,  provided  the  quanti- 
ties  II,  I,  L  are  constant ;  but  that  will  not  be  the  case  where 
these  quantities  are  variable.  Let  us  suppose  for  example, 
that  the  quantities  h  and  i  are  constant  and  that  L  alone  is 
variable,  the  equation 

c  =  Ha  -h  li  f  Im 
apperuins  to  an  infinity  of  parallel  planes,  and  the  values  of  x, 
Sf}  z,  obtained  above  come  to  have  reference  to  a  system  of 
points  situated  upon  the  same  straight  line  passing  by  the  origin 
ol  co-ordinates  or  by  the  centre  of  the  enveloped  surface. 
In  truth,  the  elimination  of  L  between  the  expressions  (or  x,  y, 
J  conduct  us  to 

If  on  the  contrary  the  quantity  l  be  constant,  and  the  other 
two  vary,  the  equation 

c  =  Ha  4-  i6  +  L, 

appertains  to  a  system. of  planes  passing  by  the  same  point  in 
the  axis  of  Zm  In  this  case,  the  value  of  z  is  constant,  and  those 
of  x and. y  variable.  These  values  conduct  then  to  a  system 
of  points  situated  upon  the  same  horizontal  plane  surface. 

There  remains  yet  one  case  more  to  examine:  fiz.  that  where 
the  quantity  L  is  constant  at  the  same  time  as  one  of  the  quan- 
tities H  or  I.  To  give  an  application  ot  this  case,  let  us  suppose 
that  the  summit  of  the  conic  surface  be  subjected  to  move  suc- 
cessively upon  an  infinity  of  planes  passing  by  the  same  straight 
hne  given  by  the  equations 

X  =z  mz  +  wf 
^  =  nz    +  It', 

we  shall  have  amongst  the  quantities  Hy  i,  l,  m»  and  m^  the 
tollowing  relations 

o  a 


I 


(     lol     ) 

1  =  nm  -f  III 
o  zz  Bmf  4-  Iff'  +  L. 
from  which  we  have 

m'  4-  L« 
mfn  —  »iji^ 

1  I  H 

The  formulae  z  zz    -s— ,    y  r  —  -v-,   j*  =: r-  become 

I 

«'  +    LOT 


B*h  (mfn  —  mn') 


n'-4-  Lil 


a'l  (m'n  —  mn^t  * 

The  elimination  of  the  arbitrary  constant  l  gives  the  two 
equations 

A*  (m^n  —  iwn')  X  —  cVt  =  n 

These  equations  are  those  of  the  line  by  which  pass  all  the 

(tianes  of  contact,  in  supposing  that  the  summit  moves  upon  the 
ine 

X  =1  mz  +  m^  S^  ^  n»  +  n'* 

x 

When  the  vertex  of  the  conical  surface  moves  upan  a  surface 

of  the  second  degree. 

Suppose  the  directrix  be  denoted  by  the  equation 

A'*a*+  B'»ft»  +  cVz:  1. 

We  deduce  from  this 

dc    _         A^a        dc    _         B^b 
dtf    ■"  ~  P^T'     dF  '^  "^  c^'. 

and  we  shall  have,  to  eliminate,  a$,  ii  c  between  the  following 
equations 

A^tt*  +  b'^^  +  c'V  =  1 ..(,) 

A^'ax  +  B^by  +  c^c«  =  i   (») 

a'c'^cx  —  A^'c'at  z:  o (3) 

B^'c^cy  —  B''ci«    =:  o •••(4) 


(     «09    ) 

From  equations  (g,  4)  we  have  for  the  value  ot  c. 


pS'^^c'z 


There  results  from  this 


Substitute  these  values  of  a,  b,  c  in  the  equation  (1)  then 
we  shall  have 

A*A^b'*c'4x'  +    A'-»B^B*c'*y'   +    A''^B'*C*C^'2*     _    ^ 
(A^B^^C^V  +  A^B*C^Y'  +  a''b"'cV)' 

which  may  be  put  under  the  form 

A^tB^«C^«(A^B^^C^V4-  A^^B^C^^V«  +    A^'^B^^cV)   _    ^ 

or  which  still  further  reduces  to 

A*b''c''x'  -h  A'*B*c'«if'  +   a'^b'^cV  ==    i^B^c'' (fi). 

This  equation  belongs  to  a  surface  of  the  second  degree  of 
which  the  centre  is  the  origin  of  the  co-ordinates. 

If  the  enveloped  surface  as  well  as  the  direcimg  surface  is 
an  ellipsoid,  then  the  surface  determined  by  equation  (5)  will 
also  be  an  ellipsoid,  and  its  axes  will  have  to  those  of  the  two 
others  a  very  simple  relation.  Let  us  represent  the  equation 
of  the  enveloped  and  directing  surfaces  by  the  equations 
fiW    ^a^cy    +fl'6V    =a'iV 

Wc  shall  have 


.-  =  i,  .>  =  :^.    0'=- 


A'*  =  —  .      B     -  ;^,  ,       C      -    ^„ 


Substitute  tt>ese  in  equation  (5),  and  we  shall  get 


or 


a 


1 


(      »«o     ) 
Calling  the  semi-axei  of  thi»  ellipsoid  of',  b",  c'',  we  have 

From  the  preceding  calculations  it  follows  that  if  the  summit 
of  a  conical  surface  circumscribed  to  a  surface  of  the  second 
degree,  so  move  as  to  be  always  in  another  suiface  of  the  se- 
cond degree  concentric  with  the  former,  the  plane  of  contact  in 
Its  positions  will  be  always  tangential  to  a  surface  of  the 
second  degree  concentric  with  the  two  former.  If  the  two  first 
surfaces,  that  is  the  enveloped  and  the  directing  surfaces,  be 
ellipsoids  the  third  will  also  be  an  ellipsoid,  each  of  the  axes 
of  which  is  a  third  proportional  to  the  axes  of  the  enveloped 
and  directing  surfaces  which  coincide  with  it  in  direction. 

From  the  preceding  properties  we  obtain  the  two  following 
particular  cases: 

If  the  summit  of  an  angle  circumscribing  a  curve  of  the  se- 
cond degree  move  in  a  straight  line,  then  the  straight  line 
which  joins  the  points  of  contact  of  two  sides  of  the  angle  with 
a  curve  of  the  second  degree  pass  always  by  the  same  point; 
and  if  the  summit  of  the  circumscribing  angle  move  upon  an 
ellipse  concentric  with  the  first  curve  of  the  second  degree, 
which  we  suppose  also  to  be  an  ellipse*  the  chord  of  contact  in 
all  its  positions  will  be  tangential  to  a  third  ellipse,  each  of 
whose  axes  is  a  third  proportional  to  those  of  the  enveloped 
and  directing  ellipses  which  coincides  with  it  in  direction. 

Mr,  Thompson  seni  a  Solution  to  this  Question. 


XI.    QUESTION  521,  *i^  Afr.  Da  VIES. 

Let  a,  ft,  c  be  the  three  sides  of  a  triangle,  anil  r,  r\  r^,  r'", 
the  radii  of  the  four  circles  which  touch  them,  then 

ab  ^  ac  -^  be  zz  rr'  4   rr'  +  rr'''  f  rV  +  rr'''  +  r'Y''. 
That  is  the  sum  of  all  the  rectangles  made  by  the  binary  com- 
bination of  the  sides  is  equal   to  the  sum  of  all  the  rectangles 
made  by  the  binary  combinations  of  the  four  radii  of  the  cir- 
cles of  contact. 


First  Solution,  ty  Mr,  Godward. 
Let  ACB  beany  triangle,  o,  c,  h,  k  the  centies,  and  OL, 
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CM,  HN,  KP  the  radii  of  the  four  circles  of  contact.  About 
the  triangle  abc  describe  a  circle  and 
draw  the  diameter  de  bisecting  ab  in  f. 
Join  AH,  AK,  and  draw  er,  CQ,  per- 
pendicular to  AC,  DB.  By  a  known 
property  cm  =  bn  =:  ap  =  $(An  + 
AC  +  Bc),  hence  fn  r=  fp  zz  f  (ac  + 
BC)  =  CR.  Also  since  ah,  ak,  bisect 
the  angles  T<iAC,  bag,  the  angle  hak 
is  a  right  angle,  and  the  triangles  han, 
£AP  are  therefore  similar:  hence  hn 
:  an  ::  AP  :  kp,  or  hn  >  kp=  an  .  ap  =  (np  —  af)  x 

(NF  +  af)   =  NF* —  AP*  =  CR*  —    AF*  ZZ  FD    •  (eq  —  EF  =: 

PD  .  FQ.     But  (Prop.  46,  M.  G.  Student)  ol  .  gm  =  ef  •  pft; 

.'.OL.  GM  +  HN  .  KP  =  FQ  .  fEF  +  FD)  =  FQ  .  ED  =:  AC  .  CB. 

Similarly  01.  .  HN  +  om  •  kp  =  ab  .   bc,  and  ol  •  kp  4- 
en  •  UN  =  AB  •  AC.      Wherefore  OL  •  kp  f-  ol  .  hn  4- 

OL  .  GM  -f  HN    •    KP  4-  GM    .    KP  +  GM    •    HN  ZI  AC 

AB.BC  +  AB  .  AC9  which  is  the  theorem  enunciated 
question. 


CB  + 

in  the 


CfT,  1. 

Cor.  2. 


HM 


OL 


KP  =  FD  .  F(i  =  (Prop.   14.)  CP'— PL', 
GM  4-  HN  •  KP  =  AC  •  BC. 


Cor.  3.  a^HN  .  KP —  OL  .  GM)  =  2(fD  .  FQ  —  EF  .  FQ)  = 
«(FD  .  Eft  —  FD  .  EP — AL  .  LB)  =  BCK*  -f-  ftf  L*  — 4AF«  n 
AC*  +  Bc'—  ab'. 

Cor.  4.  By  Cor.  3,  hn  .  kp  —  ol  .  gm  =:  frAC«-*-BC»  — 
1B»),  GM  .  KP  —  OL  .  HN  r:  4(ab«  +  BC*— AC*)  and  hn  •  MC 
—  OL  .    KP  =  i(AB'  +  AC* —  BC').      Whence,  by  addition, 

HM   .    KP  +  GM    .    KP+  HN    .    MG OL  .  GM  —  OL  .  HN  — 

OL.  KP  =  4{AC'  4   BC*  +  AB'). 

Cor.  5.  Adding  the  theorem  deduced  ift  Cor.  4,  to  that  in 
the  question,    we  have  hn.kp-Hgm  .  KP-hHN   .  cm  = 

}{aC«  +  BC*  +  AB«)  4-  il  AC  .  BC  +  AB  .  BC  -f  AB  .  AC)  =  thc 

square  of  half  the  perimeter  of  the  triangle,  a  property  which 
has  been  before  noticed  by  Mr.  Lowry,-  at  page  5,  Vol.  V.  of 
thc  Repository. 

Cor.  6.  By  Cors.  4  and  5,  we  obtain  ol  (gm  +  mn  +  KP) 
=  the  square  of  half  the  perimeter  of  the  triangle  —  |{  AC*  4- 

BC'  +  AB«). 


Second  Solution,  iy  Mr.  Davi£8>    /ia/A. 


Let  the  sides  and  angles 
of  the  triangle  be  denoted 
by  a,  6,  c^  and  Sa,  2i3,  2y, 
respectively,  and  let  the  cen- 
tres of  the  circles  of  con- 
tact be  o,  p,  Q,  R.  Then 
if  the  lines  be  drawn  as  in 
the  figure,  we  shall  readily 
find 


AR 


CCOS0       c  •cos/3        J  rcos/3cos« 

—  — ^— ^  —  . ^;  and  RD  =:  ^  zlr 

sina-i-^         cosy  cosy 


/// 


PM  r: 


6  cos  a  cosy  __ 

^        cos/3        ""  *'' 

a  cos  /3  cos  y 
oe  = ^ ^  2=  R. 

cos  a  ' 

OW  =  OV  =  OY  =  > 

a  sin  /J  sin  y  ^  f|  sin  a  sin  y  _  c  sin  at  sin  gf  —  R 
cos  a  cos/3  cosy       3 

a  cos  /3  cos  y        o^sin  /3  sin  y 

cos  C4 


..(i) 


Now     RR,  = 


b  sin  a  cos  a 


cos  a 
c  SIR  a   cos  ds 


(«> 


co8/>sin^^  cosy  sin y  ^^ 

Putting  for  a  in  (2)  each  of  the  values  in  (3)  we  shall  get 

RR,    =  he  sin'^a    \ 

RR,,  ==  ac  sin'/S    >    (4). 

RR^/,  z:  a6sin*y    J 

&  cos  CL  cos  y     r  cos  &  cosa       «         •    ^ 

-  rr  w  cos  oe  # 


Similarly, 


Also  ^ji^,f,  = 


coi/3 


cosy 


R,R^,     =S 


=:  ac  cos^/' 
=  o^  cos V  J 


• .  (4)- 


Hence  (4, 5) 
RR,  1-  RR„+  RR//,  f  R/R//  +  R,R/i/  +  R//R///=  «6Hh*r  +  ^a. 

SchoL     Many  properties  already  known,  but  otherwise  dis- 
covered, may  be  proved   by  means  of  these  equations,   and 
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scYvral  new  ones  may  be  also  deduced  from  them.  li  is  not, 
bowerer,  necessary  to  enter  Further  into  the  enquiry  on  this 
occasion,  especially  as  I  shall  shortly  by  combining  them  with 
tngooometncal  expressions  for  other  parts  of  a  plane  triai^gle, 
coopose  a  little  dissertation  for  a  separate  part  of  the  Re- 
pository. 

TuinB  Solution,  by Mason,  tfScoultan. 

Let  a,  &»  r  be  the  sides  of  the  A ,  i  =  half  the  perimeter, 
Iko  ibe  radius  r  of  the  inscribed  O  =  v^{  (s^ ^ )  («(— ^)  (^— ^J  *^''}» 
r,  =  V{sis  ^  i){s  —  <r)  pi-  ( J  —  a)}^  the  radius  of  that  circle 
vhich touches a« and  ^,and c produoed,  r^zzi^ {«(i— a) (j— c)-?- 
(f—^},*the  radios  of  chit  touching  i^  and  a  and  c  produced,  and 
f,  =.  v^J»(*— «)  U—*)  -1-  (s-c)}  =  the  radius  of  the  other. 
How  by    multiplication  r.r^^r.r^-^r^r^'^r^  .  r^  + 

^•%  +  '^s  •  ^s  =(^  — *)(P— 0  +  \P-^)  ip—c)  +  (^-0 
(^— *)  +/tf/  — *)  4-^(P  -<)+^(^— a)  =  (P  — a)  (V-0 
♦  <l>  — ^  <«P  — •«)  +  (|>  —  cj  t(aj^  —  i*J  =  «^  +  flc  +  /ic, 

Fotf  iTH  Soi:*VTiojr,  i;y  Mr.  Taos.  Thobipson,  NeweasiU- 

upanmTyncm 

Let  D«  &«  F  be  the  centres  of  the  outward  circks,  o  that  of 
ike  interior  one ;  a,  3,  f ,  R  the  points 
of  conuct  with  ab«  Then,  as  fd  bi- 
sects  the  outward  angle  a,  and  aoe  the 
itterior  one,  the  Z.  oar  =  ^  Aoa  = 
i^  AFC«  .v  by  similar  right  angled  a  s, 
*ts  -f  Af  :  AD  -f  ^P  : :  ok  4-  £^  :  Ai  + 
Ait«  but  it  is  well  known  that  Aa«4-  Ac 

S  «C  and  At  -k-  AJt  =  AC  +  AiB»  .«%  BC 

:  AD  +  CF  : :  OR  Hh  c^  :  AC   +  ab  : 
vhence  ad  •  or  -f  ao  •  Ei-4-cF  .  e^ 

=  BC  .  AC  +  BC  •  AB ••  Xi).     Again^   by  sim.    As, 

BK  :  OR  : :  £^  :  b6  and  aB  :  ao  : :  ec  :  CB,  therefore  or 
"  si  4-  tfD  .  fic  =  BR  .  B^  +  aB  •  BC.  Let  p  represent  the  semi- 
pniflictsr,  then  sjt  =  p  —  ac,   bA  =  p  —  ab,   hb  =  p  —  bc 

-«h1  AC^  i»,  ••.    OR  .  B*  -f  flD  .  EC  =:  8P'—  P  (AC  +  AB  +  BC) 

4^  AC  •  AB n  a;c  •  AB  •  • .  .(a),  which  being  added  to  (ij  we 
Wve  Ae  suai,  giving  the  required  proof* 

Ur.  Bainm  stmi  an  answer  to  this  Question. 
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XII.     QUESTION  533,  ty  Af.CHAMBANON  de  Maugris, 
ftom,  IV.  Mem,  Eirang.  p.  646-655,  Ann*  1763.J 

AO,  OR  are  two  planes,  any  how  inclined  to  the  horizon,  in- 
tersecting in  an  angle  aor  ;  or  is  an  inflexible  rod,  devoid  of 
gravity,  loaded  in  177  with  a  given  body  M  fixed  to  it  there ;  and 
the  whole  apparatus  thus  formed,  actad  on  by  gravity  glides 
along  ihe  planes  ao,  or.  Determine  the  velocity  oi  m»  includ- 
ing the  effect  of  friction. 

The  following  notice,  by  the  Secretary  of  the  Academie, 
(M.  Grandjean  de  Touchy)  explains  the  nature  of  the  difficulty 
involved  in  this  problem.  It  is  taken  from  the  summary  prefixed 
to  the  volume  which  contains  the  memoire,  p.  xix. 

*^  M.  Chabanon  de  Maugris  has  given  the  solution  of  a  pro- 
blem in  Dynamics,  which  consists  in  finding  the  velocity  of  an 
inflexible  jod  without  weight,  gliding  between  two  planes  in- 
clined I9  the  horizon  in  any  angles  whatever,  and  moved  by 
the  action  of  a  weight  fixed  to  this  rod,  taking  into  acccfunt 
th^VtTcct  of  friction.  The  difficulty  of  this  problem  is.  the 
perturbation,  so  to  speak,  that  the  motion  of  the  body  (already 
composed  of  its  gravity  and  of  its  acquired  motion  in  its  own 
direction)  undergoes  at  each  instant,  from  the  friction  of  the 
planes  between  which  it  moves.  From  this  there  refluJts  at  each 
instant,  a  destruction  of  farces  and  a  continual  change  of  di- 
rection, which  it  is  necessary  to  examine,  in  order  to  determine 
the  course  of  the  body  in  motion.  For  effecting  this,  M.  Cha- 
banon employs  the  principle  of  D*Alemberl :  he  has  also  slightly 
used  the  principle  of  the  conservation  of  living  forces,  but  this 
latter  principle,  which  is  very  easily  applicable  when  the  plane  is 
infinitely  polished  and  without  friction,  is  not  applicable  to  the 
general  question  which  we  have  proposed.  He  obtains  an 
equation  integrabte  or  constructible  by  quadratures :  and  not 
content  to  give  the  solulio*.e)f  the  problem  in  the  case  proposed, 
he  has  annexed  new  conditions  to  his  solution,  which  we  may 
regard  as  being  very  ingenious  i^d  very  complete." 


*^  '  Solution. 

consider,  in  general  the  resistance  which  friction  opposes  to 
•the  motion  of  a  body  on  a  plane  as  a  force  applied  to  that  body; 
and  1  assume  that  this  force  is  to  the  pressure  in  a  given  ratio, 
g  :  A.  Thus  a  body  being  placed  upon  a  horizontal  plane, 
w.hich  it  presses  by  its  weight  /},  I  suppose  that  we  apply  **>  '^ 

a  force  in  the  direction  of  the  plane,  a  force  iz  ^  ,  ^,  for   n^u- 


i 
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iraiizing  the  resistance  created  by  the  friction,  and  putting  the 
body  in  a  state  ready  to  move  in  the  direction  of  the  force  ap* 
plied. 
Let  Mm  be  the  line  which  the  body  describes  in  a  given  mu 


Fie 


nute interval  of  time,  mc^  Mm,  and  in  the  same  direction  ai 
the  line  which  it  would  describe  in  the  folbvving  inslant^fequal 
to  the  first)  if  it  were  abandoned  to  itself'^and  no  accele- 
mting  force  affected  its  motion.  Let  ea  be  the  space  which  it5 
vity  tends  to  make  it  pass  through  in  the  second  instant, 
inally  instead  of  arriving  at  a  as  it  otherwise  would  do,  let  it  in 
coosequence  of  its  attachment  to  the  rod,  be  found  at  /x. 

We  can  decompose  the  motion  ma,  which  the  'body  would 
have,  into  two  others,  of  which  one  imm  is  that  which  it  actually 
retains,  and  of  which  the  other  ^  is  destroyed ;  from  which 
it  follows  that  the  line  ms  prolonged  ought  to  meet  the  lines  r/.L, 
RLinL,  these  lines  being  drawn  from  the  extremities  of  the 
bar  under  this  condition, — that  each  of  the  motions  L^^/,  lA, 
ioto  which  the  motion  1.7  or  ms  is  decomposed,  is  destroyed^ 
1*  by  the  resistance  perpendicular  to  each  of  the  planes,  a^  by 
the  friction. 

This  condition  determines  the  directions  of  the  lines  OL,  11  l. 
In  fact  we  have  only  to  draw  from  the  points  o,  and  r,  the 
perpendiculars  ovj,  r^,  and  to  take  upon  ao  and  ar,  parts  oo\ 
&h'  having  to  the  perpendiculars  o^^  r$  the  ratio  of  ^  to  h ;  then 
the  diagonals  ^sj^,  k^' of  the  parallelograms  formed  upon  the 
lides  oo\  om  and  rw,   Hp  will  shew  the  directions  which  the 

r  2 
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lines  ohf  mL  ought  to  tnke  in  order  that  the  motions  l>^|   lZ^ 
should  be  dei^oyed. 

If  we  draw  perpendicular  to  oa  the  ordinates  pm,  p'm^  A^V* 
he.  q{  the  curve  described  by  the  body^  and  11^,  z  l  parallel  to 
them;  if  also^  we  draw  parallel  to  oa  the  line  mr^T  and  the 
line  anif  we  shall  have  the  similar  triaDgks  at/4,  mxL  :  then 
we  shall  have  the  analogy 

at  I  fii  :i  mT  i  Tt. 

The  problem  is  then  reduced  to  expressing  analytically  each 
term  of  (his  proportion.  ^ 

Put  OM=:  a^  ma  =  ft ;  the  abscissa  ap  r:  x,  the  ordinate 
MP=:  y  i  the  sine  of  the  right  angle  =  i  r  ^«  of  angle  nea  or 
OAV  formed  by  the  plane  and  the  horizon  =:  n ;  its  cosine  = 
m;  p  :=  the  weight  of  the  body  ;  a  =  its  velocity  at  fti ;  /  =  the 
time  employed  by  the  body  to  arrive  at  m.    Then 

an  =  npdi*;  en=  mpd(l^\  ni  r=  ddx;  and  fth  =  — ddy*. 

and  hence,  ai  =  ddx  +  npit*,  ^i  =  ddy  +  nipAi'\. 
Having  the  expressions  for  ai  and  pet  it  only  remains  to  seek 
those  of  mt  and  t  l. 
Let  mx  be  parallel  to  ol,  ms's  parallel  to  R  l  :  then 

I    \  gl  h  It  Oh   I   hz    I   oz. 

The  value  of  ol  being  found  we  shall  have  the  values  of  LZ 
and  oz.    From  lz  subtracting  zt  or  y^  we  shall  have  lt;  and 

adding  ozio  op'  =  y/a"^  —  y*  the  sum  will  be  p'z  or  mt.  It 
is  required,  then,  to  determine  oh^  which  we  may  do  by  means 
of  the  similar  triangles  omg'^  c^rl,  from  which  we  shall  have 
the  expression  of  os%  os'  =:( ot^  +  s't',  or  mx  -f  sV.  The 
triangles  olz  and  xmp*  are  also  similar.    Then 

mx  =  ^  ;  and  p'x  =  »  :  also 

o%  =r  mt'  =:  s/a^  —  y*  +  ^ . 

All  the  angles  of  the  triangle  s'mt'  are  known,  and  there- 
fore «it'  :  s't'  is  a  given  ratio  (: ;  9  :  r  for  example};  sV  being 


*  I  treat  ddx  as  positive  and  ddy  as  negative,  because  the  firat 
differentiaU  of  x  and  y  ought  to  deciease :  but  these  af«  -^  dj»  a&^dy, 
ahice  when  t  increases  y  increases  also,  and  x  diminishes. 

f  It  mast  be  remarked  that  the  values  of  ai  and  /^i  are  the  $ame  if 
the  point  n  faU  beyond  t  with  respect  io  a,  and  it  the  point  k  be 
below  ^  relative  to  the  plane  a o,  for  then  ai  would  become  aii—Ni; 
but  ni  would  be  =?  —  ddx,  since  t  iacreases,  and  —  dx  increases  ; 
and  iax  would  bo  t'A  +  Am,  or  ^  =  4-  ddy« 


LT  = 
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determineil  by  this,  and  »ix  or  OT^  hiaring  been  already  foiiHd^ 
o%*  is  also  known,  and  hence  o\.\  and  by  folTowiiig  the  opera- 
lioDs  indicated  above  we  find 

^ ~  ' 

ahq 

The  ralio  ai  t^i  a :  «t  :  t  t  becomes,  fheii,  after  redactfion, 

|«pd/'  +  ddx)  {{ah  f  M)  iqW^^ry/ a^~^^  grij\  —  ahqy\  = 

{mfAi  +ddjfy{aAq}/^'^h(ag^bg)  (fr\kr%/a^^^  \-gry\ 

We  have  also  another  relation  between  a\  and  y,  since  we 
know  ihe  curve, which  tfie  body  describes  :  and  hence  we  have 
an  equation  of  this  form 

xd.r«  +  x'dda-  -f-  x''Mi^  =  o, 

where  z»  x',  x^'  are  functions  of  x  into  which  the  variable  t 
does  not  enter.  Then  if  we  make  d/  =:  qdx,  we  sbali  have  an 
equation  amongst  the  first  differentials  of  q  and  jc,  an  equation 
which  will  be  integrable  or  constructible  by  means  of  quadra- 

di 
tures.    Thii  equation  will  give  the  value  of  q  or  -p  ,  from  which 

we  shall  obtain  v. 

REMARK   I. 

It  may  happen  that  the  point  s'  should  fall  on  this  side  the  point 
T'wiih  respect  to  z  which  will 
introduce  some  difference 
amongst  the  signs  of  the  equa- 
tion :  wc  have,  moreover, 
Uken  the  point  o'  between  a 
and  o,  and  the  point  a'  beyond 
a  with  relation  to  a  ;  vvhich 
supposes  the  rod  to  glide  be- 
tween the  two  planes,  so  that 
its  extremity  approaches  con- 
tinually towaras  the  plane  ar  : 
bat  the  rod  may  glide  so  that 
the  point  6  may  rcce<!e  from 
the  plane  a&;  hi  this  case^  r^  falls  lietween  a  and  r,  and  o 
between  a  and  o\  the  angles   lua,   i.oh  being  obtuse,  and 


♦There  sbonld  be  a  line  parallel  to  aq;  from  P  to  meet  mn  in  pa'nt  x. 
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therefore  z  is  between  a  and  o»  which  again  changes  the  signs 
of  the  general  equation. , 

It  is  easy  to  convince  ourselves  whether  the  extremity,  o,  of 
the  rod  approaches  towards  the  plane  a  r  or  recedes  from  it. 
We  need  only  seek  upon  the  curve  akmfo  (an  arc  of  which 
the  body  "m  pursues,)  the  point  K  most  elevated  above  the  hori- 
zon :  then  accordingly  as  by  the  initial  position  (}f  the  rod,  the 
body  M  is  found  between  k  and  f  or  between  K  and  o  it  will 
tend  towards  the  plane  ar  or  the  plane  ao.  W^iih  respect  to 
the  point  k  we  find  it  readily  by  transforming  the  equation  of  the 
curve  from  the  co-ordinates  Ajy,  pM  to  ihe  co-ordinates  an 
>]M  (an  being  horizontal  and  nm  vertical),  and  then  seek  v,  the 
new  axis  of  the  abscissas,  to  which  corresponds  a  maximum 
ordinate.     This  maximum  will  be  vk. 

Making  the  calculation  we  find  (supposing  for  brevity  that 
AOR  is  a  right  angle) 

m«(6* — a«)  \/a^n^  -h  6»i»*         mnh—mna* 

from  which  we  see  that  the  point  k  will  be  differently  situated 
according  to  the  different  positions  of  the  planes  with  respect  to 
the  horizon  ;  and  according  to  the  different  values  of  a  and  6« 

If  we  have  m  or  n  r:  o,  that  is  to  say  if  one  of  the  planes  be 
vertical^  v  falls  upon  the  point  a,  as  is  evident.  The  points  a 
and  V  will  also  coalesce  if  a  =  ^:  and  in  fact  on  this  supposition 
the  curve  is  a  circle  of  which  the  horizontal  axis  of  abscissas  is 
Ihe  diameter. 

Application, 


Suppose    the   planes   per- 
fectly polished.     In  this  case* 
g  zzo,  k  zz  ly  and  the  equa- 
tion of  the  preceding    pro- 
blem is 


(ii/rdiVdd^T){(^r+ftr)v/a'-y^+%}  =  (»,pd/'+ddy)ayv/a^^* 
which  becomes  on  the  supposition  that  aor  is  right, 

(«jod/'+  ddx)  .  ^   -  (mpili'  -h  dd^f)  \/a'  —  y*' 

Q 
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luea 


If  we  pui  in  this  e(]uation  instead  of  j  and  dd^  their  vah 
drawn  from  the  ecjualion  of  the  curve  we  have 

(dd.T  \  npiU^)  -  n/6*— ar'  =  {mpdt'  +  ^  ddv/*"— Jp'}  x. 

dx 
Multiply  by  — i  — —  and  integrate,  and  we  shall  find 

i^-^^— =  -  ^/'dt*  V^^  -^  -  ^  •  PII^  +Kd^  or 

dx^  _  f  —  ^hnpx  —  gfl^wifi  y/ft'  —  a?^  +  ^baK]  (t'  —  x^)     ^^ 

(by  putting  for  d/  its  value  — )   and  consequently  we  obtain 

V»  zr  —  2npx ^^  \/b'  —  ^  +   -j     » 

ihe  constant  k  being  determined  by  the  initial  position  of  the  rod. 

Remark  IL 

If  there  be  two  bodies  attached  to  the  rod,  the  resultant  of  the 
destroyed  motion  me,  »iV  or  afi,  a'^x'  will  still  pass  through  the 
point  L  :  then  if  we  decompose  each  of  these  motions  into  two 
others,  at  and  //i,  a'i'  fi'i'  one  of  which  is  parallel  to  the  plane 
Ao  aiid  the  other  perpendicular,  wc  shall  have 

M  .  fli .  TL  ^  m'  .  a'i'  .tL  =  M.  fii  •  mT  +  iMr'  -/uV  .  m'i .  .(x). 

But  denoting  as  above  ap  by  x,  pm  byr,  a q  by  «^  and  qm' 
by  /,  we  shall  have  at,  t^iy  tl,  mr  expressed  m  terms  of  a:,d4r, 
ddjT,  and  d/;  and  in  like  manner,  a'i\  i^'i,  it,  mft  expressed  in 
lerms  of  x"^  dda/,  and  it.  But  we  easily  find  the  ratio  of  x  to 
«':  and  then  the  equation  x  changes  itself  into  another  com- 
posed  of  X,  dx,  ddr,  and  At\  This  eouation  will  be  (always, 
•apposing  for  the  sake  of  abridging  the  talculus  the  planes  per- 
fectly polished  and  at  right  angles,  and  puttmg  om  =  a,  mmf  = 


=  M  {mpAe  +  g-T-j^^  v/7.+  cl*  — ^''^  ) 


ax 


*4-^ 
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+ «'  l^pdf'  +  f-f^dd  v/rnF=?i|  f 


aj-J 
-he 


.  «*. 


Maidpiy  iWsty  '   -•   -    ':^^ and  integrate.     Hence 

djr»  = 


mV 


Mdj«  f  .' 


M/S^ 


3  + 


K-2 


d/  • 
Whence  the  velocity  may  be  deduced  in  finite  terms. 

ItEKAiRK   IIL 

We  nay  also  resolve  the  problem  by  employing  the  principle 
of  ^e  conKerviattoii  of  living  forces. 

is  the  equation  furnished  by  thai  principle,  calling  v»  o  the  ve- 
locities which  the  .bodies  had,  and  u,  u  those  which  they  sub- 
sequently acquire  if  in  virtue  of  their  gravity  they  move  freely 
ru  their  course.  But  the  relation  between  v  and  v  is  furnished 
by  the  known  relation  between  the  small  arcs  which  the  bodies 
cotemporaneously  describe :  then  there  remain  only  u  and  u  to 
be  determined. 

But  udu  =  ^dr, 
calling  the  line  Uim=i 
ir^  and  ^  the  action 
ofgraviuy  in  the  di- 
rection of  the  curve. 
We  may  de  term  me 
^  by  drawing  M^  pa- 
rallel to  the  axis  of 
abscissae,  W,  ^Q  ver- 
tically   and   mn^    et, 
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horji^optally.    Then 

Hence  ^dv  =  -r pndx  —  pmdif,  or  U*  :;:  o  —  »npsf  t- 9^mpy* 
Sioiilarjy  we  find  p*  zzq^  -^  2npx^  —  amp^' :  aad  hence 

10  equation  preci9ely  like  that  already  found. 

X  Remark  IV. 

The  principle  of  the  conservation  of  living  forces  which  as  we 
have  seen  applies  very  happily  to  the  solution  of  the  problem  in 
llie  case  where  the  plane  is  perfectly  polished,  does  not  seem 
to  apply  so  well  when  we  take  friction  into  the  account. 
In  truth,  for  determining  in  this  case  the  velocity  with  which 
the  body  freely  moves  in  its  path  in  virtue  of  an  accelerating 
force,  it  is  necessary  that  we  should  be  acquainted  with  thitf 
accelerating  force,  a^id  consequently  it  recjuires  us  to  determiqe 
the  effect  of  friction  upon  each  bocly  in  diminishing  the  effect 
of  its  gravitation — which  is  a  secona  problem  to  resolve. 

Cor.  If  in  the  equation  given  by  remarks  11.  and  III.  we 
make  m^  =r  o,  then  all  the  terms  affected  by  u^  disappearing,  m 
vill  multiply  all  the  remaining  terms  of  the  equation :  from 
which  we  conclude  that  the  motion  of  a  body  simply  attached  to 
a  rod  without  weight  does  not  depend  at  all  upon  its  ma^Sj 
whilst  if  there  be  several  bodies  the  motion  of  eacn  of  them  de* 
pends  upon  all  the  masses.  By  this  supposition  (m^  =:  o)  we 
ftgain  fall  upon  ifys  equ«tion  .which  ^ixes  the  motion  of  a  single 
bfody. 

REMARK  y. 

If  we  have  mqre  ,|jt^n  two  bodies  atUched  to  the  rod,  it  is 
obvious  that  the  difEculty  of  the  problem  is  not  in  any  way  in- 
creased, provided  theJioaies  can  be  determined  in  number,  mag- 
nitude, and  positio^n :  the  single  case  where  the  rod  is  loaded 
wi^  an  infinity  of  small  bodies^  that  is  where  itself  becomes 
heavy  or  subject  to  gravity  may  give  birth  to  some  difficulty  : 
and  we  shall  therefore  examine  this  case. 

We  suppose  that  each  point  of  the  bar  is  charged  with  a 
small  body  of  which  the  mass  is  any  function  whatever  (a)  of 
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« 

its  distance  a  from  the  extremity  of  the  bar.  *'  The  equation 

of  the  problem »  which  ought  to  oe  generally 

u  .  ai  .  l+m'  .  a't' .  /l  +  . .  zr  Mpii .  wiT  4-  m'  .  ^aV  .  ml  +  •  • 

if  we  preserve  the  same  denominations  as  above,  and  put  OR=«/ 
will  become 

/Adfl  .  (npAf  +  dd;r) .  ^^  =  /^dtf  (wpd/-  +  ddj^)  y^a*  —  y« 

an  equation  which  is  integrable,  or  at  least,  which  is  reduced  to 
quadratures,  if  we  substitute  z  —  v/a'*— y«  for  ar,   or  ao  —  xp' 

(calling  AO=^)  and  if  we  putin  place  of  ^  its  value  -  s/e^-^  z\ 

By  these  substitutions  we  transform  the  equation  found  above 
into  this 

J   $Ada(»pd/*  +    '  dda)  ^      ^  \/g^ — a»v  — 

fjAda(mpdt*  -♦•  -  .  dd  \/^»  —  tA  —^  . 

of  wWch  we  take  in  the  first  place  the  integral  for  any  position 
of  the  bar  in  treating  only  a  as  variable,  and  then  for  all  posi- 
tions of  the  bar,  by  makmg  z  the  variable. 

I  shall  suppose  the  former  integration  already  made,  and  the 
equation  written  thus, 

mpdt^.z  J  Ada  .  ^  +  ^dd  s/e^—z*  .   Ada  .  5L .    Then  mul- 
tiply by  -■    ^           and  integrate,  which  gives, 
Anpzdt*  jAda  -^^  +  da*  tjAdal-^^j   =z  —  ^mpdt*  ^e^ —  a* 
X  J\da  .  ?  —  ~^J  Ada  ~  +  Kd/%  or 
j^»       jK^2npzjAda  .  —^ ^mps/c'^z*  J  Ada.  - 1  (^•— a«) 
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(*«-  z*)jAda(y^y  +  «' /Ida  .  ^ 
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and  putting  ford/'  its  value y^dz    +  V  ^   " — 1~~»  ^^ 

{(e^a)He'-z^)^a^z^]dz\  we  have 

{(«-fl)V-2*)+«V}  <  K-2wpj/Adfl  ^^  —^mpy/e^^  .J  Ada .  -  ^ 

(««  —  ««)y Ada (tf  —  a)*  +  «*y*Adfl  .a* 

If  we  have  the  rod  equally  heavy  in  all  its  punts,  we  have  only 
to  make  a  =z  const*     Let  this  const.  =  i,  then  w«  have 

^  8  3 

sod  as  we  take  the  integral  through  all  the  extent  of  the  bar^  it 
requires  us  to  put  €  for  a  in  terms  free  from  the  sign  /:  thus 
vehave 


Let  ^  =  1,  the  angle  aro  =  s,  the  angle  ean  (whose  sine  is' 
«,  and  cosine  n)  zz  c,  we  shall  have  z  =  sin  Sy  and 

»*  =  {a»+  (1  — 2a)  cos's}  x  {8K— 3p  .  sin(c  +  j)]; 

and  the  velocity  of  the  centre  of  gravity  is  expressed  by 

i  v/{S*^  —  3P  «n  (^+*)}- 
If  the  plane  A£^  is  vertical  the  extremity  o  of  the  bar  con- 
tinually approaches  the  plane  ar»  as  we  nave  already  seen  in 
Remark  I. ;  and  the  velocity  of  the  centre  of  gravity  will  be 
expressed  by 

and  when  the  extremity  o  of  the  bar  arrives  at  the  plane  ak  the 
velocity  of  the  centre  of  gravity  will  be 

XIII.    QUESTION  523,  iy  Mr.  Davies. 

Lot  the  opposite  sides  of  a  hexagon  inscribed  in  a  circle  be 
produced  to  meet :  then  of  the  three  angles  thus  formed  the 

Q  a 
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middle  one  will  be  equal  to  both  the  others.     Geometrical  and 
analytical  proofs  are  required* 


First  Solu-cion»  by 


Mason  I  of  ScouUon. 


Let  the  interior  ancles  of  the  annexed  figure  be  represented 
by  the  letters   placed  at  the  angu- 
lar points  respectively.     Join    £b. 

By    Euclid     Z.  g  +  G£b  =  eba,       a  -7^ c 

or  G  -H  i8o<>  —  c  =  i8o<>  —  f, 
since  eba  -4-  p  =  180^  and  aeb  -4* 
C  =  180**.  .•.  G  :=  o  —  F-  In 
like  manner  it  appears  that  i  =  £ 
—  B,  and  u  =  D  —  A.      .•.«+! 

=  C-»-  F  +  E  — B  =  180**—  BED  — 
l8o®4-EBA-*-  FEB  +  BED—  EBA  — 
EBC  =  (180''— EBC)i-(l8o°— FEB) 

r:  D  — -  A  =:  H«     Q,.  E.  D. 


Second  Solution^  iy  Mr.  Godward. 

Geometrically.  Let  g,  h,  k  be  the  concourses  of  the  opposite 
sides  of  the  hexagon,  and  n  the 
concourse  of  ah,  dg.  Through  a 
draw  lam  making  the  Z.  lag  =  bke, 
and  join  em«  Tnenthe  iL  bke  = 
lag  =  MAt  =  M&F ;  hence  Mis  ii 
parallel  to  bk  or  bc«  and  •*.  the 
Z.  EDO  =:  MAS,  or  the  Z.  NDU  zz 
lAkt;  but  th^  Z.  dMh  =:  anl; 
faebce  the  Z.  Dhft  =  aln  =  agc 

+  GAL  =  AGC    f  BKE» 

This  question  was  answered  by  Messrs^  Baines  and  Davies. 

XIV.    QUESTION  524,  iy  Mr.  T.  S.  Davies.  Batk. 

Let  A9  B,  c,  D,  £,  F  be  the  six  summits  of  a  complete  qua- 
drilateral,* and  Ch  H,  K  the  intersections  of  its  diagonals ;  from 


^  Hib  l^rm  (jfuadrilnttralhM  been  astiafly*einp1o'jrci)  hy  ^.ti^^ish  g^o- 
m^rstodesiFCttateafoiirsiaed  i|^e,  all  wlifase  angl^WMVi«lftWl(mt^. 
1.)  :  and  in  tbis  they  followed, incommoD  with  the  earlier  continental 
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one  of  the  tmenections  as  g,  draw  gl  perptnAiculw  to  the 
third  diagonal,  tneefing  it  in  l  :  then 

!*•.   A  DLB  rr  Z.  £  +  r, 

ft*.        Z.  CLA     =    Z.   E  +  F, 

3**.     The  angles  x>lb,  cla   are  bisected  by  gl. 
Analytical  and  geometrical  demonstrations  are  required. 

Solution,  ty  Mr.  T.  S.  Davies,  the  Proposer. 

In  writing  out  this  question,  I  had  inadvertently  atCrihot6rt  to 
one  single  point  L  properties  which^   commonly,  belong  only 


writers,  the  great  fathers  of  the  anticat  geometry.  As,  however,  the 
French  military  wHters  hati  trnqnent  occasion  to  mention  the  mngie 
rftkebritur€  and  the  anjfle  iff  the  curtain  iti  tbeir  descriptions  of  tiie 
ilar-lorts  and  bastioned  works,  they,  for  brevity,  called  it  tiie  re- 
nutrmg  tmglm  (re-enirantj ;  and  the  term  h  as  graduaJly  adupibd  by 
writers  on  parte  mathematics,  when  d«sribiag  an  angle  of  a  four  «ided 
isare  whose  point  lay  within  the  triangle  abo  (fig.  Z).  A  third  kmd 
bas  received  the  name 
9t httriettimg  quadrU 
2fler«Z(vid.  Phil.  Mag. 

V.68.  p.  ]17)aB  ABGD    1 

(i^.  9)..  In  this  case 
Mohof  the  points  a, 
<  is  without  the  tri- 

vo%h  upon  BD,  and  yet  both  on  fho  same  side  of  it.  Carnol  guided  by 
ibore  general  sieyrn  re^pcoiing  the  rectilinear  transversals  of  a  pOfy- 
pMial  ilg)fir^,  calle-J  atiy  figure  composed  of  four  lines  each  intersect* 
log  the  other  three,  by  the  name  of  nuadrtlateral^  employed  the  terma 
mv^f  and  €ompUte  for  diMtiflguishing  them.  The  complete  one  is  that 
wliich  has  two  mnre  intersections,  made  by  a  a  with  CD  and  BC  with  ad. 
Thb  is  his  fotnpleU  quadrilateral,  and  each  of  the  fignres  I,  9,  3  la 
Mr  present  state  he  called  a  simple  guadrttateral.  Combining  thik 
terai  with  that  expressive  of  its  particalar  character^  (salient,  t*-" 
entrant,  and  intersectant)  we  shall  be  able  to  define  every  podsible 
Tartety  of  figore  produced  by  four  atraight  lines  on  a  plane. 

It  will  also  be  Been  that  though  the  complete  quadrilateral  in  always 
of  the  same  general  features^  yet  it  may  be  conceived  as  having  for  it» 
elemental  quadrilateral,  either  of  the  simple  ones.  The  advantages  of 
thii  classification  will  be  best  understood  by  those  geometers  who  have 
attempted  to  investigate  the  propertiiM  of  figures  formed  by  a.isem*- 
blages  of  numerous  lines.  Setting  aside  the  influence  of  the  method 
as  enabling  us  to  discriminate  and  distribute  line's  more  readily 
into  known  figures  having  certain  analogies,  it  is  of  great  «i?(e  for  the 
compactness  which  it  confers  upon  our  ciiunciation  of  the  propcrtiej 
themselves.  I  trust  thrrefore  it  will  be  employed  in  our  future  f  Jemen- 
tary  works.,  and  in  the  statements  of  propositions  of  this  class  iu  Oor 
periodical  mathematical  pablications. 
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to  two  different  oneS|  h  and  f/*     These  points  coincide  when 
the  simple  salient  quadrilateral  is  inscribable  in  a  circle. 

It  was  shewn  in  the  Repository,  Vol.  I.  p,  170,  that  if  cir- 
cles be  described  about  the  component  triar.gles  £AD^  £BC» 
FBA,  FCO  they  will  all  intersect  in  the  point  l\  It  is  to  rhis 
point  that  the  first  and  second  statements  apply :  and  their  de* 
monstration  is  very  simple* 


Join    al',  bl^ 


DL' 


EL%  fl'.  Then, 
because  l^  is  a  point  in 
all  the  circlet  we  have 


CL^D  1=  CFD  r:  BFA  =:  bl'a:  and 


AL'd  =:  AED  =   BBC  =  BL'c. 

Hence  bfa  +  aed  =:  cl^d  +  cl'b 

that  is   Z.  F  +   Z.  B  ==  dl'b g.  £.  1®. 

Again  bpa  —  asd  =:  cl'd  —  CL^a 

=  cl't)  — al'd 


D. 


D. 


that  is,  Z.  F  —  Z.  E  =1  CL^A .g.  £.  «^ 

By  interchanging  ac  with  bd»  the  demonstration  adapted  to 
the  other  sign  will  result. 

Through  g  let  gl  be  drawn  perpendicular  to  ef  :  and  join 
AL,  BL,  CL,  DL.  We  have,  first,  to  prove  that  cl  bisects  the 
angles  bld,  cla  :  and,  secondly,  that  this  is  not  true  when  we 
substitute  L^  fort.. 

Draw  through  g  a  parallel  to  ab  cutting  al,  bl,  cl,  dl  ia 

P,     N,      M,     Q. 

Then  because 
AC  is  harmo- 
nically divided 
in  G  and  H,and 
MP  is  parallel 
to  one  of  the 
harmonical  ra- 
diantsfrom  L,  it 
is  bisected  in  G 
by  the  radiant 
lG.  And  be- 
cause MO  is  pa- 
rallel to  EF  and 
GLpcrpendicu- 
U{    ;o  it,    LG 
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bttects  MP  at  right  angles.     Hence  ml p,  or  cla   is  bisected 
bycL. 

In  the  same  we  have  bd  harmonically  divided  in  G»  K,  and 
limilar  reasoning  shews  that  bld  is  also  bisected  by  OL. 

C-  E.  3^  D. 

To  shew  that  CL^  does  not  bisect  the  angles  al'c,  bl^d,  we 
imy,  for  the  moment,  admit  that  it  does,  and  thence  derive  the 
conclusion  ex  absurdo. 

Then  because  bl^o  is  bisected  by  gl^  therefore  bg  :  gd  :  : 
th'  :  l^d;  but  bg:.gd  :  :  bk  :  kd;  therefore  also  Bif  i  l^h 
: :  b&  :  kd,  and  hence  the  exterior  angle  at  l'  is  bisected  (£uc. 
VL  A.  Simg.)  by  the  line  On  ;  and  gl^k  is  a  right  angle. 

In  the  tame  way  we  shall  find  that  oi/h  is  a  ri^ht  angle. 
Hence  therefore,  either  the  point  L'  is  at  the  foot  of  the  per- 
pendicular from  g,  (that  is  it  coincides  with  lJ  or  else  the  line 
QL^does  not  bisect  the  angles  al'c,  el'o  :  and  it  only  remains 
to  ascertain  when  this  coincidence  takes  place. 

Now  ci/f  =  CD  A,  and  cl'b  =  cba.  Hence  cl'f  +  ci/e 
=  CDA  +  CBA  :  and  when  i/  is  in  the  line  ef,  the  two  angles 
CL^E  and  cL^F  are  equal  to  two  right  angles  :  and  hence  also 
ABC  +  ADC  =  two  right  angles,  or  the  simple  salient  quadri- 
lateral is  inscribed  in  a  circle. 

Scholium. 

Many  other  curious  properties  belong  to  this  figure  (the 
complete  quadrilateral)  the  investigation  of  which  are  interesting 
and  without  difficulty :  and,  but  for  other  purposes  which  I  have 
in  view,  I  would  enter  upon  them  here.  In  order  to  give  an 
opportunity  of  resuming  the  inquiry,  I  shall  propose  one  in 
the  set  of  questions  which  accompany  the  present  number:  and 
now  merely  throw  together  a  few  notes  respecting  the  properties 
just  established* 

The  first  and  second  properties  are,  I  believe,  for  the  first 
time  given  here  :  the  third  was  proposed  by  me  in  the  last  pub- 
lished number  oi  the  Leeds  Correspondent,  (No.  19,  or  No.  3 
of  Vol.  V.  July  i8fli) ;  and  the  proof  I  gave  to  Mr.  Whitley, 
the  learned  editor  of  that  excellent  little  work^  was,  as.  far  as 
I  recollect,  very  like  (he  one  now  published.  I  was  led  to 
notice  the  property  whilst  studying  a  particular  case  of  it  which 
had  been  proposed  by  Mr.  Baines  in  the  same  work,  (Vol.  III. 
p«  49.),  and  very  elegantly  solved  by  two  gentlemen  ;  and  as 
these  deserve  to  be  more  extensively  known  than  the  confined 
circulation  of  that  work  can  effect,  I  have  affixed  them  here. 
The  same  property,  however,  had  been  noticed  (in  1751)  by  a 
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corregpondent  sigRuig  **  R*',  (probably  CdwarcJ  RolltpsanJ  in 
*'  The  Mathematician,**  (p,  47),  and  answered  by  the  editoi-^ 
Mn  John  Turner,  and  the  proposer  ••  R,"  (p.  107),  These 
also  T  shall  insert.  The  general  property  as  stated  in  the  I^eedf 
Correspondent,  was  taken  up  by  Mr.  Rutherford  and  Mr.  Beverley 
in  "  The  Scientijic  Receptacle^*  printed  at  Holbeach,  only  one 
number  (and  that  imperfect)  o\  which  has  fallen  in  my  way. 
It  appeared  at)out  the  end  of  1834  :  and  I  have  not  lefurm 
whether  more  than  this  number  was  published  or  not.  Tfoe  to** 
lution  of  Mr  Beverley  which  was  for  the  case  where  the<|uadri- 
lateral  was  inscripiihle,  was  not  printed.  Mr.  R4itl)€r ford's 
ii  very  well  executed  :  and  for  the  sake  of  collecting  into  ode 
view  all  that  has  been  done,  I  shall  insert  that  solution  here. 
I  shall  take  them   in  Chronological  order. 

i.    Mathematician^  p«  47. 

If  from  the  Extremities  of  the  Base  of  any  plane  Triangle, 
two  right  Lines  be  drawn  intersecting   each  other  in  the  Fer- 

Sendicularp  and  terminating  in  the  opposite  Sides :  right  Lines 
raw n  from  theiu  to  where  the  Perpendicular  meets  the  3ase, 
will  make  Angles  with  the  Base  equal  to  each  other  :  Quare  the 
Demonstration. 


yinswered  by  Mu  John  Turner,  p.  loy* 

P;:a.w  JCJ^  parailcl  to  ab  intersecting  de,  df  produced  in  i| 
and  I :  Then,  since,   by  similar  Tri- 
aJijjjle&, 


BB  :  BD  ::  C£  :  CH  = 


and  AF  :  ad  ::  cp  :  ci  := 


adxcp 

Af  • 


we. shall  have 


cu  :  di  :: 


BOX  C£       AD    X   OF 


&£  AF 

:  :    BD  X    CB   X    AF  :  AD   X   CP   X   BB« 

But  these  last  two  Terms  are  equal,  by  a  known  Property 
oi  the  Triangle;*  therefore  ch  and  ci  are  also  equal,  and  con- 
sequently the  Angle  iDC  —  the  Angle  hdc. 


*  TUi8  pvoper^  of  Uip  triangle  quoted  here  appears  tp  have  been 
fii&t  HQliccd  in  15iigla»d  about   1737,  Mr.  Samuel  Ashby  havingr  pro- 


1 
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the  same  anstoeted  by  the  FAoPOsltR,  R.  (ibid.) 

To  tbe  Base  ab  from  the  Points  f  tni  fi,  tet  fall  the  Perp^il* 
diculars  fk  andjsi^  and  parallel  to  xht  same  thrdugh  8  the 
common  Intersection  of  the  Lines  ab,  tf  r,  and  CD  draw  MH  : 
Then,  by  iimiiar  triangles, 

AC  :  AF  ::  C8   :  of 
:^  CD  :  fK ; 
therefore,  by  Permutation »  cs  :  cb  : :  gf  t  FKt 
after  the  very  same  Manner,  it  will  appear  that 

cs  :  CD  ::  E.Lr:  ei; 
whence  6y  E<|ualitV|  CF  :  ik  : :  £:l  :  El, 

oraguB  by  PernluiaCiM,  Hftii^h  ::  FK  :  Bi. 
Bat  at  t  EL  : :  F'^  :  ls 


*  f 


«  •    MS  t   N  8« 


Whence  again,  by  Equality,  PK  :  ei  : :  Ms  :  MS,  or  as  itD  :  Di  t 

tfietefofe  the  two  Triangles  dfk,  dei  having  one  Angle  k 
cqoal  to  one  Angle  i,  and  the  Sides  about  the  other  Angles 
OfEv  DBS  jpFOfQftioiM^^  are  equiangUbr,  (Eac.  7.  6«) ;  andcon« 
sefodttly  ine  Angle  fbk  equal  Mil  the  Angle  idx* 

Q.E.D. 

Ai  the  lettering  of  the  diagram  in  the  Leeds  Correspondent 
W9t  something  different  from  that  before  us,  we  must  repeat  the 
qnestfon  as  there  proposed. 

Let  ADCD  be  any  quadrifaCeral  having  its  opposite  sides  ac^ 
BD  produced  to  meet  in  h,  and  ab,  gd  in  o,  and  let  b  be  the 
poiatift  wht^h  the  diagonals  iptersect;  if  GU  be  joined,  and 
£P  demitted  perpehdieularly  upon  it«  the  angles  bfc,  afi^ 
being  found  will  be  each  bisected  by  zi. 

Answered  iy  A Uicv it  (ilfnWHifLEY)V Leeds  Cor«ULp.49« 

Let  AH  and  bi.,  any  Iw0  straight  lines  drawn  from  the  angles 
A,  B  of  the  plane  a  acb  intersect  in  CD  the  perpendicular  to  ab, 
fnd  meet  the  opposite  sides  bc,  ac  in  h  and  l:  ld  and  hd 
joined,  make  equal  angles  with  the  base  A  a. 


iHitetf  }t  tfs  tfie  PrisE6  of  that  year  in  tbc  Ladies'  Diary,  (vid.  Ley- 
^tmW  Bdm  p'.  246,  ¥ol.  !.)•  like  dsmotistratioii  oommotrty  gittfti 
of  it  wuS  first  pablished  in  Simpson's  Geom.  Book  IV.  pr.  32:  bath 
Sppears  to  have  been  known  to  John  Bernouilli  thirty  Years  earlier  * 
Op.  torn.  IV.  p.  S3.) 

Vol,  VI.   PART  1.  R 
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Draw  LE  and  HP  perpendicular  to  ab»  and  through  t.^  h 
draw  Lv  intersecting  co 
in  I,  and  ab  produced  in 
p<  Then  by  question  14£» 
No.  i3«  Math.  Compa- 
nion, or  question  14,  La- 
dies' DiarVy  1818,  ap  is 
harmonically  divided  in  d 
and  By  and  consiequently 
by  the  property  of  harmo- 
nicals,  lp  is  also  divided  harmonicallv  in  the  points  i  and  H  ; 
that  is  LI  :  HI  : :  lp  :  hp  ::  (by  parallel  lines)  eo  :  df  : :  £L 
:  FHt  •*•  the  right  angled  triangles,  del,  dfh  having  the  sides 
about  the  right  angles  proportionals,  are  equiangular,  and  con- 
sequently the  angles  adl,  bdh  are  equal*  Q»  E.  D* 

Cor'  1 »     CD  bisects  the  angle  ldh. 

Cor.  g.  Hence  if  ah  be  perpendicular  to  BC,  it  will  bisect 
the  angle  DHL. 

Cor.  3.  li  AH  and  CD  be  perpendicular  to  BC  and  ab,  the 
point  of  intersection  M  will  be  the  centre  of  the  circle  inscribed 
in  (he  triangle  DHL* 


Again^  by  Mr.  J.  Whitehead,  (understood  to  h  by  the  late 
Mr.  J.  WooLFENDEN,  of  Hollifigwood)^  Leeds  Cor.  p.  50. 

Let  the  figure  be  drawn  as  for  above,  and  draw  gmn  per- 

f^endicular  to  ab  :  then,  by  sim.  triangles  we  shall  have  the 
ollowing  proportions,  viz. 


MQ  ZT    DF    :  AF 

:  MN  :  BD 

AF    :  FH 

AD    :  GM 

BD    :  DM 

CM  :  AB 


or  DF 


FH 


MN 

CM 
AD 
CD 
BE 
D£ 


AB 

CD 

DM 

CM 

LB 

BE 


DB  :  LB,  bvmult. 


Hence,  as  the  triangles  dbl,  dfh  have  the  sides  about  the 
right   /*t  proportional   they  are  similar,    and    consequently, 

/.  ADL  :=  Z.  BDIf.  Q.  £.  D. 
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Answered  by  Mr.  W.  Rotherford,  ^Receptacle,  p.  85.) 

Demit  cn,  dk,  ao,  bp,  perpendicular  toGK  and  draw  CR, 
■(>  respectively  parallel  (o  hb,  gc  :  Then,  by  sim.  triangles. 


:  cy,  but 
.  DK,  wbence 


In  a  similar  manner  we  have 


AD  :   DQ  ;  therefore, 
DR   :    DQ 


NF  :  fp: 

Whence  the  &■  CNF,  bfp  are  similar:  therefore  z.  cnf  = 
i.  BFP,  and  consequently  /L  cfb  is  bisected  by  the  straight  lines 
IF.  Q.  £.  1":  D. 

Again,  draw  dt  and  bs  each  H  ac;  then  by  sim.  &s 
AO  :  BP  ::  ag  :  bg  :;  ac  :  Bs,  and 
DK  :  Bp  ::  Dii  :  BH  ::  cd  ;  cs. 


AO  :  DK  ::  A-c  :  DT  ;; 

Whence   the  Z.  afo  ==  Z.  dpb 
by  the  straight  line  £P. 


DT  :  BS  ,  thereTore  wc  have 
AE  :  ED*  : :  OF  ;  fk.. 
,  and  therefore  ufd  is  bisected 
Q.  E.  a".  D. 


*  This  is  an  evident  infxtako  for  cn  :  dk,  aud  a  n] 
/or  prut,  not  oftbe  investigation  ilsell'. 
K   2 


slake  m  lit  eopg'mj  ■ 


I 

SfCOMD  Solution,  Analytically. 

Fig.  I. 


Fig.*. 


Fig.  3. 


Refer  the  system  of  lines  to  rectangular  coordinates  bisect* 
ing  the  angles  at  o,  and  let  a  lie  in  llie  plui'Plus  reffioa.  Call 
the  angle  aox,  « ;  aod  denote  the  several  disunces  oF  (he  angles 
A»  Bi  c,  D,  fjpom  o,  by  a^  &»  c^  <2»  respectively^ 

Then   Xa  =      a  cos  s  f  y«  =      ^  iin  e 

.    jr*  =:  —  Acosi  y*  =       6 sins 

jTc  =  —  f  cos  f  yc  =s  —  c  Sin  €    ^ 

^4  zz       dcose  ya  =  —  J  sins 
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Expresting  thelifies  aB|  CD,  ad,  bc,  )>y  means  of  die  values 
of  the  Doiifts  Ay  II,  €,  D,  in(i)  we  shan  have,  respectively 
adayitea  IP  each  of  them  in  order,  the  foUewi|ig«quatiocvi« 

AB,*^«x(a^i)sins— >y(«  +  &)cosE  =  '^aahUns  cobs  •  •  ..(2) 
CD».^.ii;(r— </JMo<<«-y(r4-^  cose  s      sxdmntco^i  •^••(s) 

AB.,«.x(iz  +  if)sinE— v(^r-^Jcos«  =      ga£{^n«fQS€  ••'^<(4) 
BC,..,x[b+c)  $in£  +  y(6— c)CQ^«  ::5  *^s£cjui  ecois  «  ..  ..(5). 

To  find  ihe  conordinates  of  the  poinds  ^,  f«  we  (empk>y  <^,  3) 
^'  (4«  5)  respectively :  and  by  the  usual  processes  obtain 

»/- ic—ad  •''"' ^^' 


ab{c  +  d)  +  crf(a  +  ^ ,  ,  , 

'^=         ».-t,d — •'^^^ ^7) 

^^^_.d(&.fc)  +  tc(a  +  d)^^^^ ^8; 

tfrffA— c)  —  bc(a^d)  ,   ^ 

*'=    Tinzr^ *=*"' '9) 

The  equation  of  sf  is  tKy,  —  jf/)  —  y(««  —  xy)  =  y,xy — 
^*t9f»  or  inserting  the  oonsiants  from  (6,  7,  €,  9^  it  becomes 
,     S''i(b-^c)'\-bc{a-\-d)   .    ah{c-d)^cd{a-b)l      . 

*•? ^6^173 + JTir^a — S  '"^' 


•  COSe 


nnccose* 


,       W(&— c)  — ftc(tf— rf)  _  g&(c  +  (/)  4-  cd{a^b)7 

(ad(b'¥c)  +  bc{a'h4)     ab(c+d)^cd{a+b)      ) 
1  ab-^cd  *  6c— atf  "'"f 

/  bc^ad  *  ab^cd  1 

(to). 

But  «4/(*  +  cJ  4  Jc(a  f  rf)  =  «c(6  +  rf)  +  6cf(a+^)i 

and  afr(c-rf)  +  cdca-ft)  =  a<6  +  //)  — W(a  +  c)J  ....(»i; 

Inserting <!  t)  in  (lo)  the  equation  becomes 

Uci64^di4-M(g  +  c)       tfcr6  +  d)^Hg-^g)^^;^^^ 


1 


.  ab"Cd  be— ad 


i{ac[b+d)^bd{a+c)}*-{aclb+d)^bc{a+d)y^  . 
~      I O^b-cd)  {/c~-ad}  ^siofcos. 

(I8j 
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Cancelling  the  denominators^  and  otherwise  reducing  we  ar- 
rive by  easy  steps  al  the  following  equation  of  Bf,  viz. 

X  {ac{b^d)'^bd{a'^c}  sin  « —  y{M(tf  —  c)  +  flc(3— rf)}  cos  t  = 

j^abcd  sin  c  cos  e  •  •  •  •  •  .(13) 
Again,  the  equations  of  the  lines  ac,  bd  are,  respectively^ 

y  cos«  —  xs\n  en  o (14) 

|yco»e  + ursine  =:  o (1  j) 

From  which  and  equation  (13)  we  obtain  the  co-ordinates 
of  H  and  K. 

flac  sac 

^A=-   5-37.  COS.,      y,  =  ___.sin£ 

^bd  2bd  .        ^ ^'^^• 

jPk  =      yzzd  ^^* ''   yk  =  —  fTZTS  • ""  * 

We  now  proceed  to  determine  the  co-ordinates  of  the  points 
M,  N,  P. 

For  M  ; — let  us  put  a,  b,  c  instead  of  the  coefficients  of  the 
equation  (13)9  or  in  other  words  write  it  thus : 

;v  •  A  sin  e  H*y  •  B  cos  e  =  —  c  :  then  the  perpendicular 
upon  it  from  the  origin  will  be  denoted  by 

X  •  B  cos  e  -—  y  •  A  sin  e  =1  o  •  •  •  • , ,  •  •(i?)* 

From  these  we  obtain 


^*  "*  "■  A«  sin*  6  +  B«  cos*  £  I 

AC  sin  £  L 

Xm  ^    —  ■     a     .     ^ r \ 

a"  sm  £  -h  B*  cos  £  J 


BC  COS  £ 

COS*  £  f 

(18). 


For  M :— the  co<K>rdinates  of  k  found  in  (16)  being  inserted  in 
the  usual  expression  for  the  perpendicular  from  that  point  upon 
AU,  (eq.  14)  gives 

t  aW  -  .  ^bd 

**  ""  iHTd  ^^  *•>  *^^* « +  ly  +  f ,  sm  £}  sm e  =  o,  or 

afirf  ^     . 

XG0S£+ysin£  =  .  _   ,  cos  2£ (19) 

is  the  equation  of  kk.    Combining  (14,  1 9)  we  have  at  once 

2bd  ^ 

Xn   ZZ    r-;— J  COS  £  COS  «£  i 

tbd  .         { («<>)• 

yn    =     .•— — J  8m£  COS2£l 

Forr; Ihe  co-ordinalcs  of  ii  in  (16)  being  put  in  the 


I 


{   m  J 

equaeion  of  the  perpendicular  upon  gk  (eq.  15),  ^^  S^^  ^^^  ^^^ 
equation  of  HP, 


^ae         ^  ^  2ae 


{jr  H cos «}  cos  «—  iv  + sin «}  sin  «  ssc,  or 


sac 


sac  .      . 

a?  cos  £— y  sin  c  = cos  2e (•!)• 

From  f  ]  J,  fit  J  we  obtain  by  elimination^ 

2ac 
y^  =r       cos  2  e  sin  £ 

flac  '  ^ 

;r-  rz  — cossecnse 

To  find  the  lengths  of  the  lines  ma»  mc^  mb^  md,  we  have 

MC»  =  [x^  —  *„)«  +(yc  -  y»)' 

MB«  =  (X6  —  x^)«  -h  fy6  —  y«)' 
MD»  =r  (Xrf  —  «i,)*  +  (yi«  —  y«)* 

The  method  of  computation  of  all  these  is  alike,  and  it  will 
therefore  be  sufiicieot  to  put  down  that  of  one* 

i                 ,             A    sin          ?*.<..          Bccose        )* 
=  <a  cos   «  +    a  •  p s rf  +  iasin£+    ^  .  ^   . t-> 

^  A*Sin««+B-COS*£S  ^  A*Sin*«+BCOS«£i 

^      '^       gg>  AC  >  sing  cost  A*c*sin*«       -n 

a  COS  e+  ^»gjn«^^3«cos««  "*"   (A*sine+B»cos«£)«( 

.    ,  .  ,   ,  aa BC  sine  cos  £     .  b*c*cos*«         { 

+a   Sin*g+       -    .    - — ; = i-    4-    ;     o    *    g — I a TTil 

A2sin«6+B'C0S*€  {A«Sin««+B*COS*f)'  / 

,    .    aa(A  4- b)c  .  sinccos «  +  c* 
=  a*  +  ,   .  a — : — i ; 

a"  snr  e  4-  b*  cos*e 


=  a« 


2fl{aft{f(a— c)-f  fl&crf}  X  4Q6crf  sin^t  cos^^ 
a' sin*  €  +  b'cos*« 


«   S      •      4 .  aA«cd*  sin«2£  f  z^^* 

I  A'sm'f  +  B*cos-*^ 


(     136     ) 

Fx>r  (he  lengths  of  the  lines  bn^  dn^  £M»  fN  We  shall  have  in 
like  niann^; — 

i>N*  -  (Srf  --  jr^)*  +  (y^  —  y„)« 
EN«  =  (jr,  —  a:J*-|.(y,  —  yj* 
FN^  =  (x^  -^ar^y«  +  (jy  -  y.)«. 
Now  BN*  =  {Xf  —«*)«  +  C^b  —  y«)* 

zr  {—^cosf— 7— jCog£Cos2f}  +{*sin«—j-^  cosflc  sin  «}* 

=  (A~57*  ^*^"*"  ^^^  ^''*4*  -^^^^  ^*^^' 

Similarly^  BN«=  -r^-^ih^ '\' mhat^t^k^d^}    ^flS}* 

In  the  same  wajr  we  may  obtain  the  values  of  all  the  other 
lines  oi  the  figure  :  but  as  the  processes  are  necessarily  longer 
in  proportion  as  tlie  vahiet  of  the  co-ordinates  of  the  extremi- 
ties are  more  complexly  exprHsed,  the  details  of  ^he  operations 
may  be  dispensed  with* 

We  see  now  from  (23,  24)  that  — *  =:  r^  ,  or   the  analc 

m 

ami;  rs  biaected  by  gm,  and  in  like  manner  from  (25,  26,)  Aat 
B.M  D  is  lilkewise  bisected  by  cm.  The  otber  results  are  ob- 
tained in>  a  precisely  similar  way.  The  property  then  is  also 
established  analytically. 

The  symmetry  and  simplicity  of  these  results  are  quite  as 
great  as  coaM  be  expected  when  the  number  of  processes  ne* 
cessarily  gone  through  to  arrive  at  them»  are  considered.  It  is, 
however,  in  reference  to  other  properties  o\  the  trapezium  that 
they  are  chiefly  valuable — properties  which  do  not  apparently 
admit  of  any  geometrical  solution  at  all.  For  this  purpose  it 
was  that  I  entered  on  the  enquiry  :  and  the  values  ai|d  forimil® 
laid  down  already,  i  have  found  of  gi^at  use  in  the  investiga- 
tion  of  other  properties  of  the  compfete  quadrilateral.  '1  he 
length  to  which  I  have  already  gone  in  the  present  solution, 
forbids  my  entering  more  at  large  on  the  subject  here:  but  it 
is  likely  that  I  shall  resume  it  on  an  edrly  occasioot'*-*aiinl 
if  &o^  will  put  down  the  values  afso  of  the  other  lines  in  the 
figure. 
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XV.    QUESTION  525,  by  R.  N. 

Prop.  15.  Sec.  4,  Vol.  II.  Newton's  Principia.  A  body  is 
supposed  to  describe  the  logarithmic  spiral  in  a  medium  whose 
resistance  varies  as  the  density  x  (velocity j^  and  centripetal 

iorce  varies  as  -rr* — r-..     To  find  the  law  of  resistance  and  of 

(dist.)* 

the  density*     It  is  now  required  to  find  the  law  of  resistance 
and  density  of  the  medium^  when  the  body  describes  any  spiral^ 

the  centripetal  force  varying  as  /y~rTir»  ^"^  ^^^  resistance  va* 
lying  as  the  density  x  (velocity)*. 

First  Solution>  by  —  Mason.  o/ScouUon. 

This  problem  might  be  solved  analytically  as  Whewell  has' 
done  it  in  Art.  65,  of  his  Dynamics.  But  Newton  being 
referred  to  in  the  question  I  have  followed  his  method  of  so« 
lotion. 

Let  the   body  revolve  in  the  spital  pa  a 
aacd  on  by  the  force  — -  =  —  tending  to 

8.  Let  D  =:  density  and  resistaqce  r  =: 
itor".  Let  PQ9  QR  be  arcs  described  in 
very  small  and  given  times ;  p^,  qs  arcs  that 
would  have  beert  described  in  the  satile  times 
in  vacuo :  take  the  area  ftsr  =  psq  and  q^s  zz  Tsq  .*.  rs^  — 
^^  zz  Q^sq  •*.  rf  =  2Q^*  And»  the  resistailice  through  pr  be- 
ing constant,  space  oc  resistailce  X  t^  •*.  Q^q  :  tts  ::  1*  :  2*  :: 
1:4.%  R*=4Qy=2r5  .•.  Rr  =:rj=:2Qy  .•.  qy  z:  |Rr.  Draw 
PV  a  tangent  at  p  meeting  sq  in  v,  and  pt  perpendicular  to  sq  : 

PO*  PQ* 

Then  qazzlRr^  and  v ft  =:  -r — r '  =  r;^  ^e  ^^e  measures 

^T     ^     ^  ^      ch.  of  curv.        2ph' 

of  the  effectsof  the  resistance  and  centripetal  forces  in  equal  times. 

Therefore  f  =  -—  :  R  ::  Limit  of  vo  .—  ::  Limit  of  — ^ 

r»  2  «PH 

:  ar,  po  and  qo  being  perpendicular  to  the  curve  at  p  and  q. 

HP  KO  HP 

Now  pft  :  QR  ::  vel,  at  p  :  vcl.  at  Q  t :   — --  :  -^  : :    5£. 


2  "-.  n 


3P  SQ  sp 
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1 


(PH—  A  .PH)'  «       to  ,       a  PH  j 

:  i ~  : :  1 .    —  :  i  — |  »  ;  andPQ  :  Qr 

?  2       SP  *  PH 

(SP  -  tq(* 
•: :  SY^—  AiSy  :  8Y  ::  i-— —  :  t ;  compound  this  propor- 
tion with  the  former,  we  have  or  :  on  : :  i  —  —  .  —  :  t  — 

2       8P 
A  PH  A  SY  -  A  PH  A   SY 

i .. —  ■■■        •'•  OR  :  Rr  : :  t  —  I  .  —   

^  PH  SY  *  ,  *  PH  SY 

A  «Y     ,      A  PH  II         Tft  n         TO 

SY  2PH  2         SP  *  2         SY 

A  iT     .      A  PH  n       TQ         ^  ^  ,  PQ« 

•77-+1^~5-iF-    But  as  above  FrR::^:Br 
;:  ^  {PQ}  ;  Rr  ::  ^  $1  _  !f  .  lej  :  ^^+  ±IE  _ 

PH        *^  PH  C  2       SP  i  SY      ^      2PH 

;n      TQ   ,      PQ        A  SY  A  PH  «        TQ       ,  .     ^  ,  sd^ 

r  •  IT*  •••  ;n;  *  '  *'"  +  • '^  •  ^^^^  ultimately  : : 

2       SP  PH  SY  2PH  2         SP  ^  C 

Ap        Ac       n     Ar    .^  ,      ,     r 

•"i"   ■*"::::  —  ^•"r*"^^  chord  of  curvature  at  p  =  2ph 

p  2C  2         T 

and  p  zz  perpendicular  sy  upon  the  tangent  at  p  and  s  =  arc 

described.    Hence  r  =  *  .  4- ^^  +  ^- !i  .  ^J=:.A- 

SLds  IP        2c       2      r  3      r*2d^ 

IT  +  ^  ~  r  •  Tc  which  is  aUo  =  A:d  •  »•»  .m>  zz  7— 
f  p        ^c       2      r^  •      ^  j^^ 

1        c    \Ap    ,    dc       «      Ar,}      , .  , 
•  r^^'SSjij  +  5F""  2    •  "Tj    ^'''^''  ^"^  ^'^^  equations 
xequired, 


.Smokd  Sojlutiok^  6y  Messrs.  B aimes  m^/GoBWARD. 

Put  f  =  the  spiral's  radius  vector,  p  =z  the  perpendicular 
upon  the  tangents,  q  =  i»»»  of  the  chord  of  curvature  at  the 
same  point,  s  z=  the  arc  of  the  curve  described,  r  =r  the  resis- 
tance, D  =  the  density  of  the. medium,  and  p  =  m  .J-  r*  zr  the 
centripetal  force.    Now,  by  Whewell's  Dynamics.  Art.  64  and 

£j;   a  -  S^     As-—    and  P  -        dpj+pdr  m 


(     »39    ) 
frf  ^  +  ^  j .    Again,  by  Art,  65,  veloc.  =  g^  =  (»??)*  = 

(^y ;  hence  a  =  D  X  (vd.)"  =  D  X   ^)*,  and  D  b4- 

the  relation  between  ^  and  r  is  given,  the  preceding  formulas  will 
enable  us  to  determine  R  and  d. 

Mr*  Davi£S  answered  this  QjnesHcn  aisc, 

XVI.  QUESTION  s^^^  h  R-  N. 

Art.  340,  page  335,  Vol.  Hi  Playfair's  Outlines  of  Natural 
Philosophy,  it  is  stated,  that  a  circle  whose  diameter  is  equal  to 
the  whole  height  of  the  tide  being  placed  peipendicular  to  the 
horizon  the  lowest  point  being  at  the  level  of  low  water,  the 
tide  will  ascend  and  descend  through  equal  arcs  in  equal  times. 
Bequired  the  proof.  The  eanh  is  supposed  a- fluid  sphere,  and 
disturbed  only  by  the  action  oi  the  sun  and  moon. 

Solution,  by M^son,  ofScoukon. 

Let  AB  be  the  whole  height  of  the  tide  in  the  given  lati^ 
tode,  t  the  number  of  hours  since  low  water  as  at  c«  q  the  place 
of  the  observer,  qh  =  ab  =:  diameter  of  the 
circle,  cpA  a  quadrant  of  the  spheroid.  Draw^ 
TS{H,  and  PQK  perpendicular  to  ct  or  parallel 
to  AT ;  then  the  Z.  qtn  ==  (15  .  t)^  and  the 
height  of  the  tide  pQ  rr  vers  Qq=2 1  hq  ^  vers 
of  degrees  in  q9  =  ^ab  vers  degrees  in  Qq: 
Bat,  by  the  ellipse,  ab  :  pq  ::  at  :  pn  : : 
BT :  (^N  : :  QT  :  ftN  and  pq  :  ^q  : :  qt  :  qn 
nearly;  therefore,  compounding,  ab  :  pQ  :;  qt*  :  qn*  ::  I  : 
«V  (15  .  if  .•.  pQ  =  AB  sin«  (15  .  if  =z-  i  AB  vers  (tg  .  Z*)^. 
Hence  the  number  of  degrees  in  q^  =:  (1  ^  ./)°,  or  the  arc  Qq 
ii  proportional  to  the  time  since  low  water. 

Not  materially  differenLwas  the  solution  of  Mr.  Da  vies. 

XVII.  QUESTION  527,  ty  R.  N. 

A  fine  inextensible  and  flexible  string  passes  freely  through  a 
small  hole  in  an  horizontal  smooth  table  ;  two  weights  p  and  q 

s  2 


are  attached  to  the  string,  q  hanging  down,  and  p  being  on  the 
horizontal  table  or  plane ;  a  given  velocity  is  communicated  to 
F  in  a  given  direction ;  required  the  equation  of  the  paih  it 
describes  on  the  plane. 

Solution,  by  — —  Mason,  of  Scoulton. 

Let  T  be  the  tension  of  the  string  at  the  time  (/),  x  and  y  the 
co-ordinates  of  p,  the  axis  of  x  being  that  line  which  is  per* 
pendicular  to  the  direction  of  p's  motion  at  the  beginning, 
0  =  the  angular  distance  of  p  from  the  axis  of  x,  and  r  =  the 
distance  of  p  from  the  orifice. 

i?x  T         .  d*v  T    .    ^       J  dV  ,    T 

/.  g^  =  _jCosfl,3-=~-8maand  jp=-g+  ^. 

are  the  equations  of  the  motions  p  and  Q, 

.  .    ^  d*x  .  d-y 

hence  sm  B  g-^-  —  cos  6   -^  =  0  .,.•••. (1) 

A^x                   d^t/            d^r 
and  PcosO  ^  +  psin©^  +  (j  -~  +  ^g-o (2). 

But  »  =  r  cos  9  and  j^  =  r  sin  0;  we  thus  reduce  equation  (1) 

dr     dfl    .  d*fl  c«       dd     , 

"  ■  •  d7  •  37  +  ''  •  dF  =  °'  •'•  r5  =  Sf'  let  r  =  a  at  first 

.dfl                 a*a>       dfl  /  »        j  • 

and  gj  =  a;  .♦.  -y  =  ^ (3),  and  equation  («)   is 

('  "*"  ^^  d?  ~  ''■  (dj)    +  8fif  =  o,  or,  from  (3),  (p  +  q) 

dV  p.a*.a>«  ,  ^  ,  .  . /drV  p. a*. a;* 
^ p +C^  =  o..-.(P  +  (j)(5^j    = p_ 

df*  y/f«*  \  S 

—  «85»'  +  c*  But  j^  =  o  when  r  =  a  ••.(?  +  ft)  f  ^J  = 
P.a*.»^    -jjTTpr  — 51  c^Cr—u)  also  j^  =  ~3-  A  (P  + Q) 

-rr- )    or  (P  +  q)  — -r^  =.  P  — -^ ^^    ;  ,     ^^  , 

rd0/  p  a«  fl4j^*  » 

•  •  p«  ""  P  +  Q    r«  ^  p  +  Q    a«        (P  +  e)B;*  "HT    ^^^ 

equation  to  the  path  described  by  p  in  terms  of  the  radius  vec- 
tor and  the  perpendicular  on  the  tangent.    The  equation  be* 


( 


(     >4i     ) 

tween  r  and  6  cannot  be  founds  the  diiTerential  equation  not 
bein^  integrable. 

The  same  might  have  been  determined  by  the  principle  of  xds 
viva,  and  the  equable  description  of  areas^  the  force  tending 
always  to  a  fixed  point. 

Let  V  and  t/  be  the  velocities  of  p  and  q,  .••  c  —  ag  (r  -^£i) 
8  =  p«»«  -f  Qi/«;    if  aw  =  velocity  of  p  when   r:=i  a,  then 

_  .  ••» n« 

c  =  pa*a;«,    .\   pa-w*  —  ^^^(r  —  tf)  =  Pr;^  +  Qv^^  ^^  = 

r^  ,    '  .  —  —  - — ,    ^.  a  .  — r-  ;  the  same  as  before, 
(i  f  P     r'         (P  +  QJa  « 

ilfr.  Davies  also  answered  this  Question. 

XVIII.     QUESTION  588.  by  Delta  Sulius. 

Two  sides  of  a  triangle  inscribed  in  a  conic  section  pass 
constantly  by  the  foci :  to  what  curve  is  the  third  side  always  a 
Ungenl  ? 

Solution,  by  Mr.T.  S.  Davies. 

hsLx^y,  be  the  vertex,  x„y„j  ^fuVut  the  extremities  of  the 
base  of  one  of  the  triangles  in  question  :  and  let  the  whole  sys- 
tem be  referred  to  the  centre  and  principal  axes.  Then  the 
equation  of  the  ellipse  is 

a*y*  +  6«a:*  =  a«J« (i). 

And  because  the  triangle  is  inscribed  in  the  ellipse,  we  have 
aJso  the  following  equations 

flV    +*V    =«'** (a) 

aV„«  +  i**,/   =  cT^h- (3) 

^-y^/^  +  i*^///  =  «*''* (4)- 

The  equations  of  the  sides  of  the  inscribed  triangle  will  be 

y(jf,  — *J  —xi,y,  —  ^,,)   =  y,/x—y,x„ (S) 

y(^/  —  *///  —  ^{Vi  — ^///)  =  Vni^n-Vi^ui (6)* 

But  Tj,  6)  pass  by  the  focus,  and  hence,  putting  a*  —  6^  = 
«V,  they  give 

^<y/— y//)  =j^//^/  —y /-«•//  J  or 


(     «4«    ) 


x,t  ■+•  fl^  /«\ 


y      ^tllZLlll.y, 18) 

^'^^        X, —  at        ' 

Subtract  equations  (3,  4)  from  equation  (fl),  and  tbe  result 
will  be 

it(.T,«  -  x,,^)  +  fl«(y;  —  y,/)  =0   (9) 

6«(x/  -  xj)  +  a'(y/  -  y,,/)  =0 (10). 

Insert  the  values  of  y,„  y,,„  from  (7,  8)  in  (9.  10) :  the  re- 
sult is 

^-^il±^L±J^.a (u) 


„       ( I  4-  e*)x,  —  iae  .     . 


'til 


Substitute  these  values  of  ar,,.  a?,„  in  equations  (7,  8),  and 
there  will  result 

y  (t-,-)^y,  


Vii^ 


Now  the  equation  of  the  variable  base,  in  terms  of  the  co- 
ordinates of  its  extremities,  is 

or  putting  the  values  of  a?,^,  ^iinV/i^yi^  fro™  (***  *2*  i3»  *4) 
we  find 

y(i  +«*)(a*-j;/)  +  x(i-e«)jr,y,  =  aHi -<?>,...  .(16). 
Eliminating  y^  between  fa)  and  (16)  we  find 

Differentiating  (17)  and  equating  the  result  too»  oti  account 
of  the  locus  being  the  intersection  of  the  lines  (16}  in  their 
consecutive  positions,  we  have 

'  ~  (1  4-  «')*  o'y*  +  ( I  -  efl'-x"   *  "'• 

And  finally  eliminating  x^  between  C17,  18}  we  are  led  to  the 
equation  sought :  mz. 

flV(»+«T  +  iV(t-e')«=a'r  (!-«•)«... .(19) 
which  last  is. a  solution  of  the  problem  in  question,  being  theequa- 


^ 
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ft«  V  *  concentric  ellipse^  whose  semuaxes  are  a  and  b  • , 

and  are  coincident  with  those  of  the  given  ellipse. 

The  same  method  applies  to  the  hyperbola  and  with  corres- 
ponding results ;  but  the  parabola  has  no  corresponding  pro- 
perty, on  account  of  having  no  second  focus. 

This  is  only  a  very  confined  case  of  a  mere  general  theorem  : 
m<.  If  a  polygon  of  any  number  of  sides  be  inscribed  in  a 
given  Conic  section  so  that  each  side  except  one  may  pass 
through  a  given  point,  that  side  will  touch  a  given  conic  section. 
This  may  be  proved  by  projection  as  in  the  next  question. 

There  is  another  case  of  this  very  curious  question  which  has 
not,  I  think,  been  noticed.  When  some  of  the  sides  pass 
through  given  points,  and  others  are  parallel  to  given  straight 
lines,  or  make  given  angles  with  given  straight  lines,  the  last 
tide  will  then  also  touch  a  given  conic  section.  In  this  case 
ve  may  consider  the  lines  which  are  parallel  to  given  lines  or 
which  make  given  andes  with  given  lines,  as  passing-  through 
points  at  an  infinite  distance  from  the  centre  of  the  given  conic 
section,  and  situated  upon  given  diameters  of  those  given  conic 
iections  or  upon  parallels  to  them. 

XIX.    QUESTION  529,  iyPoLYGONUS, 

All  the  angles  but  one  bf  a  polygon  circumscribing  a  given 
conic  section  are  upon  given  lines :  what  is  the  locus  01  the 
i^maining  one  ? 

Solution,  by  Mr.  T.  S.  Di.vi£8^  Bath. 

Project  the  conic  section  and  the  given  polygon  upon  any 
plane  where  the  section  shall  be  circular :  then — 

Let  AB^  BD,  D£,  &»c.  be  the  given  lines,  and  acef  •  •  • .  one 
of  the  polygons  cir-       ^„„^^ 
camscribing  the  sec-       i*'^**^'^^^^ 
tion.    Denote  by  aft,       \         ^^^^^^^ 

W,  (fe and  acefy        \  /^N>--^ 

. . .  the  corresponding         \  /         n/^""^-^^^ 

lines  on   the  projec-  \  / X^      ^-v^ 

tion.      Now  because  \     t./^  ^^^        ^^^^^^ 

the  angle  a  moves  up-  \    /{  *  /vv        \ 

on  AB,  the  chord, LG         ^l/l  \  /     |   n.      \ 

passes  through  a  given  p\\  /      j     ^vl 

point  M.  In  like  man-  \     >i_^  /  y/^^.---^^ 

ner  all  the  other  sides  \      ^ 

but  one  bf    the    in-  '<sjl^- — '^^ 
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icribed  polygon  pass  throuffh  given  points.  Let  these  points 
M«  N>  •  •  •  •  be  projected  on  the  new  plane  into  m»  n  •  • » • ;  theh 
the  polygon  inscribed  in  the  circle  will  have  all  its  sides  but  one 
passing  through  fii^  n  •  •  •  • 

Now  it  has  been  shewn  in  a  remarkably  elegant  manner  by 
Mr.  Lowry,  in  the  Mathematical  Companion,  1814,  p.  492,  that 
in  this  case  the  last  side  gk,  will  touch  a  given  conic  section. 
Let  this  conic  section  be  again  projected  on  the  original  plane 
ABC  :  then  this  will  be  the  locus  of  consecutive  intersections 
of  the  sides  gh,  G^nf, « 

Lastly,  it  has  been  shewn  in  the  solutions  to  Question  s^^i 
of  this  series,  that  when  a  line  gh  touches  one  conic  section  in 
R  and  cuts  another  in  g,  h  :  then  the  tangents  at  o,  h  will 
always  meet  in  a  given  conic  section^  This  is  the  locus  re* 
quired*  ^ 

Note,  t  hdive  solved  this  question  also  by  an  analytical  pro- 
cess; but  it  is  long,  and  complicated;  and  is  similar  in  its 
principles  to  the  method  employed  in  my  solution  of  the  last 
question,  and  the  prize  of  last  number,  (Part  IL  p.  57).  This 
renders  it  unnecessary  to  say  more  on  the  subject  here  :  espe- 
cially, as  I  do  not  think  the  analytical  solution  I  speak  ot  could 
be  materially  contracted. 

XX.    PRIZE   QUESTION  530, 
By  Mr.  W.  S.  B.  Woolhouse. 

AC  and  BC  are  two  heavy  metat  and  equally  uniform  bars 
of  giveu  lengths,  and  freely  moveable  about  c  in  the  plane 
ACS  by  means  of  a  joint  at  c  ;  bc  rolls  over  a  small  pulley 
p,  while  AC  moves  freely  round  a  pin  which  is  fixed  at  a 
in  the  vertical  right  line  PA»  the  distance  pa  being  given) 
Being  placed  in  a  |iven  position  they  are  allowed  to 
descend  by  the  force  ot  gravity*  It  is  required  to  investigate 
the  velocities  when  they  arrive  at  any  other  position :  and 
also  to  give  a  method  of  computing  their  position  at  the 
instant  bc  quits  the  pulley? 


First  Solution^  hy  ^-^^Maso^^,  of  Scoullon,  NorfolA, 
Let  ACj  CB  be  any  positions  of  the  two  rods,  ap  vertical^ 


I 
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AP  horizontal,  AC  =:  ft  a,  QB=ft6,  apzzstCpJLCklf^B^^^^  iLpcp 
=:^:  p  the  mass  of  ac,  q  the  mass  of 
Bc :  a  and  0  the  values  of  d  and  $  at  the  9> 
commencement  of  the  motion.  Then 
a(8iD  a  -*  sin  0)  ==  the  perpendicular  de- 
scent of  the  centre  of  gravity  of  AC, 
and  8a(sin  a  ^-  sin  6)  -f  6(sin  /3  —  sin  <f)  =: 
that  of  thie  centre  of  gravity  of  cb.  I^et 
the  8om  of  the  products  of  each  particle 
of  AB  X  by  the  square  of  its  velocity  := 
Ifp.p')  and  the  similar  sum  for  en 
be  =  2(q  .  »,*)    .•.  by  the   principle  of 

vistita  we  have  sjr  |  ip^-^^  q($)  (sin  «— sine) 

+  96($in  /3  — sin9)J  =  2(p  .  r«)+ 2(^  .»,«),.. .,,•.(!). 
If  now  we  take  iq  ac  any  distance  ^,  its  mass  will  be  = 

^ .  J,  and  the  velocity  of  the  point  at  the  distance  x  zz 

for  jr  =  sa. 
Again  let  pc  =:^  and  take  pa  =:  2  •*•  -^  ,  «  =:  the  mass 

of  PQ  •%  -^  •  dz  =:  the  mass  of  the  element  whose  length 
is  iu  This  element  moves  from  q  to  q,  while  c  moves 
from  c  to  c,  and  (QQja  =  (ft?)»  +  (yft,)^  =  (cd)*  (I?)* 

+  (dcO»;     h^nce  2(c  >  ^a)  s  ^  fz^'dt  (^f  + 
thj^^'^i    +  c»  the  integrals  must  be  taken  fromxs; 
—  (ftfc-y)  toz  =  yi  (g^)  and  (^)    being  ponstant  du- 
ring  that  change  of  z.    Therefore  2(ft  .  r^)  =:  y  .  i  (g? )* 

111  •(«'  +  c^—  ftffc  sin  0)  +  I2(a2  f  c^—  sac  sin  0)|   •* 

▼OL.  Vl«    PAKT  I.  T 


(    t46    ) 


^^     '    a^+  c*—  sue  8w  9  ^d/ ^  ^  .aeos  8 

and  y  =r  aa  — ~  =  «,/(«*  +  c^^%ac  fiin  ^)  and  hence  v^/ 

=  /  kti  A /  ^'A  V-r:  /  •    P«>t  ^oae  Tallies  m  cq 

(a*  +  ^  —  aac  sin  Aj^   d^  ^  .  ^ 

tioD  (i)  and  wc  have  (velocity  j*  of  the  point  c  =  (adjj*  vj;)  =? 

6g  ^pa+  «^ .  o)  (sin  «-«in  flf  ^■  g*(gii.  ^-  ^^.  J^al^ac  ain  6)  L  . 
(C8in0  —  a)2       f  f    .^  o  .    Q  •    ^1^ 

T-j    or  the 

square  of  the  angular  velocity  of  the  rod  ac  ;  ^nd  since  -p  qe 

a(cain    ~^  ,,  (^j^)    we  know  the  angular  velooity  of 

BC. 

To  find  when  bc  quita  the  pulley. 

Let  j/,  y"  be  the  co-ordinates  of  thie  centre  of  gravity  of  bc, 

't  the  pressure  of  the  rod  upon  the  pulley, 

K  =  the  horizontal  pressure  at  c»  which  is  necessarily 
equal  u|pon  Ihe  two  rods  and  Q(](p€>8tte;  let  ^  be  tlie  .vertical 
pressures  at  c,  which  are  also  equal  on  the  two  rods  and 
oppMite, 

8  sin  ^  —  R       dV      s  cos  ?  +  o  dy 

V.     ^ ^      g^-^       ^ ¥   _    ^    =:     .jgj. 

R  sini9  4-Qcosj9 -f  |-gcos9  ^^  , 

and =  —  aa  3-3-  • 

3" 

Multiply  the  first  and  second  of  these  equations  by  sin  0 
and  COB  0  Fcapectively  and  €ubtractj  therefore 

s         /n  ,    X  .  P    Rsind+QCosO  ^  ^  d*w' 

-.cos(0+f)+^   Y" ^fCOS0=  cosO  ^~ 

sin  0  ^j£  9  we  must  substitute  tn  this  equation  the  value  of 
Rsine+ftcosQ  jgj^^^j  fy^^  jhe  third  equation. 


^ 
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Itow  y'  s  fla  sin  ^  4-  ^  iip  f  and  x^  =  Qa  coar  a  -^  ^cot  9, 
wc  hence  find  co»  d  -g^ sin  0  -— -  and  Ihence 

.  -co8(a+  <p)=  - —  T3"  +  ^^  cosft  +  r  co«fl 

We  hare  already  found  in  equRtton  (a),  -,-  »  we  •*•  find  by 

differentiating  -^^  ami  also  from  -r^  we  find  (-1^}  » and  put 

them  in  equation  (b)  we  thus  find  s  the  pressure  of  bg  upon 
the  pulley  in  terms  o{d;  if  we  make  s  =  o,  the  value  of  9 
resulting  gives  the  position  of  At  at  the  instant  bc  quits 
the  pulley,  and  e  being  ktiowii  (p  is  also  known  from  the 

equation  tan  p  =  —^ g—  t  and  the  problem  will  be  com- 

pletely  solved. 


Secon  d  Solution,  by  Mr.  W.  S.  B.  Woolhousb. 

Draw  AD  perpendicular  to  the  rertisal  right  line  cd; 
CH  perp,  lo  PA ;  let  p  be  any  particle  in  bc, 
and  assume  ac  =  a;  bc  =  6;  /i  cad  s:  f ; 
^BCii  =  >l/;  A  ACE  =^  4- ^^  =  5;  3ai^  feet 
=:  g,  and  cp  =:  k.  Then  the  values  of  the 
co-ordinates  of  p  referred  to  ad  are  Ad  = 
aco$p^k  cos\J/  and  pd  zr  a  sitap  -h  k  sin  \|/. 

.'•  d  .  Ad  =r — adp  sin  p  f/rd>|/  sin  4^,  d  .pd 
r  dd^  cos  9  ^-  kd^f  cos  \|/. 

d .  Ad*+d  .ji>d*=a*d<p2+ftad4^+aaAd(pdxKcosf  cosx|/^srnf  sin4^) 
=  a*d^  +  i^dx}/^  +  9aftd(pd4/  cos  ((p  +  >J.) 
=  a^dtp^  =  kM4^  ^  saMbpdvl/  cos  6. 

...vel  t;,  =  -d?i^  +  -Ij^  =«^,2  +^*  aF  +^''*  '  -dS^<^«»  « 

au(i  consequently  the  sum  of  the  vis  viva  of  all  the  particles 
of  which   BC   18  compoied  =  2p  .  vel.2p  =  Idi  -.  ve\'^p  = 

T    9 
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Atoo  =  tiie  vlfeg  viva  of  the  particles  compoeihg  AC  = 

Therefore  the  sum  of  the  vis  vivae  of  both  bars  = 

and  the  descent  of  their  commoa  centre  of  gravity  being 
V—  +a*)8in^,+ — 8ln^^,        V— +  a*)  «tD  (p  1- —  lin  4^ 

("J  +  a6)  Tsin  ^,  —  sin  ?>)  +  —  (sin  4^/— sin  4^} 
we  have  by  the  property  of  the  vis  viva, 

g  { (a^  +  Mb)  (sin  ?>,  —  sin  (p)  +  &« (sin  >}/,  —  sin  4^)}  . 

But  PA  ==  CH  .  tan  4/  zr  a  cos  ^  tan  4"  and  .%  a  cos  p  tan  4^ 
+  a  sin  ^  =  PH  +  HA  z=  PA  and 

f»  a 

cos  «  tan  >('-(-  sin  «  =  ~-  , 
the  differential  of  which  multiplied  by  cos  4^  gives 

**'*'^i  ■'**'*f<=o'»*co*^-«'n?  8in^^)=d^^^^+d$co8fl=o, 
.♦.  dx|/  =  —  dp  .  ^~-  cos  By  and  by  substitution 

i!^  +  a»6  _«6>  S51i±co^»«  +  *!.  .  «-2Sico82fl?      42 
C3    .  cos({»  ^3      cos^T^  *** "  5  •  ^ 

=  ^  j  («»  +  aai)  (sin9^--sin'(p)+*8(8in  t^,—  sin 4-)  J . 
Consequently 

— ^  =  4/3^1(«*+«aft)(sin!p,-.sin(p)+^8in4/^-sin4.)^ 

o»+8a>*-.3«W^cos»0  +  6»52^cos«« 

**  COS  (p  COS*  (p 

A,^^   ^^  '  d^        C0S4'  /» 

And   —  =  —  ji.  .  X  cos  fl  rr 

u/  d/       COS  ^ 
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Which  tWQ  equations  express  the  angular  Telocities  of  ac 
and  BCf  the  former  of  which  multiplied  by  a  will  give  the 
▼docitv  of  the  joint  c» 

To  determine  the  position  of  the  Hars  when  bc  quits  the 
puliev'  let  G  be  its  centre  of  gravity,  and  assume  pg  =  jr 
and  the  co-ordinates  of  g  referred  to  pa  will  be  pq  =:  x  sin  4^ 
asd  QG  =  xcos\{/.  'Let  the  pressure  acting  at  C  on  eg  in. 
direction  do  =p.  and  that  in. direction  ch  ^/.  Then  since 
at  this  instant  there  is  no  reaction  from  the  pulley  at  p,  we 
ka?e  for  the  motion  of  bc» 

p  ^  d^(x  sin  >}/)     /  _  _^  d^(4f  cos  yj^) 
*       I  ^         dp       '    b  "  dfi 

f  p  b      d^J/ 

and   jf^sin^'— Jcos>J.  =  ^.^^. 

P  f 

Substituting  the  values  of  ^  and  ^  from  the  ist  and  and 

in  the  3rd,  we  derive, 

.    ,  d2(xco8>|/)   .  ,  d2(xsin>J/)  ,       b     dN^ 

Or  by  expansion, 

«ied4'  .       b     A^p         dxdv^        b      d^J/      g   ^, 

dfl        ^        ^      6     dfi  d/2         la      d^^       a 

But  PC  =  a  cos(p  sec>p,  and  since  gc  is  constant,  we  have 
dxz:d.pc  =  od.(co8f  sec\|/),  which  expanded  and  the  va- 
lue of  dx}^,  before  deduced,  substituted  and  the  whole  re^ 
duced  gives  dx  =:  —  ad(p  sin  (9  +  >^)  =  —  adip  sin  d, 

d$      d^^   .     .         b      d^vj/  _  g  ^^  , 

d>t 
Now  the  diflTerential  of  the  foregoing  expression  for  -^ 

will  obviously  give  ~  zz  pd?  +  Qd4^,  (i?  and  q  being  de- 

d^vj/  d(p  dyl 

torminate  functions  of  <p  and  vp)  and  .*.  -^  ^  ^  d7  "*"  ^  d?  * 

Hence 

d^     d4/   .    ^       6  f    d|>   .       d>|/>        ^  _^  , 
—  n   -=•  •  --•  sm  6  —  —  ^p  :r.  +  Q  -77  >  =  -  cos  >|/ ; 

aad  substituting  the  values  of  -j^  and  ^,    we  derive    an 

equation  by  which  the  values  of  (p  arid  \J/  may  be  computed, 
but  the  operation  would  be  too  complex  for  insertion. 

Mr.  Davies  also  solved  this  Question. 
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By  Capt.  Edward  Sabine*  2s.  Oa  the  Influence  of  Screens 
in  anesting  the  progress  of  Magnetic  Action;  and  on  the 
power.of  Masses  of  Iron  to  control  the  attractive  force  of  a  Mag- 
net.   By  W.  S.  Harris,  .E«q. 
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*^*  We  intend  under  the  present  head  to  present  our 
Kaders  with  suah  mi^^ellaiKOus  notes  on  mathematical  subjects 
as,  either  from  their  brevity  or  their  individual  want  of  im- 
porance^  could  not  constitute  separate  articles.  Eoi 


Constructicns  and  Expressions  for  ike  KJtrcumference  of  ike 

Circle. 

I.  Let  A£  be  the  diameter  and. c  the  centre  oi  the 
and  let  the  semicircle  be  de<- 
icribed  upon  a e.  Set  off  ad,  ed 
each  equal  to  radius  AC.  With 
centres  a  and  £  and  distances  re- 
spectively equal  to  A  o«!EB  de- 
scribe arcs  intersecting  in  f. 
Then  withcentre  b  and  radius 
BF  desribe  a  circle  cuuing  jthe 
circumference  (on  the  «ide  d)  in 
G.  The  chord  ao  is  nearly 
equal  to  the  quadrant  <>£  the 
circle. 

For   AF  r:  AT>  rs  2  sin^O*  rr  V^3 
then  CT  =  a/ A**  —  AC*  =:  V^3—  i  =  V^a. 
But  H  being  the  intersection  of  cf  and  bd,  we  shall  have 

FH  =  CF—  FH  =;  \/2  —  tV3  =      ' ^. 
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The  triangle  bHF  giyci  bo  2=  «f  =:\/BH*-|-HF«=v^g— y^g; 
Hence  we  have  sin  |Ba=  Jv/3  —  v/S^  ""  f  ^b  =  f 

cos  ^BG=  |\/i  +  v/6,  cos  |ab=  iv'S* 
Then  2x0=14  sin  |abg==  4sin(|AB  +  ^bg) 

=  4  sin  I AB  cos  4BG  +  4sin  Ibgcos  {-ab* 

=  {v/i  +v/6  +  V'q  —  3v/6  } 

=  3*42399*7 

=  semicircumf.  to  radius  uuit^>  very 

==  8  quadrantal  arcs  S  »^*rly# 

This^  which  is  a  tolerably  close  approximation  for  practical 
purposes,  is  effected  by  the  compasses  pnly.  It  it  due  to  Mas* 
cberoni. 

II.  Let  AB  be  the  diameter  oi  a  circle^  and  c  its  centre. 
Let  there  be  drawn  an  indefi- 
nite tangent  at  the  point  a, 
and  a  radius  cd  parallel  to 
this  tangent.  It  we  set  off 
tke  radius  0€  towards  a,  ter« 
minating  in  E,  and  draw  ce 
to  meet  the  tangent  in  f; 
and  take  upon  this  tangent 
firom  F  on  tne  side  of  a,  fg 
^1300,  the  straight  line  bg  . 
is  nearly  equal  the  semicircle 

We  have  by  construction 

AF  =:tan80^  =  ^V^S- 
Hence  ao  =  fg  —  af  =  3  —  }  i/3  =  i  (9  —  v^i) 

BO  =  V^AB*  +  AG*  =  V^4  +  7l9  — ^3)* 

=  T  v/6  (,20  —  3V^3) 

=  8'M»5384 
which  is  nearly  the  length  of  a  semicircle. 

This  methoa  is  by  an  anonymous  German  author* 

IIL  From  any  point  A  in  an  indefinite  straight  line  draw  a 


4 


r,.  ■  I  . 

I  A 


i 


] 
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perpendicular  ab  equal  to  the  given  radius.  Set  off  three  times 
(bis  radius  from  ▲  towards  b  and  draw  bd.  At  the  first  of  these 
divisions  c  of  AD,  draw  the  perpendicular  C£.  Set  off  dx  in 
the  prolongation  of  ad  to  f.  Prolong  af  beyond  its  extremi- 
ties A  and  F  by  quantities  ah  and  fg  eoual  to  radius  as- 
Take  fk  =  (i  ab  -f  ^  •  i  ab)  =  f  ab  ;  ana  make  al  =7  AH« 
Then  kl  is  nearly  equal  to  the  circumference  of  the  circle 
whose  radius  is  ab. 
To  prove  this,  we  have 

KLrAt^AD+FG-f  FD=  |+3    f  t+  DE 

=  i^H.|BD=i^  +  «v/AB*  +  AD* 
40  40  - 

—  50^  +  80  \/lO 
i«o 

=  3**4»5925534- 
This  method  which  is  true  for  the  first  six  decimals  was  in* 
▼ented  by  Mr.  Pioche^  a  distinguished  statuary  of  Metz.  In 
imitation  of  the  form  which  this  expression  takes,  M.  Ger- 
gonne  proposes  to  make  a  "Series  of  trials  by  inserting  other 
numbers  in  the  general  formula 

X  +  ys/r 

t7  zz  1 . 

But  he  has  not  given  any  specific  results  of  his  trials. 
See  Annmlesdes  Maih, torn.  VIIL  p.  854,  from  which  work 
we  have  extracted  the  above. 

IV.  Take  a  circle  whose  diameter  ba  =:d,  and  from  the  point 


Bin  which  the  circle  touches  the  indefinite  line  br  take  Ba^iz 

*" :  and  set  off  D  three  times  from  the  point  b  to  d^\  and  aR  = 

4 

Ijaa.    From  a  elevate  the  perpendicular  am  =ba'=  d.  and 

draw  Rm  catting  ab  in  c  :  and  finally  draw  d'^c.     This  will  be 

nearly  equal  to  the  circumference  whose  diameter  is  ab. 

VOL.  VI.  PART  1.  u 


(  1^^  ) 


Theo  Sf  =  «A  -r  AC «  t^-  — =  *-4P-     Alw.  the  "g*"*" 

^5       »6       *5 


a«8i 


3*1418. 

Tfaif  is  tKe  method  of  M-  le  Professor  Queielet  of  Brussels. 

tt  is' taken  from  (vol.  I.  pp-«53,4,)  his  Correspondance--- 
where  also  (Vol-  JI.  pp  f  57,8.)  we  find  the  following  by 
Professor  De  Gelder,  of  Ley  den. 


V.  Upon  the  circumference  whose 
cefitre  is  o  and  radius  ob=:  i,  take  the 
arc  B€=30^  (which  is  found  by  the 
ruler  and  compasses) ;  draw  the  tangent 
BC|  and  by  the  other  extremity  a  of 
the  diameter  BO«  draw  the  indefinite 
tangent  AD,  upon  whichsef  off  ^  fi  equal 
to  three  times  the  radius  ob.  Tiirough 
c  draw  ce  parallel  to  ^A,  and  join  cd 
which  will '  represent  very  jpfi^ly  the 
semicircle  to  radius  ob. 

The  right  angled  triangle  dcb  gives 


DC  =  \/de-  f  CE*=   /  {  (d4  —  CB)»  +  CE?} 

But  BC  =  tan  30°=  ~y^  and  CE  =  a.     Hence 
DC  =  1/  {  (3  ^  :^J  +  A}  =  3'*4»53' 


•  M.  Gamier  at  tho  end  of  this  article  gives  the  rollovviiig  useful 
appros^i^Ute  ^prewona  fox  fimctions  of  the  cirale  aud  of  titc  sphere. 

area  of  the  circle  =z  d  .  X  d. 

surface  of  the  sphere  =  d  (3  +  ^)  d 

volume  of  the  .sphere  =  d  .  i  n.  ^  d. 

The^c  suppose  the  circumference  =  3    \  times  the  diiimeter. 
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ffoitttmu  to  QMettioris  proposed  in  iVo.  XXil. 

f.   (2uesTK>N  ^.-fiyw.Y. 

If  <M*  thif  i^nents  ab,  Bd;  r>f  the  diamctrr  o^  a  ^micircle. 
tke  ttmidiitlei  A««,  an  be  consHrucwdy  ant)  the  onlJMate  vq 
dnwD;iti9  required,  first,  to-iTi*ci'ibea'cipc!e  in-uarh  of  ilie 
■paces  AQ»BAr  oQiBM;  secondly,  lo  shew  (hat  these  circlet 
ire  equal;  and  thirdly,  Co  prove  tliat  the  least  circle  i.itcum- 
tcribing^liie  two  emial  circles,  is'  equal  to  tlie  space  included 
between  the  arcs  oi  the  three  KiRicirdcs. 

SuppoK  the  circles  Gus,  Mqj  tO'tte  ihrtfse  iilBcribed  in  the 
ipaces  AQB&At'aqasa,  whose  centres 
are  c  and  I.  Demit  the  radii  ck,  to 
perpendicular  to  itq  :  then,'B,  n  and* 
r  being  the  centres  oi  the  setni- 
circles  ASB.  Bjo-and  aQ'7,  Join  nc, 
iri,  po  and  fi,  and  produce  the  two 
Inter  tO'  the  circumference  ac  o  and 
M;  also  demit  the  perpendiculars  ce, 
tLand  draw  the  tangents  as,  aj. 

Fut'AD  =:  DB  =:  DS  =  a,  Bcf'^  iti  =  US  ~  b,  and  radius 
cs  =  cc  =  dH  =  BE  ^  X,  then  af  =.  a  +  b,  pe  =  a  —  A, 
Cd  =  a  +  I,  US'  =  a  —  Jt,  aftd  ef  =  (a  —  6)  — i.  Now 
Cd'  —  DB*  r:  Ce*  -  hb*  =  4^*,  and  cb*  +  pb*  =  fc'  = 
(a  —  *)*  +  aj:(a  +  6),+  *';  but  pc  =  to-cg  =  af  — ch  = 
a  +  6  —  Ji,  .*.  equating  tlie  square  of  tbii  expression  with  the 
»bo»e  value  of  fc*,  we  obtain'  *  =  c»  =  «Ti  -J-  {a  4-  A).  In 
lite  very  same  manner  it  may  be  easily  proved  that  the  radius 
u=ah-^{a  +  i),  and  hence  the  circles  una,  moj  are  equal. 

Anin,  by  substitution,  we  have  bh  =  -.■..,!:■,■■  and  bo 
=  ~r, rt*  hence  ho  =  ■■",.   '■'.•'i\     »    Now,'ifibrouBh 
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the  centres  c  and  i,  the  right  line  PR  be  drawn  to  meet  the  cir- 
cumferencM  at  p  and  r,  it  is  evident  that  pr  will  be  the  di- 
ameter of  a  circle  circumscribing  the  two  circles  ghs,  uoi; 

but  HO«  +  facH)«  =  ci«  =  Aah ,   ,      +  ,    .  ..„ , 

and  consequently  ci  =:  2^ab —j  ;    hence,    adding  the 

radii  cp,  ir,  we  have  PR  =  a\/ah^  and  a  circle  whose  diameter 
is  2^ ah  =  the  space  asb^aqa  =  bq^  ;  for  the  square  of  its  di- 
ameter =:  2(a  +  J)*  —  2a*  —  aft*  =  4^6  =:  pr^. 

The  lines  within  the  above  diagram  possess  so  many  re- 
markably neat  properties  that  it  will,  perhaps,  not  be  deemed 
intrusive  to  notice  some  of  them. 

Cor.  1*  Since  ab  •  aa  =  bq'  c:  4^6,  bq  ^  pk. 

Cor.  fl.  BH*  +  BO*  ==   4^  ^       4JL  -  4jj  —  bq*  =  PR*. 

C(?r.  3.  EP  n  — : — r — (a  —  A),  and  cF  =  a -f  ^ — ■    .   >  # 
^^  a4A^  a  +  6 

hence  by  addition,  ep  +  CF  c=  fti  =  Biz.     * 
Similarly  it  is  shewn  that  fl  r  pi  =  &a  =  ab. 

Cor.  4*  Cos  ^  CDE  =:  sin  Z.  sad  r:  de  -^  CD  zr    r  , 

and  sin  Z.  saD  :  OS  ::  rad.  \  a  •{-  a^  r:  db+  fia  =  d/i,  •*•  a 
tangent  drawn  through  the  point  of  contact  s  passes  through 
a.  In  like  manner  a  tangent  from  the  point  of  contact  s  passes 
through  A. 

Cor.  5.  sa  =  2^b(a  +.6),  and  SA=2y/a(a  +  6),  .•.  by  si- 
milar triangles  sa  :  SD  ::  ha  :  nn  zz  a  a/  ( r)»      hence 

Bn  =  |BH,  and  for  the  same  reason  Em  =  f  bo. 

These  two  last  Corollaries  furnish  an  easy  method  of  de- 
scribing the  circles  in  the  required  spaces.  Thus  draw  the 
tangent  as  and  on  bq  take  nil  n  Bn,  then  a  perpendicular  to 
BQ  from  the  point  h  will  meet  os  in  c,  the  centre  of  the  cir- 
cles GHS. 

Cor.  6.  D&  =z  a -— -  iz   — —7 ,  hence  de  .  dn  -  bd\ 

a  +  0       a  -h^ 

and  consequently  ln  .  DN  t:  bn*  ;  by  addition  on  (oe  ■+  ln) 
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rBO^-fBN^     Also  it   is  obvious,    scR  •  ab  =:  bhS    and 
OL .  BA  =  BO*.     Moreover  bh  .  bo  =:  2CH  •  RP,  or  Bn  •  Bm 

=  |CH  .  RP. 

Cor*  7.  CD  :  IN  : :  a  +    r  •  *  -♦-  — •— ?   : :   a(a  +  %h) 

:M+  m)  -  AD  .  Dtf  :aN  .  na.    AIsocd  .in  =  pr*+ch*- 

Cor.  8  Sin  z.  which  ci  makes  with  OH  =        ,    ,  ■     i  • 

c-    ,              ai/(a  +  i)      .    ",                 et/a(a  +  6)      .  , 
5in  L  anE  =:    -^--^r — r-^ ,  sin  il  AmB  =:  — — ^^ ?—  »  "n* 

1  n,,  -  {a±lWah—^ab         ,  \/[a^-b)  xi\/a^  +  •&') 
^^"■^   "^rflTTiS— •  ^"^  " a«  +  2|ai  +  i« 

=  sin  Z  formed  by  DC,  Ni. 

Solutions  weri  also  received  from  Messrs.  Godward,  Lawi» 

£in^  Thompson. 

II.     QUESTION  532,  by  R.  N. 

If  two  sums  of  money  s^  and  s^  become  due  respectively  at 
the  end  of  T  J  and  t^  years;  the  equated  time  for  paying  both 
the  sums  is  found  by  some  authors^  on  the  supposition  that  the 
amount  of  the  present  values  of  s^  and  s^  at  the  expiration  of 
the  equated  time  must  =  s^  -(-  s^,  when  simple  interest  is  al- 
lowed. The  rate  of  interest  being  (r) :  It  is  required  to  explain 
the  cause  of  the  difference  of  the  results  obtained  thus  and  by 
supposing  the  interest  of  s^,  for  the  time  it  is  held  after  its 
becoming  due,  equal  to  the  discount  of  s^  for  payment  before 
it  becomes  due* 

Solution,  by  Mr.  John  Baines. 

Put  r  z:  the  interest  of  £1  for  one  year,/ and  a*  =  the  equated 
time  between  the  two  payments,  then   according  to  the  first 

I,.  \-\-rx  i-frjf  ,  ,., 

lypothesiSt  s,  . +  So  .  — \ =  s,  +  Sg,   which 

^  ^     1  +  rTi         *     1  +  rXg  ^        * 

I  .  1-    1  .        •         t_  ''S.Cx— T.)       TS^CTo— X) 

by  a  very  slight  reduction  becomes  — i-^ ^-  =  — *---^ • , 

'         ^      ^  1-1-  rx^  1  +  rx. 

From  this  result  we  easily  perceive  that  this  assumption  is 

s 
equivalent  to  that  of  computing  the  interest  upon  —     *     ■  in- 
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(teat)  of  upoir  ff J  lot^t  -*  f',)'  ftxti,  or  upon  a  sam  le»  than 
what  it  ouirht  to  be  by  — -^ — l.  ;   also  the  latter  ride  of  tfiit 

6i|uaition  is  evi4eiH4y  ther interest,  for  (t^ -^  x^  yeaift,  opMi^the 
present  worth  of  s^  due  t,  years  hence,  instead  of  the  discount 
of  $2  (^  (T2  7^  3^  ycm^  or,  whicb^  is  ^quivaleftt,  the  hiDeitst 
for  (T^ —  x)  years  upon  the  present  worth  of  s^  due  (Tg  —  x) 
vears-h^ate.-  It  is  therefbr^i  »ii&oientI]r  obvious^  ttiaf  tlnr  first 
nypothesis  differs  from  the  second  in  two  particulars^  uiz.  in  the 
first  supposickm,  die  firn  payment   u^il  ^itfh:  the  interest  is 

computed  is  too  liule  by  — r-^— ^   , .  and-  the   present  worth  of 

the  secdnd  19  considered  as  due  x  years  before  its  proper  time. 
Both  these  errors  are  in  defect,  but  they  are  ridfireirequlll  nor 
similar,  aud  hence  the  two  suppositions  give  different  resuhs. 
Tiyiaft  ftotA  ther  suppositions  gi^ee  the  mtte  resttlts;  vAiett  im- 
pound interest  is  used,  may  te  easily  proved  :  tor,  according  to 

X  X 

to  the  first  Sj(r  -f  rf^  -+-  s^fi  +  r)'^'  rJ  g^  +  s,,  and  accord- 
ing to  the  second',.  « 1 A  Ci  +  r)       '—1  J  =  » ,*)! i  -(4  +  r)         j 
or  8jJ(i  ■{-  r)         +  S,(i -f  r)         =i  s,   +  s^      Multiplying 
and  dividitigtBe:  first  side  of  this  equation  By  (i*  +  r)        ,    we 

r          r*.i        J     .•         S^,(t  +  »1          +s'(i-hr) 
have,>  aft«»  9  little;  reduction,,  --^^ -^ ~4^r: ' * 

(1  +  r)  (i  +  r)  " 

These  anomaloos  results  are  peculiarly  remarkaMe,  aiad  setJM 
to  argue  that  the  principle  of  simple  interest,  with  regard  to 
this-  subject,  is  not  equitable,  for  both  the  suppositions*  se^til 
to  be  founded  on  justice.  Malcolm's  rule  which  is  the  same 
as  the  second  supposition,  is  without  doubt  as  correct  as  can 
be  when  simple  interest  is  used  ;  indeed  before  the  appearance 
of  thift  question'!  always  considei^'it  strictly  true** 

Mtssn.DAVihs^  GoDWARD,  Laws,  and  Thompson 

answered  this  Question. 
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Mr    QUESTION  f^^j^ty Mr.TfiOH^9TETUJi^BDAyn&^, 

Bath. 

If  the  rectangular  ordinates  of  a  conic  sf  Gtioci  ^  pcolong^ed 
til]  ibey  Jbe  ^ual  U>  the  Aonmis  9f  ibf  A^me  pMits^  vhal  is 
tb^  equatiof  ^  Abe  curve  trae^  <^\xK  hf  their  infitOElsectioo  ? 

6oiifjTi<i>ii,  ^y  Mr.  T.  S.  Davi£s,  S«/il« 
In  the  elUpM  «nd  byperlndt,  pui  4,  ^  for  tJk  Bemi^xci <;&,  e j>. 


and  let  CK,  kp  the  current  co- 
or,dlnite9  of  p  a  point  in  the  given 
ccmic   section    be    denoted    by       j^ 
jfyf   respectively,      Then    the     '^/ 
nQrm9ls  intercepted  by  the  ^wo 
ucsare 


y'^SPR 


9f-  -  ^i,«  -  y /  -  ^^^    '  . , ,  .(t) 

ftut  by  ihe  tquation  of  the  given  ciiipse  and  hyperbola  we 

- — ^, and  or*^  =  ~^   -   ' 

these  inserted  ip(|)  and  («)  rcjipectively  give»  after  dropping 
all  i)i^  accenf «« 

tf*  y«  ±  *«  (a*  ^  A«y  JT^  =  rt*  />^ .  •  .(3) 
±  a^  (fl«  q::  *^)/   f  i*  X«  =  ««  6\ .  .  .(4) 
which  are  the  equations  of  the  loci  of  L  and  M  respectively. 

These  are  conig  scQiions,  (ellipses  or  hyperbolas)  concentric 
^ith  tb^  given  ones,  wA  h»vjng  coiocidcnt  axe».    The  axes  of 

(si 4TC  b  ^wJ l/q2  ^  ^ '  ^^ ^^^ ^^^*^ ar^a and ^jrzTi^ ' 

and  the  resulting  loci  are  tsdc,  Av»y.    The  points  l  and  m 
do  not,  hpwcver,  trace  put  th?  whple  curve  denoted  by  f  3N  C4)» 
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they  being  limited  by  the  value  x  =  ±  a  in  (g)  and  y  =z  -±1  t 
in  (4).  [The  dottea  parts  of  the  two  figures  are  those  which 
are  superfluous  in  fulfilling  the  conditions  of  the  proposed 
problem.]  TAw,  t/urif  is  a  case  of  a  more  general  problem: — 
what  is  that  problem  ? 

In  case  of  the  parabola,  let  4a  =  latus  rectum :  then 
4a*  +  y'2  =:  normal^ ;  and  as  ^'*  z=  ap'  .*.  normal  *  =  y*  = 
4a'  +  ax,  dropping  accents^  which  is  also  a  parabola,  whose 
axes  coincide  with  the  given  one»  and  whose  vertex  has  x  = 
—  Aa.  We  here,  however,  only  have  part  of  the  curve  appli- 
cable to  the  questiori,  as  in  the  ellipse  and  hyperbola. 

SchoL  D'Alembert  has  assigned  the  portions  of  these 
curves  which  are  actually  generated  by  the  law  ot  the  pro- 
blem, as  the  representation  of  the  areas  of  the  surfaces  of 
revolution  which  are  generated  by  the  given  conic  sections 
about  their  major  and  mmor  axes  respectively.  EacycL 
M6th.,  Art.  Conoide.    Here  follows  the  passage  : — 

"  Nous  donnerons  a  cette  occasion  une  m6thode  parti- 
cu  Here  pour  measurer  la  surface  d'un  conoide ;  cette  m^thode 
est  assez  simple ;  nous  croyons  nouvelle,  et  elle  peut  6tre 
utile  en  quelques  cas. 

*^  D'un  point  quelconque  de  la  courbe  qui  engendre  ie 
conoide^  soit  men6e  une  ordpnn^e  perpendiculaire  a  Taxe  de 
rotation,  et  une  perpendiculaire  k  la  courbe  qui  aboutisse  k 
l&xe:  soit  prolongee  1'  6rd6nne  horsdela  courbe,  jusqu'k  ce 
que  le  prolongement  soit  ^gal  k  Texces  de  la  perpendiculaire 
sur  I'ordonn^e ;  et  imagiuant  que,  Ton  fasse  la  m6me 
chose  4  chaque  point dela  courbe,  soitsuppos6e  une  nouvelle 
courbe  qui  passe  par  les  extremit^s  des  ordonn^es  ainsi 
prolong6es :  je  dis  que  la  surface  courbe  du  conoide  sera  a 
I'aire  de  cette  nouvelle  courbe,  comme  la  circonf6rence  du 
cercle  est  au  rayon.  -  Cette  proposition  est  fondle  sur  ces 
deux-ci:  1st.  L'^lement  dela  surface  du  conoide  est  le 
produit  du  petit  c6t6  de  la  courbe  par  la  circonference  du 
cercle  dont  rordonn^e  est  la  rayon  :  3d.  La  perpendiculaire 
est  k  I'ordonn^e,  comnie  T^l^ment  de  la  courbe  est  k  Tel- 
6ment  de  Tabscisse;  deux  propositions  dont  la  demon- 
stration est  tr^s-facile. 

**  Par  le  inoyen  de  cette  proposition,  on  peut  trouver 
ais^mentla  surface  courbe  du  conoide  qn'une  section  conique 
quelconque  engendre  en  toumant  autour  de  son  axe.  Car 
on  trouvera  que  la  courbe  form6e  par  les  ordonnes  pro- 
longees  est  toCkjours  une  section  conique  ;  et  par  consSquent 
la  mesure  de  la  surface  courbe  se  r^duira  a  la  quadrature  de 
quetqUe  section  conique,  cest-a-dire  a  la  quadrature  de  la 
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Pinhole,  qui  est  connue  depuis  long-temps,  ou  A  la  quadrature 
diicercle,  d' Ellipse  ou  k  celle  de  r  hyperbole." 

This  qtusHon  was  also  answered  by  Messrs.  Bainbs»  Goo- 
ward,  La  ws»  ani/THOMPSON, 

IV.    QUESTION  534.  by  Mr.  W.  S,  B.  Woolhouse. 

Four  given  equal  spheres  being  placed  in  close  contact  with 
each  other,  it  is  required  to  find  the  volume  of  the  space  en- 
closed between  them  and  the  four  triangular  planes  through 
each  three  centres* 

First  Solution,  by  Mr*  Wm.  Godwaho,  London. 

The  volume  (v)  of  the  space  enclosed  between  the  spheres 
and  planes  is  equal  to  the  volume  (a)  of  a  tetrahedron,  whose 
tide  IS  equal  to  the  diameter  {d)  of  one  of  the  equal  spheres 
minus  four  times  the  volume  (b)  of  a  spherical  pyramid,  each 
tide  of  whose  base  contains  6o^. 

In  an  equilateral  spherical  triangle  whose  side  is  60^,  we 
have  each  angle  zz  70^  •  52877,  and  the  spherical  excess  =: 
70'. 52877  X  3  — 180**  =  8 1^  58633.     Hence  the  area  of  the 

iphcrical  triangle  =:  *^^'  ^  3^^^  '  f  gg83  -.  .^^gg^  ^  d\  which 

multiplied  by  -^  d,  gives  (b)  =  *0fiS97  d*.     Also  '022970?'  (a) 

=—  d*V^a  =  •11785^*,  and  (v)  z:  (a)  —  4(B)  =  '02ggjd^, 
as  required. 

Second  Solution,  by  Afr.  Woolhouse,  London. 

The  foar  planes  through  the  centres  of  the  spheres 
form  a  regular   tetrahedron  whose  edges  each  =r  ar  and  vo- 

1  12 

lume  =:   (ar)*    x    —  1/2  =  -H  y^a.    By  taking  away  from 

thii  the  four  equal  spheric  p}  ramids  cut  off  by  the  four  spheric 
lorfaces,  the  remainder  is  the  required  volume.  Now  the 
sides     of    the     equilateral    spheric     triangular     bases     being 

«ch  zr  -.  ir,   wc    have  by   the  formula,  Bonnycastlc's   Trig, 
3 
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—I 


p.  366,  each  angU  =  cos       -*     IPhereldre  the  spherical  ex- 

3 

cess  (=:  gcol       -  — -fr  ;  the  ^XHfacc  erf  >each  trktngk  s:  r*ii$ 

the  value  of  each  pyramid  =r  -  r'c :    and  hence   the  required 

tolume=:-  r*  i/«  —  ^  fs «  =:  ^  (g^g  —  la  cos       -  -f  4ir) 
8  8  8  8 

=  r'  X  •  2076  =  spheire  x  •  0496  =-^^^-* 

Third  Solutiok,  by  Mr.  T.  S,  Davies,  Bath. 

Generally 9  when  any  four  spheres^  radii  n,  fg,  rj,  r4,  are  taken. 
Let  A,  B,  c,  i),  be  the  centV^  of  the  foti'r  «phclttfe,  •tAioie 
radii  are  respectively  fx,  fg,  rg,  r4. 
Then  the  edges  of  the  tetrahedron 
are  respectively 


AB  r=ri+  ft 
AC  =:  fi  +  r, 
AD  —r^^r^^^ 
BC  =  fa  -f  rg 
BD  =  Tg  +  r^ 
CD  =  fa  ^.  r4 


(1) 


Denote  the  angle  cad,  dab,  bac  by  a^,  Aj«  A4  respec- 
tively.    Then 

cos  BAC=  (^t+^^^7(n-fO--(r.-hr3y   ^^ 


♦  My. object  in  proposing  this  question  was  to  form  a  plan  of  ascer- 
lainingthe  space  which  is  unoccupied  in  the  interstices  between  any 
number  of  equal  spherts.  when  packed  closely  [together.  When 
ihe. spheres  are  numerous,  the^e,  will  evidently  be  about  as  niaJty 
of  these  spaces  as  spheres,  and  hence  wc  may  observe  that  nearly 

-^h  of  the  wht)le  fepacc  is  iMocbupied.    Thus,  for  example,  a  b^of 

shot  will  be  found  to  weigh  nearly  ^th  less  than  the   same  volume 

of  solid  lead  ;  and  if  a  vessel  contains  a  number  of  equal  spheres,  it 
will  also  hold  in  addition  a  quantity  of  watei,  or  other  fluid,  which 

is  nearl)  —  th  of  the  joint  volume  of  the  spheres,  or  --  part  of  the 

tapacity  of  tht  vessel. 


(     i63    ) 

(OS  A4  3=  1^ ; 1 

Similarly,  cos  A3  =  r,^^,,  r.  +  r.  r,  +  r.r,     >  -  •  •(») 

aDd  cos  A.  =  ^-i^  +  nrafnr.-r^r,^ 

ri«+rir3  +  rir4  +  r8r4 

But  each  «olid  angle  of  the  tetrahedron  cuts  froip  i^  con- 
centric, sphere,  a  spherical  triangle,  which  is  the  base  of  the 
spherical  pyramid  which  is  conaraon  to  that  sphere  and  the 
tetrahedron.  The  sides  of  the  triangle  are  the  measures  of  the 
angles  A4,  A3,  A,  respectively.  But  as  these  sides  are  only  given 
by  means  of  their  cosines,  to  find  the  spherical  excess,  we  must 
have  recourse  to  a  theorem  first  given  by  De  Gua  in  the  AKm. 
di  FAcad.  des  Scicn,  1783,  and  which  so  far  as  I  know  has 
not  found  its  way  into  any  other  wo^k,  except  Young* s  Tti- 
gnometry.     It  is  this  ::— 

t  ^COS^A^— COS-Ag— CO^^ A4+g  COS^  ACQS  A3  CO^  A^        .    . 

W4inE=         (t  4-  COS  Ag)  (I  V  COS  A3  U  +  co^  A4)  •  •  ^^^ 

Leaving  now  this  part  of  the  enquiry  for  a  moment,  we  will 
attend  to  the  volume  of  the  tetrahearon.  The  edges  which 
meet  in  a  are  fi  +  Ut  n  +  ^8>  ^i  +  W$  ^nd  the  volume  of  the 
wKd  is  (Brewster's  Legendre,  p.  fiji.) 

P -g X 

{l-COS  •  As— cos  ' As— COS  •A4  +  fl  COS  Ag  COS  Ag  COS  A4}     .  .  .(4) 

Or  puuing  for  cos  A9,  cos  A3,  cos  .A4  their  values  as  found  in 
(«),  this  becomes  after  due  reduction 


ri  fa  Tg  r4 

P    ZZ   X 


(5) 


This  may  be  put  into  other  forms,  more  elegant  at  least,  if  not 
more  brief;  as,  for  exampU, 


X     2 


be 
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Or,  again,  if  we  put  i  -f  i+  i  +  -  =:  ? ,    then   (6)  will 

fi     r%     Tg     r^     5 

changed  into  the  following :  — 

p_  Ti  u  n  U  ^ 

iri\s     rj       r\s      rj^  r^s     uJ^  r^\s     rJS 

To  return  to  the  excess :  —  its  numerator  is  found  by  (4) 
to  be 

86  p« 

(ri  -f  uy  (.n  +  r^f  (f ,  +  r^)^ 
which  inserted  in  (3)  and  the  values  of  the  cosine  of  that  de- 
nominator furnished  by  (ft)  also  inserted  in  it,  we  obtain  after 
some  reduction 

afiZ" /Q) 

''^^^^-'ii7Q^^^r^\^r,){r,  +  r,  +  r,)(r,^-r,+r,)''''^  ^ 

or  putting  for  p  its  value  from  (7),  and  performing  the  like 
operation  with  respect  to  the  other  bs,  we  have  the  four  fol- 
lowing expressions  for  the  surfaces  of  the  respective  spheres 
enclosed  within  the  faces  of  the  tetrahedron  : 

vers  El  =    '     \       '    X 

(fx  f  Tt  +  r,)  (ri  +  r,  +  r^)  (r^  ^r^^-r^ 

,       ri^r^-rlrl 
vers  £•  =  ,     —   X 

rj 


s 


KTt  +  ft  +  r«)  (,f,  +  r,  +  r,)  (r,  +  f,  +  r^ 


ve„B.  = jTi 


> .  "(9) 


vers  B.  = 


.    _''i'''.«r,V4' 


♦  r  3 


[r4^rr^i-r^)  (r^  \  r^^fi)  (,r4  +  r,+  rj) 
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Hence  J  (r/  Ej  +  r^*  Et  +  r,'  Eg  +  u^  B4)  =  tpace  en- 
closed betvreexi  the  spheres  and  tetrahedron ; 
and  p  —  }  (r^*  Ei  +  Tj'  e«  +  fs*  B3  4-  r4'  E4  =  space  between 
the  spherical  surfaces. 

These  several  expressions  cannot  fail  to  interest  the  geometer 
by  their  symmetry  ;  and  by  taking  the  four  values  equal  we 
shall  obtain   from  them  a  solution  to  the  proposed  problem. 

In  that  case  vers  B  ==  -^,  or  cos  e  =:  -^,  and  the  enclosed  space 

ii  found  to  be  =  sphere  X  '  0496. 

A  Solution  was  also  given  by  Mr,  John  Bain  es. 

V.    QUESTION  585,  ty  Dr.  Brook  Taylok. 

Let  ov,  da  be  parallels  cut  by  a  transversal  in  v,  v  res* 
pectively.  From  a  point  o  in  one  of  them,  (ov^,  draw  four 
lines  meeting  the  transversal  in  D^  c,  b,  a  and  the  other  parallel 
in  d,  c,  bt  a.     Then 


CO    ^   AB 

c?  '  "of 


::  cv.vd:  av.vb. 


First  Solution,  fty  Mr.  Thomas  Thompson,  Newcastle 

upon  Tyne* 

Draw  CN  parallel  to  ov  meeting  OD  in  n,  then  by  similar 
triangles 

CD  :CN  ::  vD  :  vo 

CN  :c</::(co:c^)::  cv:v©; 
Therefore  cd  :  cd  : :  v  d  .  c  v  :  vo .  vi?. 


and 


CD 


cv  .  VD 


cd        vo  .  w 

In  like  manner  if  ap  be  drawn 
parallel  to  ov  meeting  ob  in  P,  we 
have 


AB  :  ap  ::  vb  :  vo, 
AP  :  ah  II  (oA  :  oa)  : :  av  :  vo ; 
Therefore  ab  :  ab  ::  av  .  vb  ::  vo  :  v», 

J    AB         AT.  VB 

and  — r  n . 

ab       vo.  vu 

Therefore  ~t  2  — r  s :  cv.  vd  :  av,  vr, 
cd     ah 
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Secokd  Solution^  ^  Jtfr..  Jq»n  Law«i  N^yfdc^U^  Hfiud 

Thrott^  thQ  poiot  d  draw  mn  parallel  to  av  quuin^  OY  if»  m 
and  o«  produced  m  n  \  then  by  reason 
of  the  parallels  a»  itnd  «tii  we  have 

GD  :  dn  : :  DV  :  Jm  ^  to, 
and  by  the  similar  triangles  ndc^ 

ocv 

dn  :  erf  : :  cv  :  vo  ; 

therefore,  by  compounding^ 

CD  :  c^  : :  cv  .  YD  :  vo  .  vo, 

CD  CV  ♦  YD 

or  •"^  ^  ■■  —  ■■  ■■  ■  • 
cd        vo  .  Yt; 

Again,  by  drawing  through  a»  apq  parallel  to  ao  meeting  ob 
in  p  and  vm  m  f ,  we  have  by  parallels 

AB  :  ap  : :  AV  :  ao  13  vo, 
and  by  the  similar  triangles  ahp^  OBV 
ap  :  a(  ::  VB  :  VO; 
therefore,  by  compounding, 

AB  :  a6  : :  av.  vb  :  vo.  vv, 

AB        AY.  Y» 

or    -T-  z:  ■'- 

ao  vo.  vo 

rr..         ..  CD       AB         CY.VD       AV.VB         ^       „_       ^ 

Therefore  — ;  :  -r  : : : s :  cv.  vo  :  ay  •  yb. 

c<^      ab       vo.  vo      YD.  vo 

Q.  E.  D. 

Mr  Davies  to  a  solution  very  similar  to  the  above,  adds  the 
following  scholium : — 

Dr.  Brook  TavJor  in  his  very  elegani  little  work  on  Per- 
spective, <9nd  bdit.  1719))  left  two  proposition^  undemon* 
stratedy  of  which  this  is  one.  These  were  supplied  by  Colson 
in  the  next  edition  of  17491  and  have  been  reprinted  in  that  of 
181 1-     The  above,  however,  is  not  one  of  them. 

It  is  highly  probable  that  Dr.  Taylor  was  the  first  author 
who  applied  the  doctrine  of  rectilineal  Transversals  to  any 
practical  purpose.  It  is  a  branch  of  enquiry,  however,  which 
English  Geometers  have  abandoned  to  foreign  cultivation,  like 
many  other  genuine  products  of  English  soil.  The  French 
military  engineers  have  pushed  it  to  an  extent  which  can 
scarcely  be  imagined  by  those  whp  are  not  familiar  with  their 
writings— writings  which  contain  so  many  varied,  curious,  and 
beautihil  properties  of  the  resuitary  figures,  as  to  amply  repay 


(he  study  of  them.     It  is  denominated  by   them^  very  appro- 
priaiely,  ^'  the  Oeoitaefty  of  ihc  Rtilc* 

Messrs*  Baines,  and  God  ward,  answered  this  question. 

Vl,    ^U5EStJON  596,  ty  Mr.  Gju**iir*i  4o»w, 

LiverpctoL 

A  pendulum  composed  of  three  cylindrical  rods  of  unequal 
lengths  «A,  s&y  8C^  tying  in  the  same  plane  {z.  a&b  =  /.  bsc) 
ii  supposed  to  vibrate  about  the  point  s  in  the  plane  of  the 
figure.  Required  the  distances  of  the  centres  «f  ^favity  and 
oscillation  from  the  point  of  suspension  ? 

SoiiUTiON,  iy  Mr.Vfu.  Godward, X^fi^(?ii. 

Let  SA  •±=d,  sb  =  ft,^c  i^  c,  Z.  AS^  =  *sc  =  i9^  and  the 
distances  of  the  centres  of  gr&vity  and  oscillation  from  the 
point  of  suspension  =:  d  and  d  Fes{:rectively,  Also  let  ^  be  the 
uigle  which  SA  makes  with  the  horizon  ;  then  v  —  d— 0  and 
V  -^  90  —  p  are  the  -angl^  which  &s  4uui  -ftC  make  with  it* 
Now,  by  a  prope/fy  of  thfc  fever, 

«•  cos  f  +^*  cos  (^  +  ^)  +  ^  cos  /ai?+^)  sz  ^ ; 

and  by  a  property  of  the  centre  of  gravity^ 

fl*  sin  f  +  b^  sin  (0  +  0)  +  c^  sin  (20  +  ?>)  =  «rf(a  +  *  +  c). 

Eliminatine  9  from  these  two  equations  which  may  be  ef- 
fected by  taking  (ht  sum  of  their  ~ffquares>  and  weiiave 

tf*+6*+r*+2*«  (fl*  fc«)  cos  0  +  2a»  c«  cos  2O  r:  4CP  (d  +  ft+c)', 

„         .      t/{tf*+S*+c*4-«^^  (fl^+c*)  cos  e  +  ea*  ^2  cos  ^qx 

cience  ozr      '^-  ■ — -^ r-^ — ■t-* — • 1* 

a  (a  +  *  -h  ^) 

,  J         a.ttf  .|fl4-6.fft.4ft  +  c.|c.f  t       ^^4-  J»+  cJ 

</  (o  +  6  +  c)  84a+6+c) 

_ »  «'  +  *'  +  c'  .  .. 

3    v'  {«♦+**  +  c* + 2i*  {a«+c2)  cos  0  H-  aa«  c*  cos  20} 

distalDces  reqeifedt 

Messrs,  Baimes,  Davies,  «ni  Laws  answered  this 

questi(fn*  . 
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VII.     QUESTION  537,  hy  Mr.  Samuel  Jonbi, 

Liverpool. 

Sum  the  series^ 

ad  infinitum  in  finite  terms. 

Solution,  by  Mr.  William  Godward. 
By  expansion 

1       a?*      a?*       1  "i 

Multiply  this  by and  take  the  integrals  between 

jv  =:oand  »=  1,  and 

_  6.  *  4.  ji  -         8         y  ,  8*5         » 

48'2^45      ^•.4*.6"2"*"fi*.4«.6».8*ft  ^ 

a'  *  5  '  7  ^  ,  8^  '  5*  *  7  -  Q  »j    o 

t^4^6^8«.Io•5"■*■ft*.4^6^8^to^la•8"**  «^c----(«) 

Multiply  (1)  by ^ — --,  and  integrate  as  before,  then 

i  '^— .  ^  —        ^         ^  8  » 

8*  a     45'^»'-4-6*  «"^  2\T*r6T8*  a  ^ 


«  •  4*  1 6" .  8  .  10'  2  ^  2* .  4* .  6* .  8* .  10 .  12 

=:  4  »    ,  3>  6  « 

2« .  4« .  6"  i  ■*"  2« .  4«  .  6« .  8*  a  ^ 
a* .  4^  6'  :F.  lo-  i  '^  a^4«.6^8^lodV  i  +  ^<^-  •  •  '(S' 
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Add  (2)  and  (3),  and  divide  by  -^^  then 

3^  •  *  •  1.6       .         3"  •  5*  .  7.  19 .    - .      . 

Cor.    Subtract  (a)  from  (3)  and  divide  by  —  and 

ii  _  «6   _8_     _i 3  J. 

48     45  • »  ~  2«  .  4=^ .  6  ^  b2  .  ^e  .  6^ .  8  ^ 

31.15 .  3' -5* -7 ^  ftc. 

aV4».6«.8«.  »o^fi«.4«.6«.8'.io''.i2^ 

This  question  was  answered  by  Messrs.  BaiN£S,  Davi  i:s  and 

Thompson. 


VIII.     QUESTION  538,  by  Af. 

Let  AB  be  the  diameter  of  a  circle,   am   always  equal  to 

JBM»  MQy  u'^'  perpendicular  to  ab  ;  let  aq  and  bq^  (pro- 
aced  if  necessary)  meet  iii  v  :  find  the  equation  to  the  curve 
traced  out  by  p.  Trace  its  whole  extent  and  shew  how  all  its 
parts  are  connected  with  the  circle. 


FiasT  SoLuriON,  by Mason,  ^fScoulton,  near 

Htnghamj  Norfolk* 

Let  AN  =  ;t,  NP  =  y,  AB  z=  2a,  am  =  |bm'  —2  .•^^  1= 

X 

—  land ^ 7= =: i.     Hence  y  = 

Z  {,2a — X)*  22  Z 

+ 1^ -.       Now  when  a?  =^,  v  =  <>  .'.  A  is  a  point 
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in  the  curve,  x  =  aa,  y  ^  0  .'.  b  is  a 
point  tonneiUd  with  the  curve.  ;r  = 
±  aa  Vs  —  fi^f  >  =  infinity  :  take 
•-.  AD  =  %a  (y^a  —  1)  and  draw  ZDZ 
perpendicular  to  ab»  and  this  Tme  is  an 
asymptote  to  the  two  branches  A z  and 
Az'  which  are  similar  and  equal. 

If  X  be  greater  than  aa  ( Vs  — ) 
or  greater  than  ad,  ^  is  impossible^ 
except  when  x  zz^tu  Hence  there  is 
no  part  of  the  curve  extending  beyond 
D  in  the  direction  ad  ;  the  point  b,  at 
which  ^  rz  o  for  X  =  aa,  is  a  single 
point  only,  and  is  called  a  conjugate 
point. 

If  xbe  negative  and  less  than  aa  (i/a  +  1)  there  are  two 
equal  values  of  y  positive  an4  ne^tive  and  •%  there  are  t«n> 
other  branches  of  tne  curve  extending  from  a  towards  z''  W  z'" 
drawn  through  D^  perpendicular  to  ba,  AD^being  =  aa  i/a+8tfy 


z"  d'  z'" 


being  an  asymptote  to  these  branches. 


Further,  since  d^^yzi 


24«y 


.«\« 


it  is   manifest  that 


(4«*—- 4a;ip-^jc7 
y  and  d^j^y  have  always  the  same  sign,  hence  the  curve  is 
convex  to  the  axis  of  x  throuflrh  its  whole  extent,  and  conse- 
quent!^ at  A  there  is  a  point  of  contrary  flexure  In  eacli  branch, 
the  point  A  is  also  a  double  point,  and  the  branches  cut  the 
ayis  of  X  at  A  at  angles  =;  45^,  and  each  othpr  at  right  angles. 

Second  Solution, />jf  ilfr.  DAyiJB«>   IMh^ 
Let  AB  the  diameter  be  taken  as  axis  of  x,  and  a  as  origi/li 


and  ayXab  be  taken  as 
axis  of  y.    Let  ab  s=  aa  and 

the  co-ordinates  of  q,  ^  be 
x,y,  and  x^,y.^.  Then  the 
equation  of  the  circle  is 

y«  =  %ax  —  **..(!) 

Hence y, 2  z=  aax,  -  j?/ .  .(a 

andy„2=afl.r,,-x/..(3) 

But  by  the  question  um'z: 
2  AM  =  ^K,  and  hence 

*//  =  2(^  -  Jf .).... (4) 
And  the  equations  ot   aq 
and    bq'    become    respec- 
tively, 

*i^/  =  */y  -  .  .(5) 


Fig.  1. 


I   -;i   ) 

Insert  (4)  in  (3)  and  (6) ;  then 

;'//'' =  4*/ («-*/)  ••••(7) 


Rquating  (7 )  and  (8)<  and  reducing,  w^:  obtain 
Comparing  (a)  and  (5)  we  have 


'' =■ -FTl^T^J^  ••••(9' 


aox^ 


Equaling  (9)  and  Cio)  we  find 

(aa  —  x)2  Cy«  —  jc«)=:  aaV (« > ^ 

or  resolving  tor  y  we  have  ultimately, 

4a*  —  4^j;k  —  x^ 
which  is  the  equation  of  the  curve  sought. 
We  may  now  proceed  to  examine  its  coarse  :--*- 

1.  In  the  first  place*  whatever  be  possible  values  of  x^,  we 
find  the  curve  has  two  corresponding  vafues  of  y,  above  and 
bdow  the  axis  ab  ;  or  in  other  words  the  curve  is  composed 
of  branches  symmetrical  with  respect  to  the  axis  of  x. 

«.  That  a  point  may  belong  to  this  curve^  we  must  have  the 

denominator  k/^o!^—  4ajp— a:*,  real,  or  which  comes  to  the  same 
thing,  the  possible  values  of  x  must  be  included  between  the 
roots  of  4^^  —  /^ax — x^  =0:  that  is  they  must  be  included 
between 

+  2a  {\/fl  —  1}  and— atf  {^/a  -h  1}. 

At  tiese  points,  since  the  numerator  of  (iB)i5  finite,  we 
shsll  have  y  infinite,  or  the  ordinates  ti^iff  become  asymptotes 
to  the  branches  of  the  curve. 

Let  o  Fig.  a,  be  the  centre  of  the  circle ;  make  ak»  to  iht  left,  or 

negative  side  of  A^  equal  to  aa  (v  a  +  1)9  and  an  to  the  right, 
equal  to  aa  (\/a  — 1),  and  draw  the  perpendiculars  lrl"", 
RNr/.   These  will  beaiymptotes  to  tlie  curve  and  will  wholly 

enclose  it. 

3.  To  find  where  the  curve  cuts  the  axis,  ptrt  y  equal  to  zero; 
which  gkes  the  three  conditions 

±  •4^2— 4ax— x^  =  ±  i 
2a  —  X  =0 
X  ~  o 

Y    2 


(     «7«     ) 


The  first  and  second  of  these  exceed  the  limits  just  laid  down 
as  the  boundaries  of  the  curve:  but  the  third  is  consistent* 
and  gives 

y  —  o. 
whence  the  curve  passes  through  the  origin  a. 

4.  I'he  equation  of  the  tangent  is  found  from  (12)  to  be 
dy .  8a^  —  tSa^x  +  loax*  —  gjg' 

^*  ^  ""         (4a«  —  ^ax  —  *«)i 
which  gives  for  the  case  «  =  o.  or  the  inclination  of  the  cunrc 
to  axis  of  X  at  its  origin  a, 

or  the  intersection  of  the  curve  is  at  an  angle  of  -  t  or  again 

4 
the  branches  intersect  at  right  angles. 

dy 
j;.  If  we  seek  the  values  of  x  and  y  which  give  ^  =1  o  and 

dx 

-—  zi  o,  we  shall  find  the  latter  to  be  when  x  =  ±.  ^chO/  «  T  1 ) 
dy 

or  at  M  and  k  ;  and  the  former  will  give 

x'  —  loax^  H-  iGd^x  —  4a''  =  o 

which  must  be  examined  in  detail* 

Fig.  a. 

The  roots  of  this*equation 
are  real,*  but  they  all  trans- 
gress tha  limits  of  x  assigned 
in  (9),  and  hence  there  is 
no  tangent  parallel  to  the 
axis  ot  X* 

6.  The  two  branches  lying 
to  the  right  of  a  from  the 
path  of  P  when  y^  and  y^^  are 
affected  by  the  same  sign  : 
viz.  AG  when  we  take  4-  y, 
and  +  y,,t  and  ag'  when 
wt  take  —  y,  and  —  ^„, 
The  two  to  the  left  are  the 
locus  of  p^  when  we  take 
y^  and  y,,  with  opposite 
sigtis :  vix.  ah  when  we 
take  \  y,  and  —  y,„  and  a  h' 
when     we    take  —  y^    and 

+  y,i*     ®y  f^^^^g  upon 

-f  y^,,  then  we    trace   the 

•  The  three  roots  are  lie>OI9rt,  —  -26840,  and  —  8-0568ii. 


(   m  ) 

comiiiaoQS  blanches  0A9  ah'  by  taking  +  p^  and  —  y,  for  that 
value  of  y^,:  and  we  trace  the  others  by  fixing  upon — y,, 
and  taking  both  +  y,  and  —  f,.  We  thus  see  how  all  '*  the 
parts  are  connected  with  the  circle.*' 

7.  It  cuts  the  circle  in  two  points  t,  t'^  when  we  make 

9ax  —  X*  =  — r-^ ^ ,  or  a •  =  — 

40«  —  4ajr  -  ic"  3         • 

as  by  the  genesis  it  ought  to  do.    Then  also,  y  =:  ±  —  v/5 

8,  For  the  area :  we  have  ydn  -:  ±     >...  Or 

v  4a*  —  4ax  —  JT* 

putting  the  quantity  under  the  radical  =:  x«  it  is 

These  give,  by  the  usual  methods,  abating  the  corrections^ 
which  are  contained  under  the  integral  signs  which  remain  in 
the  result, 

2a/-^  =  -aav/x  —  4«V  -7=^ 


dx 

X 


Collecting  these^   and  integrating  /   -y^r^  we  have 

Alfa  =  f  ^ 6^)  v/4a*— 4«» - *« - i2is«  sin  "^  q^C?'^  "*"  ^* 

But  when  jr  =  Oj  we  have  the  area  =:  o,  and  hence 
c  =  =F  (loa*  4-  i2a^  sin-*— ^--J 

=z  +a^  {io+37r} 

where  ±  refer  to  the  positive  and  negative  values  of  y. 

Taking  this  between  the  limits  of  possibility,  we  shall  have 
for  the  portion  of  the  area  lying  above  the  axis  ax, 

/•i^2a(v^2— 1) 
ydx^  tSa%,  and  hence  the  area  enclosed 
—  2a(/«+  1) 

between  the  four  branches  and  the  asymptotes 

=  24a%  =  12  times  the  generating  circle  aq'bq''^ 


(    ^74   ) 

1  hiPte  not  remarked  dhf  ocher  ttlsAtdm  to  tht  generating 
circle  tbartt  tbeie  now  mentioned^ 

This  question  was  answered  by  Mtssrs*  BaInbs,  GoDWArftS,        I 

Laws  and  Thompson. 


IX.    QUESTION  J39,  bf  Gallicus. 

Any  conoid  being  cut  by  a  plane,  and  the  section  seen  from 
either  focut^  it  will  appear  a  circle. 

First  SolLvtion,  by  A(r»T.  S^Daviss,   Batk. 

This  question  is  the  converse  of  a  particular  case  of  a  theorem 
to  which  a  geometrical  demonstration  has  been  given  in  the 
GendoaiAn'i  Diary^  1830,  Prop.  1S56 ;  and  it  woukl  iw  ex- 
tremely easy  to  prove  it,  ex  absurdo,  by  means  of  that  theoronr. 
Nor  shoula  we  find  much  difficulty  in  giving  a  direct  proof  by 
means  of  principles,  very  analogous  to  those  employed  on  that 
occasion^  nor,  indeed,  more  simply  by  methodt  a  litile  different  : 
but  as  my  paper  on  the  "  Geometry  of  Three  Dimensions"  con- 
tains a  pretty  ample  discussion  of  the  properties  of  this  figure^  I 
shall,  instead  of  repeating  those  processes,  merely  refer  to  it,  and 
give  a  demonstration  by  the  **  analytical"  methoa« 

Let  the  miyor  anisoi  the  generatistt  conic  section  be  taLen 
for  axis  of  Zi  and  tbe  aystem  be  referred  to  rectangular  co- 
ordinates originating  at  the  focus  from  which  tbe  section  14 
viewed.  We  shall,  to  a^oid  the  tfse  of  the  double  sign  prove 
it  for  the  ellipsoid  only,  as  it  is  instantly  seen  that  the  same 
method  will  prove  it  iff  the  hypefbetoid  of  two  sheets. 

Let  a,b^  be  the  semi-axes  of  the  generatrix  ;  then  the  ellipsoid 
itself  is  expressed  by 

Denote  now  the  equation  of  the  cutting  plane,  referred  to 
the  same  axes»  by 

Then  (1)  (a)  are  the  equations  of  the  directrix  of  the  visual 
cone,  whose  vertex  is^  at  tbe  origin  of  co-ordinates.  Let  one  of 
its  edges  be 

*'  =:  a%' . . .  .(a) 


From  (a,  3,  4)  we  obtain 


V  J 


.'=.-  ^    '^ 


a'«  +  1/0  +  c^ 


X  '^"^^    ■■■■ 


^S  +  J^  +  r 

In«cit  xtie  yfBluesQfxyz'  from  (5)  in  (t),  and  reduce  :  tbcijcc 
we  obtain 

But  from  (3)  (4)  we  have 

a  =1  —  and  /3  =  "^  ;  and  this  inserted  in  (6)  gWes 

which  further  reduces  to 

Write  this  for  the  moment  in  the  form 

Ajc*  +  By*  +  cz^  +  a A'>a  -I-  2b^xz  +  ac'xy  =  o . . .  ,(9) 

Put  the  values  of  A/A/  ••••  in  the  following  formulas,  and 
we  get 

(which,  Hamilton's  Anal.  Gcom.  Art.  402,  is  a  test  of  the  cone 
being  of  revolution)  and  we  find  them  verified.  . 

By  following  a  precisely  similar  cour&e  with  respect  .to  the 
paraboloid  of  revolution,  employing  the  equation 

«*  +  y«  =  \a  (tf  +  t) 

we  should  find  the  same  truth  established  as  we  have  already 
ioand  for  the  ellipse  %  but  it  is  oot  necessary  to  dilate  on  so 
simple  a  subjea. 
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Second  Solution,  by  Mr. Godwaru^  Lofkhn* 

Let  F  be  the  focus  of  the  conoid,  and  aeb  the  principal  section 

Serpendicular  to  the  cutting  plane  ab.' 
oin  AF,  BF,  draw  fo  bisecting  the  angle 
AFB  and  OD  perpendicular  to  of  ;  then, 
as  is  well  known,  af,  fo,  and  bp,  are,  in 
harmonical  proportion.  Again,  draw  oc 
perpendicular  to  the  plane  afb  meeting  the 
conoid  in  c,  join  cf,  and  draw  aa^  oo^ 
CC%  bb\  perpendicular  to  the  directric 
plane;  then  aa^  :  bb^-*:  (ap  :  bp  : :  ao  : 
OB  ::  A  a'  —  oo':oo' —  bb':  :)  aa'  —  cc' :  cc^ —  bb';  but, 
by  a  property  of  the  conoid,  a  A'' :  cc' :  bb'  : :  ap  :  cf  :  bp  and 
therefore  af  :  bp  ::  af  —  cf  :  cf  —  bf,  implying  that  af, 
CF^  and  BF  are  in  hamionical  psoportipn.  Hence,  as  af,  fd, 
and  BF  are  also  in  the  same  propoition,  it  manifestly  follows 
that  FD  =  FC  and  oc  =  od. 

From  this  we  readily  infer  that  the  section  perpendicular  to 
the  axis  of  the  radiant  cone  is  a  circle^  and  consequently  that 
the  section  when  viewed  from  the  focus  will  appear  a  circle. 

m 

Mr.  John  Bain£S,  also  answered  the  question, 

X,    QUESTION  S40,  *>  Tintoretta. 

If  spheres  any  how  scattered  in  space,  be  put  in  perspective, 
the  major  axes  of  the  representations  all  tend  to  one  point 
in  the  picture,  determine  that  point,  both  by  Geometrical  and 
Analytical  considerations. 

First  Solution,  Geometrically,  ty  Mr.  Godward. 

If  planes  be  drawn  through  the  axes  of  the  radiant  enve- 
loping cones  oi  the  spheres,  perpendicular  to  the  plane  of  the 
Eicture^  their  intersection  with  the  elliptic  representations  will 
e  the  major  axes ;  and  these  axes  will  therefore  tend  to  the 
point  where  the  common  intersection  of  the  planes  passing 
through  the  axes  of  the  radiant  cones  meets  the  plane  of  the 
picture,  and  which  point  is  obviously  the  same  as  the  inter- 
section of  the  perpendicular  from  the  eye  with  the  said  plane » 


(     177     ) 
Second Soi.UTioN,ANALYTiCAi.LY,  by  Mr.  T.  S. Davies. 

The  geometrical  methods  of  demonstrating  this  property  are 
jttfficiently  obvious  without  entering  into  specific  statements  of 
tlian :  and  hence  I  shall  pass  at  once.to  the  *'  analyticaV*  method. 

The  visual  cone  is  a  cone  of  revolution,  as  it  is  easy  to  shew 
aoalyticaily.  Let  the  circle  of  conuct  be  taken  for  the  plane  of 
ty,  and  the  axis  of  the  cone  for  that  of  z.  Take  the  centre  of 
this  circie  of  origin  of  co-ordinates  and  so  dispose  of  the  axes  of 
t  and  y  that  xz  may  be  perpendicular  to  the  plane  of  the  picture. 
Then  the  perpendicular  from  the  vertex  of  the  cone  upon  the 
picture  is  in  xz^  and  cuts  the  picture  in  its  common  intersection 
with  xz. 

Denote  by  a  the  angle  which  the  picture  makes  with  the 
plane  of  xft  ;  and  put  p'  for  the  distance  of  the  circle  of  con- 
tact from  the  vertex,  and  r'  for  the  radius  of  that  circle.  Place 
the  new  origin  at  the  intersection  of  the  axis  of  the  cone  with  the 
picture;  put  r  for^he  radius  of  its  circular  section  at  that  point, 

and  p  for  its  distance  from  the  vertex.    Then  ->=  —  and  the 

P      P 

equation  of  the  section  itself  (referred  to  the  trace  of  xz  upon 

toe  picture,  and  a  perpendicular  to  it  in  the  picture)  is  well 

known  to  be 

^p*cos*  a  —  r  sin*  a)  y*  +  ;>»  jf«  +  «  pr*  sin  «,  y  n  r^^' . . .  .(i). 

Now  this  is  an  equation  of  the  second  degree  relerred  to  recU 

angular  co-ordinates  which  (with  respect  to  the  line  in  question) 

are  conjugate  to  one  Another — that  is,  to  such  axes  as  are  parallel 

to  the  principal  diameters.     But  the  absence  of  x  of  the  first 

<legree  in  the  equation  indicates  that  the  centre  is  vt.  the  axis  of 

',  or  in  other  words,  that  the  axis  of  x  coincides  with  the  major 

axis  of  ^he  section,  or  of  the  delineation  of  the  sphere  upon  the 

plane  of  the  picture. 

But  this  is  the  line  in  which  we  have  already  noticed  that  the 
perpendicular  from  the  vertex  (or  eye)  upon  the  picture  falls ; 
and  as  this,  wherever  the  spheres  be  placed  is  a  fixed  point  in 
the  picture  it  is  clear  that  how  many  so  ever  they  be  in  number 
or  however  they  be  situated,  the  axes  majores  of  the  delineations 
pass  through  this  point.  The  alledged  property  is  thus 
esublished. 

However,  though  this  process  is  sufficient  to  establish  the 
property  it  will  be  necessai^,  in  case  of  our  discussing  such 
delineation  in  connection  with  any  other  upon  the  same  picture,  to 
refer  it  to  other  co-ordinates  than  those  we  have  employed  in  the 
present  instance.  We  might,  it  is  true,  transform  the  equation  by 
the  common  method,  but  it  is  highly  probable  that  the  compu- 
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utions  to  which  it  would  lead  ut,  would  be  much  more  tedious 
than  the  discussion  of  iht  Formula  derived  at  once  from  the 
general  conditions  of  the  problem.  I  have  gone  tbroush  the 
latter  process,  and  as  the  formula  is  tolerably  timple^  I  shall 
put  down  the  investigation  by  way  of  appendix  to  the'solotion 
above  given. 

Take  the  plane  of  the  picture  for  that  of  xy^  and  the  origin  at 
any  point  in  that  plane ;  and  let  the  axis  of  z  be  perpendicular  to 
the  picture.  In  reference  to  fhis  system  of  co-ordinates  let  a^yc' 
be  the  co-ordinates  of  the  centre  of  the  sphere,  r  its  radius,  and 
abc  the  co-ordinates  of  the  eye.  Then  the  equation  of  the 
sphere  is 

(a. _  aO  «  +  (y  —  A'^  ^  +  («  -  cO  -  -  f«.. .  .(a) 

'I'he  equation  of  the  plane  of  contact  of  this  sphere  with  the 
visual  cone,  whose  vertex  is  abc^  will  be  founo  by  the  usual 
processes  (as  Monge  jinaL  AppL  p*  14^  or  Young's  Analyt, 
Geom.  p.  169,)  to  be 

(tf-aO  (Jc-flO  +  (*-&0  (y-  A')  +  (c^&}  {2  —  c')  =  r«. .  .(8) 
i  o  abbreviate  the  writing  in  the  remainder-  of  this  inves- 
tigation, we  shall  put  a  —  a^  =.  a;  b  —  i'rzB;  c  —  c'szrc; 
r» — B«— c'-a^';  r'— a»— c*=a6*»  andr*— a«-  b«=zr^*. 
Denote  one  of  the  edges  of  the  visual  cone  by 

y  — A  =  /3(2— c)  S  ••^•14; 

From  (4)  we  get 

x  —  a'  -=1  oL{z  —  e)  +  A  i 
y—b'zzfi{z^c)  +  b5.....(5) 

z^c'zn     («_c)4-c) 

Put  these  values  of  x  —  a^and^ — b'mi^)^  and  we  shall 
find 

""        A«  +  B^  +  C        i 
w  _    RA«/?+ABg-f  BC    f  ,^. 

y — ^  —  '   '   . — ,        V . . .  .(6) 

^  A«+B+Ci  ^   ^ 


,       R.'flf  +  AB/S  +  AC 

X  —  a  zz  —  - 

Aa  4-  B/S  +  C 


S 


Rut  « ,  and  /3  =  ? *;    which  substituted  in  (6) 

»  —  c  a  —  c  ^  * 


^ivc 


s 
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»— e'  =  '^'^*(*~^  ^^^  {x^a)  -f  BC  (y—  h) 
~     A(4f  — a)  f  3  (y  — 6)  +  c  («— c)     J 

„__y_R6My  — ft)  +  AB(x  — g)+BC(l->C)f 

^    _^_  R^*(JP— g^-i-AB(y~ft)  4-  AC  (g  — c)\ 
A  (jr  —  a)  \-  B(y  —  b)  -h  c  {z  —  c)     ^ 
Making  these  substitutions  in  (a)  and  reducing,  we  get, 
+  Re*  (;r  — c)«  +  SAB  («  — a)  {y  —  b)^ 

+  R**  (y  —  i)*  i-  t AC  (jc  —  a)  (z  —  c)y  :r  p  . .  .  .\8: 

+  R.*  {x  —  af      ABC  (>  —  b)(z  —  cp 

which  is  the  equation  of  the  visual  cone. 

But  where  the  cone  of  rays  cuts  the  picture,  we  have  ^  =  o, 
and  the  trace  of  the  cone  upon  the  plane  xif  is  the  delineation  wliose 
equation  we  have  been  seeking.     This  we  see  at  once  is 

—  2  Acc  (ar  —  a)  —  8  Bcc  (y  —  6)  ^  -o . . .  .i 9  • 

No  further  discussion  of  the  subject  seems  to  be  necessary 
here;  though  it  may  be  remarked  that  if  we  determine  the 
equation  of  the  greatest  diameter  of  this  curve  we  shall  find  it  will 
be  fulfilled  by  the  quantities  ahe.  We  should  thus  furnish  a  de* 
monstration  of  the  question  at  the  head  of  this,  altogether  fret 
ffim  the  suspicion  of  tacitly  adbplihg  properties  derived  from 
«  contemplation  of  the  figure  to  prove  a  theorem  which  we  were 
required  to  establish  by  means  of  its  equation.  This,  however, 
leads  to  calculations  of  some  complexity,  and  therefore  may, 
perhaps,  for  the  present  be  dispensed  with. 

Mr,  Thompson  sent  a  Solution  to  this  Question. 

XL    QUESTION  541.  by  Nemo. 

A  ring  is  cut  by  a  plane  in  a  given  direction  :  what  is  the 
equation  of  the  section  ?  , 

First  Solution,  by  Mr.  T. S.  Davies,  Bath^ 

Let  a  given  sphere  so  move  that  its  centre  shall  describe  a 
gWen  circle,  then  the  envelope  of  the  space  it  occupies  during 
that  time  is  the  common  ring,  or  torus.  Its  equation  may  be 
lound  by  the  usual  method  of  investigating  envelopes  of  three 
diincnsions,  but   in  the  present  very  simple  case  we  may  obtain 

z   2 
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it  by  more  elementary  considerations.  The  intersection  of  two 
consecutive  spheres  is  a  great  circle,  and  its  plane  is  elevated 
at  right  angles  to  the  plane  of  the  directrix  and  passing  through 
its  centre.     This  great  circle  is  the  generatrix  of  the  torus. 

Let  DC  =:  a  be  the  radius 
of  the  directrix,  cb  =: 
CA  =  r,  that  of  the  gene- 
ratrix. Refer  the  system 
to  rectangular  co-ordinates 
having  o,  the  centre  of  the 
directrix  for  origm,  and 
this  plane  taken  as  that  of 
jry.  Then  the  axis  of  z  will 
be  at  right  angles  to  the 
plane  of  the  paper :  and  the 
plane  of  the  generatrix  re- 
volves round  oz. 

Let  p  be  a  point  in  the  torus,  cap  the  corresponding  posi- 
tion of  the  plane  of  the  generatrix :  then  we  shall  have 

OP«  =  OC*  +  CP'  ±  20C  .  C(i 

where  op,  nq,  qp  are  the  co-ordinates  xyz,  or 

ar*  -h  j('  -h  2»  ±  2aVr^  —  a^=za^  +  r« . . .  .(i)' 

(See  Jephson's  Fluxions,  vol.  L  p.  325.) 

Let  the  equation  of  the  cutting  plane  be  written 

p  rz  Of  cos  a  +  y  cos  /3  +  s  cos  y . . .  .(2) 

Then  p  is  the  perpendicular  from  the  orgin  upon  the  plane, 
and  or,  B,  y»  are  the  angles  made  by  this  perpendicular  and  the 
co-ordinate  axes  respectively.  The  point  of  intersection  of  tliis 
perpendicular  and  the  plane  is 

a?^  =:  p  cos  «,  y'  =  p  cos  /3,  «'  r:  p  cos  y . . .  .(3) 

Transpose  the  origin  to  the  point  xfy'%'^  retaining  the  paral- 
lelism of  the  axes  :  then  we  have,  inserting  (3)  in  (1), 

[X  \  p  cos  (X)g  +  (y  +p  COS  /?)«  +  (r  +  p  COS  y)» 

±  sa  v/r«  — (a  +  pcosy)«  -  a«  +  r« . . .  .(4) 
and  the  plane  (a)  referred  to  the  same  co-ordinates  is 
;r  eos  a  4-  y  cos  /3  4-  x  cos  y  =:  o  .  . .  .(5) 
The  trace  (/)  of  this  upon  the  new  plane  of  xy  is  denoted  by 

cos  %   t-  ^  cos  /5  =  o . , .  ,(6) 

and  the  angle  (Ix)  therefore,  becomes  tan  *"'  —  — —  =:« ,  .(7) 
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Alto  r  is  the  inclination  of  the  catting  plane  to  that  of  «^» 
and  these  values  substituted  in  Euler's  iormular»  (Hanilt.  An» 
Geom,  a^i^  Young's  An.  Geom.  p.  8789)  we  obtain  the  cijua- 
tion  of  the  section  sought.    We  thus  obtain  1 

{x  cos  y  +  y  sin  ic  cos  *:  +  ps  cos  o)*  4- 
{x  sin  j3 — y  cos  k  cos  r  -f  p  cos  le)* 
+  (y  sin  y  +  p  cos  y)*  ±  2a  \/r*— (^  sin  y  +  p  cos  y)^ 

=  a*  +  r«....(8) 

This  equation  is  in  the  most  general  forno^  and  such  as  would 
have  been  required  for  comparison  of  the  section  made  in  the 
given  ring  by  the  given  plane,  with  anv  other  figure  given  in 
Tcference  to  the  same  co-ordinates.  It,  however,  our  object 
had  been  to  ascertain  any  properties  of  the  section  considered 
alone,  we  might  simplify  in  some  slight  desrree  by  means  of  the 
arbitrary  values  of  c.  The  symmetry  of  the  Torus  enables  us 
to  take  its  axes  in  any  direction  from  o  in  the  plane  of  the 
directrix.  Let  us,  then,  take  the  axis  of  y  parallel  to  the  trace 
of  the  cutting  plane  :   then 

ic  zs  o,  sin  «c  :=  o^  cos  a:  ^  1 

»zz  T^  sin  a  =:  1 ,  cos  a  =  o 

/3  =;  o,  sin  /3  =  o,  cos  /3  =  1. 
Inserting  these  values  in  (8)  and  reducing,  we  obtain 
JT*  +  y*  —  2py  cos  y  (1  —  sin  y)  +  p*—  r»  —  a*  = 
±  Sa  v/r*  —  (y  sin  y  4-  ^  cos  y)» . . .  .(9) 
or  interchanging  the  axes  of  x  andy  in  equation  (9),  we  find 
y=  ±  v/f*  +  a*— p*— a?"  +  ^px  cos  y  (1  —  ain  y) 

±  aa \/r*  —  (x  sin  y  +  ^  cos  y)»'. . . .(to) 

The  curve,  then,  is  composed  of  two  separate  branches,  each 
of  which  is  symmetrical  with  respect  to  the  axis  of  x. 

That  any  one  of  the  four  roots  should  be  possible,  the  second 
ladical  must  be  real,  which  furnishes  the  following  limits 
of  *;  — 

"ny       (..   .(11) 
^  ^        r  -h  P  COS  y  I 

siny 
which  fender  the  radical  =:  o : 

and  OP  =:  —  ^  cot  y  ••  ..(la) 
which  renders  it  greatest,  via.  i  flflr. 
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The  ring  being  gi^en»  then,  the  two  conditions  which  deUer  • 
mine  the  section  are  the  magnitudes  of  p  and  y.  If  y  remain  con- 
stant, and  p  take  all  possible  values,  we  obtain  a  series  of  curves 
which  projected  on  the  plane  through  the  centre  of  the  torus, 
and  parallel  to  the  cutting  plane  assume  forms  like  the  foK 
lowing. 


If  we  conceive  the  ring  to  stand  before  us,  so  that  the  half 
whose  projection  is  ACBPca  is  above  the  plane  of  the  paper, 
and  of  course  the  other  half  below,  we  shall  be  able  to  readily 
comprehend  the  meaning  of  the  figure* 

There  are  two  positions  of  the  cutting  plane  where  it 
touches  the  generating  sphere  whose  centre  is  £,  and  these  will 
also  be  projected  into  £•  The  section  will  then  resemble 
4KfEghL,  not  unlike  in  form  tothe  figure  which  the  lemniscata 
of  Bernoulli  would  become  if  its  axis  were  bent  into  an 
elliptic  form. 

As  we  move  the  cutting  plane  down  towards  the  plane  of  the 

Japer,  the  sections  become  curves  with  pairs  of  isolated 
ranches  of  the  oval  kind,  being  more  acute  at  the  extremities 
nearer  to  £  than  at  the  more  remote  ones*  These  also  resemble 
the  more  general  case  of  the  lemniscates,  that  is  the  ellipse  of 
Cassini  in  appearance,  with  the  same  kind  of  diSerence  as 
before,  viz.  that  the  axis  of  abscissas  is  bent  into  an  elliptic 
form. 
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When  we  arrive  at  the  plane  of  the  paper,  we  obtain  a  pair  of 
isolated  symmetrical  branches,  taken  with  respect  to  ab,  and 
sjrmvietrical  with  respect  to  cd;  viz.  those  which  in  the  an- 
lexed  figure  are  marked  r  a  r  'a  and  s  b  ^^b. 

Continaing  the  progress  of  the  cutting  plane  below  the 
phne  of  the  paper,  we  obtain  a  series  of  sections  similar  to 
those  already  determined,  till  we  arfive  at  (he  point  of  contact 
with  ihc^pper  side  of  the  generating  sphere  in  the  position  e'  ; 
viz.  eftfrf^'k'  Lin  the  lower  part  of  the  figure 

Proceeding  lo  the  same  way  we  obtain  a  series  of  figures 
such  as  those  in  the 
tnnexed  figure,  viz. 
STVXB,  till  the 
plane  arrives  at  the 
cmtre  of  the  said 
sphere^  whose  cen- 
tre is  projected  into 
»'.  We  then  ob- 
tato  the  section  dvcr* 

Still  lower  we  obtain  a  series  of  curves,  similar  to  that  traced 
in  the  figure,  viz.  T^v^x^it^ ;  and  these  continually  diminish 
till  at  last  the  curve 
merges  in  the  single 
point  of  contact  of 
the  plane,  and  the 
outer  part  of  the 
ring. 

The  same  circum- 
stances take  place 
«*w«  JLeK/EgLM,  u  we  have  described  below  i/€!¥^fWg^\Jk\ 
In  figure  (a)  we  see  both  series  which  arise  from  cutting  the 
sphere  in  its  position  e';  shewing  how  the  curves  of  figures, 
(S  >nd  4)  are  related  in  position  to  one  another. 

Nothing  remarkable  results  from  varying  7  whilst  p  is  con- 
stant: and  the  only  values  of   7  that  require  our    especial 

notice  are  o  and  '•. 

a 

i.  Let  7=0;  then  sin  7  =  0,  COS7  =  1%  and  we  have  (10) 
converted  into 


y=±v/r»+  a*  — 1^*  — «*+.9pa?±9av/r  — p* (13) 

which  is  real  so  long  as  r*  — ji>^  is  positive. 

This  indicates  two  circles  whose  centres  are  orthogonally  pro^ 
jcctcdinto  the  point  o  of  the  directrix. 
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Whenr  z=  p'  then  the  expression  becomes 

y  =:  ±  s/c? — x*  +  %px  •  •  •  •  ( 14) 

which  shews  that  the  two  circles  coalesce,  and  that  the  plane  is 
now  tangential  to  the  torus. 

8*  Let  7  :=  -•    Then  sin  7  ==  i»  cos  7  =  0^  and  (to)  is  con- 

s 

verted  into  restoring  the  old  axes  of  x  and  y* 

«=  ±  >/y'+  4«— ^•— >t±  flfl\/r»— y«  ....(«S) 


which  denotes  the  ElUpse  of  Opsins',  having  for  square  of  its 
semibase  and  for  rectangle  of  the  radii-vectores»  the  respective 
quantities^ 

r*  -I-  a*  — p',  and  4ar, 

in  which  it  appears  that  the  rectangle  of  the  radii*vectores  is 
constant  whichever  of  the  vertical  sections  betaken. 
Letp  =  a  4-  r^then 

which  is  only  possible  when  9  =  o»  and  then  also  ;t  =s  o.    The 
curve  is  then  reduced  to  a  single  point. 
Next  let  p  =  a  —  r :  then 

which  denotes  the  lemniscata  of  Bernoulli,  and  the  cutting 
plane  is  now  a  tangent  to  the  inner  equatoreal  surface  of 
the  ring.* 

If  p  ]>  r  +  o,  then  (15)  becomes  imaginary,  and  hence  no 

curve  can  then  be  formed,  as  no  intersection  takes  place. 

Lastly,  let  ^  =  o,  or  the  plane  be  a  meridional  one.    Then 
the  expression  (15)  becomes 

r«— /  =  {x±ay (18) 

which  designates  two  circles  to  radius  r,  and  whose  centres  are 
at  the  distance  ±,  a  from  the  origin  of  co*ordinate,  reckoned 
along  the  axis  of  x. 

When,  also,  we  take  in  the  general  equation  (jo)  p  =  •# 
we  find  a  neat  result,  viz, 

y  =:  ±  \/r"  4-  a-  —  x*  di  2a  y/^^  —  x*  sin  ay  •  •  ••(«9) 


•  This  particular  case  is  selected  by  M.  Hachette  as  au  example 
of  the  tangent  planes  of  the  second  species,  (that  is,  which  both  toach 
and  cat  the  surface  to  which  they  are  applied,)  and  he  has  tlierefore 
entered  into  some  details  respecting  it,  which  urv  both  cnrious  and 
instructive.  Vid.  Seconde  Supp.  k  la  O^om^tric  Descriptive  de 
Moug:c,  p.  17,  and  Hachette  Traits  dc  Geom.  D^script.  p.  65. 
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which  expresses  all  the  diametral  sections  of  the  ring,  by  giving 


ir 


to  vail  values  from  o  to  — .     There  are  some  values  of  x  which 

render  this  real  lor  all  values  that  can  be  given  to  y  :  and  when 
this  is  the  case  the  sub-radical  is  real.  Also  between  certain  of 
these  values  of  a*  in  the  sub-radical,  the  principal  radical  is  also 
real :  and  hence  there  are  in  all  such  cases  lour  real  values  of  y, 
or  in  other  words  four  distinct  semi-branches  of  the  curve,  sym- 
metrically situated  two  and  two  with  respect  to  the  axis  of  :r. 

The  following  figure  contains  a  delineation  ot  the  several 
species  of  forms,    all  the  cutting  planes,    impressed  with  the 

section  which  they 
bnned  in  the  Torus 
being  turned  round 
upon  A  B  till  they  co- 
incided with  the  plane 
of  the  generatrix 9  and 
fixed  perinanently 
there.  The  figure 
EBi^a,  BBB^AE  being  j^ 
that  formed  when  the 
plane  touches  the  ge« 
ncraiing  spheres  in 
the  positions  whose 
centres  are  e'e'.  The 
curves  A KaK',  blAl' 
aretwo  branches(sy  m- 
metrical  and  equal) 
produced  by  the  plane 
passing  farther  from  the  centres  of  the  said  spheres;,  and 
APB(2,  apbq  those  formed  when  the  plane  passes  near  to  the 
said  centres. 

SckoL  In  the  Memoires  de  TAcad^mie  Royale  des  Bruxelles, 
1824-5,  a  paper  on  Surfaees  Spiriques  (the  same  as  the  Torus), 
by  M.  Pagani  was  inserted ;  and  a  short  notice  of  it  appeared  in 
Qaetelci's  Correspondance,  vol.  II,  p.  237-42,  referring  chiefly  to 
the  history  of  these  surfaces.  Indeed  there  is  only  the  equation 
of  the  surface  put  down  in  Quetelet,  and  a  slight  remark  upon 
another  form  of  that  equation  in  Vol.  IV.  p.  291  *  and  as  I  have 
not  yet  been  able  to  procure  the  volume  of  the  Memoires  which 
contains  the  dissertation,  I  am  unable  to  say  to  what  extent,  or 
inwhat  direction,  the  researches  of  M.  Pa^ni  have  proceeded. 
Had  I  been  aware  when  I  undertook  the  investigation^  that  it 
lud  already  been  discussed  in  a  lengthened  Memoire,  I  should 


VOL.  IV.   PART  I. 


A  A 
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probably  have  laid  mine  aiide  till  I  had  seen  that  dissertation ; 
as  it  is,  and  the  time  is  expired,  I  send  it  ^though  well  assured 
from  the  high  talents  of  Pagani,  and  the  honorable  position  in 
which  his  paper  is  situated,  tnat  the  impossibility  of  f  umithing  a 
copy  of  his,  is  the  only  apology  that  can  be  offered  for  giving 
my  own*  Should  I  be  so  fortunate  as  to  procure  the  said  vo- 
lume,  I  shall  give  an  analysis  of  the  paper  in  question  in  the 
Repository. 

Several  cuirous  discussions  respecting  the  perspectives 
of  the  Torus  may  be  seen  at  the  end  of  the  second  volume 
of  Hamilton's  Stereography ;    and  a  considerable  number  of 

! propositions  relative  to  the  sections  of  a  ring  in  Tacquet  Cy- 
indrica  et  Annularis,  occupying  142  pages  in  folio  in  his 
Opera  Mathematical  The  Reader  may  also  consult  Montucla 
Histoire  des  MathematiqueSf  and  Quetelet's  Correspondance 
already  referred  to. 

Second  Solution,  by  Mr.  Godward. 

Let  the  centre  of  the  ring  be  the  origin  of  co-ordinates,  and 
the  principal  section  passing  through  this  centre  and  that  of  the 
generating  circle  be  the  plane  xy.  Take  the  axis  of  y  parallel 
to  the  intersecting  plane,  and  put  k  =  the  mean  radius  of  the 
ring,  and  r  =  the  radius  of  the  generating  circle  ;  then  the 
equation  to  the  surface  of  the  ring  will  obviously  be. 

Transferring  the  origin  to  the  point  where  the  intersecting 
plane  meets  the  axis  x\  the  distance  of  this  point  and  the  centre 
of  the  ring  being  represented  by  a,  the  equation  becomes^ 

Let  0  be  the  angle  which  the  intersecting  plane  makes  with 
xy;  hence  substituting  xcosd  for  or,  and  xsinO  for  z  in  (s) 
(Hymer's  Anal.  Geom.  Art.  41),  we  obtais 

{r  —  V'  ( { jr  cos  6|  +  fl}«  +  y*)} «  +  x^  sin«  6  =  ra,  the  equation 

of  the  section. 

If  0  =  90®,  the  equation  is  {  r  —  V^  (a»  +  y*)  }'+««=  f». 

It  d  =z  go,  and  a  =  o,  {r— j^}^  +  x>  =  ''S  an  equation  to  a 

circle. 

Mr.  Bain £S  answered  this  (luesHon. 

XIL    QUESTION  542,  6y  Mr.  W.  S.  B.  Woolhousb. 

Suppose  with  an  organ  the  natural  diatonic  octave  c,  d,  e,  r, 
G,  A,  B,  c,  have  c  and  o  tuned  in  tlje  ratio  of  10  to  9  ;  and  that 
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E,  F  and  o  are  tuned  a  perfect  third  major,  a  perfect  fourth  and ' 
«  perGect  fifth  respectively  from  the  key  note  c  ;  that  the 
intervals  of  the  tetrachord  6,  a,  b,  c  are  made  the  same  as  those 
of  c,  D,  £,  F ;  and  that  the  semitones  are  taken  exactly  half  way 
between  the  successive  notes  co,  de,  fo,  ga,  ab.  It  is  re- 
qaired  to  shew  the  defects  in  the  diatonic  scales  of  each  of  the 
other  eleven  major  keys,  viz.  G  one  sharp^  D  two  sharps,  a 
three  sharps,  e  four  sharps,  b  five  sharps  :  F  one  flat,  b|>  two 
Bits,  Ebrthree  flats,  a^  four  flats,  d|>  five  flats,  and  g|>  six  fiats. 


Solution,  by  Mr-  W,  S.  B.  Woolhousb. 

By  dividing  the  octave  into  730  equal  intervals  called  degrees^ 
the  number  oT  these  degrees  in  the  several  true  diatonic  inter- 
vab  are*,  from  c  ascending 

to  D   « •  1 1 1,  to  B  .  •  S35,  to  P  . .  303,  to  G  . .  427, 

to  a  •  •  538,  to  B  •  •  662,  to  c  • .  730. 

I  have  here  taken  cd  the  minor  tone  to  make  the  tetrachords 
CDBF,  OABC  alike  as  proposed. 

Hence  when  the  semitones  are  taken  exactly  half  way  our 
chromatic  series  reckoned  from  c  in  degrees  will  be  as  here- 
imder: 


to ct  or  i>b  •  •  •  •  55\  degrees. 

.•D Itl 

•  •Df  o.r  e|>*.  ••173 

..F 303 

. .  Fj^  or  o\}  •  •  •  .365 


to  G  ••••••••  •  .427   degrees. 

•  •  G#or  a|>  ..  ..4821 

•   •     A*««a*..*.  *^3^ 

.  •  Ajf  or  b|7  •  •  •  .600 

•  •    o    •••••••••  .002 

«»c  %••••••••  *73 


And  by  differencing,  we  find  the  succession  of  intervals  on 
each  ot  the  other  eleven  major  keys,  and  their  respective  de- 
fects to  be  as  in  the  following  arrangement  : — 


Perfect  Key. 

etc  D..1I1 

K .  •«85 

» •  -8^3 
G  •  .427 

A  .  .538 

B  •  .66a 
c .  .730 


One  Sharp, 

Errors. 

Two  Sharps. 

GtO  A  ..lit 

« • 

D  to  B.  .124 

B..235 

•  • 

F#.  254 

c . .303 

« • 

G..3i6 

D ••414 
E  .  .538 

-•8 

A .•427 

•  • 

B..55* 

F#.668 

+  6 

c#. 674I 

G  .  .730 

•  • 

D..730 

1 


Errors 

+  13 

M9 

+  *8 

.  • 

+  >3 

+  12i 


*  See  Art  16,  of  my  small  tract  on  Musical  intervals,  harmonios 
and  temperament^  just  published. 
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111 

«35 
303 
4«7 
538 
662 

730 


Three  Sharps. 
A  to  B  .  .124 

c#.247| 

^t3 

Four  Sharps, 
E  to  F #.  f  30 

G#.247X 

+  19 

i>  •  -303 

£  .  .427 

^P657 
Gfl:.  674I 

•  • 

•  • 

+  19 

-f  12f 

A  .  .303 
B  ..427 

D#.668 

•  • 

+  Ia} 
+  6 

A .  .730 

•  • 

E  .  .730 

•  • 

111 

235 

303 
427 

538 

662 
730 


Five  Sharps. 
B  to  c#. 123! 

»#.  «4* 
£  . • 303 
^^#•438 
G# .  550 
A# .  668 
B  •  .730 


+  12i 

+  6 

•  • 
+  6 
+  12X 
+  6 


•  • 


One  Flat. 

FtOG..124 
A  •  .235 
Bb  .  297 

c  .  .427 

»  •  -538 
E  ..662 

F  .  .730 


111 

235 
303 

4*7 
538 
662 

730 


Two  Flats. 

B|>tOG..130 

D    .241 

Eb • 303 

r .  .483 

G  •  -557 
A .  .668 

Bb-730 


+  19 
+  6 

+  6 

+  6 


Three  Flati. 
fib  to  F ••130 
G .  .254 

Ab.3091 
Bb .427 

c  .  ^557 
D . . 668 

Bb  .  730 


111 

235 

303 
427 

588 
662 

730 


Four  Flats. 

AbtoBb.ii7i 
c  ..247^ 

b\)  •  420f 

.   H .  .550! 

G  ..674! 

Ab.780 


+  6i 

+  12| 


.  • 


+  ia| 
+  i2i 


•  • 


Five  Flats. 

DbtoBb.1171 

F,.247| 

Gb . S09I 

Ab*4«7 

Eb . 544* 
c  ..674! 

Db.730 


111 

fl35 

303 
427 

538 

662 

730 


Six  Flats. 
G|>toAb  117I 

Bb  285 
cb  297 
Bb  420! 

Bb  638 
F.668 

Gb  730 


6i 


• . 


—  6 

.  a 

+  6 


+  *3 


« • 


-  6 


+19 

-+-»9 
+  61 


•  • 


+  »9 
4-  6 


«  • 


+  6f 


The  errors  which  are  too  sharp  are  marked  +,  and  those  too 
flat  —  .    It  appears  that  the  notes  are  generally  inclined  to  be 
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sharp,  and  that  the  greatest  deviation  From  a  true  melody  is  19 
degrees^  or  about  ^th  of  a  mean  tone. 

Mr.  Laws,  of  Newcastle,  answered  this  Question, 

XIII.    QUESTION  543,  6y  Mr.  W,  g.  B.  Wooluouse. 

Let  there  be  assumed  any  two  opposite  equilateral  hyper* 
bolas ;  let  there  also  be  assumed  any  ellipse,  and  let  it  be  placed 
with  its  centre  any  where  on  either  of  the  branches  of  the 
hyperbolas,  in  such  a  manner  that  its  principal  diameters  shall 
be  parallel  to  the  assymtots— if  it  be  intersected  by  the  hyper- 
bolas in  four  points,  shew  that  four  normals  drawn  From  thence 
will  all  meet  in  a  point. 

First  Solution,  hy  Mr.  Woolhouse. 

We  shall  assume  the  centre  of  the  ellipse  on  the  hyperbolic 
arc  for  the  origin,  and  the  two  semi-diameters  a,  i  for  axes  of 
co-ordinates.  Let  x"  y''  be  the  common  centre  of  the  hyper- 
bolas and  their  equation  will  be  (ar— x'O  (y  —  y'O  =  a'^y  or 
'y  —  y"  X'^  x^  y:=.  o;  and  if  ir^  yi,  a?«  y^  be  any  two  of 
the  four  points  of  intersection  we  shall  thence  have 

*iyi-y^^«i-*''yi  =  <>,  a?gyg-y"*2  — ar^'ys  =o....(i) 
Let  tt,  V  be  the  ordinates  ot  the  point  where  the  normals 
from  jc^  jf,,  X9  y^  intersect,   and  the  normal  equation  applied 
to  both  will  give 

*t  ^'l  *S  ^2 

The  values  of  uv  determined  from  these  are 

.  =  (.  -  f.)  (X,  -.,,  ^  (J--y 
But  the  equations  (i)  give 

Hcace  as  these  values  of  the  ordinates  of  the  intersection  of 
two  normals  from  x^  y^,  x^  y^  is  independent  ot  those  points. 


^  I 


(    «90    \ 

it  follows  that  normals  from  any  two  of  the  four  intersections 
will  meet  in  this  same  point,  and  consequently  that  they  will 
all  of  them  pass  through  it.  Since  {u  —  ap*^)  {v  —  y^)  =  x^^y 
it  also  follows  that  this  point  u  v  where  the  normals  meet  is  also 
on  one  of  the  branches  of  the  hyperbolas. 

Second  Solution,  by  Mr.  Wm.  Godward. 

Let  {X  y)  be  the  intersection  of  the  normals  through  the 
points  (x'  y^)  (a?''  yO  of  the  intersections  of  the  curves,  the 
centre  of  the  ellipse  being  the  origin,  and  its  principal  semi- 
diameters,  the  axes  of  co-ordinates. 

The  equations  to  the  normals  through  the  points  {x^  Y) 
{x^'  /O  arc 

y  -/=  jrf/U  —^h 

and  from  these  we  obtain 

Again,  let  {x^yA  be  the  centre  of  the  equilateral  hyperbolas 
and  as  {x^  y^)  {x^^  yf'\  are  points  in  the  curve,  the  equation 
gives 

from  which  we<r.t*  -^^"(/"V")  and  V  .^j(jl!^tl^ 
from  which  weget  x  ^  — — 7^— py^-,  and  ;f  ^  -  —  ^/y/_^y// 

Hence  or  r=(i ;JAr,  and^=: — (r5—  0  >  »  *"d  *•  ^^'^ 

arc  independent  of  the  assumed  points  (x'  /)  (a/'  yf'\  it  mani- 
festly follows  that  the  four  normals  will  pass  through  the  point 

Mr.  Thompson,  of  Newcastle^  answered  this  Question* 

XIV.    QUESTION  544,  by  Mr.  T.  S.  Davies. 

Find  the  equation  of  a  great  circle^  which  passes  through 
two  given  points  on  the  surface  of  the  sphere,  in  terms  of  the 
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variables,  lat.  and  long.    Also  find  the  co-ordinates  of  the 
poles  of  that  circle. 

First  Solution^  liy  Mr.  John  Bain*es,  TkornhilL 

Suppose  x*  and  y'  to  represent  the  longitude  and  latitude  of 
one  of  the  given  places^  and  x^'  znAf"  the  other,  then  supposing 
the  great  circle  passing  through  the  two  given  places  to  make  an 
angle  =  d  with  the  equator,  and  to  cut  it  at  the  distance  a  from 
the  first  meridian,  we  shall  have  a  -f  x  and  y  for  the  variable 
co-ordinates  (arcs  of  great  circles)  on  the  sphere«  From  the 
nature  of  the  question,  and  the  principles  of  spherical  trigo« 
nomeiiy,  we  have  three  independent  equations,  viz.  tan  y  z= 
sin  (a  -h  a:)  tan  0 . . .  .(i),  tan  y'  =  sin  (a  -f  x^)  tan  d . .  .  .(a), 
and  tan  y  =  sin  (a  +  x'')  tan  e .  • .  .(3),  in  which  *',  /,  x^^  and 
jf^  are  given  quantities,   and  a  and  Q  are  to  be  eliminated. 


Nos.  (2)  and  (a)  give  tan  fl—  -:— — ^.  zz-. —  "  ^    i/-,   and 

hence  tan  y  sin  {a  H-  xf')  =  tan  y"  sin  (a  +  xf)^  or  tan  y* 
(sin  a  cos  x"  +  cos  a  sin  x'^)  =  tan  y^  (sin  a  cos  x^  +  cos  a 
sin  jr^  •  •  •  •(4)«  Transpose  No.  (4)  and  sin  a  (tan  y'  cos  a/'  — 
tan  y  cos  *')  =  cos  a  (tan  y^'  sin  a'  —  tan  y  sin  a:'')  .  •  • .  (5), 
Square  No.  ( j),  transpose  and  reduce,  then 

tan  v"  sin  x'  —  tan  y  sin  x'* 
tinaz:  ^ ^ 

{tan^y +tany — Stan  y'tan y'(sin x'sinar'^+cosop'  cos x  } * 

un  y  cos  «''— tan  y  cos  x^      ^  ^  ^^^   _ 
„aco.«=— ^— ^ij^J But  tan  0=: 

— '^"y — - ,  therefore  tan  y  =  sin  (a  +  x)  un  0,  the  general 
sin  \a  4-  x') 

.    t     L  ,  sin  (tf  +  r) 

equation  to  the  great  circle,  becomes  tan  ^  =  tan  y '  ,;„  /^  ^  jix 

.  ,  sin  g  cos  X -f  cos  g  sin  or    ^^^  ^j^.^       ,„bstituting  the 

""        "^   sin  o  cos  a/  +  cos  a  sm  X 

values  of  sin  a  and  cos  a  found  above  gives 

—  tan  y  (sin  xf^  cos  x  — cos  x'^  sin  «) 
-   —tan  ff^'  (sin  x   cos  x  —  cos  x'  sin  x) 
tanjr  =  tany  ^^n y  (sin  ^'  cos  x'  -  cos  x^'  sin  x')  •  ""' 

which  is  the  same 
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tan  yf  (sin  (x"  —  a?)  —  tan  vf'  sin  (a?'—  x)         . 
tan  ^  =  — ^5^-^ ^^ »    ,  \, 7f i ^  =  the  equa- 

^  sin  (x^^  —  x')  ^ 

tion  of  the  great  circle  required. 

The    co-ordinates   of   the  poles    will    obviously   be   when 
a  \  x-=.  90%  and  ^=  0 ;  hence  they  are  90^  and  90°  ::p  9,  but 

un  y  tan  y^  l        l    • 

sin  (a-l-x)       sin  «  cos  x   +  cos  a  sm  x 
luting  the  values  of  sin  a  and  cos  a^  and  reducing, 

t/ftan^  y  4-  tan'  %/*  —  2  tan  i/  Un  ;/^  cos  (x^^  —  x')\ 

sin  (x''  —  x!) 

Consequently  90°  and 

^  _        -  *  •  { tan«  y +tan "  y  —  2  tan  y'  tan  /^  cos  (x''— x^) 

9^  -*-  '""^    sr(F/-xo 

are  the  co-ordinates  of  the  poles  required. 


Second  Solution,  by  Air.T.  S.  Davies,  Bath, 

Let  p  be  the  pole  of  reference,  and  pp^  the  prime  meridian. 
Let  the    spherical  centre  of  the   great  circle 
sought  be  L,  so  that  p'pl  —  ic  and  pl  =  X  ; 
and  let  m  be  a  point  in   the   circle   sought. 

Then  in  a  great  circle  we  have  lm  =:  *,      Put 


p'pM  11  d,  and  PM  =  ^.     Then  lpm  =:  d  —  k. 
Also  LP M  is  a  quadrantal  triangle,  and  we 
have  at  once  from  it   the  following  general 
equation  of  a  circle  between  the  variables  ^,  d,  and  the  constants 


If,  X :  vi2. 


cot  ^  =  —  tan  X  cos  d  —  «:...  ,(i ) 
If  the  two  given  values  of  ^  be  a,  a„  and  those  of  0  be  /3^  $, 
vic  shall  have,  because  the  circle  passes  through  these, 

cot  a^  =r  —  tan  X  cos  ^, — •: . . .  .(2) 

cot  a,,  =  —  tan  X  cosi3,,_ic...  (3) 
Divide  (£,3)  and  we  get 

??Lf/_-..  cos  /3,  —  K  _  cos  &,  cos  r  4-  sin  /?,  sin  k 
•cot  a^,      cos  fi„  —  K       cos  i8^,  cos  r  +  sin  /3„  sin  k 

""  COS  j-^,^  -f  sin  /S/,  tan  if 
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*         .  -  i_  ^       cot  «..  co»/5,— cot  tf.  cos/3,.         ,  . 

From  ^hich  tan  k  := '*   .    y ^    '  .    y^ . . .  .(4) 

cot  «„  tin  /3,— cot  «^  sin  /3,,         ^'' 

cot  a,,  cos  /3,  —  cot  «/  cos  i?^, 
V^  cot  •«,,— t  cot «,,  cot «,  cos  ^,—16/,+  cot  «/ 
^  cot  «//  sin  ^,  -  cot  a,  sin  g^, 

|/cot  (x^,—  s  cot  o^^  cota^cos/3^— j3^,+cot'«^ 

These  give  the  tangent,  sine  and  cosine  of  the  longitude  of 
ibe  pole  of  the  great  circle  sought. 

Again,  frpm  equations  (a)  and  (3)  we  have 
-1  -I 

cof  I  (— cota,,cotX)  —cos       ( ..  9ot  <x^  cot  X)  =i  ft^^  —  fi^ 

or  taking  cosine  of  each  side,  and  transposing  we  obtain 
cos  fi,, — i8^  —  cot  a^  cot  a,/  cot  •  X  = 
v/(l  —  cot  \^  cot  *X)  (1  —  cot  »a^  cot  *X) 

or  squaring  and  otherwise  reducing,  it  is 

+  sin  (3^,  —  /3 .  ^  . 

cot  X  =     ^         ■  ->        ^^v       ^^/  ■  ■        ■ ,    . , ,  .(7) 

V  cot*  «//— a  cot  a„  cot  a,  cos  e,, — ^^,-l-cot»«, 
which  gives  the  polar  distance  or  co-/a^i<t«(/e  of  the  pole  of  the 
great  circle  aougbt. 
Expand  (1) :  then  we  have 

cot  ^  =  —  tan  X  (cos  0  cos  ic  +  sin  0  sin  ic) .  • .  .(8) 

Insert  the  values  of  tan  X,  cos  s  sin  k  in  (8),  which  gives 

i       cos  e  (cot  a^,  sin  fi, — cot  a,  siu  6„)  f 

"^  /  q:  sin  d  (cot  a.,  cos  &,  —  cot  a.  cos  /3,,  S         (^\ 
cot  9  =        ^  — i r'^       1 ii —  •  •  •  .^9; 

sin  &^f  —  fi, 

cot  a,  sin  (/3„  +  d)  —  cotg,;sin  (/3^T^)         -.-^x 

orcot©  = '— —      T  i  '    "V ^....iio; 

sin  /3,^  -  ^, 

Of  these  two  equations,  the  former  (9)  though  the  more  com- 
plex in  appearance  is  commonly  most  useful  ift  subsequent  en- 
quiries. The  latter  in  point  of  algebraical  elegance  is,  however, 
far  preferable* 

Since  this  question  was  proposed  in  the  Repository,  I  have 
•0  amply  discussed  the  whole  class  of  collateral  enquiries,  in  a 
paper  in  the  Edinburgh  Transactions,  that  it  will  be  unoc- 
cessary  to  resume  it  here.  I  had,  indeed,  intended,  as  the 
Edinburgh  Transactions  are  not  likely  to  fall  in  the  way  of  the 
majority  of  the  readers  of  the  Repository,  to  give  a  slight 
•ketch  of  my  general   method  of  treating   these  subjects,— 
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rather  to  exciie  curiosity  than  to  sate  it^to  shew  the  chmracUr 
of  the  inquiry,  rather  than  to  give  any  idea  of  its  power:  but 
as  this  purpose  will  be  better  answered  by  the  supplement 
which  Mr.  Young  ha^  obligingly  engaged  to  annex  to  the 
forthcoming  second  edition  of  his  Analytical  Geometry,  I 
shall  omit  it  here  entirely. 

I  may  here  state  that  besides  the  paper  already  printed  in  the 
Transactions  and  the  paper  on  the  Antique  Hour*lines,  out  of 
which  it  mainly  grew,  there  is  now  lying  ready  for  transmission 
to  the  Royal  Society  of  Edinburgh,  a  second,  which  will  probably 
be  read  at  the  opening  of  its  next  session.  This  will,  so  far  as  I 
at  present  see,  complete  my  researches  in  this  department  ol 
pure  Geometry.  Respecting  the  views  which  I  there  take,  I 
cannot,  with  propriety,  at  present,  make  any  statement.  My 
object  is  merely  to  intimate  the  existence  of  such  a  document. 

The  problem  above  solved,  bears  date  May  go,  iSag,  but 
the  solution  in  my  MS.  is  something  different  from  that  now 
given,  so  far  as  detail  is  concerned,  but  not  in  its  essential  prin- 
ciples. I  had  thought  of  inserting  it  here,  but  it  would  occupy 
a  page  which  can  be  more  usefully  devoted  toother  subjects. 
That  above  given  is  taken  almost  vtrbatim  et  liieratim  from 
my  paper  before  referred  to,  except  as  to  the  method  of  finding 

equation  (s)* 
July  9, 1838. 

Thibd  Solution,  by  Mr.  Godward. 

Let  A  be  that  point  in  the  ecliptic  ab,  from  which  longitudes 
are  measured,  and  cp  a  great  circle  of  the 
sphere  intersecting  ab  in  c.    Draw  pb 
perpendicular  to  ab«  and  put  Z.  c  =  a, 

CA  =:  iff  ab  =  x,  and  PB=:^.     Then  by  

spherics,  tan  pb  =  tan  c  sin  03,  or  <^^^^~ji •^ 

tanjr=r  tan  a  sin  (&  +  x)  •  • .  .(i),  an  equation  to  CP. 

Let  (x\  yO  and  [3/\  y")  be  the  co-ordinates  corresponding  to 
the  given  point,  then 

tan  j^  =  tan  a  sin  (6  -f-  *') . . ,  .(a) 

tan  jf''  =:  tan  a  sin  (*  +  a-'O  ...  .(*)• 

Eliminating  tan  a  from  equations  (1)  and  (a)  and  from  (a) 
and  (3)  respectively,  we  have 

tan  y  sin  (i-ha'j  zz  tan  y'  sin  (6  +  x) . . .  .(4) 

tan  y  $\n  (/>+*'')  =  tan  y^'sin  (Jx^ .  •  -  .(5) 
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r   _  ,  X  .     .  ,        tan  y'  sin  x  —  tan  y  sin  x'       .  ^ 

from  (4)  we  obUiii  tan  b  =  -■ — '^ y ^ ,  and  from 

^'  tin  ;y  cos  X  —  un  y  cos  x 

,  V  .      ,       tany"  sin  ;r'— tan  /  sin  2''  ^^. 

(S)  tan  i  n    ■■■   -^ 7^ ^, -:;. . . .  .(6) 

^  tan  y  cos  a: ' — tan  /  cos  4^  ^  ^ 

Equating  these  values  of  tan  b  we  obtain  after  due  reduction 

tan  t/  sin  (x"  -x)— tan  V  sin  (x^  —  *)     ,  , 

lanjrz:  -. — ^ ^: , — a_ f^ i , — /  the  equation 

sin  \X   T— 3?  J 

required. 

Again,  since  i  has  been  determined  (6),  a  becomes  koowfi 
from  (9)  or  (3V  Let  cd,  ce  be  quadrantal  arcs,  then  the  arc 
DE  of  the  great  circle  passing  through  D»  fi,  will,  if  produced, 
obviously  pass  through  the  poles  oi  cb,  cp.  Hence,  as 
Bs  z=  il.  G  =  tf,  the  co-ordinates  of  the  upper  and  lower  pdes 
of  CP,  are  (90'  —  b,  90"  -f  a),  and  (90"" — 6,  (90°— «)• 

Fourth  SoLUTioii,^^  JIfr*  Woolhousx. 

Let  s"  9f'  be  the  longitudes,  and  y'  y"  the  latitudes  of  tbe 
two  points,  c  the  longitude  ot  the  intersection  of  the  circle 
mh  fha  eeltptic,  and  t  ics  inclination.  Then  j/— c,  x^'  -^c  ace 
the  abscissae  from  this  intersection,  and  by  spherics 

tan  y  =  tan  1  sin  (a/  —  c\  tan  y*  r=  tan  i  sin  (xf'  —  c) 

Iron  which  find  the  values  of  the  constants  /,  c,  and  ihc  geaesai 

equation  of  the  circle  tn  its  most  simple  form,  viz. 

un  y  =  tan  1  sin  (c  —  x), 
will  be  known. 
The  poles  are  obviously  determined  by  the  common  abscissa 

-  +  c  and  the  ordinates  (-  +t),  —  (-  —  t) ; 

XV.    QUESTION  S45»  A/  J(fr.  W.  S..  B.  Woo|.ttovs,B^  . 

Suppose  a  combustible  straight  lincol  a  given  l^gthap^'ai 
given  uniform  temperature  to  be  lighted  at  one  extremity,  and 
to  commence  burning  by  a  flaftie  With  a  given  velocity;  I^  ia. 
required  to  determine  the  time  in  which  it  wilf  be  total!/ de« 
ttroyed,  supposing  the  combustion  \o  be  afiemed  by  two>  iro^tiili- 
tional  circufnstances^  —  ist.  The  velocity  and  size  ot  the  flame 
when  arrived  at  any  point  be  proportional  tc^  the  f^sUlttng  tem- 
perature at  that  point ;  and  2ndly,  that  the  temperature  ol  each 
point  during  the  burning  be  continually  increasing  at  a  rate  pro- 
portional to  the  magnitude  of  the  flame*,  anci  reciprocally  as  a 
gives  cooscanft  value  added  to  the  squlare  oi<  its  disunce«  . 

BUS 
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•    Solution,  6y  Ur.  W.  S.  B.  Woolhouse. 

Id  the  analyti«al  consideration  of  this  question,  four  con« 
slants  must  be  assumed  either  as  given  or  determinable  by 
experiments.    For»  by  the  conditions,  we  must  have 

ist  Magnitude  of  the  flame  =  its  velocity  X  c^. 

and.  Bate  of  increase  of  temperature  at  each  point  during 


..  .  map*  flame 

the  combustion  =  c, .  — ^-^. — « . 

*     c^  +  dist.« 


Srd,  Velocity  of  the  flame  =  the  resulting  temperature^  or 
the  temperature  close  to  the  point  of  burning  x  c^* 

Let  CB  be  the  combustible  line,  p  the  place  of  the  flame  at 

anjr  instant,  and  p'  any  other  point  at  ^ ^        ^ 

which  it  has  not  arrived.     Denote  cp    ^  "* 

by  X  and  cp'  by  vf ;  then  is  -r:  the  velocity  of  the  flame  at  p, 

« 
and  consequently  the  magnitude  of  the  flame  at  this  point 

dx 
s  Cj  ~^.    Hence  also  the  rate  of  increase  of  temperature  at 


dt 


dx  dx 


the  point  p'at  this  instant  ==  r, 75=' — 7-7-7 rf   awd 

the  increase  during  the  instant  dc^  or  during  the  generation  ofdx, 

dx, 
^>  ^^di  J  _  dx 

Let  r  be  the  original  uniform  temperature  of  the  line  and 
the  integral  of  thisj  keeping  s^  fixed  while  x  progresses  from 
c  to  p,  and  made  to  begin  with  r  when  x  cz  o,  will  express  the 
temperature  at  any  i>oint  p'  when  the  flame  has  arrived  at  another 
point  P.    The  variable  part  of  this  integral  is 

m.  JLJi\tvr^  — -. — >  which  so  modified  itivea 


i  I        I       <      t 


:  Temperaiure  at  p' 


=7.  T  +  -^r^  tall-'  — -^— £i3.un 


'l^^    ta..-l     -il_£l_^.,n-I      "^  —  ^ 


^ 


the   temperature  gained   by  exposure  to  the  flame  being 
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Let  now  «  become  equal  to  *'  and  we  get  the  resuUing  tern 
pefatnre  at  p'  on  the  arrival  of  the  flame 


By  our  last  condition  therefore 

At  the  commencement  -57  =  »  '»  S'*^'^"'  *"^ 


CoDSc<)uently 

i      .uoring  ^  =  c"  and  -^  =  ^.  fcr  then 

"     i+c"tan-'3r 


•"'  _i_  -iL.    &c    for 
which  may  be  expanded  by  putting  2'— J         5  '  '^*'' 

un-'  j^    It  appears  that  only  two  consunts  c, .  c"  arc  inde- 
lenninate  and  must  be  found  from  two  or  more  experiments. 

XVI.    QUESTION  546,  by  Mr.  T.  S.  Davie*. 

1»o«,«u    A  circle  and  a  point  within  it  are  given,  as  well  as 
romsM.  •*^"**''f  *"'"    r        t-.y.p  nicture.   then  another 
the  position  of  a  plane  parallel  to  the  P'"ure, 

plane  may  be  determined,  m  any  P°'°V  .K^no^nt  shalfbe  the 
placed,  the  perspective  representation  of  the  pomt  shall  be 

Eentre  of  the  pe'rspective  representation  of  the  circle. 
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First  Solutioh,  b^f  Mr.  Woolmouse. 

This  question  may  be  very  easily  resolved  for  any  conic 
section  and  a  given  point  p,  by  sup« 
posing  chords  aii  to  be  drawn  through 
the  point  and  the  pairs  of  tangents  at,  bt 
meeting  in  the  points  t  ;  these  points  T  of 
intersection  of  the  tangents  will  be  all  on 
a  given  line  rs«  ordinately  applied  to  the 
diameter  which  passes  through  the  point 
f.  Suppose  the  figure  to  be  projected 
upon  tne  plane  of  the  picture,  and  the 

perspective  of  rs  will  be  determined  by  a  plane  passing  through  it 
and  the  eye.  Now  when  the  perspective  representation  has  p  for 
the  centre  of  the  curve,  the  lines  ab  will  be  represented  as  dia- 
metersj  and  the  points  t  and  consequently  the  perspective  of 
the  line  rs  will  be  infinitely  removed  from  the  curve ;  and  this 
must  evidently  be  the  case  when  the  plane  through  rs  and  the 
eye  is  parallel  to  the  picture.  Hence  we  see  that  a  plane 
through  R8  parallel  to  the  plane  of  the  picture  is  the  one  which 
will  answer  the  proposed  condition.  When  the  curve  is  • 
circle,  as  in  the  question,  the  line  rs  is  perpendicular  to  the 
diameter  which  passes  through  the  point. 

iVoftf.— It  oug^ht  to  be  here  observed  as  a  conclitien  absolateljr  ne- 
eessary,  although  not  mentioned  io  the  question,  that  the  plane  of  the 
picture,  and  consequently  its  intcrjiection  with  the  plane  of  the  real 
csrve  must  be  parallel  t»  the  line  RS,  for  otberwiiie  no  plane  through 
KS  can  be  parallel  to  that  of  the  picture,  and  thcrefdre  a  solution  of 
the  question  would  not  be  possible. 

Secohd  Solutiom,  by  Mr. T.  S.  Davies,  the  Proposer. 

This  portsm  is  not  confined  to  the  circle,  but  belongs  to  alF 
the  conic  sections ;  and  the  substi&ution  ot  the  word  corneal 
projective  for  perspective,  will  cause  the  point  to  be  arbitrarily 
situated  with  respect  to  the  given  conic  section.  We  may 
state  k,  then,  thus  :  — 

A  conic  section,  and  a  point  being  given  upon  a  plane,  a 
straight  line  may  be  found  such  that  ^  pFane  being  drawn  through 
it  in  any  assigned  angk  with  the  former  plane ;  then  any  poiot 
being  taken  in  this  second  plane  as  the  centre  of  the.  conical 
projection  of  the  conic  section  and  the  ppint,  the  'interscctioii 

^of  the  cone  and  line  by  any  plane  parallel  to  a  plane  which  can 
be  found,  will  give  a  conic  section  and  a  point,  such  that  the 
latter  shall  be  the  centre  of  the  former. 


' 


(     «99     ) 

I  shall,  however,  only  demonstrate  the  porism  as  commu- 
nicarcd.  reserving  the  details  npon  icreral  collateral  questions, 
which  I  intended  to  give  here  \>r  my  work  on  Projection  and 
Descriptive  Geometry,  to  which,  as  they  naturally  appertain,  it 
is  sufficient  to  confine  them  for  the  present.  Nor  is  it  necessary 
hmt  to  give  the  analysis  of  the  ponsm  by  which  the  following 
construction  is  obtained. 

Let  AH B K.  be  the  given  circle,  and  c  the  givci^  point.    Draw 

the  diameter  ab  through  c, 
and  take  ad  :  db  :  :  ac  :  cb* 
Through  d,  draw  be  at  right 
angles  to  DA. 

Then  any  plane  (p)  passing 
through  ED  will  be  such  that 
bum  any  point  in  it  the  circle 
AHB  and  point  c  being  seen, 
and  the  visual  cone  cut  by  a 
plane  parallel  to  a  plane  which 
uparallel  to  (p),  the  perspective 
of  the  point  will  be  the  centre 
of  the  perspective  of  the  circle.        ^^ 

Dem.  Draw  any  line  hck  through  c,  terminated  both  ways 
at  the  circumference  at  h,  and  k.  Draw  the  tangents  he,  ks. 
These  will  meet  at  l  in  the  fore-named  straight  line  d£,  by  a 
known  property  of  this  figure.  Our  construction  gives  de  as 
the  directing  hne  of  the  picture ;  and  hence  the  tangents  at 
H  and  K  have  the  same  directing  point  b,  and  same  direction* 
But  by  a  fundamental  theorem  in  perspective,  all  lines  in  an 
objective  plane  which  have  the  same  director,  have  parallel  re* 
presentations  on  the  picture.  The  pictures,  then,  of  he,  ke 
are  parallel :  and  as  they  are  parallel  tangents  to  the  picture  of 
the  circle,  the  picture  of  the  line  hk  is  a  diameter  of  the  picture 
of  AHB.    It  hence  passes  through  the  centre  of  that  picture.^ 

Again,  any  other  pair  of  tangents  h'e,  k'e,  the  chord  joining 
the  poinU  of  contact  of  which  passes  through  c,  will  be  pro- 
jected into  a  diameter  of  the  picture,  and  as  their  intersection  C 
will  be  projected  into  the  intersection  of  the  two  diameters, 
that  is  of  the  centre  of  the  pictures  of  ahb,  the  proposition  is 

fully  esublishcd. 

^  Q.  £•  D. 

XVII.     QUESTION  ^47,  by  R.  N. 


Prove  that 


sin  0  1,^3  ,^,  3^ 

— -=  -cot --— *coti^. 

i-i-8cos0      4^4         ^ 
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First  Solution,  &^  -— -  Mason,  of  Seoul/on. 

sin  0        _    _  2  sin  6  (i  — cos  6) 

1  +  2  cosd  ""  a  (^1  +  cos  9  4-  cos  6)  (i  — cog  0) 

2  sin  0  —  sin  gO       _  jin  d  +  sin  0  — *  sin  s  i^ 

2  4-2  cos  0  —  4  cos*  0  '^      2  cos  0  —  9  cos  a  0 

.    ^B       e  q9  .    0       ,  .       ^         .      , 

sm^  cos cos-^sm  -  —  (sin  29 —  sin  6) 

2  2  2  2 


2  (cos  0  —  cos  26) 
sm  —  cos  ' cos  ^  sm  -  —  2  cos  ^-  sin  • 

2  2  S  2  2  8 

4.  sm  -^^^  sin  - 

!  cot 3  cot  2i  . . .  n.  E.  D. 

4       ft      4  2  ^ 

Second  Solution,  b^  Mr.  Godwaro. 

-cot -  —  5 cot  — =- cot Si   z i   ] 

^  V      3  cot   -  -  1      / 

2  ^ 

2  cot  -  2  Sin  -  cos  ~  ^ 

—  »      _  22  sin  0 


S  cot*  -  —  t       3  cos^  -^  —  sin«  ^      4  co8«-  -  1 

2  2  2^2 

sin  0  sin  0 


l+2(2COS*^^0       *+*^^^" 

2 

According  to  one  or  other  of  these  methods,  the  guestion  was 
answered  by  Messrs.  Baines,  Cohen,  Davibs  m^Law. 

XVIII.    QUESTION  548,  by  M. 

Find  the  integral  of -j-pjj- between  the  limiti  of  *  =  o  and 
X  =:  infinity. 
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Solution*  by Mason,  ofScoulicn^  mutt  Hingham^ 

This  problem  is  only  a  particular  case;  of  the  more  general 

doc 
one  which  follows.     The  inteirral  of  — - — -  between  the  limits 

°  t  +  x" 

X  =r  o  and  x  =:  infinity* 

2171-4-  f 

The  general  quadratic  factor  of  x* + 1  is  («• — ax  cos  »  -h  i ) 

where  m  =  o,  i,  a  •  • .  •  [     — >  i)  when  n  is  even :  besides  which 

freneral    quadratic  factor^  when  n  is  odd  there  is  the  simple 
factor  (JT  +  i),  and  the  values  of  m  in  the  case  of  n  odd  are 

(n—x       ^ 

o,    1,  2....^— J 1). 

Hence /l-i-    =-."   /  -^+-/ 

XXX 
2111 -f  1 

—  ax  cos ^  «  +  • 

=:  —  log.  ^  fa:'  +  2r  +  I)  ~ 

(x"  — -  2X  cos «  +  l) 

cos  — 


n  1 /«»        ._  ^      2»i  +  1 


log^  (X»  —    8X  cos   ■  '"^'^       »   +   1)  + 


.     2»  +  t  2m  +  I 

2  sin- 2r  X  — cos — - — 

5 tan-^    •  +  constant,  where 


sin' IT 

71 

a  z^  1  when  n  is  odd,  and  ^i  =  o  where  n  is  even. 
Now  /    z  —  o  when  *  =  o. 


f  I    ■    '      ,  -  o  w 


.%  o  =  -  sm — sr  X  Un->  (—  cot  — ^ —  «)  +  c, 


/ 


ZI    --  loge  (*   +  «J«f  +  t) COS 3r» 


logc  (x*  —  2«f  COS jj —  »+  1)  +  ^  sin   — sr 

VOL.  VI.   PART  I.  CO 


(      SOS      ) 


am  +  I 
X  —  cos V 


5tan-'  ( -5 )  _  tan-' (-  cot  Vl±l  A  = 

I  \         .    SOT  4-  1  n         '\ 


ft 


—  loge  (x*  +  sx  +  i)  —  ^  COS  — ^^ —  v  .  logc  (x*  — ex 


coi »  +  t)  +  -;  sm  TT  tan- 


1  -'XCOS w 

n 
If  we  now  suppose  x  so  great  that  x*  is  considerably  greater 

than  Qx  +  1  or  than  2*  cos  ar  +  i  we  shall  have 

n 

yi             1,          ^  \ii            2»i4-i     /    ;    «    .    2w4-i 
=  -  loge  X*  < cos  sr  >  -J sm « 

tan->  (—  tan v)  very  nearly  =  —  log^  x*  ^  -  —  cos ir  > 

^  n        ^       "^         ^       n    ^        (Q  n        y 

.    2     .    2»»4-i     S  2m  +  I    )     ,  ,  , 

+  -  sm flr-<flr— •  .ir>   also  very   nearly,   where 

n  fi  (  w  >  '  ' 

OT  =  69  i»  2  • .  •  •  \-  — - 1)  and  a  =  o«  when  n  is  even,  and  m  = 

it 

Of  i>  2  •  •  •  .v     -    /  and  a  zz  i  when  n  is  odd. 


2 
First   let  n  be  even,  the   coefficient  of  log«  x*  =:  —  ^ 


n 


-J cos  —    +COS  —  +  cos  ^^  +   . .   .  cos   wC  =10  and 

I  ^n  ft  n  ^  J 

the  coefficient  of 

fsm  -  +  sm*l-.H- sm^   sin— -ir) 

2ir .  1       «  «  «  n       t 

f sm  -  — ^sm  3 ^sm'SL  ..  ^  sm  - — -it\ 

^       n        n        n        n        n        n  n  n      ^ 


which  is  =  


j5m--        2sm-        28m-- 
n  n  n 
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Hence  when 


n     ) 


accurately  between  the  proposed  limits. 


usin  — 
n 


Next  when  n  it  odd,  cos  —  +  cos  2—  -f    , , , ,  cos  v 

n  n  n 


I 

i 


'•.  coefficient  of  log^  x*=:  —  <- —>  =: 

V  Sin  —  +  sin  ~ 
g.  «jr       1        n  n 

it   —  =< 

f  —  -  sm-  i-^sinS ..— -  sin 


coefficient  of 


»    '   /}     n        n  n  n 


I        .     I         ff        I  9r 

+  ~  cot  -  —  -^  cot  - 


^    .     9r        2         n        2  n 

2  sin  « 

71 


.    It 

2  sin  -  . 
n 


And  hence 


yl              2«r          I                    It  , 

— —    —    _     . ~ accurately 


2  sm  -        «  sm  ^ 
It  n 


when  n  is  odd^  and  the  integral  taken  from  x  =  o  to  a:  =  in- 
finity. 

Hence  generally  n  being  a  positive  integer  /  between 

the  limits  of  x  =:  o  and  x  =  infinity  is  ==    — ■ 


nsin  * 
n 


Cor.  If  n  be  very  great  -    is  very   small,   and    ultimately 


n 


tin—  zz  —  when  n    is    increased  without  limit.    Therefore 
n        n 

c  c  2 
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— ; — ::  between  a?  =  o  and  x  zr  infinity  when  n  it  also  infi^ 


nitc  is  =z  -     -  zi  I. 


Mr*  God  WARD  also  answered  this  Question* 


XIX.    QUESTION  549,  by  Mr.  T.  S.  Davies. 

Two  bodies  move  in  tbe  curve  of  an  ellipse  in  such  a  manner 
as  to  be  always  at  the  same  distance  from  each  other ;  it  is  re- 
quired to  fino  the  nature  of  the  curve  to  which  the  straight  line 
joining  the  bodies  is  always  a  tangent. 

Note^  This  question  waa  proposed  as  the  prize  for  the  last 
number  that  was  published  of  the  Gentlemans*  Mathematical 
Companion  (1807),  ^^^  i\\tiQ  was  no  answer  to  it  printed* 

Solution,  ^>  Afr.  Woolhouse. 

Let  the  co-ordinates  of  two  positions  be  11  +  u',  d  +  «^  and 
u  —  vfyV—v\  the  middle  point  being  uv.  Then  is  the  line 
passing  thFough  the  two  points  determined  by 


v' 


v  —  y^  ^  (u—x) (ij. 

And  by  the  equation  of  the  ellipse 

{-J-)   +  1-4- j   =  I.   [—^)    +   l-^)    =  I, 
from  which  we  gel  by  addition  and  subtraction 


tttt'  Vt)' 


-.  +  -^  =0 (3). 

We  have  another  condiiion  from  the  given  length  of  the  line; 
let  m  be  the  semi-length  and 

1/*   \-  v'*  =  «i' (4\ 
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From  (a)  wc  have  -,  = ?  •  -  which  substituted  in  (i), 


It  becomes  the  same  as 


V 


A« 


a^ 


.(5^. 


The  values  of  «'•,  t>'*  from  (3)  and  (4)  are 

t 


„/i  - 


7  »». 


c'^ir 


.« 


/w^ 


."r+  M 


which  put  in  (2)  it  reduces  to 

/««        t/n  /««   .    »'^     .      ^*  ^  _  «^  J.  ^^ 


or 

Assume 


and  we  get 

-r  +  IT  =     a  >T  tan'  0 

and  from  both  of  these  we  obtain  for  u  and  z^ 

fl«tan(p       .,      ,        m'\  b*t^n'p./(m^  ,, 

The  equation  (j)  is  thus  reduced  to 
.  ^^        .rtan^      ,,      ,       m*\  ,      yun(p   ^/(m^  x^s 


l/<B--6^) 


l/Ca'-A^) 


or 


cosf8infV'(a'-i*)=jC'\/(cos^f —''*,)+  yV    vTl*^  coi^^j  ,.(6) 

which  is  an  equation  to  the  line  joining  the  points  and  in- 
volving only  one  independent  variable  f •  If  xy  be  the  point 
of  contact  with  the  curve  f  only  will  vary  in  proceeding  to  a 
consecutive  position  since  xy  will  be  the  intersection  of  the 
lines  and  common  to  both»  Hence,  differentiating  with  9  only, 
we  get 

(co'f-sin'f)/(ii^-.i«)= ^      \-  -.fj (7); 

/(cos-?-  J5-J       V   ( jT  -co«'?) 


X  = 


(    «o6     ) 
and  these  two  last  equations  (6),  (7),  give 

mW^a^-b^) '  -cosy  sin ^>      Jp  ""^-*=°'  ^J^  "  *^*^): 

y  =  mVl^^^j  •        cosy  sin 9  '  b""  ^^°*  n"*^'  ««  J5 

which  fully  determine  the  required  curve. 
By  subtracting  the  values  of  u  and  v  we  derive 

y ~  "^  =  +  mV(a-^<^0  cot? (cos^ip  -  ^JV/  Ij^  -  cos  <p)  ; 

by  these  we  observe  that,  disregarding  algebraic  signs,  wje  have 
always  x  <  «  and  y  ^  r,  so  that  the  point  of  contact  xy  with 
the  curve  is  always  nearer  to  the  less  semi-diameter  b  and  fur- 
ther from  the  greater  semi-diameter  a  than  the  middle  point  uv 
of  the  line.  Let  d  be  the  distance  ot  the  contact  from  the 
middle  point  and 

D*=:(*-M)«+(y-D)«=  ^i^  cot»(p  Vtt  —  cos*(p)(cos'(f)  -  — j^; 

tit  O  Cv 

cot'^  ,         -         « 

iz  — jl  (m«  —  0'  cos*9)  (a'  cos«?  —  W) 

cot  ^ 
/.  D  =: «  t/(wi*  —  ^'  COS'ip)  y/f/X*  COS«(p  —  »!*) 

which  admits  of  a  geometrical  construction*  A  concentric  and 
similar  ellipse  being  drawn  touching  the  line  in  any  position 
at  its  middle  point  uv,  the  value  of  sin  (p  may  be  found  by  di- 
viding any  semi-diameter  with  the  similar  semi-diameter  of  the 
proposed  ellipsct 

If  it  be  required  to  compute  a  series  of  ordinates  of  the  curve 
we  may  take 

g-^'         V_(|--cos>) 

^      »iV(»""*)         cosfsinip      I       ^    a-  ^       ^         ^'S 
in  which  wc  can  use  |  sin  3(p  instead  of  cos  f  sin  (p  and  cos  2f 
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instead  of  cos*^  —  sin^(p.  And  we  must  observe  that  (p  Uzi 
two  limiting  values  since  we  can  neither  have  cos  f  ^  -^    nor 

7-;  these  hmitinfr  values,  when  cos  (p  =     -  and  cos(p  =:  ,-  « 

take  place  when  the  line  is  perpendicular  to  and  bisected  by  the 
axes  of  the  given  ellipse,  which  points  of  bisection  are  vertices 
to  the  sought  curve. 

Answers  were  also  given  by  Messrs.  Bainks,   Davibs,  God- 

WARD,  an^  Thompson. 

XX.    PRIZE  QUESTION  530,  hy  Zephyr, 

A  certain  curve  can  be  determined  from  the  following  pro- 
perty : — 

Any  five  j)oints  being  denoted  by  x^  y^,  x^  y^  in  order,  &c. 
and  the  abscissas  x^^x^^  x^  and  a:^,  x^^  x^  being  respectively  in 
arithmetical  progression,  then 

y*  —  9?*  +  »6y3  —  9^2  +  yi  =  o. 

First  Solution,  by  Mr.  Thomas  Stephens  Davies. 

Let  y  =  tfjr  be  the  equation  of  the  curve ;  we  have  to  deter- 
mine the  form  of  u. 
By  the  conditions  of  the  question  we  have 

jf,=tf,:  y3=ttx+i;  ys=«*+i5  y4=«x+«;  y5=«x+s. 

And  hence 

ttx+j  — 9"^«+  i6t/,^.^  — 91/4^1 +  «^=o   (1), 

Now  we  have 

«;r+l    =  (1    +   ^)"  tt:r 

U^J^^    =(1    +   A)ta,  J. (2), 

tt^.+3    =  (1   +    £^fu^ 

Insert  (a)  in  (i)  and  efface  the  cancelling  terms  :  then  we  get 
j-|g.  A*— ....+ •...adinf,^  »,  =0 (3)- 
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Now  since  this  is  to  be  indepenci^rlt  df  x,  which  can  only  take 
place  universally  by  each  term  of  the  infinite  series  (3)  be^ 
coming  separately  zero. 

That  is  (putting  jr  to  stand  successively  for  all  positive  in- 
tegers j  when 

or  in  other  words,  the  curve  itself  is  the    cubical  parabola,  the 
apollonian  parabola  or  the  straight  line,  i  ts  equation  being 

Second  Solution,   by  Mr.  William  Godwabd, 
Nautical  Almanac  Offices^  Somerset  House^  London. 

Let  2/  =  0  (x)  be  the  equation  of  the  curve  ;  and  as  the  values 

answer  the  assumed  progressions,  the  values  oi  y^^jf^^  y .,  y4»>5* 
will  be  denoted  by  the  functions  ^  (x  —  3i&),  ^  (x  —  h)^  9(x), 
^  (x  +  A),  ^  (x  +  ^A).  Expand  these  functions  by  Taylor's 
Theorem  and  substitute  the  results  in  the  proposed  eouation, 
and  it  will  be  found  that  the  first  three  differential  coefficients 

vanish,  but  not  the  fourth,  viz,     i\    '      Hence   to   make  all 

vanish,  as  the  equation  must  be  generally  fulfilled,  the  process 

of  differentiation  must  terminate  with     ,  ^    n  o,  and  this  will 

ax* 

always  be  the  case  when  0  characterizes  any  algebraic  equation 
of  the  third  degree. 

Third  Solution,  ^j/ Mr.  Woolhouse. 

According  to  the  assumed  conditions  x^  x^  x^  x^  are  always 

in  arithmetical  progression  and  x^  is  the  mean,  being  half  way 
between  x^  and  x^.  Now  y  being  supposed  a  function  of  x, 
the  differences  of  ^,  ^^  ^^4  Hi*  ''^  consequence  of  the  above  pro- 
gression, will  observe  a  regular  law;  if  A^t  A^,  &c.  be  the 
mean  sd,  4tb,  &c«  differences  opposite,  y^  y^,  we  shall,  by  the 

formula  for  interpolation,  have  ^3  =-  fJa  +^4)  — «  ^«  + 
A  ^'^  6  ^«  &c. ;  and  this  will  furnish  the  proposed  equation  if 
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We  substitute  for  Ag  its  value    .(^i  +^3 —^3  —  ^4)  and  ne- 

gleet  all  succeeding  terms.  Hence  we  see  that  the  equation  will 
be  rigorously  fulfilled  when  the  fourth  differences  of  a  con- 
tinued series  vanish,  or  when  ^  is  expressed  by  any  algebraic 
form  not  involving  ;v  higher  than  the  third  degree. 

Mtssrs.  Thompson,  of  Netvcastk;   and  —  Masoh*  of 

ScoulUn^  answered  this,  guesticn^ 


^m^» 


A  new  SdltLtion  of  Question  53 1,  and  lome  collateral  ones^  by 
Mr.  Thomas  Stephens  Davies,  Batk. 

Some  ye^rs  ago  my  attention  was  directed  to  the  figure 
which  the  ancient  Geometers  denominated  the  Apfirikov^  or 
**  Cobler's  Knife  ;*'  and  I  was  led  to  observe  many  curious 
properties  of  it,  which,  though  they  were  probably  known  to 
the  Greeks,  are  yet  not  recorded  in  any  of  their  writings  which 
are  now  known  to  exist.  I  had  thought  of  making  a  dislifict 
little  treatise  on  the  figure  and  the  very  little  that  is  known  of 
its  history;  including  not  only  the  properties  I  had  already 
obtained,  but  such  others  as  a  renewed  study  of  the  figure 
might  disclose  to  me.  On  this  account,  I  allowed  the  time  of 
furnishing  a  solution  to  the  Repository  Question  to  pass  by. 
However,  as  other  occupations  have  compelled  me  to  defer  it 
so  long,  that  there  would  not  be  time  to  enter  upon  the  inves- 
tigation in  time  for  the  present  number,  I  have  thougiit  it 
b^ter  to  furnish  a  few  extracts  from  my  notes^  that  bear  a 
more  immediate  reference  to  the  class  of  questions  amongst 
which  the  proposer  seems  to  have  amused  himself.  If  the 
Editor  of  the  Repository  can  find  me  room  at  the  end  of  tlie 
soltttion*sheet  for  these,  ne  will  confer  one  little  addition  to  the 
many  great  obligations  which  his  kindness  has  laid  me  under. 

It  is  possible  I  may  resume  the  subject  more  in  detail  at  a 
time  of  more  leisure  than  I  can  now  command. 

Let  a  circle  Ana  and  a  straight  line  BPbe  given  in  position, 
and  let  the  diameter  Aa  of  the  circle  be  perpendicular  to  bp. 
Then,  if  any  circle  prs  be  drawn,  to  touch  the  given  straight 
line  and  circle,  and  a  tangent  as  be  drawn  to  this  new  circle 
from  the  alternate  extremity  of  the  diameter  Aa,  that  tangent 
will  be  of  a  given  length,  and  the  locus  of  the  points  of  contact 
is  a  given  circle. 

VOL.  VI.   PABX  I.  D  D 
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Case  1.  Let  the  line  pb  meet  the  given  circle  AUa,  and  the 
'circle  t^Rs  touch  it  inttrnally. 

c 

I^et  o,  the  centre  of  frs,  be 

joined  to  p,  Ht  s;  prolong  no  to 

meet  Ka  in   D  ;    and  draw   OG 

perpefKiicalar  to   Ka.      Then   o 

it  the  centre  of  ACa%    Hence 

AD  =:  i>ii»  and  .po  =  or  ==  os  =  BG* 

But,    EUC»  II.  13.   AO«    =  AD*  +  Do2  +  fiAD  .  DC 

=  AD*  +(aD  — BG)*  +  2Ad(bD+-BG) 
=  SAD^HhaAD  .  DB  4-  BG*. 

Hence  AO*—  bg*  =  Sad  (ad  +  db) 

rr  Aa  •  Ad 
=:ac«. (1). 

But  AO'-^BG*  =  AO'^ —  OS*  =3  AS^ (2}. 

And -hence  from  (i,  S)  we  have  as=:  AC  :  and  the   locus  of  s 
a  circle  to  centre  a  and  radius  ac, 

Ca^  2*    Let  PB  meet  the  circle   as  before^ 
but  the  circle  prs  touch  Aca  externally. 


Q.  E,  l"'".T>. 


AC 


8   — 


=  Ad2  -f  DO* —  aAD  •  DG 

rr  AD*  +    (ad  -I-  BG)«— 2AD  (^CB— DB) 

zr   2An(AD   4-  DR)  +  BG* 

z::  &c.  as  before.  Q*  E.  2"**^  D. 


Case  3.  La  the  line  BL  be  en. 
tirely  without  the  given  circle. 
The  contact  is  here  of  necessity  ex" 
ternal^  where  a  tangent  h  drawn 
from  A  to  liRS. 
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AO*    =   AD»  +  (A0+GB)'+  2AD(DB  -  (iB) 
=Z   9AD   +  (ad  4-    DB)    ^  GB* 

—  Aa  .  AB  +  cb'. 
Hence  as  before  as  =  Aa  .  ab.  or  a»  is  giren  in  magai- 


Q.  E.  3".  D, 


tode,  &c. 

C(W«  4.  Let  b  l  touch  the  given  cir- 
cle  at  fl.  The  contact  is  also  here  ex-^ 
ternal. 

A0*=:Al>*  +  (Al>+aCS)«+-2AD(AD- AG) 

=  4AD-  +  ao^  =  A/Z  +  «o* 
Hence^  as  before,  Q.  b«  4***  d. 


Cor,  t.  Let  as  be  drawn  to  cut  the  given  line  and  given  circle 
in  R  and  K.  respectively:  then  it  is  well  known  that 

ah  •  AK  =  Aa  •  AB  ==  AS^. 

Cor.  s.  If  two  circles  00'  in- 
Krtbed  in  the  manner  aforesaid 
touch  one  another^  their  common 
tangent  tends  to  a  :  and  it'  they 
intersect,  as  at  o'o'',  their  com- 
mon chord  tends  to  a. 

Cor.  3.  If  the  common  tan- 
gem  AS  meet  the  given  liuiB  in  q 

and  L,  f.^  be  the  poims  of  contacu    Then  lq  ir  (2 1^     For  by 
the  circle^  ihey  aie  each  eqiial  to  qs» 

Ib  like  manner  if  Qf^  be  the  intersection  ot  the  given  line  by 
the  common  chord  of  the  two  circles  o'o'^,  and  l^'l''  be  tins 
points  of  contact.  Then  l'l'^  is  bisected  in  ft'.  For  the  square 
of  each  tangent  is  equal  to  the  rectangle  under  the  segments  of 
the  secant. 

Cor,  4.   We  have  here  a  demonstration  of  the   Rev.  Mr. 
Sampson's    theorem  in  the  Ladies'  ^ 

Diary,   183  i-s.    (Quest.  1546).     U 
is  this :  ^  \y — ^x 

Make  -bd  zr  ac  —  ab  :   then  bd        /  rt-^o 

is  the  radius  of  the  circle  inscribed  in 

BARC. 

For,   since  cba  is  a  right  angle, 
the  tangent  bd  is  equal  to  the  radius  of  the  circle  inscribed  in  tha^ 

D  D  2 
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angle.     Hence,  by  our  theorem  above, 

AC— AB  rr  AD—  AB=:  bd;=  raHius  ol. 

Cor.  j.  We-€an  also  inscribe  a  second  circle  in  the  space  to 
touch  any  one  already  described^  or  which  shall  cut  off  from 
the  first  a  given  segment* 

To  touch  : 

Let  LSR  be  the  given 
circle.  Draw  the  tan* 
gent  A  s  cutting  the  girep 
line  in  q.  Draw  os  and 
prolong  it.  Make  (Jl^  = 
QL  and  draw  i/of  parallel 
to  Atfv  till  it  meets  os  at . 
o'.  Then  o'  is  the  centre, 
and  o'^s  the  radius  of  the 
circle  sought. 

Note.  The  probU'^ 
maiical  pari  of  Reposi- 
iprv  Question  is  a  parti-' 
cular  case  of  this* 

To  cut  off  a  given  seg-m 
ment :  draw  any  chord  in  the  given  circle  to  cut  such  a  seg«> 
ment,  and  describe  a  concentric  circle  to  touch  it.  Draw  a 
tangent  to  this  last  circle  from  a,  and  let  m  be  its  point  of  con* 
tact,  and  Q^its  intersection  with  the  given  line.  Set  off  i/^Qf 
=r  LQ^  and  draw  iJ^o'^  parallel  to  Ka  to  meet  om  in  o'\  Then 
o^^  is  the  centre  and  &^i/^  is  the  radius  of  the  circle  sought. 

II.  Let  Bsa  be  a  semicircle  described  on  the  segment  ob  of 
the  diameter  Aa  of  the  circle  ACa :  and  L5Q  be  a  circle  described 
within,  the  remaining  space  Cb^ar.  l^faen  its  diameter  is  a 
fourth  proportional  to  Ka^  ab,  sa;  or  a  third  proportional  to 
Aa.  BC. 
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For  join  as  and  prolong  it  to  meet  lv  in  v  (l  being  as  before 
the  point  of  contact,  and  lv  parallel  to  a/i)»  and  join  l^,  sa. 
Prolong  also  bc  and  Ds  to  meet  in  t. 

Then,  £&  h  well  known,  Lsa  is  a  straight  line,  and  lq  = 
QR  (I.  3«),  and  the  triangle  abq  equal  in  all  respects  to  lvq. 
Also  the  right  angled  triangles  tbd,  a^d  having  the  common 
angle  aot  and  the  equal  sides  bd,  ds,  we  have  bt  =  SA. 
Hence  by  parallels 

Aa  :  AS  ; :  lv  (=  ab)  :  vs,  or  ' 

Atf  :  AB  ::  as  :  vs  ::  ds  :  os  ::  2'ds  :  208  ;:  sa  :  sx. 

ab  .aB  bg- 

Aa  Aa  ^ 

In  like  manner  if  o'sV  be  described  in  the  corresponding 
ipce  on  the  other  side  of  ac  we  shall  find. its  diameter  a  fourth 
proportional  to  Aa,  aa,  ba,  or  a  third  to  Aa  and  bc. 

Cor»  1.  Hence  the  two  inscribed  circles  are  equal :  which  is 
the  first  part  521,  Repos.  and  the  1  ith  Question  of  the  series  in 
the  Gentleman's  Diary,  183 1-2.  See  also  Pappi  Coll.  lib.  IV. 
pr.  12-18:  Archimedes,  Op.  Omn.  Ox.  p.  3j7;  the  Supple- 
ment to  Borelli*s  Edition  of  the  Conies  of  Apollonius,  pp.. 
896-9;  and  Bland's  Geometrical  Problems,  page  290. 

• 

C^.  3.  Since  by  similar  triangles 

AB  :  aq  : :  AS  :  SD,  or  doubling 

AB  :  BL  : :  as  (=  bt)  t  aB 

•*.  AB  .  Ba  r:  BL  .  BT=r  bc^ •.,    .(i) 

But  BT  =  AS  =  AC,  and  therefore 

BC*  .  "i 

BL  =r  —  and  in  like  manner  / 

AC  f 

BL'  = 


BQ«  /^ V^/' 


ac 


Hence  (BLi;BL)=   bc«  j^i;^^ 


■"         AC  .  ac 

BC 

=  5i  t^^~^^} (3) 


ProioBg  00^  to  H  and  b  ;  draw  01^  hg  parallel  to  Aa,  and  bg» 
(>'r  parallel  to  bc.    Then  of  zz  SX*  and  we  find 
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=  {AC— flCp  +    — ^ 


0(/«  =    s{AC— tfC}2  + 


=    — 5  {AC-  —  «AC  .  flfi  +  aC-  +  BC*} 

Aa   ^  •  * 

I 

=:   i,{Afl*  —  2Atf.BC  +  BC*} 

Aa* '  ^ 

=   — i  {Aa  -  BC}'. 
Atf*  ^  ' 


BC 

Hence  oo'  =  —  {ac — bc} 

Aa  ^  ^ 

BC* 
=    BC  —        - 

Aa 

BC* 
or  BC  —  OO^  =   =  SX. 

ha 


C&n  3%  We  hence  learn,  too,  tbat  K»  =  bc  :  and  hence  as 
the  circle  «pon  bg  is  eqoal  to  the  space  As'B#ac  fArcbim. 
O.  O.  p.  S56.  Pappi.  CoH.  Math.  lib.  IV.)  we  have  the  circle 
upon  KH  equal  to  the  sam^  space  as  announced  by  the  proposer 
of  531^  Repos* 

Cor.  4,  Again,  bl*  =  — 1  »ad  bl^  =  -— . ,  we  have 

ac  crc* 

^Ac'^ac^i  ^         AC».«c*       -.BC. 

C£?r.  5.  BL  •  AC  =  BC»  =  bl'  .  ac,  therelbre 
BL  :  bl'  z  :  flc  :  AC  ::  ab  •  ab. 

Several  of  these  steps  may  upon  the  face  of  ibem  appear 
to  belong  to  algebra  rather  than  geometry,  but  a  little  closer 
examination  will  shew  that  they  are  only  abridged  modes  of 
writing  processes  which  are  purely  geometricaJ.  My  object 
has  been  to  save  both  room  and  time. 

(To  be  concluded  in  our  next  number.) 
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ARTICLE  IV, 


Sir  JOHN    LESLIE. 

Since  the  publication  of  our  last  number,  British  science 
has  lost  one  of  its  brightest  ornaments,  by  the  death  of  Sir 
John  Leslie,  professor  of  Natural  Philosophy  in  the  Univer- 
sity of  Edinburs^h.  This  very  distinguished  philosopher 
iras  born  in  the  County  of  Fife,  in  the  year  1766.  His  parents 
rented  a  small  farm,  and  he^  himself,  aptpeared  destined  to 
a  life  of  agricultural  labour;  but  the  uncommon  talents  for 
calculation,  and  attachment  to  mechanical  pursuit^  which 
he  displayed  in  hie  earliest  >ears,  attracted  the  notice  of 
sojne  intelligent  individuals,  who  kindly  encouraged  bis  ef- 
forts, and  by  whose  advice  he  was  withdrawn  from -bis  humble 
occupation,  when  he  was  about  twelve  years  of  age,  and 
placed  at  a  neighbouring  vilhge  school.  TUe  rudiments  of  a 
good  education  are  within  the  reach  of  all  the  Scottish  pea- 
vaotiy ;  and  young  Leslie,  in  the  course  of  a  few.years,  was 
prqnred  to  be  entered  a  Student  in  the  University  of  St,  An- 
drews. Id  this  ancient  seminary,  where  a  taste  for  the 
mathematical  soieuces  has  been  carefully  cherished  since  the 
days  of  the  Gregorys,  he  bad  the  advantage  of  receiving  the 
iostniction  of  Mr.  West,  the  author  of  an  excellent  elemen- 
tary course  of  mathematics,  a  man  of  original  and  inventive 
gtnius,  and,  after  Dr.  Matthew  Stewart,  one  of  the  greatest 
masters  of  the  ancient  geometry,  whom  Scotland  bas  pro- 
duced. From  this  meritorious  individual,  who  bas  never 
bad  justice  rendered  to  his  talents,  and  who,  perhaps  from 
that  ignorance  of  the  arts  of  advancement  which  is  so  fre-  ^ 
quently  the  lot  of  the  secluded  student,  never  succeeded  in 
surmounting  the  obstacles  of  an  unfavourable  position,  Leslie 
received  an  impulse  to  which  he  owed,  in  a  great  degree,  all 
his  future  success*  After  a  few  years  residence  in  St  An. 
drew's,  Mr.Leslie,  accompanied  by  his  friend  and  fellow- 
studenty  Mr.  Ivory,  who  now  occupies  the  first  place 
among  the  mathematicians  pf  this  coutitry,  removed  to 
Edinburgh,  to  attend  the  lectures  of  Professor  John  Ro- 
bison,  then  in  the  zenith  of  his  reputation.     Robison  was 
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a  man  of  a  vigorous  and  powerful  intellect,  a  good  ma' 
thematician,  and  possessed  a  vast  store  of  practical  know* 
ledge  whch  be  communicated  with  extraordinary  eloquence. 
But,  unfortunately,  his  taste  in  geometry  was  not  very  cor- 
rect: in  the  demonstrative  part  of  his  course  he  inclined 
rather  to  depreciate  than  to  adopt  the  systematic  methods 
of  the  modern  analysis ;  and  Mr.  Leslie  accordingly  missed 
the  opportunity  of  acquiring  the  use  of  that  master-key  of  the 

Chysical  sciences,  at  the  only  period  of  life  when*  perhaps, 
is  mind  was  sufficiently   unoccupied  with  projects  of  dis- 
covery, to  devote  the  necessary  labour  to  the  study  of  pure 
mathematics.    Having  finished  the  curriculum  of  philosophy 
at  the  University  of  Edinburgh,  Mr.  Leslie  reitioved  to  Lon- 
don as  a  literary  adventurer,  carrying  with  him  recommenda- 
tory letters  from  Dr.  Adam  Smith,  the  celebrated  Author 
of  the  Wealth  of  Nations^  and  others  of  the  Scottish  Lite- 
rati, with  whom  he  had  formed  a  friendship  during  his  resi- 
dence in  Edinburgh.    It  is  said  that  the  first  literary  employ- 
.  ment  in  which  he  engaged  was  that  of  writing  or  correcting 
notes  for  an  edition  of  the  Bible  then  publishing  in  numbers ; 
but  h^  soon  found  a  more  congenial  occupation  in  the  trans- 
lation of  Buffon*s  Natural  History  of  Birds^  which  extended 
to  nme  octavo  volumes.    This  produced  him  a  considerable 
sum  of  money,  which,  as  he  knew  well  how  to  improve  it« 
formed  the  nucleus  of  that  pecuniary  independence  which 
he  was  fortunate  enough  to  attain  in  early  life.    Shortly  after 
completing  this  undertaking  he  went  to  the  United  States  of 
America,  as  tutor  to  a  Mr.  Hsmdolph ;  and,  on  his  return,  he 
undertook  the  same  office  to  Mr.  Thomas  Wedgwood,  with 
whom  he-travelled  over  various  parts  of  the  continent.    In 
1804,  he  published  his  Experimental  Inquiry  into  the  Nature 
and  Propagation  of  Heat.  The  following  year,  on  the  death  of 
Professor  Kobison,  and  the  translation  of  Mr.  Playfair  to  the 
chair  of  Natural  Philosophy,  he  was  appointed  Professor  of 
Mathematics  m  Edinburgh.    This  appointment  was  violently 
oppose  t  by  a  party  in  the  Scottish  church,  on  the  ostensible 
ground  of  his  having  advanced,  in  his  Experimental  Inquiry^ 
some  metaphysical  opinions  in  regard  to  cause  and  eilect, 
that  were  supposed  to  have  a  sceptical  or  heterodox  tendency. 
The  real  cause  of  the  opposition,  however,  was  supposed 
to  proceed  from   the  interested  views  of  a  faction  of  the 
Edinburgh   clergy,  who,  wishing  to  monopolize   the    Kte- 
rary  professorships  of    the  University,    were  determined, 
on   any  grounds,  to  resist  the  appointment  of  a  [ayman. 
Unable  to  oppose  him  on  the  score  of  talent,  they  stooped 
to    assail   his    private    character  and    religious    principles. 
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The  affair  wa«  carried  before  the  ecclesiastical  courts,  and 
made  much  noi.sc  at  tbe  time.  Happily  for  the  cause  of 
Kience,  and  the  rf^putation  qf  the  country,  tbe  intrigues  of 
hi9  opponents  were  defeated,  and  Mr,  Leslie  was  allowed  to 
take  peaceable  possession  of  his  chair.  In  IBIQ,  be  succeeded 
Mr,  Piayfair  in  the  chair  of  Natural  Philosophy*  a  department 
for  which  he  was  pre-eminently  qualified*  This  appoint- 
ment be  continued  to  hold  till  the  time  of  his  death*  which 
took  place  at  his  seui  in  Fifeshire*  on  Uie  5tb  of  Novdmber* 
1838|  after  a  few  days'  illness.  He  had  been  for  seyerat  years 
s  corresponding  member  of  the  French  Institiite*  and  was 
koighted  about  six  mouths  before  his  death. 

As  a  mathematician  Sir  John  Le9lie  did  not  rank  high. 
He  possessed,  dnubtlesujyt  an  e .xtenaire  knowledge  of  ele- 
mentary mathematics;  but  with  the  higher  departments 
of  the  new  analysis  he  had  a  very  slender  acquaintance*  and 
he  was  altogether  unable  to  wield  it  successfully  as  an  in- 
strument of  investigation.  This  arose  from  no  want  of  tbe 
peculiar  talent  required  for  mathematical  studies;  on  the 
coatraiy,  be  possessed  that  talent  in  a  very  eminent  degree. 
He  seised  on  the  finer  and  least  obvious  relations  of  figure 
and  quantity  with  astonishing  rapidity ;  he  has  given  dect- 
live  proofs  of  a  fertile  and  inventive  genius  in  geometry ; 
sad  he  wan  a  warm  admirer,  though  no  very  successful  imi- 
tator, of  the  exquisite  models  left  us  by  the  Greeks.  We 
would  ascribe  bis  deficiency  in  pure  mathematics  to  tbe 
want  of  early  initiation  into  tbe  viethods  of  the  modern  aiu^ 
lysis;  and  more  especially  to  an  impatience  of  prolonged 
labour^  aod  a  strong  desire  of  popular  applause,  which  invari^ 
sbly  led  him  to  pursue  those  paths  in  which  be  might  hope  (or 
most  immediate  faa»e.  Hence,  he  never  gave  to  the  study 
of  the  mathen^atical  calculus  that  close  and  sustained  atten- 
tiooy  wiihout  which,  in  the  present  state  of  science*  even 
tbe  finest  genius  has  little  chance  of  attaining  to  eminence. 
His  EltmenU  af  Geometry,  the  first  editi<m  of  which  was 
imblished  a  few  years  after  his  appointment  to  the  mather 
matical  chair^  waf  a  work  well  conceived,  but  executed 
with  little  care,  and  strikingly  deficient  in  that  simple  etor 
gance  and  logical  precision  in  which  consists  at  once  tbe 
excellence  and  the  charm  of  the  geotnetrical  writings  of  the 
aacients.  The  ambitious,  oratorical,  and  Uguraiive  style  in 
vbich  he  was  ever  prone  to  indulge,  assorted  ill  with  a  work 
tf  accurate  scieuce,  and  called  forth  some  severe  animadvert 
Sions  from  his  Colleague,  Mr.  Flayfair,  in  the  b<dinburgh 
Review,  in  the  subsequent  editions  this  work  received  greal 
ittiproveroentsy  and  may  now  be  regarded  as  u  valuable  text- 
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book.     Indeed  we  cnnnot  help  thinking,  with  the  author  him- 
self, that  it  is  chiefly  owinc^  to  the  indolence  or  prejudice© 
of  teachers,  that  it  is  not  more  generally  introduced  as  a  class- 
book  in  our  schools.     The  substitution  of  such  a  work  for  the 
more  tedious  and  verbose,  though  perhaps  more  strictly  logi- 
cal. Elements  of  Euclid,  especially  where  a  practical  course 
only  is  aimed  at,  would  save  the  student  much  time  and  irk- 
some labour.     The  Treatise  on   Trigonometry^  was  perhaps 
superior  to  any  production  pf  the  same  nature  that  had  pre- 
viously appeared  in  our  language ;  and  the  Notes  and  Illustra- 
tions abound  with  interesting  miscellaneous  information  rela- 
tive to  geodesy,  and  other  practical  applications.    The  Tract 
on  the  Geometrical  Analysis^  originally  published  in  the  same 
volume,  was  a  valuable  addition  to  the  Elements.  It  contained 
a  selection  of  highly  interesting  geometrical  problems,  taken 
chiefly  from  Pappus,  and  the  writings  of  Dr.  %Simson  ;'and  was 
very  favourably  received  by  the  students  of  ancient  geometry, 
botn  in  this  country  and  on  the  continent,  where  it  was  trani^ 
lated  into  French  and  German.     Its  merit,  however,  lay  ra- 
ther in  the  introduction  of  a  systematic  treatise   on  that 
elegant  branch  of  analysis  into  the  elements,  than  in  the  man- 
ner in  which  it  was  executed^    It  added  nothing  to  the  stock 
of  known  truths ;  and  the  demonstrations  were  not  always  the 
best  that  he  might  have  selected.    In  some  instances  be 
enunciated  only  particular  cases  of  propositions  which  had 
already  been  generalized,    and  demonstrated  with  greater 
elegance  in  the  Diaries,  and  other  periodical  scientific  pub- 
lications.   A  better  treatise  might  easily  be  extracted  from 
the  early  numbers  of  this  Repository.    But  Leslie  never 
took  the  trouble  to  examine  such  sources.     He  was  indeed, 
very  little  versed  in  the  history  of  the  solution  of  problems. 
Thus,  in  his  article  Angle  in  the  Supplement  to  the  Ency- 
clopedia Britannica,  he  ascribes  to  Newton  a  proposition 
which   is  demonstrated  in  the  Collections  of  Pappus;  and 
at  page  328  of  bis  Geometry,  in  speaking  of  the  problem 
to  inscribe  a  regular  seventeen-sidea  polygon  in  a  circle,  he 
says  *'  the  investigation  of  the  principle  is  rather  intricate, 
and  the  constructions  to  which  it  would  lead   are,  inetery 
case^  unavoidably  and  most  excessively  complicated;^*  whereas, 
if  he  had  looked  into  volume   IV.  of  the  Repository,  he 
would  have  found  a  construction  scarcely  more  complicated 
than  that  of  the  pentagon.    These  may  be  thought  trifling 
faults,  but  in  a  professor,  and  writer  on  the  elements,  they 
cannot  be  overlooked.     The  treatise  on  the  Conic  Sections  is 
strongly  marked  with  the  author's  peculiarities,  exhibiting 
abundant  proofs  of  acuteness  and  vigorous  thinking;    but 
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disBgurad  by  a  loose  and  inaccurate  diction.  We  scarcely 
recognize  the  severe  features  of  the  ancient  geometry  under 
the  garb  in  lyhich  he  has  thought  fit  to  deck  it  out. 
Nevertheless  it  is  a  work  of  intrinsic  value,  and  may  be 
studied  with  great  advantage,  particularly  ab  an  introduction 
U)  the  Princlpia,  Indeed,  many  of  the  propositions,  in  the 
second  part,  are  taken,  almost  literally,  from  that  immortal 
production.  To. the  Co?nc  Sections  is  appended  a  short  tract 
on  the  Geometry  of  the  Higher  Curves^  the  object  of  which 
seems  to  have  been  to  prepare  his  students  for  the  course 
of  Natural  Philosophy,  by  making  them  acquainted  with  a 
few  of  the  leading  properties  of  those  curves  which  occur 
most  frequently  in  mechanics.  But  we  consider  this  as  the 
least  meritorious  portion  of  the  two  volumes  of  his  mathe- 
maticsil  course.  The  attempt  to  explain  the  properties  of 
the  higher  curves  by  the  aid  of  plane  geometry  alone,  is  but. 
a  clumsy  expedient  to  supersede  the  use  of  tlie  (litlerqntial 
calculus,  which,  after  all,  cannot  be  dispensed  with;  audit 
is/surely,  a  bootless  labour  to  toil  though  a  page  of  word^. 
in  order  to  establish  some  relation  that  may  be  demon- 
strated, with  infinitely  greater  clearness,  by  a  single  line  of 
the  most  elementary  calculus.  It  is  like  attenipting.  ip 
storm  a  fortress  with  a  catapult  and  a  battering-ram,  in- 
stead of  applying  the  more  eliicient  engines  of  modern 
artillery.  Alter  all,  it  is  only  a  very  lew  of  the  most 
obvious  properties  of  the  higher  curves  which  caii  be 
^iemonstrated  in  this  manner.  A  third  volume,  containing  a 
Treatise  on  the  geometry  of  planes  and  solids,  and  embracing 
the  theory  of  Perspective,  and  Spherical  Trigonometry,  was. 
frequently  announced,  but  has  never  appeared. 

But  it  is  as  a  cultivator  of  experimental  and  physical 
icietice  that  Sir  J.  Leslie  is  chiefly  distinguished;  and.it  h 
on  bis  discoveries  in  physics,  and  the  exquisite  instruments 
he  invented  for  assisting'  physical  researches,  that  his  fame 
will  ultimately  rest.  In  this  department  he  evinced  great 
originality  of  genius,  and  powers  of  invention  which  laave 
rarely  been  surpassed;  great  fertility  in  devising  experiments, 
93  well  as  acuteness  and  rapidity  in  combining  the  results 
and  pursuing  them  to  their  reni9test  consequences.  His 
physical  researches,  however,  are'  not  marked  by  that  cau- 
tious mode  of  induction  which  so  conspicuously  distinguishes 
the  experimental  inquiries  of  Newton,  of  Cuven<lish,  and 
Wollaston.  He  sometimes  betrays  an  impatience  of  expcri- 
''iental  investigation,  and  a*iopts  conclusions  not  warranted 
%  tbe  phenomena.  In  all  his  speculations  there  is'an  evident 
straining  alter  novelty — a  desire  to  appear  oiit  of  the  beaten 
Irack;  and  he  did  not  hesitate  to  adopt  the  most  extravagant 
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ide)i»  provided  it  wad  calL^Utftted  to  surprise  or  Astonish. 
Hence,  we  find  him  gravely  putting  forth  such  hypotheses 
as  these,-^thac  the  interior  of  the  earth  if*  filled  with  lights 
th^t  the  ocean  rolls  on  a  bedof  dfr,  he.  Simplicity  fornred 
no  part  of  his  scientific  character.  He  had  dipped  into 
the  writings  of  the  Alchyniists,  from  wlioni  hiH  philoso- 
phical ideas  and  modes  of  expression  had  acquired  a  tin^e; 
and  whom  he  resembled  in  ahecting  to  surround  his  disco- 
Series  and  itpeculatiotis  with  a  glare  of  mystery*  Hit  first  and 
most  elaborate  philosophical  work  Was  the  Experimental  Jn- 
^uiry  into  the  feature  and  Propagaiivn  of  Heat.  This  raised 
him  at  once  to  the  highest  rank  among  the  experimental  phi-*, 
losophers  of  the  day,  and  procurevi  for  him  the  Rumfbrd 
rtiedal  from  the  Royal  Society.  Indeed,  whether  we  regard 
th^  ingenuity  of  the  train  of  investigation  pursued  in  it^  the 
rtnportance  and  novelty  of  the  results,  or  the  great  additions 
tx>  the  then  known  facts,  respecting  the  laws  of  heat  which  it 
brought  to  light,  we  must  admit  thai  it  is  deserving  of  the 
highest  commehdatioti.  it  is  a  work)  however,  clouded  wild 
many  faults.  It  is  defective  in  pe^picuity  and  arrangement^ 
to  a  degree  that  renders  it  difficult  and  irksome  to  read.  It 
iB  filled  with  discussions  and  speculations  often  remotely 
cohn^c ted  with  the  subject;  and  the  theory  V^hich  it  at- 
tempts  to  establish,  is,  to  say  the  least,  extremely  question**' 
able.  Besides,  it  is  to  be  admired  rather  for  its  ii>gcnuitjr 
than  for  the  accuracy  of  the  results.  When  a  precise  fiict  is 
Wanted,  a  reference  is  not  made  to  Lesliei  but  to  Dulong  and 
Petit.  The  short  account  of  Expenments  and  Instruments  de^ 
pending  on  the  Relations  of  Air  to  Heat  and  Moisture,  forms 
a  supplement  to  the  Experimental  Inquiry.  Like  its  prede-* 
c^essor,  it  abounds  with  acute  views  and  interesting  specula, 
tion ;  but  it  added  little  or  nothing  to  his  previous  discoveries. 
With  regard  to  his  Instruments,  tliey  are  all  of  them  simple 
though  ingenious  hiodifications  of  his  iiifferentiai  Thermo^ 
Meters  but  this  is  really  an  instrument  of  so  much  value  in 
all  delicate  inquiVie^  connected  with  the  tariatiotis  of  hear» 
that  trad  he  been  ktiot^n  for  nothing  else,  he  would  have 
been  entitled,  by  its  invention  alone,  to  be  ranked  among  the 
benefactors  of  physical  science.  We  ought  not  however  to 
disguise  the  fact,  that  (he  invention  o{  this  excellent  instfu- 
ment  has  been  disputed,  though  we  know  not  if  on  good 
grounds.  At  all  evt'nts  fie  ha\1  the  merit  of  bringing  it  into 
use.  He  was  also  the  author  of  some  excellent  papers  on  phy« 
sical  subjects  in  the  Supplement  to  the  Hncyclopeilia  Britan. 
I'lica,  among  which  the  articles  Climate  aiKl  Meteorolegy  tire 
productions  t)f  conspicuous  merit  Of  his  Elements  of  Natural 
Philosophy  it  would,  perhnps,  be  unfair  to  judge  severely,  in 
asmuch  as  it  is  an  unfinished  production.     It  was  intended  to 
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be  completed  in  three  volumes,  of  which  one  only  has  ap. 
peared  If  we  regard  it  as  containing  the  substance  of  his 
academical  lectures^  it  certainly  does  not  tend  to  give  us  a  very 
high  iflea  of  the  advanced  state  of  ihe  accurate  sciences  in  the 
Univeraity  of  Edinburgh.  The  little  geometry  employed  in  it 
is  of  the  bidiplcst  and  most  elementary  kind.  It  carries  us 
hack  to  the  days  of  Musschenbroeck,  Desaguliers,  and  Keili ; 
and,  making  allowance  for  the  improved  state  of  physical 
knowledge,  is  in  every  respect  inferior  to  Maclaurin's  account 
of  Newton's  Principia.  It  is  rather  a  collection  of  facts  than 
^scientific  exposition  of  the  principles  oi  natural  philosophy  ; 
and  even  in  this  re.«5pect,  it  haidly  comes  up  to  the  GSomeirie 
du  Arts  et  Metiers  of  Dupin.  1  he  last  work  which  be 
gave  the  world  is  the  Dissertation  on  the  Progress  of  the 
l^kysicat  Sciences,  in  the  edition  now  publishing  of  the 
Eacyclopedia  Britannica.  It  was  intended  as  a  continua- 
tion of  the  work  of  Playfair  on  the  same  subject^  which 
was  brought  down  only  to  the  death  of  Newton ;  and  con- 
sequently embraced  the  splendid  discoveries  that  have  been 
niade  in  the  various  departments  of  physics  from  that  tiute 
to  the  {Tesent  day.  But  this  was  a  task  for  which  Mr.  Leslie 
Was  in  many  respects  not  well  qualified.  The  ardour  and 
imiAtience  of  his  temperament  prevented  him  from  bestow- 
log  tbsit  minute  attention  on  the  examination  of  the  labours 
or  pretensions  of  others  which  is  indis^nsably  necessary  in 
order  to  form  a  correct  and  impartial  judgment;  and  with 
the  recent  improvements  in  some  of  the  most  important 
departtnents  of  mathematical  physics,  he  was  in  a  great 
measure  unacquainted.  Accordingly  the  work  is  frequently 
sicetchy  and  superficial ;  and  has  the  appearance  of  having 
been  written  rather  from  ancient  recollections  than  from  a 
recent  and  careful  study  of  the  subjects  of  which  he  under- 
takes to  treat.  Altogether  it  suftiers  by  a  comparison  with. 
tlie  more  elaborate  and  finibhed  dissertations  with  which 
it  ia  associated. 

As  a  teacher  of  science,  there  may  be  some  doubt  as  to  the 
ckisB  in  which  Sir  J.  Lesliie  ought  to  be  ranked.  His  lec- 
tures^ like  most  of  his  writings,  were  strikingly  deficient  in 
method  and  order.  He  was  constantly  travelling  out  of  bis 
direct  course;  and  be  fell  into  the  common  fault  of  men 
of  genius  in  supposing  his  auditors  were  gifted  with  the 
seme  rapidity  of  conception  as  himself.  His  ideas  were 
sometimes  ibntastic;  and,  when  be  attennpted  a  sublime  flight, 
hb  descriptions  were  almost  burlesque.  Yet  his  lectures 
posfe^sed  no  ordinary  merit.  They  abounded  with  useful 
and  interesting  information,  and  were  deeply  impressed  with 
that  captivating  charm  which  genius  alone  can  confer,  and 
lor  the  want  of  which  no  plodding,  paiub-taking  pn  puration 
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can  compeiisat.e.  1  o  the  few  who  could  follow  him  they 
were  eminently  instructiye.  Whether  the  interests  of  science 
are  better  promoted  by  carrying  forward  some  half-dozeu 
superior  minds  to  the  utmost  stretch  of  their  capacity,  or  by 
laboriously  attempting  to  instil  a  trifling  portion  of  elementary 
knowledge  into  the  reluctant  mass  of  dull  mediocrity,  is  a 
question  which  we  shall  leave  our  readers  to  decide  for  them- 
selves^. In  his  private  character,  though  he  incurred  the  im- 
putation of  avarice,  he  exhibited  many  Stirling  good  qualities 
of^aposition.  He  manifested  great  kindness  of  feeling  to* 
Avards  such  of  hh  pupils  as  bad  distinguished  themselves  by 
talents  or  assiduity ;  and,  when  opportunity  offered,  was 
ever  ready  to  use  his  best  efforts  to  promote  their  views  in 
after  life.  .  In  the 'col  lection  of  instruments  for  the  purpose 
of  illustrating  his  course  he  expended  much  labour,  and 
considerable  sums  ot  money;  and  he  left  a  sumptuous  ap- 

Earatus  of  which  his  successors  will  have  the  benefit.     It 
as  been  truly  said»  that  in  him  the  University  of  Edinburgh 
has  lost  its  only  European*name. 


THB   PHILOSOPHICAL   TRANSACTIONS   OF  THE   ROYAL  SOeiBTT   OF 

LONDON,  1832. 

Contains  the  follow.ing  Papers  relating  to  Mathematics. 

Part  I.— I.  -Researches  in  Physical  Astronomy  ;  by  J.  W. 
Lubbock,  Esq.  2.  Oii  the  Tjdes;  by  the  same.  3.  Ou  an 
Inequaliry  of  long  period  in  the  motion  of  the  Earth  and  Ve- 
nus ;  by  G.  B.  Airy,  Esq.  4.  On  the  Theory  of  Perturbations 
of  the  Planets;  by  James  Ivory^  Esq.  5.  Researches  in 
Physical  Astronomy  ;  by  J.  W.  Lubbock,  Esq.  Part  II. — 8* 
Researches  in  Physical  Astronomy ;  by  J.  W.  Lubbock^  Esq. 
7.  On  the  correction  of  a  pendulum  for  the  Reduction  to  a 
vacuum ;  together  with  Remarks  on  some  anomalies  observed 
in  penduluip  experiments;  by  Francis  Baily,  Esq.  8.  Ac 
count  of  the  Magnetic  Experiments  maile  on  the  Western 
Coast  of  Africa,  1830;  by  Commander  Edward  Belcher. 
9.  On  the  Water  Barometer  erected  in  the  Hall  of  the  Royal 
Society  ;  by  J.  F.  Danielle  Esq.  10.  Hourly  observations  ua 
the  Barometer ;  with  experimental  investigations  into  the 
phenomena  of  its  periodical  oscillations;  by  James  Hudson, 
Esq.  11.  Note  on  the  Tides  in  the  Port  of  London ;  by  J. 
W.  Lubbock>  Esq.  12.  Researches  in  Physical  Astronomy; 
by  the  same  Gentleman. 

EDINBURGH   TRANSACTIONS. 

Our  last  notice  (p.  59)  closed  with  Vol.  X.  Since  that  list 
was  made  up,  three  half  volumes  more  have  appeared. 
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Vol.  XI.  Contains,  connected  with  Mathematics  and  Ma. 
ttiennatical  Physics,  the  following  Papers, 

1.  Description  of  some  remarkable  effects  of  Unequal  Re- 
fraction observed  at  Bridligton  Quay,  in  the  summer  of  1836 ; 
by  the  Rev.  William  Scoresby.  S.  On  the  Construction  of 
Polyzonal  Lenses,  ^nd  their  combination  with  plane  mirrors 
for  the  purposes  of  illuminating  light-houses  :  by  Dr.  Brews- 
ter. 3,  Account  of  a  remarkable  peculiarity  in  the  cotlfetriic- 
tion  of  Glauberite,  which  has  one  axis  of  Double  Refracfipn 
for  Vio/et  and  two  axes  for  Red  Light :  by  Dr.  Brewster. 
4.  Experimental  enquiries  concerning  the  laws  of  Magnetib 
Forces ;  by  W.  Snow  Harris,  Esq.  5.  Qn  certain  {new  Phe- 
nomena of  Colour  in  Labrador  Felspar,  -with  observations 
on  the  nature  and  cause  of  its  changeable  tintd ;  by  Dr. 
Brewster.  6.  Notice  regarding  a  Time-keeper  in  the  Hall 
of  the  Royal  Society  ;  by  John  Robison,  Esq.  ?•  Remarks 
on  a  Meteorological  Jou'rnai  kept  at  Carlisle,  by  the  late  Mr. 
William  Pitt,  for  26  years ;  by  Dr^  Barnes. 

Vol.  XIL— 1.  Account  of  obse'rvations  made  in  Scotland 
on  the  Distribution  ol  Magnetic  Intensity;  by  James  Dun- 
lop,  Esq.  9.  Notice  of  an  Autograph  Manuscript  by  Sir 
Isaac  Newton,  containing  some  Notes  upon  the  Third  Book 
of  the  Principia,  and  found  among  the  papers  of  Dr.  David 
Gregory,  formerly  Savilian  Professor  of  Geometry[in  Oxford ; 
by  Dr«  James  Crauford  Gregory.  3.  Inquiry  into  the  Geo- 
metrical Character  of  the  Ho.ur  Lines  upon  the  Antique 
Sun-Dials ;  by  T.  S.  Davies,  Esq.  4.  On  a  new  Analysis  of 
Solar  Light,  indicating  three  primary  colours,  forming  co« 
incident  spectra  of  equal  length ;  by  Dr.  Brewster.  5»  No- 
tice regarding  some  Experiments  on  the  vibrations  of  Heated 
Metals;  by  Arthur  Trevelyan,  Esq.  6.  On  the  Horary  Os- 
cillations of  the  Barometer  near  Edinburgh,  deduced  from 
4410  observations ;  with  an  enquiry  into  the  law  of  Geogra- 

thical  Distribution  of  the  Phenomena;  by  James  David  ' 
orbes,  Esq.  7.  A  new  species  of  coloured  Fringes  produced 
from  Reflexion  between  the  lenses  of  Achromatic  or  com- 
pound Object  Glasses;  by  Dr.  Brewster.  8.  On  the  Equations 
of  Loci  traced  upon  the  surface  of  the  Sphere,  as  expressed 
by  Spherical  Co-ordinates ;  by  Thomas  Stephens  Davies,  Esq. 


TRAK8ACTION8  OP  THE   CAMBRIDGE   PHILOSOPHICAL   SOCIETY. 

The  first  half  of  Vol.  IV.  has  been  published  since  our 
last,  and  contains  the  following  papers  relative  to  Mathe- 
matics, &c. 

1.  On  the  General  Equation  of  Curves  of  the  second  De- 
gree; by  Augustus  De  Morgan,  Esq.    2.  On  the  nature  of 
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Light  in  the  two  ray«  produced  by  Double  Refraction  of 
Quartz;  by  G.  Airy,  Esq.  3.  On  the  Resolution  of  Alge- 
braical Equations;  by  R.  Murphy,  Ksq.  4.  Mathematical 
P'XpoHition  of  some  of  the  Leading  Doctrines  in  Mr.  Ricardo's 
Principles  of  Political  Economy  and  Taxation;  by  William 
Whewell,  Esq.  5,  An  addition  to  his  Paper  on  the  Nature 
of  the  Light  in  Quartz;  by  G.  B.  Airy,  li^sq. 

JOUKNAL   DE    L^XPLE    POLYTBCHNKiUf. 

Since  our  last  notice  of  this  valuable  work  two  more  Ca- 
hiers  have  been  published,  the  contents  of  which  are  as 
follows  — 

Cahier  80. — 1.  A  Memoir  upon  the  general  equations 
of  equilibrium  and  motion  of  bodies,  solid,  elastic,  and 
fluid;  by  M*  Poisson.  S.  Memoir  upon  the  system  of  values 
which  may  give  to  divers  elements,  determined  by  a  great 
number  of  observations^  such  that  the  greatest  of  all  erroi*8, 
abstraction  made  of  the  sign,  shall  become  a  minimum  ;  by 
M.  Cauchy.  3  Memoir  upon  the  determination  of  the  or^ 
bits  of  planets  and  comets;  by  M.J.  Binet.  4.  Memoir 
upon  the  resolution  of  indeterminate  equations  of  the  first 
degree  in  whole  numbers ;  by  M,  J.  Binet  5.  Memoir  upon 
the  integration  of  a  certain  class  of  equations  of  partial  dif- 
ferentials, and  of  tht  phenomena  of  which  the  integration 
discloses  the  laws  in  mathematical  physics. 

Cahier  81. — 1«  MerAoir  upon  several  questions  in  Geo- 
metry and  Mechanics,  and  upon  a  new  kind  of  calculus  for 
resolving  these  equations;  by  M.  Liouville.  9,  Memoir 
upon  the  Calculus  of  differences ;  by  the  same.  3*  Memoir 
upon  the  integration  of  a  partial  differential  equation  of  the 
Second  Order;  by  the  same.  4.  Formulae  relative  to  the 
motion  of  the  Ball  in  the  interior  of  the  Cannon ;  by  M.  La« 
grange.  5.  On  the  Curvature  ol  Surfaces;  by  M.  Poisson. 
6.  On  the  influence  of  the  moment  of  inertia  in  balancing 
the  steam  eugme,  and  of  its  mean  velocity  upon  the  regularity 
of  the  rotatory  motion  given  by  the  piston  to  the  fly-wheel; 
by  M.  G.  Coriolis.  7*  Memoir  upon  the  principle  of  living 
forces  in  instances  relative  to  machinery  ;  oy  the  same,  S. 
Memoir  of  Descriptive  Geometry,  upon  the  Construction  of 
Tangents  in  a  multiple  point,  to  a  curve,  either  plane  or  of 
double  curvature:  by  M.  Theodore  Olivier,  g.  Memoir 
upon  the  general  equations  of  the  propagation  of  beat  in 
solid  bodies  of  which  the  conductibility  is  not  the  same  in 
all  directions  s  by  M.  J.  C.  Duhamel. 
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ARTICLE  V. 


SoluiiaHS  to  Questions  Proposed  in  No.  XXIII. 


I.    QUESTION  551,  by  Mr.  John  Baines,  Tkornhill. 

On  what  two  days  of  the  year  in  latitude  /^a"*  14'  19  '  6^'  is 
tke  sun's  altitude  s^  39^  ^%f'  at  the  middle  of  the  time  between 
8iiii*rise  and  noon»  disregarding  refraction,  semi-diameter  and 
parallax  ? 

Solution^  hy  Mr.  Baines,  the  Proposer. 

Let  ftd  represent  the  xliurnal  arc^  /  the  latitude  of  the  place, 
d  the  sun's  declination,  and  a  =  its  altitude ;  then,  by  spnerics 
and  the  nature  of  the  qu^stion^  we  have 

cos  ad  =2  7:  tan  /tan  d..  ..(i), 

and  cos  B  =;  sin  a  sec  / sec //  — •  tan  / tan d ... .(S)* 

Subtracting  (1)  from  (2),  and  dividing,  we  have 

,       cos  B  —  cos  afl         ,  . 

sec«  = : J — '  •  •  •  (q). 

sm  a  sec  I  ^^' 

oj  m    J  (cos  Q  cos    ^6Y  ,     , 

8cc*a  —  t  =  tan"  d  =;  ^ — r-5 >>.    '■  —  1  ••  .•(4)* 

From  (i),  we  have  tan^  d  zz  - — ^rr'  •  •  •  (  c). 
'  tan  2/         ^"^^ 

Elating  (4)  and  (5), 
cos*  28         cos*  Q  —  a  cos  B  cos  a9  +  cos'  29  ^^v 

tan*  /  sin^  a  sec*  /  ^  ^' 

Or  substituting  the  numerical  values  of  a  and  /,  and  reducing, 

14  co6*  0  —  ao  cos'  d  -—  9  cos*  0  +  10  cos  6  i-  1  =  o  f 

thi«  solved  gives  cos  0  zr  ^/^^  or  0  n  45°  .  hence  d  ==  o®,  and 
the  times  required  are  the  vernal  and  autumnal  equinoxes.  Bed- 
sides the  above,  the  equation  has  another  serviceable  root,  but 
this  wilt  be  best  obtained  by  substituting  |  (1  -^  cos  a 6)  for 
cos*  6f  which  reduces  it  to 

(49  cos*  aO  —  130  cos  80  —  175)  cos*  a8  =:  o, 
of   which    the   roots    are   co6    ad  =  o»   giving    the    same 
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answer  as  above,  and  cos  29  —  ,^  ^.  ^^^  ^  ^  ;  the  negatirc 

7 
value  gives  cos  29  =  — •  19035669  or  sd  =z   100^  58'  J5''; 

hencetand  =  ±-£2i££  =  »3V"»i- 4j£i65^.     y^^gC.that 

tan  /  7  iriT^y 

is,  d  =  7»  58'  44^'  =  the  declin.  N.,  answering  to  April  10, 
and  September  2. 

II.     QUESTION  552,  by  Mr*  W.  Godward,  London. 

Given  the  vertical  angle,  the  rectangle  of  the  segments  of  the 
base  by  the  contact  of  the  inscribed  circle,  and  the  difference  of 
the  segments  of  the  base  by  a  perpendicular  from  the  vertical 
angle,  to  determine  the  plane  triangle* 

Solution,  by  Mr.  God  ward,  the  Proposer. 

Let  ACB  be  the  plane  triangle  circumscribed  by  a  circle  whose 
centre  is  o«  Draw  the  diameter  DE, 
perpendicular  to  ab,  ch  to  de,  and  cg 
to  AS.  Join  AO,  CO,  A£,  CF,  CE,  and 
let  s  be  the  contact  ot  the  inscribed 
circle. 

Since  the  ^  fae  zz  ecb  =:  \  acb, 
and  AOE  =  ACB^the  triangles  fae  and 
AOF  are  given  in  species;  hence  the 
ratios  af  :  fe  and  af  :  po  are  each  given, 
and  therefore  the  ratio  fe  :  fo  or  its 
equivalent  FE.FH  :  fo.fh  becomes  known.  But  fe.fhizas.sb 
is  given,  and  conseauenily  fo  .  fh  and  af,  fh.     Again  CF^ — 

AF2  =  CH^  4-  FH^  —  AP2,  but  CH^  —  CO^^  —  HO*,  FH^  n 
HO*  +  FO*  -+-  2HO  .  FO  and,  AF*  rz  AO"  —  FO^  n  CO* —  FO* ; 

whence  CF*  —  af^  iz  2Fo2  -f  2H0  .  fo  =  2F0  (fo  +  oh) 
=:  2FO  .  FH  a  given  rectangle,  from  which  deducting  the  given 
square  ch»,  the  remainder  fh^  —  af^  is  known  ;  but  af  •  FH 
being  also  given,  af  and  fh  are  each  given,  and  thence  the  re- 
quired triangle. 

III.    QUESTION  553,  by  Mr.  J.  H.  Swale,  UverpooL 

Theorem*  The  diameter  de  cuts  the  chord  ab  perpendicu- 
larly at  f,  and  q.  is  the  centre  of  the  circle  :  describe  semicircles 
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upon  thes^ments  pd,  fe,  vq,  and  draw  the  tangents  cXi  ti, 
crfrom  any  point  c  in  the  periphery  of  the  eegment  aeb. 
Then 

■  "•(JIC   +   CB)"  =  4CT* 

S*  (AC  —  cB)a  =  4C18 

3**  AC^  -t     CB*  =  4Cv3 

4"  4AC   .   CD    =  2ct2  —  acv2. 


SoLDTlOM,  6y  Mr.  John  Raises,  ThornUll. 

Case  I,  Join  ci>.  cutting  the  circle  dtf  in  g,  then  fg,  being 
jWDed,  is  perpendicular 
to  CD.  Now  by  the 
l«DDerty  of  the  circle 
CT*-  CO  .  CD  =  J 
(ic  4-  sc)>.  Student, 
ftop.  VII,  cor.,  which 
iiilie  first  case. 

Case  B.  Join  CF, 
catting  the  circle  fie 
ID i,  then  ci'=ct.CF 

-Cr  .  CR=(CH  —  Hf> 

=  ch'  —  FH».  De- 
mil  the  perpendicular 
ct,  (hen  ch8  =  cl* 
+  ML*;  hence  ci' 
=  «.*+  HL«  —  FH* 
=  DL  .  LB  -~  FL  .  LE  =  LE  (DL  - 
(*c  —  Bc)*,  the  second  case. 
Case  3.  cv*  =:  ci  .  cf  =  cs  .  cp  =  (cO  +  os) .  (co  +  os) 

—  CO*  —  08*  =  CO* —  0(i*  =:  CL*  +  OL'  —  OB*  =  D  L  .  LB 
+  FL  .  Qh.  Mult,  hy  4,  and  4CV*  =  4DL  .  le  +  4FL  .  lq 
=  4DL  (r£  —  FL)  +  3Fl  .  (2DL —  DE)  r:  4DL  .  PE —  BFL. 
De  =  AC*  +BC*,  Student,  Prop.  vii,aiid  cor,  to  Prop.  xix. 

Caf«  4.  Because  (AC  +  bc)'*  =  4CT,  and  (ac  — bc)*=  4CI*, 
we  have,  by  subt.  4CT'  —  4c  1'  =^  4AC  .  bc,  or  ac  .  bc  =  ct* 

—  ci';  al8o(AC+BC)*  — (AC*  +  BC*)  :=  4CT  —  4CV*,  or 
AC  .  BC=«CT*  —  2cv*,  =CT*  —  CI*,  therefore  ct*  =  2cv* 

—  ci*,  or  CT*  +  ci'  =  acv*.  Hence,  we  have  determined 
AC  .  BC  =  scT*  —  scv^,  which  was  probably  intended  for 
case  4. 

Besidesthepropertydemonstrated  above,  viz.  ct'  +ci'=2CV*, 
a  great  number  of  otheTS  may  be  inferred  from  the  above  figure. 


DF  =  { 
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Thus  4Ci  .  cr  z:  (AC  **  Bc)*  zz  4aii\  4OO  .  cdi=(ac  4*  BC)* 
zz  4CN*f  and  4c/  •  op=  ac*  +  bo*  :^  2  (fl*  +  cl*  +  bf^ 
r:  a  (CF*  +  bf^).  Moreover,  CT  =:  cn,  and  ci  =  AN,  there- 
fore CT  +  Ci  =:AC,  and  since  AG  .  bc  =  ct*  —  ci*  zz  (cT 
-h  ci)  .  (cT  —  ci),  of  which  the  former  =  ac,  the  latter,  viz. 

CT  —  CI   =  BC.      Also  4  (CT*  +  CV*  +  Cl*)=:  3  (AC*  +   BC*) 

=  6  (CF*  +  BF*),  and  acT*  =  cf*  +  bf\ 

IV.    QUESTION  554»  by  Mr.  John  Bainbs. 

Find  the  equation  of  a  curve  whose  tangent  varies  directly  as 
thtt  abscise* 

Solution,  by  Mr.  Baines,  the  Pr0pour. 

Subtangent  s=  '^,andtan=:v^(^*+  ^V^)*  ^  ^'  ^^^  ^^ 

question,  r  being  a  given  quantity.)  We  have  therefore,  y*i/y* 
-f  y'd«*  =:  rVc/y',  and  consequently  ^cfx  =  dy  </vrV  —  y*). 
Assume  x  =  ley,  then  dx  =z  udy  -f  ydu^  and  uydy  -(-  yMs 
=  ydyV'Cf^B*-^  !}•    Divide  by  y  and  reduce^  then 

dy du _  udu  +  duK/  r*tt'  —  i 

y   ""  V'l^  k'*  —  1)  —  u  "        r*u'  —  u*  — 1 

^  udu du\/rH^  —  I  ^ 

by  multiplying  and  dividing  the  latter  part  by  \/rV— i, 
then  adding  and  subtracting  b^  in  the  numeratpr, 

«(ffi  du  (rV--B*  ~  I  -f  ti*) 

r«B«-«--l  "^  (r*B«- »»- 1  )v/i«ii«—  X 

udu  du  u*du 


rV-jr»-.x^  \/^V^     {f^'-B'-i)v/r»B«-i 
B<i»  r*  cf« 


We  have  now  arrived  at  known  forms ;  hence  taking  the  inte- 
grals, after  mulliplying  by  r*— i,  we  have 
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{r%  +\/rV— i)  +  *.  /•    >  ,  -       ,      > 

or  jr*-*  =  (n»  +  v^r^u*-!)*^/  (»— \/r«««-t), 

and  substituting  the  value  of  «  r:  -,  we  have 

J' 

yr,^^  z=  (x-\/rV-y»)  X  (rap  +  s/r'z^^fY 
=  the  equation  of  the  curve  required* 

V.     QUESTION  555,  6>  Afr.  T.  S.  DAVi£ft<  Bo^A. 

Let  M,  N,  s,  R,  be  the  centres  of  four  circlet  about  abd« 
RBC,  ABFt  DGF  (Fig.  to  the  solution  of  question  594)  and  let 
L be  the  point  where  they  intersect:  then  M»  N,  8,  R.  Zi  are  in 
one  circumference. 

Solution,  hy  Mr.  Davibs>  tkeProposer. 

Instead  of  confining  myself  to  the  solution  of  the  proposition 
mentioned,  I  shall  add  a  few  others  which  I  have  had  in  my 
possession  for  some  years.  The  solutions,  however,  which  are 
here  given  are  not  the  original  ones,  as  the  MS.  which  contained 
a  number  of  similar  researches  has  been  mislaid,  and  I  have 
been  obliged  to  re-investigate  them  ;  and  though  I  cannot  recall 
tbe  methods  I  before  employed,  I  am  quite  sure  they  were  alto- 
gether different  from  the  present,  and,  I  think,  too,  they  were 
much  superior  to  them  in  several  respects. 

The  subject  is  by  no  means  exhausted  :  and  in  order  to  again 
give  an  opportunity  of  attending  to  it  by  the  correspondents 
of  the  Repository,  I  shall  add  the  opening  proposition  of  a  new 
but  connected  series,  to  the  list  of  new  questions  which  accom- 
pany the  present  number. 

Prof.  I*  TV  pr9^  thai  M,  N,  R\  S  dre  in  ike  same  circle. 

Let  MS,  AL^  intersect  in  x,  and  nc,  cl'  intersect  in  t,  and 
let  If  N,  SR,  meet.  El/,  i/f  in  y  and  w* ' 

Then,  because  of  the  circles  ael^  afl^  whose  centres  are  u 
and  s  respectively  intersect  in  a,  1/9  the  line  ms  is  perpendi- 
cular to  AL^  or  MXL^is  a  right  angle.  In  like  manner  it  is 
shewn  that  ryl^  is  also  a  right  angle. 

Ag^,  because  iCt  m  are  th^  centres  of  two  tir^les  which 
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intersect  in  e  and  l',  the  line  mn  bisects  £L'  at  right  angles  in 
T  :  and  for  a  similar  Teason^  sk  bisects  l'f  at  right  angles  id  w. 


Now  el'a  s=  bl'b  +  bl'a 

=    ECB    +    CL'd 

=  dl'f  +  dl'c 
=  pl'c 
=  cl'w 

OrvL'x  =  yl'w (1) 

But,  because  hvl'  and  mxi.'  aietwo  right  angles,  the  point* 
H,  V,  l',  X,  are  in  a  circle,  and  therefore,  Mvx  and  vi/x  are 
equal  to  two  right  angles.  In  like  manner,  because  if,  Y,  R,  u 
are  in  a  circle,  ybv  and  ylv  are  equal  to  two  right  angles. 
Hence, 

VMX  "t"  VL'x  =   YRX   +YL'w. ...(«) 
And  from  (1),  (a)  we  get  at  once 

VMX   =   ykw 
that  is,  NHS   =   HAW 

From  which  it  follows  that  the  four  points  nt,  N,  R,  s  are  in  a 
circle. 


r 
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Prop.  II.  To  prove  that  the  poini  L  is  in  the  same  circle 

with  M,  N,  Ry  S. 

Draw  the  perpendiculars  mu,  nz,  from  the  centres  m*  n  ot 
the  circles^  upon  the  line  AE.  Let  bl^,  ns  intersect  in  h,  and 
DL%  MR  in  K.  Then,  N,  s,  being  the  centres  of  the  circles 
whose  common  chord  is  bl^,  the  lines  NS,  bl'^  intersect  at  right 
angles  in  h.  In  like  manner,  mr,  dl^  intersect  at  right  angles 
in  K. 

Then,  since  ms,  SN  are  at  right  angles  to  jli/,  i/b  each  to 
each,  the  angles  msn,  al^b  are  equal. 
Again, 

AL'b  ==  EL'a  —  EL^B 

=  EMU  —  ENZ 

=  NEZ    —  MEU 

=  N£M 

=  nl'm 

Hence  msn  ==  al^b  =  nl^m  :    and  the  point  l'  is  in  the 
circle  M,  N,  R,  $• 

Prop.  III.  Let  MA,  BN  intersect  at  T:  then  the  point  Tis 
at  the  intersection  of  the  circles  MNRS  and  AFB. 

For  MTN  =  BTA  =   NBA—  MAB 

=    NEB  —  MEB 
=   MEN 


=  ML^N« 


Hence,  the  angles  mtn,  ml^n  standing  on  the  same  base  and 
being  equal  to  one  another,  are  in  the  same  circle  mrnsl,  and 
hence  the  point  t  is  in  that  circle. 

Again,  the  lines  ms,  sn  being,  as  before  shewn,  perpendicular 
to  AL^  BL^  the  angle  bl^a  zr  msn  =  mtn  =  bta;  and 
hence  t  is  also  in  the  circle  abf.  Hence  the  point  T  is  at  the 
intersection  of  the  circles. 

It  may  be  shewn  in  a  similar  manner  that  as,  rd  intersect  at 
a  point  T^  which  is  also  the  intersection  of  the  circle  mnrs 
with  ade. 

Rem.  Several  other  intersections  of  similar  kinds  are  easily 
assigned,  and  are  proved  in  a  manner  very  analogous.  I  omit 
them  solely  on  account  of  the  complexity  which  the  necessary 
lines  inevitably  create  in  a  figure  of  the  size  adapted  to  the 
Repository-page. 
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Prop.  IV.    The  foUoxving  pain  ej  triangki  are  similar ;  viz. 

nBL^  and  dwl^,  cbl^  and  oal%  bai/  and  COL^ 
For  DL^p  r:  DCV  =:  BCB  =  BlfE. 

BEL'  =:  J/CF  ZZ  L^DF 
DFL'  :=  SCL'  =:   £B].^ 

Hence  the  triangles  bbl',  l'dp  are  similar;  and 

bl'  :  l'£  !  £B  :s  dp  :  pl'  :  l'd. 
Again,  x.'bc  =:  l'eC  =  l'bo  =:  l'ad 
bl'c  =  AL^o  (Repos.  quest*  524) 
.'.  bcl'  =  ADL^  and 
bc  :  cl'  :  l'b  ; :  ad  :  di/  :  l'a. 
In  precisely  the  same  way  we  find, 

ab  :  bl'  :  l'a  : :  dc  :  cl'  :  l^d* 
Mtm.  It  has  been  shewn  in  Repot,  quest.  5949  that 

CL'A  =  AFC  —  AlC 
BL'd  ZI  AFC  4-  AEC 

Before  we  proceed  to  the  other  properties  we  must  pre^sise 
two  or  three  simple  lemmas* 

Lemma  I.  Let  APG'  AfFG  be  two 
equal  circles  whose  common  chord  (real 
or  ideal*)  is  BC*  Draw  any  two  lines 
perpendicular  to  the  chords  cutting  the 
circles  in  PVTP'  and  AG'GA'  and  the 
chord  itself  in  L  and  D  respectively.  Join 
ATy  GP^and  these  will  be  parallel. 

For  the  parallels  aa^,  pp'cut  off  equal 
segments  from  the  equal  circles,  and  the 
equal  segments  subtend  equal  angles. 
Hence  p'ga'  =  t'ag'. 

Conversely,  if  gp^  be  drawn  parallel  to 
at^  it  will  meet  pp^  at  the  point  of  inter- 
section With  the  circle. 


*  This  term  is  employed  by  PoDcelet  to  de.M^uate  the  locos  of  the 
points  from  which  tangents  to  the  two  circles  are  eqnal.  Real  when 
they  cat,  ideal  whea  one  lies  wboUy  within  or  without  the  other.  The 
term  radical  axis  is  applied  to  them  both,  by  most  of  the  Foreign  Geo- 
meters :  yet  there  are  cases  in  which  Poncelet's  seems  to  be  the  best 
term. 


LEMKrA  tl.  Drdw  LQ  paratUt  t$  AT  iniersiciing  GP  in 
Q  :  then  G Pis  bisected  in  Q. 

For,  since  lq  it  parallel  to  at,  it  is  also  (Lem.  L)  parallel 
to  GP^;  and  since  PL  =  LP^  and  lq  is  drawn  parallel  to  the 
base  op^  it  bisects  the  other  side  gp  in  q. 


Lkmma  III.  Lit  ABC  be  a  triangle  circumscribed  by  a 
circle^  and  from  any  point  P  in  the  circumference^  draw  pertendi^ 
culars  PHf  PKy  PL^  to  the  sides  of  the  triangle,  cutting  tnem  in 
H^K,  L  respectively:  then,  H,  ff»  L  are  in  one  straight  line.^ 

Because  phc^  plc  are  right  angles  the  points  p,  u,  c»  L^  are 
in  a  circle ;    and,  therefore, 
Bf  A  =    LPU  each  being  the 
topplement  of  acb.    Hence, 

BAT  =  BPT   =  APH  =:  AKU. 

Agahs,  because  pkb,  plb 
ve  right  angles,  the  points 
Pi  K,  L»  ^^  are  in  a  circle;  and 
thnefore  bkt  =  bpt  s  bat. 
Heace  ailh  iz  b&t,  or  the 
lines  lk,  kh  (orm  one  conti- 
nued line. 

Cor,  The  lines  bu,  AT,  and 
V€  being  di^wn,  aire  all  paraU 
'd  10  HR  t. 


Lemma  IV.  let  the  perpendiculars  from  the  angles  upon  the 
opposite  sides  intersect  in  G  ;  and  join  GPf  cutting  HKL  in 
g;  then  GP  is  bisected  in  Q. 

For,  if  a  circle  be  described  through  cgb  it  will  be  equa)  to 
the  circle  abc,  and  they  will  have  bc  for  their  common  chord 
(which  is  real  in  the  present  case):  and  since  lkh  is  parallel  to 
AT,  it  bisects  gf  in  q,  as  is  obvious  from  the  preceding  Lemmas. 

We  now  return  to  the  properties  of  the  complete  quadrila- 
teral. 


*  This  proposition  is  not  new.  It  appears  to  have' been  first  notieed 
is  the  Gentleman's  Matiiematical  GoMpani^^n,  No.  --^-^,  hy  -^-^  i  hut 
I  am  not  aware  that  any  consequences  have  before  been  drawn  fron 
it.  It  is  very  fertile :  tkough  we  have  here  occasion  for  only  one  of 
its  results. 
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Paop.  V.  From  the  paint  If  draw  the  perpendiculars  L'd^  L'e^ 
Iffy  L'g  upon  the  sides  AE,  ED.  /iF,  FD  :  then  d.  e.f^g  arc 
in  one  straight  tine. 


For  since  1/  is  a  point  in  the  circle  AOEtthe  points  dy  e^g 
are  in  one  line,  (Letn.  Ill) :  and  since  iJ  is  a  point  also  in  the 
circle  fcd,  the  points  e^f^g  are  in  one  line  also.  Hence  all 
four  d,  e.fy  gy  are  in  one  straight  line. 

Prop.  VI.  Let  the  perpendiculars  Jrom  the  angles  upon  the 
sides  of  the  triangles  EBC  meet  in  h;  those  of  Ej4D  in  m* 
those  of  FBA  in  ky  and  those  of  FCD  in  n:  then  A,  k,  m,  n 
are  in  one  straight  line,  and  that  line  is  parallel  to  defg. 

For  draw  fiL^  Then  since  l^  is  a  point  in  the  circle  cfd,  and 
n  is  the  intersection  of  the  perpendiculars ;  and  since,  moreover, 
efg  is  the  line  through  the  toot  of  the  perpendiculars  from  jl^ 
upon  the  sides  of  the  triangle  CDF  :  it  follows  from  Lemma  IV. 
that  nj/  is  bisected  by  the  line  eg.  The  same  takes  place  with 
the  other  three  points  A,  i,  m ;  and  therefore  the  four  points  k, 
k,  m,  n  are  in  one  line^  parallel  to  dgy  as  was  affirmed  in  the 
proposition. 

Prop.VIL  If  circles  be  described  upon  the  three  diagonals 
AC,  BDt  EF;  these  shall  have  the  line  hnfor  a  common  chord; 
— ^real,  when  EAF  is  acute,  but  ideal,  when  EAF  is  obtuse. 

This  proposition  will  form  one  in  the  series  of  questions 
issued  With  the  present  number  of  the  Repository.  Vide 
Question  6oo. 
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VI.    QUESTION  £j6,6jf  Mr.  Humphrey  Clinker, 

Caer  Baden* 

The  logarithmic  spiral  rolls  upon  the  circumference  of  a 
given  circle,  what  is  ine  locus  of  its  pole  ? 

Solution^  ty  Mr.T,  3*  Davies,  Bath. 

Let  Q  be  the  pole  of  the  logarithmic  spiral,  o  the  centre  ot 

the  circle  and  x  the  point 

ot  the    circumference  with 

which  the  pole  was  in  contact. 

Put  Oft  =  r ;  OP   =  fl ; 

PQ  =   ^;  XOQ  =  d;  QPO 

=  — H  « ;  and  poq  zs^. 

Then  since  the  arcs 
which  have  been  in  contact 
arecqnal^ 


>p  =  iseca....(i) 
a 


cos  poc  =  cos  (9  —  >J/)  = 


sin  POQ  =:  sin  (0  —  >{/)  =r 


2ar 
r  co8a 


•  •  • 


•••••• 


Squaring  (a)  and  (3)^  adding  the  results,  and  reducing,  we  have 

^•— ft(a«+Oe*+(«'-  r*)*e'  +  4«*^cos««  =  o  ....(4) 
From  which  we  get  ^  =:  ftf) ....... .(g) 

£(|uatiog^  now,  the  equations  (i)  and  (3)  we  have  after  transpo- 
sition, 

A        e   •  , r  cos  a 

0  =  -'  sm  «  +  COST-* - 

a  ^ 

f{r)  ,  ,  r  cos  a         ,^. 

=  -i—  •  sin  a    +  cos-»     y  .  ."  .  •  .  .  (6) 

Now  since  the  value  of  p  can  be  actually  exhibited  in  terms  of  r, 
by  means  oi  Cardan's  formula,  the  question  is  solved,  and  the 
equation  of  the  curve  assigned*    It  will  be  found  upon  trial  that 

G  G  S 
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two  of  the  values  of  ^*  will  be  essentially  imaginary  ;  and  there- 
fore, that  tnere  are  only  two  braoches  corresponding  to  ±:q  ia 
the  locus  in  question. 

VII.    QUESTION  i37,  by  Mf.  ikU%%  QvMhivtm. 

Let  ay  b  and  c  denote  the  rational  numerical  values  of  the 
sides  of  a  plane  triangle,  and  let  a  denote  its  double  area,  then 
will  a^^— A^,  a^c*— a2  and  I^c^-^k^  be  all  rational  squares  : 
required  the  proof. 

Soi.UTiON»6y  Afr.  John   Baines,  ThornhilL 

The  half  sum  of  the  sides,  and  the  three  rem^Unders  are 

,     J , .and ^ ;  hence 

a2  =  J  {(a  +  6)  +  c}  .  {{a  +  h)  —  c}  .  {c  \  [a  —  A)}. 

{  «-  (a  —  b)}  ss  i  {(4  +  hf  —  c^  .  (c*  ^  (a  —  b)^} 

_  2C«  (a«  +  A*)-.(a*-.^«)«-c' 

4 
Hence 

o«62  ^  a2  =  a«62  —  J  {sc«  ia2  +  6")  _  (ii«_i2j2_e*} 
=  i  {a«  +  *2)«  —  24:-  (a^*  4-  A«)  +  c*} 

In  like  manner  we  have 

aV  —  A^  =  J  (a«  —  A*  +  c*)*  =  a,  and 

i«c«— A«  ^  1(—  a^  +  **  +  c^y  =  D.     Q.  E.  D. 

Because  <iS  b^  and  r^  only  enter  the  expressions  for  the  rools 
of  the  three  squares,  the  property  holds  good  if  a,  b  and  c  are 
of  the  forms  ^a,  %/b^  and  y^c«  Also,  it  is  evident  from  this 
solution,  that  the  sides  of  a  plane  triangle  may  all  of  (bem  be 
irrational,  and  yet  so  related  that  the  area  may  be  rational. 
Thus,  if  the  sides  are  \/a,  t/6  and  ^c,  the  area  is  rational  when 

ac  (a  +  A)  —  (tf  —  *i^  —  c2  =  d, 

and  this  will  always  be  a  square  when 

a  =  gr^  +  s\  6  =  r^  +  95^,  and  c  =  4  (r*  +  s*), 

r  and  s  being  arbitrary,  but  such  as  give  sides  consistent  for  a 
triangle.  Ea.  If  r  =  3,  and  s  :^  2,  y^Sj,  y^^^  and  -/^^  are 
the  aides  of  a  triangle  whose  area  h  24. 
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VIII.     QUESTION  558,  by  Mr.  J.  H.  Swalb,  Uverpooi 

To  determine  {geometrically)  the  position  of  equilibrium^  of 
a  uniformly  heavy,  inflexible  rod,  of  a  given  length*  resting  on 
the  edge  of  the  brim  of  a  given  hemispherical  bowl,  while  the 
lower  end  rests  against  the  concave  suriace  of  the  bowl. 


Solution,  by 


Let  AQFB  be  a  vertical  section  of  the  hemispherical  bowl, 
ABils  horizontal  diameter, 
PQ  the  rod  resting  on  the 
d^  of  the  bowl  at  B  and 
supported  by  the  concave 
sortace  at  q  ;  and  let  o  be 
Ik  centre  of   gravity   or 
middle  of  the  rod.    Draw 
tlie  diameter  qd  and  join 
OB;  also  draw  ni  andf  cf 
perpendicular  to  ab,  the 
latter  meeting   pq  in   e: 
thai,  the  re-action  of  the  bowl  agaipst  the  end  of  the  rod  at  q 
titu  thedlr^tion  qd^  perpendicular  to  the  surface  of  the  bowl ; 
and  the  re-action  at  b  is  in  the  direction  bd^  perpendicular  to 
Iberod ;  apd  thereforr^  by  a  welUknown  principle  in  StatUsy  the 
perpendicular  di  passes  through  the  centre  of  gravity  6  when 
(iienxl  is  in  equiliorium.     iJence»  because  qc  is:=  cd  and  C£ 
puailel  to  DG,.QR  is  =  EC  =:  I  of  the  given  length  of  the  rod ; 
therefore  to  determine  the  position  of  the  rod  we  have  only  to 
draw  B(2  so  that  the  part  eq,  intercepted  between  the  perpendi- 
cular CF  and  the  circumference,  may  be  equal  to  a  fourtn  part 
of  the  length  of  the  rod«  which  is  a  well  known  problem. 

The  construction^  indeed,  is  evident ;  for  the  triangles  cbe, 
BQ^  being  similar  qb  x  eb  is  =  ab  x  bc  =:  sBC^i  hence, 
if  a  line  equal  to  {  of  the  length  of  the  rod  be  taken,  and  pro* 
duced  till  the  rectangle  contained  by  the  whale  line  thus  pro- 
duced, and  the  part  produced,  be  equal  to  twice  the  square  of  the 
radius  of  the  bowl,  the  length  of  the  part  of  the  rod  within  the 
bowl,  and  consequently  its  position,  will  be  determined. 

IX.    QUJBSTION  oif.  by  Mr.  T.  S.  Davies. 

Given  the  base  and  radius  of  the  inscribed  circle,  to  find  the 
locus  of  the  vertex  of  the  spherical  triangle  ? 
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FiRAT  Solution,  by  Mr.  Davies,  ihe  Propostr. 

Let  AC  be  the  base,  d  its  middle  point,  b  the  vertex  of  the 
triangle,  and  o  the  centre  of  its  in- 
scribed circle.      Draw  the  radii  oe, 
OH,  OG  to  the  points  of  contact :  and 
draw  the  perpendicular  bf. 

Put  DF  =  6,  DB  =:  ^,  7B  =  ^ 

AD  =:  DC  =  a,  and  eo  =  go  =  ho  =  ^ 

I'hen  the  arcs  AO,  oc  bisect  the  an^es 
A  and  c  at  the  base  of  the  triangle :  and 
we  have 

cot  OAB  =  cot  I  A  =  sin  («  -h  ^p)  cot  g . .  •  •(! 

cot  oce  ?=  cot  I  c  =  sin  (a  —  \|/)  cot  ^  •  •  .(a 

cot  BAB  =  cot  A  =  sin  (a  -f  9)  cot  ^  •  •  •  •  •  .(3 

cot  BCB  =  cot  c  =  sin  («  —  S)  cot  ^  •  •  •  •  .  .(4 

But  cot  A  =:  I  (cot  I  A  -«  tan  I  a) 

and      cot  c  =  {  (cot  |  c  —  tan  |  c) 

Inserting  in  the  equations  (5]  the  values  furnished  by  (1,  a,  8^4) 
we  have 

a  sin  (a+O)  cot  f  =:  sin  (a+^)  cot  $— cosec  (»+4^)  tan  f  • .  •  .(6 

t  sin  (a— 6)  cot  ^  n  sin  (a~4')  cot  g-  cosec  (a— ^)  tan  ^  •  •  •  .(7 

Between  (6,  7)  eliminate  4^,  and  the  resulting  equation  will 
define  the  locus  of  the  point  a. 
Resolving  these  questions  we  have 

sin  «-r%|/={sin  (a+fl)  cot  ^  ±  v^sin«  7+6  cot «(p  + 1 }Un § . .(8 

sin  a— '4'={sina  —  dcot^  +  \/sin^a— dcotV+»}tan  ^..(g 

Write  the  second  sides  K  and  l  ;  and  add  and  subtract  the 
first  sides :  then 

cos    }b    =:     : 1 

^         8  am  a  I 

>«...(io 

sm  }L   =    I 

^         acosa^ 

Hence  sin  V  +  cos  '^  :±  1  becomes 

K*  —  s  cos  aa  •  KL  +  l*  :=  sin  *a  cos  *a  •  • « .(i  1 

Where  K  and  l  are  known  functions  of  ^  6 :  and  hence  the 
equation  is  determined.    It  admits  however,  of  some  consider* 


} - 
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able  simplifications  by  reduction ;  but  as  in  a  work  which  I  am 
composing  on  Spherical  Geometry,  the  question  is  discussed  at 
length,  I  shall  waive  all  further  consideration  of  it  here. 


Sbcono  Solution,  by  Mr.  Bainbs. 

Let  ABC  represent  a  spherical  triangle,  and  bpo  a  circle  in- 
scribed in  it,  touching  the  sides  ab,  ac 
and  BC  at  the  points  b,  p  and  g;  then, 
by  the  properties  of  the  inscribed  circle 
AE  =  AP,  BE  =:  bg,  and  co  =  GF.  Let 
Ul  the  perpendicular  CD ;  put  ad  r:  x, 

CD  =^,  CF   ==  CG  =  a,  BG  r:  BE  =  0, 

AE  =  AP  =  7,  the  base  ab  =  c,  and 
Ate  ladius  of  the  inscribed  circle  =  r ;     ^ 
then  cos  jr  cos  jr  =  cos  AC,  and  cos  (c— x) 
^9  =  COB  BC.    Hence,  we  have 

cos  (a+  ^)  =  cos  X  cos  y  •  •  •  .(i), 
cos  (a  -h  ^)  =  cos  (c  —  x)  cosy . . .  •(«), 

^  +  y  =  C  •  •  •  .{2)9 

^  by  Mr.  Davies*s  Supplement  to  Young's  Trigonometry, 

ft.^i     wn  a  sin  6  sin  y      ^••/,>-       •/!•         .x 
^  ''=  t    ^    .  !;  . — c •ortan«rsm(«+c)=smasm/J  siny .  .(4). 

8in(a+/3  +  y)'  ^  ^  r-  11/ 

By  common  trigonometrical  formulae,  from  (1)  and  (2)  we  have 
cos  (fi —  y)  =  cos  X  cos  (c  —  x)  cos'  ^ 

+  \/^{t  —  cos' x  cos*  y).  { 1  —  cos*  (c  —  x)  cos*  y}  . . .  .(5). 
Taking  the  difference  between  (g)  and  (3)  we  have 
2  sin  ^  sin  y  =  cos  x  cos  (c  —  x)  cos*  y 

^  -^(1— cos*  jccos*  y) .  { 1  —cos*  (c— «)  cos*^}— cose .  •  .  .(6). 
Also  from  (i)>and  (3), 

cos  («—/?)=:  cos  c cos jr cosy  +  sin  cv/i— cos«««os*^ . .  •  •(7). 
Take  the  difference  between  (s)  and  (7},  and 

2  sin  a  sin  fi  =  cos  c  cos  x  cos  y 

+  sin  c\/i  —  cost  x  cos* y  —  cos  (c— x)  cosy  • . .  .(8.) 
But  from   (2)  and  (3)  cos  («— y)  =  cos  c cos (c—x) cosy 

\/i— co8*(c— ar}«  cos*y . . .  .(9). 
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The  differenci  between  (i)  and  (9)  gtfes, 

12  sin  <x  sin  7  ^  cos  c  cos  (c  —  x)  cos  y 

+  sin  cv/i  —  cos*  (c— x)  cos*y  —  cos  x  cos^ . . .  .(10) 

Hence,  dividing  the  continued  product  of  (6),  (8)  and  (io). 
by  8,  and  expressing  the  square  root  of  the  quotient,  we  have 
the  value  of  sin  a  sin  S  sin  y  in  terms  of  x  and  y ;  also,  dividing 
the  value  of  2  sin  a  sin  &  sin  y  by  the  value  of  a  sin  ^  sin  y  from 
(6),  we  have  sin  a,  and  consequently  cos  a,  in  terms  of  x  and  y ; 
therefore  sin  (a  +  c)  =  sin  a  cos  c  4-  cos  a  sin  c  is  knowa  in 
the  same  terms.  These  values  substituted  in  (4)  give  the  equa- 
tion of  the  required  locus  in  terms  of  the  spherical  co-ordinates 
required. 

X.     QUESTION  560.  bjf  Mr.  T.  6.  DAvits. 

Find  the  equation  of  the  hour  lines  on  the  Hotodietical  Qua* 
drant ;  see  Hutton'd  Dictionaryi  art.  Quadrant^  or  Osanan's 
Recreations,  vol.  m.  p.  313* 


Solution,  by  Mr.  Dayies,  the  Proposer. 

The  construction  of  this  quadrant  has  not  been  completely 
defined  so  far  as  the  hour^-lines  are  concerned  :  inasmuch,  as  tint 
function  of  the  declination  set  off  upon  ab  (Fig.  a),  is  arbitrary. 
The  equation  will  hence  be  different  according  to  the  function 
we  may  select,  or  in  other  words  it  must  involve  an  arbitrary 
characteristic,  which  we  shall  call/  (  ).  Hence  if  ^  denote  the 
polar  distance  of  the  sun  (from  the  pole  of  an  opposite  name  to 
the  latitude,)  we  have 

when  r  is  the  radius-vector  of  the  curve^  and  a  the  radius  of  the 
circle  of  the  sphere  to  the  scale  of 
which  the  dial  is  constructed. 

Let  pp^  be  the  axis  of  the  sphere 
(Fig.  1),  and  the  other  letters  hstve 
their  usual  meaning  in  this  figure. 
Then  zt  is  the  zenith  distance  when 
the  sun  has  the  polar  distance  pt 
and  the  hour  angle  is  zpt. 

Put  zp  =  X ;  PT  =  (p  ;  ZPT  =:  a ;  and  ZT  =  fl. 


(    'r 

Then  cos  d  —  cat  X  cos  ip  v  sin  \  im  f  cos  a . .    .fa  ) 
Resolve  this  for  sin  (f,  then 

cos  9  sin  X  ±  cos  X  {sin-  6—  sin'  X  sin*  a}«         /„, 

linp=:    .    „,     ■    , :     •■••(3) 

'  t  —  sin'  X  sin* « 

Imert  this  in  (1)  then  the  equation  sought  is 

,  .      ,  tcosflsinx  ±co8^fsin*9— sin'Xsin'iilif         /-  . 
/  1  —  sin'  X  sin*  a  \ 

In  the  method  employed  bv  Ozanam,  Bion,  &c.  the  function 
f{f]  designates  (p  -t-j3)  ana  the  equation  of  the  curve  then  is, 

,  <  cos dsia >.  +  cos X {sin'9— sin'  X sin'al ■  ,  ^ ?  ..\ 

f=0  sin— '-< r-Vr — r-3 i—+p>  •••.«) 

^  I  —  Bin  X  Sim «  3 

flmuch  neater  construction  is  where  ^—o :  that  is  where  the 
linciB  is  the  meridiau  unrolled  into  a  straight  line,  and  the 
point  A  designates  one  of  the  polea.  The  figures  in  Ozanam, 
BtoD  and  Button  aie  constructed  on  the  supposition  of  a  being 
in  the  opposite  hemisphere  from  the  place  for  which  the  dial  is 
coDslmcted.  The  figure,  however,  exhibits  only  .a  part  of  the 
^s  sought,  viz.  the  mtertropical  portion  of  it :  but  the  whole 
Wiltne  when  completed  takes  the  form  exhibited  in  the  an- 


y 


Qcxed  figure  (a).     It  is  terminated  abruptly  at  both  ends :  and 
i>  composed  of  two  similar  and  equal  branches  r.qs  and  r'q's". 
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The  lines  ras%  u^a's   are   tangents   to    the   curves;   and 
are  inclined  at  aii  angle  +B  such  that  sin'  Q  =1  sin^X  sin*  a. 
They  cross  ab  at  q,  of  such,  that 

±  cos  X 

r  =  a  sin-^     y .  .^^    ."T" 

VI  —  sin  X  sm*  a 

By  giving  to  »  its  several  values  we  get  the  corresponding  hour- 
lines  :  and  the  tangents  at  the  abrupt  points  of  the  curves  make 
different  angles  in  each  case  with  ab  or  ac  * 

Had  we  taken  a  for  the  pole  of  the  same  name  as  the  latitude, 
the  curves  would  have  been  in  all  respects  equal :  but  reversed 
in  position,  so  that  s  would  have  been  in  the  line  ar,  and  R  in 
the  line  as,  or  in  other  words,  the  plane  sector  sar  would  have 
been  turned  over,  and  the  parts  inverted. 

It  is  unnecessary  to  pursue  the  simple  inquiry  further,  as  its 
character  must  be  sufficiently  apparent,  and  its  processes  are  too 
simple  to  offer  the  least  difficulty  to  the  student. 

XL     QUESTION  561,  by  the  Rev.  Mr.  Brice 
B  RON  WIN,  Denby,  near  Wakefield. 

The  arch  of  a  semicircle  stands  in  a  vertical  plane,  with  iu 
two  extremities  in  the  same  horizontal  line,  and  convexity 
downwards.  Two  material  points  connected  by  an  inextensible 
rod  without  weight  are  laid  on  the  inside  of  the  arch,  one  of 
them  at  its  extremity.  In  this  situation  they  are  left  to  the  ac- 
tion of  gravity.  Find  the  difference  of  the  times  of  their  descent 
through  any  given  arch  in  this  case  and  that  in  which  the  two 
points  form  but  one,  namely,  the  uppermost,  the  length  of  the 
rod  being  small.     Find  also  the  pressures  and  the  tension. 

Solution,  by  Mr.  Bronwin,  the  Proposer. 

Let  wi,  tnf  be  the  masses  of  the  points ;  ^,  p'  their  pressures 
on  the  curve  ;  t  the  tension  of  the  rod,  /  its  length;  r  the  radius 
of  the  semicircle,  g  gravity;  x  and  y  the  co-ordinates  of  w ;  a/i 
y'  those  of  mf }  x^  x'  being  venicai,  and  origin  the  centre  of 
the  semicircle.     Then 


X 


$       y    ?       ^  p^       t.    bI. 

r    ni*        r     m"        r     mf*         r      mf 

arc  the  resolved  parts  of  p  and  p'  in  the  directions  of  oc^  y  and 
x'f  y^  rctardative.     Also 

♦  EP  denotes  the  equator,  ab  the  tropic  of  Capricorn,  and  cd  the 
tropic  of  cancer. 
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'  X        y  —  y'  X       x'  —  X  X        y'  -y  r 


/       m  •  7       m*  /        !»'•  / 


i» 


are  the  resolved  parts  of  r  in  the  same  directions   accel«rative« 
Therefore 

d/«  ""  ^      r  in    ^         I       m*    dt^  "^       r  m  ^       I      m* 

r«  =  jc«  +  y.  jt  flf* +  y  rfy  =  o,  r»  =  x'^  +  y,  ar'^fy  +  /  dy/ 
=  o,  (x'  —  «)*  +  (y  —  y')*  =  /•.  (^^  —  a?)  {dx'  -   Jo:)  + 

(y  ~  y")  (4y  -  d/)  =  «>• 

Add  the  first  four  of  these  multiplied  by  mdx^  mdy^  mfdx\ 
m'd/  respectively*    The  result  by  means  of  the  last  reduces  to 

=:gmdx  +  gm'dx'.    Or 


m 


(dF  +  sfO  +  ^  (dF  +  W) 


=  2gmx  4-  2gm'x'  +  c. 

Let  %  =  angle  described  by  m,  X  that  subtended  by  /•  Then 
r*  Jz'  z:  da;-  -f-  dy^  =  d;t'"  +  d^^,  x  =z  r  sin  z,  x^  =  r  sin 
(*+X),  and  the  correction  c  =  —  2gm'r  sin  X.    To  abridge  let 

m  m^  ,  .     ,  dz^ 

=:  H, vnn^  our  equation  becomes  r-Tr. 

SI  -|-  wr  m  -{•  m  at 

=  2ga  sin  z  +  2g»'  sin  («  +  X)  —  2gn^  sin  X  ;  and 


Cf2 


2^     v/n  sin  «  +  i/  sin  (z  +  X)  —  n^  sin  x| 
•  —  ^,  y—  sin^  -  dz 


2g       V    Sin  2  2g 


sin  i  ;s 


nearly.  X  being  supposed  small.  But  if  greater  accuracy  be 
required,  we  must  carry  the  expansion  of  the  radical  further, 
and  include  higher  powers  of  X. 

When  the  weights  make  but  one,  de  zz  y   ^   •      - — L, 

fig     v^sin  2* 

H  H  2 
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sin    - 


— ,       ^  nl     r        \  dz  nearly.    Putting  sin  z 

Therefore  a  t  =     y  -==  /    — \ — 

v«^^    sin*  2 


/- 


hJf- 4-    — ,.  the  value  of 


which  may  be  found  by  series.     Thus  we  obtain  the  difference 
A  s  of  the  times  required. 
From  the  two  first  differential  equations  we  find 

r^  T-j  —  gr  cos  z  = -. '-  r.  Differentiating  the  diffe- 
rential equation  in  z  in  order  to  find  j-|,  we  get  alter  substi- 
tuting its  value 

^  _  flg/mn'  sin  ^  sin  (2  +  ^)     glmn'  sin  (2  +  -J 

r  sin  X  '  ~"  ^  ^^.  ^ 

r  cos  •- 

9 

ulmn'    .     ,        xN  , 

=:    '         sm  («  +   -  J  very  nearly. 

Againy  we  shall  easily  form  the  equation 

rsm-     _,_rcos-     ~-g8in(z  +  .j 

=  —  COS  -     ~  ;  and  p  =   3^m  sin  s  —  4  gwin'  sin  \  sin*  -, 

true  to  quantities  of  the  order  X*. 
Similarly^ 

.    X     <Pz  \    dz^  ^         .        .    ^\  '^     A' 

SI**  *"    J75  +  '^  cos  -     7w  -f  ff  8>n  2  +  -  )  =  cos  -     J-. : 


and  t^  zz  ^m^  sin  z  +  ftgm'  sin  -  cos  z  — -  4  gmW  sin  X  sin* 
-  nearly. 

We  might  have  solved  the  problem  otherwise.    Thoi  r  cos  -- 

=:  tenf  ion  in  direction  of  the  curve ;  gm  cos  z^  and  gm^  cos 
(t  -)>  X)  =:  motive  force  of  gravity  of  the  weights  in  the  same 

direction.    Therefore  g  cos  z  —  -  cos  -^  :=  accelerative  force 

ot  w,  and  ^  cos  («  4-  X)  -f  — ,  cos  -  =:  that  of  mf.    As  these 

generate  equal  velocities,  they  are  equal.    Equalling  them  we 

Endr  =  € (cos  z  —cos  {z  +  X))  which  is  easily  reduced 

cos  - 

2 

\o  the  former  expression  of  r.     Hence  the  accelerating  force  of 
either  weight  is 

gn  cos  z  +  gn'  cos  («  -H  X.) 

This  multiplied  by  2r  dz,znA  integrated^  gives  the  square  of  the 
^ocity 

t  grn  sin  z  4-  9igm'  sin  (»  +  X)  —  2grn'  sin  X, 

the  integral  being  corrected.     From  hence  we  may  find  the  time 
as  before. 

Hie  velocity  and  time  might  have  been  found  by  regarding 
the  system  as  a  complex  pendulum,  length  r,  and  centre  of  os- 
cillation in  the  radius  passing  through  the  centre  of  gravity  of 
the  weights. 

The  pressures  may  be  found  by  adding  the  resolved  parts  of 
the  gravity  and  tension  perpendicular  to  the  curve  to  the  centri- 
fugal force  multiplied  by  the  respective  weights. 

XII.     QUESTION  56a,  by  the  Rev.  Mr.  Bbonwin. 

Suppose  the  arch  of  a  semicircle  placed  in  a  vertical  plane^ 
extremities  parallel  to  the  horizon,  and  convexity  downwards. 
A  bar  of  heavy  metal  of  uniform  thickness  is  laid  on  the  inside 
of  the  curve,  one  end  at  the  top  of  the  semicircle,  and  descends 
along  the  arch  by  its  weight.  What  is  the  difference  between 
the  time  of  descent  through  a  given* arch,  and  that  of  a  material 
point  descending  down  the  same,  the  length  of  the  bar  being 
small  ?  required  also  the  pressures  at  each  end  of  the  rod  ? 
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Solution,  by  Mr.  Bronwin,  the  Propose?. 

Let  p,  p'  be  the  pressures,  m  the  mass,  r  the  rad,  of  the  circle 
described  by  the  middle  point  of  the  bar,  z  the  angle  r  makes 
with  the  horizontal  line,  \  the  angle  subtended  by  half  the  bar,/ 
half  its  length. 

•^  cos  (z  —  X),       C  cos  (z  +  X^ 
are  the  horizontal  accelerative  pressures ; 

£sin(«— X),  ^sin(2  +  X) 

are  those  vertical.    Therefore 

d^  (r  cos «)  p  V       P'        . 

1^ =  —  ^^^^'sC*-^)  — ^cos(s  +  X), 


iP  (r  sin « )  P    •    /        M       P'  '    , 

From  these  we  easily  obtain 

,  d^  cos  5   .      J   .       i^  sin  s 

rrf  cos  *  — T-; —  +  ra  sm  z      ,    -r- 

=  gd  sin  z  +  ^       ^    sin  X  dz. 

tn 

Again,  p  cos  X,  p'  cos  X,  (^'  —  p)  cos  X  are  the  pressures  and 

their  difference  perpendicular  to  the  bar.  is  the  distance 

3 
of  the  centre  of  gyration  from  the  middle  point.     Therefore 

{3  ^ 

/^  :  —    :  :    m  :  —  the  matter  which  placed  at  the  end  of  the 

8  3 

bar  would  resist  the  communication  of  angular  motion  the  same 
as  the  whole  bar.  Consequently  ^  ^  3  cos  X  is  the  accelera- 
tive force  producing  rotary  motion.     And  therefore 

d^ifz)    _   p'—p 
""        m 

Eliminating^  — ^  from  the  former  equation  by  this ; 
,  id  cos  2\2  fd  sin  z\^  ,  .  /  ,  /&\* 

""^  \'-dr)    ■*■  ^'^  V-rfT)  =  "^''  «n  «  -  g  tan  X  <j  (j^)   j 

(^cos  «v2  /  d  sinsx- 


rfT    -    -=— 3<:o«^' 
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=  igtin  z tan   X  jjj  +  C. 

At  the  commencement  of  the  motion,  the  velocity  is  zero,  and 
z  z=.  t;  therefore  c  =  —  2g  gin  X.  Reducing  the  last  equation, 
it  becomes 

r{t  +ii?in^\)  —  zz2g  (sin  z  —  sin  X). 

Or^  as  we  shall  neglect  quantities  of  the  order  X^ ; 

r-^  =  Sg  (sm  z  -  sin  X),  A  =  V  Z- 
»•  Qg     v/sm  s  —  sm  XI 

=  V  JL  into   -: — rj  +  I    sm   X  = 

nearly.     The  first  term  is  the  time  of  the  descent  of  a  material 
point.    Therefore  the  difference  required,  or 

2g        2    •/  (sin«)t 

nearly.     This  integral  may  be  found  by  series. 
Eliminating  p^  from  the  two  differential  equations, 

r$in(z  +  X)  —j^^ rcos  («  +  X)    ^^     +  g  cos  {z  +  X) 

p  dh  dz^ 

zz  —  sin  2X  -i- ;  or  r  cos  X  •r:;  +rsinX— -^  — g  cos  Iz  +  X) 
m  at  at*       ^        ^  ^ 

=  sin  aX  -^ ;    and  p  zz    ^  gm  ixn  z  —  ^  gm  tan  X  cos  s 

— gsi  sin  X.    Afterwards  p^  =  ^  gtn  sin  «  4-  t-  gm  tan  X  cos  z 

-  gin  sin  X- 

These  are  true  to  quantities  of  the  order  X.  They  might  have 
been  given  exact,  but  the  expressions  would  have  been  compli- 
cated. 

We  might  consider  the  bar  as  a  complex  pendulum.    By  the 

/» 
common  formulae  its  length  would  be  t  +  — .      Now  g  cos  z 

=  the  accelerative  force  of  gravity.    Therefore  if  v  equal  the 
velocity, 

rib  =  {f  +    -  W  cos  zdz,  and  «•  =  (r  +   — )  ag  sin  z  +  c 

hi 
zi(r  -Y  -— )  ^g  (*>n  z  — '  sin  x).     If  we  diminish  this  in  the 
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ratio  of  (i   +    —  )  ,  or  (i  +  -  tan  X^)  «  to  t ;  we  have  the  same 

8»"^  3 

expression  as  before.     But  we  could  not  find  the  pressures  with- 
out having  recourse  to  the  former  method* 

XIII.     QUESTION.  563,  iy  Mr.  W.  S.  B.  Woolhouse. 

Find  the  equation  to  the  evolute  surface  of  any  proposed  loxo- 
dromic  curve.  And  shew  that  if  any  number  of  loxodromes, 
having  difierent  meridional  inclinations^  be  cut  by  a  parallel  of 
latitude^  that  the  centres  of  absolute  curvature^  at  the  points 
where  they  are  intersected^  will  all  of  them  range  in  the  surface 
of  a  sphere.    '* 

Solution,  by  Mr.  Woolhouse,  the  Proposer. 

Let  m  be  any  point  in  the  loxodromic  curve  RS^  and  p  the 
pole  of  a  small  circle  rs,  on  the  sphere, 
which  osculates  the  curve  at  this  point. 
As  Nm,  fimf,  make  equal  angles  with  the 
curve,  and  consequently  also  with  rms^ 
it  is  evident  that  they  will  both  touch  a 
small  circle  described  through  k  round 
p^  and  therefore,  that  the  spherical  angle 
fum  is  a  right  angle«  Let  X,  (p,  be  the 
longitude  and  latitude  of  m,  X^,  (p^^  those 
of  P9  the  origin  being  taken  where  the 
curve  intersects  the  equator.  Then  if 
m  be  the  co-tangent  of  the  inclination 
with  the  meridian,  the  equation  of  rs  will  be 


sin  ^  =r 


e         —  1 

e  +  1 


But  \  :r  X'  +  -,  and  by  spherics,  sin  Nm .  tanZ.  Nm^iztan  Np, 
or  m  cos  9  :=  cot  (^  .••  sin  f  =  -   y/[ni?  —  cot*  ^), 


These  substituted,  we  derive 


tan(f/  =    ~\  «(^'  +  D  + 


«(X'+|) 
which  determines  the  curve  on  the  sphere  to  which  ^  is  limited. 
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Tliis  curve  it  evidently  the  spherical  evoloteof  Rs;  and  the 
evolate  surface  is  that  of  a  cone  through  this  evolute,  havinf; 
iu  vertex  at  the  centre  of  the  sphere.    The  value  of  tan  ^'  will 

iii(v+5\ 
obviously  be  the  least  possible  when  t  ^/  !r  i,  or  when 

w  ^  I 

X^  -I-  —  =X  =:  o:  and  this  value  is  tberefote-* :  thus  we  see 

that   ^   commences  with    its    least    value,  which    is   equal 

to  the    inclination    of   the    loxodromic  with  the   meridian* 

The  circle  rs  is  the  osculating  circle  at  the  point   m,  and 

its  plane  is  the  osculating  plane  at  that  point.    Let  O  be  the 

oemre    of  the  sphere  and  op,  on,  om,  radiitto  the  points 

p,  N,  Hi.     Drsw  md  perpendicular  to  on  and  dctoopi  then, 

at  the   spherical    Z.N  is  a  right  angle,  the    plane  moix  and 

coasequemly  md  u  perpendicular  to  the  plane  NO^$  and  as 

ic  is   perpendicular  to  op,  mc  is  thus  also  perpendicular  to 

ap^  and  therefore  c  is  the  centre  of  the  circle  rs^  or  the  centre 

of  absolute  curvature.    Now  for  all  loxodromic  curves  which 

can  be  drawn  round  the  pole  n,  the  point  d  will  be  the  same, 

when  m  is  determined  by  the  intersection  of  the  curve  with  a 

^ven  parallel  of  latitude,  because  this  point  is  the  centre  of  that 

psnUel ;    and  hence,  as  o,  d,  are  thus  fixed  points,  and  the ' 

angle  oc<2  always  a  right  angle^  all  the  centres  r ,  of  absolute 

conratnre,  will  range  in  the  surface  of  a  sphere  described  on  o4 

as  a  dnmeler. 


XIV.    QUESTION  564,  by  Afr.  Woolhousb. 

A  curve  whose  equation  is/(x,  y)  =  o,  is  successively  modi* 
fied  in  its  figure  by  the  simultaneous  motion  of  all  its  points. 
At  each  instant  the  points  move  all  in  directions  perpendicular  to 
their  curve  and  the  motions  resolved  parallel  to  a  given  line  are 
all  the  same.  It  is  required  to  determine  the  general  equation 
for  the  curve  through  all  its  changes,  and  also  that  of  the  curve 
which  each  point  describes. 

SoLUTiOK^^y  JIfr.  Woolhousk,  ike  Prapoier* 

Let  the  axis  of  x  be  taken  parallel  to  the  given  line ;  and 
suppose  9  (x,  y^  /)  =  o 

or  (p  zzi  o 

to  be  the  general  equation  to  all  the  curves^  t  denoting  the  time, 
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which  is  to  be  fixed  for  each  curve.     By  transferring  the  point 
xy  to  a  consecutive  position 

3ut,  by  the  poini  varying  along  the  curve  at  the  time  /, 

»=©<fe+(|)* (•' 

From(l)  multiplied  by  drj  take  away  (2)  multiplied  by  ly^  and 

o  =  (^)  (rfy  Zx  -  dx  iy)  +  (^)  dy  it 

Since  ^x  hza  the  same  value  for  all  the  points  we  may  as- 
sume it  =:  vit ;  and  as  ^x,  ^y»  relate  to  the  normal,  we  have 

iy  =s  —  -p  ix  zz  — c  -7-  It.    These  substituted. give 


But  by  (3) 


1 

ds*       (df\ 
dt^  "*"  V/  ' 

1 

dx 

_    (|) 

dy 

~-0 

ds' 

•      _ 

.  ©'- 

(|)* 

"di,^ 

'"    (2)' 

1 

Hence,  by  substitution. 

;I(S)'m*)1mS)(S)=—.3) 

By  this  relation  amongst  the  partial  differential  coefficients  of 
the  function  9.  it  may  be  shewn  that  the  time  t  cannot  be  ex- 
pressed by  an  algebraic  function  of  the  co-ordinates  xy.  For 
the  purpose  of  integration  suppose  9  to  be  of  the  form 
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in  which  /  chai-acterises  the  equation  of  the  given  curve  when 
/no,  ^^^f^%f^^fi%  &c,  determinate  functions.    Then, 

(^)  =  /» ('.  y)  +«/,(*,  y)  +  a**/*  <*.  y)  +  *«• 

ud  (3)  becomes  > 

«/,  U.S')  +  3''/s  (*.  y)  +  &c.}  =  o 

which  expanded,  the  coefficients  of  the  aeveral  powers  of  /  give 

+  (^')A(*.y)+8(f)/.(*.y)=o 

&c.  &c. 

which  will  serve  for  the  determination  of  the  functions y^  (*iy)t 

ft  ('fy)ffa  <*.  y).  &C' 

But  this  iniecration  may  be  more  easily  effected  as  follows : 

Br  (J) 


dp^  dx'         ^dy 

-f-)    =  C  •  -: ^ 


Let  4/  characterise  the  second  term  of  this  equation^  as  it  arises 
from  f  ;  that  is,  let 

IIS 


Then 
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(  ^)  =  if-  ((p),  which  give$ 


f  (*, y. 0  =/(ac.  jf)  +/rff  .  ^  {^  (X.J,. /)} . . .  .(4) 

From  this  equation  we  may  determine  successively  the  several 
terms  of  (f  (x,  y,  t)  by  repeating  the  last  determination  for  die 
derivation  of  a  new  one  as  under : 

?  =/(«.y) 

&c.  &c. 

Each  of  these  will  successively  include  a  new  term  of  the  ex« 
pression. 

For  the  path  of  each  point,  take  the  equation  (S) 

l^J  dy  "T"  Kdy)  ~ 
and  pot  —  A  instead  of  j- ;  then 

Atijf^  iSf  appertain  to  the  track  of  the  point*  this  equation,  if  it 
can  be  expressed  in  terms  of  the  ordinateg,  will  be  the  di&ren- 
ti^  of  tbe  equation  to  the  curve  described  by  the  point.    The 

coefficients  (^)  ,  (jj:)*  ^^1'  involve  t.he  time  t.  Ui  cannot  be 

eliminated  by  means  of  the  equation  (p  (x»  y,  i)  :r  o«  it  must  be 
considered  as  an  iniplicit  function  of  xy  determined  by  il»  invo* 
lution  in  this  equation,  which  is  the  result  of  (4). 

Suppose  the  relation  between  9  and  y  to  be  involved  in  the 
coexistence  of  two  equations  ^  (x,  ^^  /)  =  o,  p^  («,  ^,  i)  =:  p, 
the  former  being  the  determined  equation  of  the  curve  at  different 
times;  then,  in  addition  to(l)«  we  shall  have 

(f ) "  ^f ) '- Mf )  x  =  o 


or 
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and,  elimiDaiing  ii  with  (1)^ 

Bui.  io  order  that  the  palh  of  the  point  may  be  pcrpendkuiar  to 
the  curve  f  (jf,^,  /)  =  o,  we  must  have  by  (5; 

' '  ydx>}ydi)  Ut )     Ux )  ^dt)s 

Multiply  this  by  (— ),  observing  that  by  (g) 

aad  we  get 

A  particalar  integration  of  this  equation  11  ^  =r  o^  4-  ft»  tiaee 
it  will  then  give  (3) ;  but  this  solution  does  not  apply  to  the 
present  case  at  the  functions  ^  ^»  must  be  independents  lf»  in 
reference  to  the  funttion  ^,  we  put 

(g) (g) ^ (|) (g) ,,, 

we  shall  have,  similaFly  to  (4), 

in  which  the  form  off^  is  arbitrary  :  and  we  may  thus  find  va- 
rious integrations  of  (|S)  by  different  assumptions  off^,  but  M 
these  integrations  must  necessarily  determinethe  same  curve  for 
the  track  of  the  point.  By  takmg  f  (x,sf)  z=:  ax  +  ft,  and 
««ng  this  for  ^'9  in  the  first  instance,  we  find 


1 
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^1  W)  =  —  ac  ; 

4 

and  as  this  is  constant,  we  obtain  for  a  complete  integral  of  (6) 

9'  (^>  y,  t)  -=  ax  -^  b  -^  act  =1  o 

Let  a?j  be  the  value  of  *  at  the  commencement,  when  ^  =  o,  and 

(x  —  x^)^ci  =  o (8) 

a  result  which  we  might  have  inferred  from  the  assumption  ^x  =:  cS/. 
This  combined  with  ^  {x^y^  t)  zz  o  determines  the  curve  de- 

scribed  by  the  point ;  and  hence  by  substituting  1  instead 

of  t,  the  equation  of  its  track  will  be 

in  which  x^  is  the  arbitrary  constant  that  modifies  the  curve  for 
the  different  noints. 

XV.  QUESTION  565.  by  Mr.  William  Godward. 

The  six  edges  of  any  irregular  tetrahedron  are  opposed  two 
by  two,  and  the  nearest  distance  of  two  opposite  edges  is 
called  breadth;  so  that  the  tetrahedron  has  three  breadths 
and  four  heights.  It  is  required  to  demonstrate,  independently 
of  the  geometry  of  co-ordinates,  that  in  every  tetrahedron,  the 
sum  of  the  reciprocals  of  the  squares  of  the  breadths^  is  equal  to 
the  sum  of  the  reciprocals  of  the  squares  of  the  heights.  rSee 
Ladies'  Diary,  Question  1523,  and  Young's  Differential  Cal- 
culus, page  835). 

First  Solution,  by  Mr.  Godward,  the  Proposer. 

Let  A  BCD  be  any  irregular  tetrahedron,  and  draw  planes 
through  the  edges  ab,  bc, 
AC  parallel  to  the  opposite 
edges,  forming  the  tetrahe- 
dron abcf  ;  then  it  is  obvious 
that  the  breadths  of  the  ori- 
ginal tetrahedron  are  equal 
to  the  J_8  drawn  from  a,  b,  c, 
to   the    opposite    faces    bcf, 

ACF  and  ABF.  Draw  do,  fp  J^  the  plane  abc,  and  on, 
AH,  pa  J_  BC,  also  OS  ||  bc  cutting  ah  in  s,  and  join  dn,  fr, 
which  are  _L  bc.  Join  df  intersecting  the  plane  abc  in  o, 
and  through  G  draw  am  cutting  bc  in  m.     Also  in  order  tQ 


(    »55     ) 

prevent  obicurity  in  the  diagram  let  us  conceive  Ao»  bo,  CO, 
BG,  CG  to  be  joined.  Now  the  pyramids  bcfa,  bcfd,  hav- 
ing the  same  base  bc  f  and  equal  altitudes,  are  equal.  Simi- 
larly pyr.  BCFA  =  CAFD  =.  ABFD  =:  .*.  to  BCFO ;  hence 
each  of  these  solids  is  =  4  of  the  whole  solid  dabcf*  or 
pyr.  ABCD  =  2ABCF9  and  .'.  do  =  2Fp.  Whence  the  pyr.  bgcd 

=  a  BGCF  =  f  BCFD,  AGCD  =  fi  A6CF  =f  CAFD,  and  AGBD 
=  S  AGBF  =  4  ABFD  ;     but  BCFD   =   CAFD   =:   ABFD  ;  henCC 

fiCCD  =  AGCD  =  AGBD,  or  the  A  BGC  =  AGc  =  AGB,  evi- 
dently implying  that  g  is  the  centre  o(  gravity  of  the  triangle 
ABC,  and  .*•  AG  =  2GM.  Now  it  is  manifest  that  the  points 
p,  g,  o,  are  in  a  straight  line,  and  the  right-angled  as  DOG, 
FPG  similar;  hence,  since  do  =:  2fp,  go  =  2GP.  Whence 
ibe  AS  AOG,  MPG,  having  the  sides  about  the  equal  angles  at 
G proportional,  are  similar  ;  •'•  ao  is  =  and  ||  to  amp  ;  hence 
ibe  right-angled  As  aso,  prm  are  similar,  and  as  =  spr, 
or  PR  =  4  AS  =  I  (ah  —  on).     Let  a  =  area  bdc,  b  = 

AGO,  C   =  ABD,  D  =  ABC^  a  =  BCF,  0  =  ACF^  y  =  ABF,  a^ 

=  BCD,  /S'  =  Aoc,  /  =  ABO ;    also  let  A,  A',  A'^  hf^^  denote 

the  heights,  and  ^,  fr^,  ^^  the  breadths  of  abcd,  and  put  abcd 

s 
::-.    Then,  since  as  upon  the  same  base  are  as  their  alti- 

3 

ludtt,  DN  :  AH  : :  A  :  D,  and  dn  :  on  : :  a  :  a^;  •%  dn^  : 

AH .  OK  : :  A^  :  a^D  =  — -  X  AH  .  ON .  A^  also  DN^  :  AH* : : 

DN* 

AH*    A* 

a';d*=- V-f  and  dn«  :  fr*=:pr*  +  pf*  =:  pr*  +  I  do* 

DN*  * 

::  A*:a*  =  ^  (ah*—  sah  .  on  +  on*  +  od*)  x  a*  -f-  dm* 

AH*  .  A*  2AH.ON 


='C 


A*  +  A*)   or 


DN*  DN* 

a*  =  1  (  A*  +   P«  -  2a'D) 

Similarly  /3*  =  i  (  b*  +  d*  —  2/3'd) 

y*  =  i  (  C*  +   D*  —  2'/d) 
.-.d^  +  /3*+  y*  z=i{A*  +  B*  4-  C«+  3D*-aD{a'  +  /3'+/)} 

=  iU"^  +  B^  +  c^  +  o*). 
B»4.  +  ;p«  +  pi  +  p7i  =  ^.(A*  +  B«  +  c^  +  ^') 

=  -Ji(A^  +   B*+  C*+   D*). 

Iherefore  ^«  +  ^  +  ^77«  =  ji  +  J7«  +  pi  +  p'«" 

Q.  E.  D. 
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Second  SoLvriov.by  Air.  Woolhooss. 

The  following  is  the  Solution  I  sent  to  the  Diary^  : 

Let  ABCD  be  any  tetrahedron;  dc^  perpendicular  to  the  bet 

ABC,  one  of  thft  heights.    Draw  ra^, 

j»G»,  parallel  and  hgk  perpendicular 

to  CB ;  draw  aok  meeting  gb  at  n, 

and  join  dh»  dk;  and  let  gq,  kl,  be 

perpendiculars  to  dh«     To  avoid  the 

drawing  of  more  lines*  which  would 

comolicate    the   figure,    denote   the 

heights  from  the  corners  A;  b,  c,  D, 

by  the  letters  A,  h\  kf\  W" ;  and  the 

breadths  between  da,  db,   dc,  and 

their  opposite  sides  by  /3,  /S',  /3'^. 

first  consider  /3 :  As  this  line  is 
perpendicular  to  both  da  atid  cb,  it 
must  evidently  be  perpendicular  to  the 
plane  of  da  and  rs  ;  and  as  cb  is 
parallel  to  this  plane,  such  perpendicular  will  have  the  vm 
value  from  all  points  in  cb,  and  will  be  equal  to  kl.  That  is, 
/3  =    JCL. 

.    1    —  DH^  _    OH«  +  A^^^  _    GH«        1  I 

'  *  /3*  -  (a ADHic)«  •"  HK« .  A'^«  •"  inr«*  jF^  ■*■  Sk" 

Also,asA.ADBC=:  A^''.  aabc wehave  jL  =/A£5£V  — 

A«      Vaabc;'*"^ 


6K' 


tin 


1 


Hence  as  hk  =  gh  +  gk,  we  derive 


1_ 

/3* 


1  GH  —  GK 

A«  HK 


IP^ 


That  is. 


If  we  now  conceive  bok',  con'',  to  be  drawn  to  the  opposite 
•ides,  we  shall  similarly  have 

1  _,  _L  -  (,  _  o  <"*'^    » 

-i  —   *   -  f  ^^"\      ' 
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These  three  equations  combined,  observing  that 


i// 


AN      BN'       CM^^^ 


GN"       GN       Gm+Gn       GN   .    GA 


AN 


BC 


= h  —  =  i|  we  derive 

AN       AN 


1 


i-    —    1    4.    -i.  1.    J. 


A«    •    A' 


;l//a 


1 


XVI.    QUESTION  566,  by  Mr.  W.  S.  B.  Woolhouse. 

A  heavy  metal  rod  ab  is  suspended  at  c,  by  a  string  sc  con- 
nected to  a  fixed  point  s,  and  is  made  to  describe  a  double  conic 
surface  round  an  unknown  point  p  in  the  vertical  right  line  su. 
There  are  given  so  =  i,  AG  =  gb  =  a*  gc  =:  b,  and  the 
aiq;alar  velocity  round  8R  =  of ;  to  find  the  position  of  p  and 
tk  inclination  of  the  rod.  Also  AG  =  gb  and  Gc  being 
given  as  above^  there  are  particular  determinate  values  of  sc 
and  6P  which  are  required^  being  such  that,  if  the  angular  velo- 
city be  varied  at  pleasure,  the  point  p  will  be  found  in  the 
vertical  right  line  SR  ;  that  is,  p  will  always  be  the  centre  of 
rotation,  or  common  vertex,  to  the  two  conic  surfaces  described 
by  the  rod. 


Solution,  by  Mr.  Woolhouse,  ihe  Proposer. 

Since  the  appearance  oi  the  above  question  in  the  Repository 
I  have  observed  one  of  the  same  kind  proposed  by  Mr.  Davies, 
which  forms  Question  (is)  of  the  Gentleman's  Diary,  for  1831. 
The  solution  of  Mr.  Jones,  printed  in  the 
folloiH^ing  Diary,  is  widely  different  how- 
ever From  the  question  as  proposed,  so  that 
I  have  not  been  anticipated  in  the  follow- 
ing solution  to  the  above,  which  leads  to 
very  interesting  results : 

Let  m  be  any  point  in  the  rod  and 
draw  co»  md,  gh,  perpendiular  to  sp^ 
and  Gn  to  tnd.  Denote  gp  by  /3,  the 
angle  csp  by  9,  cps  by  t,  and  md,  the 
distance  of  any  particle  m  of  the  rod 
from  8P,  by  y.  Then  the  centrifugal 
force  of  the  particle  in  the  direction 
dm^  arising  from  the  angular  motion, 
=  myai^.    The  moment,  round  c  of  the 
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centrifugal  forces  of  all  the  particles  =  2m  (Jfc^*)  .  en,  which 


a« 


is  readily  found  =:  —  w^  cos  i  sin  u     Also  since  the  vertical 

3 

resolvent  of  the  tension  of  the  string  supports   the  rod,  and  ••• 

=  g^  assuming  unity  for  the  mass  of  the  rod,  we  have  the 

tension  itself  =:  ^  sec  d  and  its  moment  round  g  in  opposition 

to  the  tendency  of  centrifugal  force,  =  {g  seo  d)  b  sin  {i  -f  6) 

,  (sin  t  4-  fl)         »  ,  .     . 
=    SO  — ^^^ —  =:  gb  (sin  i  +  cos  t  tan  6).    Hence,  as  the 

rod  at  any  instant  has  no  tendency  to  turn  round  g  in  the  plane 
SPA,  we  have 

o  =  gb  (sin  i  +  cos  i  tan  Q) or*  cos  i  sin  i    ( i) 

3 
Again,  the  moments  round  p  of  the  centrifugal  forces  of  all  the 
particles  which  tend   to  increase  the  angle  spa,  z=  2m  {yoj^}. 

?d,  which  is  found  =  (^  +  /SM  */«  cos  i  sin  t;  and  the  similar 

^3  ^ 

tendency  of  gravity  =:  g$  srn  i.  The  moment  round  p  of  the 
tension  which  destroys  this  tendency  —g  (jS-hi)  (sin  +  cos  i  tan  8). 

.••o  =  ^  (^  +  b)  (sin  t  +  cos  i  tan  fl)  —  T— +j82^w«coss  sini 

—  g/3  sin  i (2) 

From  this  deduct  (1)  and 

0=^/3  (sin  i  +  cos  i  tan  9)  —  0^  a/*  cos  i  sin  i  —  gfi  sin  i 
zz  g0  cos  t  tan  0  —  /S«  w*  cos  i  sin  i 
zr  g  tan  d  —  fiu^  sin  i , . . .  .f  g) 

Here  g  tan  Q  is  the  resolvent  of  the  tension  of  the  string  in  the 
direction  CD,  and  /So/*  sin  i  is  the  centrifugal  force  of  all  the 
particles  which  compose  the  rod,  in  the  contrary  direction, 
heing  the  same  as  if  concentrated  in  the  centre  of  gravity  c. 
Substitute  fiat^  sin  t  instead  of  g  tan  Q  in  (1  J,  and 


a- 


o  zz  gb  sin  t  +  pbof*  cos  i  sin  i .  cu^  cos  i  sin  i 

3 

czgb  —  ( /3i)  0/^2  cos  i 

o 

orb 

.'.cost=    -^,-S     () 
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fiy  the  relations  of  the  figure 

s  sin  &  zz  {fi  +  b)  sint (5) 

Divide  this  by  £f  tan  0  z=  /3«*  sin  t,  and  -  cos  6  =:    -yrisr 

•••  -•=oi: w 

But  (5)  gives  *«  (i  —  cos*  fl)  =  (j3  +  &)•  (1  —  cos^  0  ;  in 
this,  substitute  the  values  of  cos  i,  cos  B  by  (4),  (6),  and 

which  reduces  to 

(7) 

inequation  for  determining  t^e  value  of  j3  or  gp,  and  hence  i 
and  0  hj  (4)  and  (6).     It  gives,  for  the  angular  velocity,. 

/— -\     — 5 iS 

'^  (a      ^*^'  f **  —  (^  +  *>*> 


a/36 


_      ^  +  &      1/        3  ,/3 .  .0; 

V3 
Now,  as  long  as  the  motion  is  possible,  this  value  must  be  posi- 

tive  and  real,  and  therefore        -*' — ■-  .  >-  must  be  positive  for 

J— (j3  +  o)  "^ 

posiiive  values  of  j8 ;  and  consequently 


ra« 


r-  —  a/3i)  {*  -  (i3  +  6)}  >  o 


3 


•'•  (el  ""  ^  f<*  ■"  *^  ~'^^  >  ** 


K  K  2 
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This  shows,  that  whenever  the  motion  is  possible,  the  posi- 


a« 


tive  value  of  fi  cannot  be  between  the  values  of  =t  and  *  —  b, 

being  always  less  than  the  less  and  greater  than  the  greater  uf 
these  two  limiting  values.  The  former  value  answers  to  uzzo  ; 
the  latter  to  w  =:  oo.  Many  other  particulars  may  be  inferred 
from  the  equation  (8);  and  it  will  be  seen  that  this  investiga- 
tion is  not  restricted  to  the  particular  motion  specified  in  the 
question :  /3  may  assume  negative  values,  and  then  the  motion 

may  be  similar  to  the  common  conical  pendulum .(9) 

We  have  also 

8P  =  *co8fl+(/3+i)  cos  i=:(J3+b)  j  f^  +  —5-^ ) 

o.  2/3i 

3 
When  /3  is  independent  of  the  angular  velocity,  the  coefficient 


a^ 


of  u*  must  disappear  in  (7)  and  .•.  either   -  —   jSi  =s  o.   or 

3 

(6  -h  i)^  —  *^  =  o.     The  former  is  inadmissible,  for  then  the 
value  of  fi  could  not  fulfil  (7).    The  latter  gives  (iS  +  fi)*  —  ^=ro 

and  (^    —  fiby  —  ^2*2  _  o;  or(|S  ^  b)  —  s  =z  o  and 


( 


a* 


—  ^  /36)  —  fib  =  o;  or,- which  is  the  same  thing, 
3 

3   > (11) 

/S+J  =:   s  ) 

The  conditions  of  (ll)  will  cause  the  rod  to  always  revolve 
round  the  same  point  P  of  itself,  whatever  be  the  angular  mo- 
tion ;  these  conditions  being  symmetrical  with  respect  to  /3  and 
b  shew  that  the  points  c  and  p  are  reciprocal  to  each  other  ;  that 
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is,  if  the  rod  be  suspended  from  p  with  the  same  string,  it  will 
always  turn  round  c  in  the  same  manner  in  which  it  always  turns 
round 

P.    By  using  the  value  of  -  by  (8),  in  (4)  and  (6)  we  have 


cost  =r 


^«+6)- ,  ---.« 


1-"' 

cos9  =    a- 


•3  8 


\ 


.(»«) 


which  determine  the  geometrical  relations  when  &  is  known. 


XVII.     QUESTION  567,  hy  M.r.  W.  S.  B.  Woolhoose. 

—2 — I-  2»*  —  3a*  =  o,  to  find  if  in  terms  of  «  without  series ; 
4 

SQppoiing^  =  o  when  xzz  o. 


Solution^  by  Mr*  Woolhouse^  the  Proposer. 

Assume  z  =   - — ~ — ;  theii,  ^  =:  3X*  +  2«z,  and 

iv  dz 

(Py    ,  dy^         dflz   ^       dz 
^«  +  ^  =  x^  +  2^  +  3 


^  17^^  dx^ 

y2  _  2X2 


X 


dx« 
zr  X  +  2z 


y*         gx 


.2 


-g  —  §— .   +  2y2  _  2^,2   =  a2  ^  7jr2  +  6x2  —  ga2 

and  consequently  the  equation  becomes,  after  a  little  reduction 

(Pz    .  ..  .        .  .dz 


.a  


*  («'-*')3il+(2*'-3**-8«)ri:^-  2'  =  o 
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which  integrated  gives 

*  (««  —  a?«)  -£  +a«»  — iz»  =  o 

Let  now  z  =:  p   — ^ ^' ;  and 

X 

dz  _  dp     \/(a^  —  ;g^)  a^p 

dx  '^  dx*  X  a:»y^(a«—  :p«) 

X  X 

Therefore  by  substitution 

ax  X  XX 

which  gives 

dp  ^  dx 

p'  ""  xy/[a^^x*) 
and  hence  by  inlegration 

-  =  -  {c  +  hyp.  log.  -+V1-— 1' J 

a 
••.    p  = 


c  +  hyp.  log.         ^"^ J 

X 


c  +  hyp.  log.  ^LiV(^ZL£!) 

c  +  hyp.  log.  i±^^(^-Z£!)  ^ 
in  which  f  is  the  arbitrary  constant. 
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XVIII.    QUESTION  568,  by  the  Rev.  Mr.  Brice 
Bronwin»  Denby^  near  Wakefield. 

Investigate  the  expressions  of  La  Grange  for  the  variation  of 
the  dements  a^  ^»  v  of  a  disturbed  orbit,  considered  as  an  ellipse  ; 
and  make  use  of  the  same  principle  and  method  as  those  by  which 
Newton  determined  the  regression  and  variation  of  the  inclina* 

tnn. 

First  Solution,  by  Mr.  Bronwih,  the  Proposer. 

Let  VLp  denote  the  velocity  and  direction  of  the  moon  at  m, 
Vf{  the  velocity  communicated  by  the  disturbing  forces  at  the 
ame  point ;  then  m^  will  represent  the  new  velocity  and 
Election. 

If  E  and  P  be  the  (oci ;  em,  fm  must  make  equal  angles  with 
tkcorve  VLpi  and/being  the  new  focus;  em,  fm  must  make 
equal  angles  with  the  curve  uq.  Consequently  the  Z.  fmA  =: 
•  L.  p»9*  And  if  fA,  fg  be  perpendicular  to  mf,  e^  ;  fh  will 
be  the  momentary  variation  of  the  axis  major,  fg  that  of  the 


eccentricity,  and  Z  /Eg  the  progression  of  the  apside. 
Let  fi  the  absolute  force  or  gravity  of  m  to  e  be  unity ;  an  d 

D  be  the  disturbing  force  along  the  rad.  vect.  d  that  perp.  there- 


J 


.    * 
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to.    Then  by  a  well  known  property  of  elliptic  movement  we 
have 


4  «./m  ^«  2  F  M 

'  EM  (em  +yM)'      '^  EM  (em  +    FM) 


And  taking  the  difference  of  these,  neglecting  the  powers  of  kf 
above  the  first,  we  have 

Mj'  —  vkp^  =  Mr*  —  Mp*  =  a  Mp.  Tp ; 

a  /m  a  f  m 2fh  _  y[A 

EM  (EM  +/m)       em  (em  +    FM""(BM+  FM)       ""  2a** 

Therefore /ii  =  4  a'  Mp.  fp  =  4  a^  m^.  pq.  cos  rp^.  =: 
40^  Mp.  pq  cos  £p^.  cos  Epr  -h  sin  e^^  sin  ^pr)  =: 

4a*  m^  VB^''«  i>  +  sin  Epr.  D/—  4a*  ( —  d,  pj  +  +  d.  M5); 

or  &E  =  aa*  vDr  rfc  —  d  dr  y. 

Again  fA  =  fm.  Z.  fmA  r:  a  mf*  ^  rMq  = 

^  rq  rq      bmf 

8  mf.    -i  =:  a  MP.  -2-  z: •    pq.  sm  r^j  = 

My  MP       Mp      ^^  '^^     ' 

•  pq*  (sin  Epq  cos  Epr  -^  cos  Epj  sin  Epr)  = 

Mp 

a  MF  /        .  >\ 

— ^  I —  sin   Epr  D   +    cos    E^r.   d  I. 

Bur  Fg  =fh  cos  F  X  fA  sin  e  ;  and  Fg  =  ^  (2ae) 
=  a^^a  +  ao^^.     Consequently 


ie 


=  — I  (c^5  F  —  «)  /A  -f  FH.  sin  F  >  = 


mf  —  a       1  —  «    -l     .      ME  sin  E       , 
Sa.  MF  e       *^  UA.  MF 

—  a. •  D.  ps  +    I  a —  - —  I D.  Mj, 

e  '^  \  e  ae  J 

denoting  by  e  and  F  the  angles  at  e  and  p.     Or  adopting  the 
usual  symbols 

ie  =  — a o  dr  +  [  a ]i>r  dv. 

e  \  e  ae/ 

Again  ^  /Eg  =-^  =^  =  /A""^-^^co«F 

°  "^    **         Eg  EF  EF 

_  ME  sin  E^  ^.         MF   —   a  (l  — e^)       ,    _ 
— —  -*  lift  "^^  *  F»   I.. 

MF.  EF    '^  MF.    EF.  € 


(   ^0^   ) 


a 


a{t  —  4r«)+ME 


1 


a  |.  VI  —e^  CQ5  E.  D  +  ^-^ /   '        -  sin  e.  d  ; 


a  J  c  \/\  —  t- 
cos  cv.  D  dt  + 


orftr  =  «  f  V^^IZTcos  cv.  D  dt  +  ?il::^«n  cv.irf^ 

These  are  the  very  expressions  of  La  Grange  for  the  vari. 
aion  of  these  elements. 


Second  Solution,  by  Mr.  Woolhouse,  London. 

Let  F  be  the  focus  to  which  the  body  (m)  is  attracted  and  let 
ns  inquire  into  the  va- 
riatbns    produced    in 
tk   elements    of  the 
oibxt  by  the  disturbing 
forces,  during  the  pre- 
ceding insiam  dt.    Let 
•^represent  the  velo- 
city of  mf   supposing 
the  disturi)ing    forces 
not  to  have  acted  dur- 
ing the  preceding  in- 
ttantd/;  and  let /be 
corresponding  position 

of  the  secondary  focus  ;  also  let  mq  be  the  velocity  of  the  body 
under  the  action  of  those  forces,  and/  the  new  position  of/ in 
consequence.  Draw  the  perpendiculars  qr  to  pp,  qs  to  m/>, 
ft  to  mf^  and/'g  to/p.  Since  me  +  m/^  -  2  (a  +  ^fl),  it 
is  evident  that  f^h  zz  2Sa ;  it  is  also  obvious  that  ^/=  ^  (a^^) 
and  the  Z.  /f/  =  ^.  Let  d  be  the  disturbing  force  along 
the  radius  vector,  and  d^  that  perpendicular  to  the  radius  vector, 
and  we  shall  alto  have  pr  =  d^/,  qr  =  B^dt, 

Supposing  the  attractive  force  towards  the,  centre  f  to  be 
unity  at  the  distance  unity,  the  common  theory  of  the  undis- 
turbed elliptic  motion,  gives 


»«  — 


«t  


di 


2 


I 
a 


The  effect  produced  on  this  equation  by  the  disturbing  forces 
will  be  9vSv  =  ~^;  but  iv  the  effect  along  the  curve  arises 

from  the  resolvents  of  pr,  ^r,  thus,  iv  =.  ps  zz  j>^dt  -^  '— 
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Ddi  J7-.    Hence  using  -j-  for  v^  we  find 

ia  =  2a*vdv  =  2a*  [D^rdv  —  Dcfr) (A) 

Again,  as  mPt  mf,  and  mr,  Tnf\  make  equal  angles  with  their 
refpectlve  curves,  mp,  mq,  we  have  Z  fmh  =  2  Z.  p»»9f  and 

therefore  fh  =   m/*  — %  =  «w/  .  ^  =  amf .  2_  =  s(aa— r)« 
•^  '^     mf  ^      mq         -^    mp        ^  '^ 

qs  •v      .y  j^  rdv  ,      - , .  dr      .  ds 

—T"  *  Also  qs  zz  ndi  --j—  +  i^^dt  -r-  and  qs  .  v  zz  qs .  ^ 

=  nrdv  +  DVr;  this  and  the  value  oF  r*hyCi),  give  /A 
=  2ar  {prdv  +  DVr).  But  the  equation  of  the  ellipse^ 
r  (i  +  tf  cog  tj)  =  a  (i  —  e%  gives 

-  41  1  —  tf*  ,  .        tf''  sin  t;         - 

rdv  =  — : .    dry         dr  = rdv 

f  %\n  V  e  a  (i  —  e) 

„       Sa*(i  —  ^)    J     .   a^r^sinv     ,   , 

,\fk  = ^-; ndr  +  5-  DVrfi; (a) 

•^  ^  sin »  i  —  e*  ^ 

We  hence  find  gj^  gf\  from  the  expressions 

gf  '=^fh  .  CQif^fh.  sin/  =:  2Ja  cos/  — Jh  .  sin/ 
^' -  fh  .  sin/*  4-  /A  .  cos  /  =  a^a  sin/  +/A  •  cos/ 
in  which/ denotes  the  Z.  mfp.    By  first  using 

cos  /  =  -  — • Tf    sm/  = sin  v,  and  ar- 

,     .  ^        1— e»  r(aa— r)  — a'(t  — ^')         .u      £  j 
terwards  sin*u  =:  — j— • -p •  we  thus  find 

'^  ^  sin »  er  i  —  ^*  '^  '**' 

From  the  value  otgfwe  derive 

^^:^-L_:-.^--=--a-— Drfr+(a— -\DVd-j.. .  .(b) 

And  fiom  the  value  of  g/',  observing  that 


a(i— tf»)_r 


er 


OS  o,  we  deduce 

e/y        o(i— «')  ,   .#r    a(i— ««)  +  r  . 
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But  the  equations  of  the  eUipse  and  (i)  give 

,  «8inv       j^  ,       ftiV'fi  — O  J - 

A  ^zz  —^ icost)  Dc/^4-    \  ./ — 5,  sini7  D'a/..  ..(c) 

(a)^  (^)9  (cX  *i^  the  expressions  req^iired. 

XIX.    QUESTION  569,  by  Mr.  T.  S.  Davies. 

Take  a  globe  in  any  oblique  position  with  respect  to  the 
horizon,  and  n-sect  all  its  semi-diurnal  arcs.  Now  it  any 
parallels  of  equal  declination  d,  t/  be  drawn»  and  great- 
circle  chords  be  drawn  through  the  corresponding  sections 
of  D,  1/ :  Then  as  n  takes  consecutive  values,  the  intersec 
UoQ  of  the  resulting  consecutive  great-circle  chords,  will 

tiK%  out  upon  the  surface  of  the  sphere  a  curve  which  it  is 

required  to  determine. 

First  Solution,  by  the  Proposer. 

By  my  Treatise  on  Spherical  Loci,  and  referring  the  system 
to  the  elevated  pole  instead  of  the  equator  (which  changes  d 

into  ^  —  D,  or  tan  d  into  cot  d)  we  have  the  following  values 

of  L^  and  L/^: 

ST 

sin~^  (cot  D  cot  1) 

.    =? (t) 


L„= 


n 

9r 

a 

— sin— ^ 

(  —  cote  cot  1) 

n 

8 

-h  sin" 

-*  (cot  D  cot  l) 

^(a) 


Now Dand h  d  are  the  polar  distances  of  the  points 

through  which  the  circles,  given  by  their  dependence  upon  n, 
are  to  pass,  and  which  correspond  therefore  to  ol,  and  a,,  of  that 
Treatise  :  and  l^,  i^„  are  the  corresponding  values  of  the  data, 
which  are  marked  $,  and  ^,^  But  the  general  form  of  the  equa- 
tion of  a  circle  through  afi,  and  ol,,^,,  is 

L  L  2 
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C  sm  e  (cot  a^^cos  )3^-cot  a,  cosj3„\ 

In  (3)  inserting  the  above  values  of  the  constants,  we  shall  have 

2  sin— ^  (cot  D  cot  I) 

cot  ©  =  —  cosec  ^^ '  X 

^  n 

{cos  6  (sin  L,+  sin  L,,)  —  sin  B  (cos  L,  +  cos  I*/,)}  X  tan  d 

2  sin—'  (cot  D  cot  i) 

=  —  cosec i — .  X 

n 

f        .r      •     »            .2 sin-*  (Cot  D  cot  I).  1 1 
]  cosO{«  sm  -  .  CO.  ( L_ j  I  j 

<  .     .  .     '  >  X  tan  D 

\      .  ^r         V  .2  Sin-*  (cot  o  cot  I).  )  I 

I  -8in0f2cos  —  cos  ( ^ \  > 

L  ^         2n  \  n  J^\ 

2  sin-*  (cot  D  cot  i)^^       asin-*(cotDcoti) 

—  —  cosec  i^ XcosS i : 

n  n 

X  tan  D  X  a  {cos  0  —  —  sin  6  cos  — > 

2n  9ii) 

2  sin-*  (cot  D  cot  i)  •    / «       /»x     /  N 

cot  ^ X  tan  D  X  2  sm  ( 0)  ..(a) 

—  n  V2»  ^^ 

Put  sin-*  (cot  n  cot  i)  z:  y :  then  (4)  is  changed  into 

cot  9=  —  2  cot^  tanD  "n  (^  —  6) (g) 

and  which  is  the  equation  of  the  circle  through  l,d,  and  l,,d,^ 
But  the  problem  requires  us  to  assign  the  locus  of  the  points 
of  the  intersections  of  the  curve  (5)  in  its  consecutive  states  at 
infinitesimal  distances  :  and  hence  for  the  reasons  usually  given 
in  such  cases,  we  must  eliminate  n  between  (5)  and  its  first  diflfe- 
rential  co-efficient  taken  as  a  function  of  n.  But  the  differen- 
tial is 


d"'' 


—  =  —  3  cot  ®  tan  D  cos  {-^  —  6)  a  — , 

ly  ^  \2«  2« 

n 

and  actually  performing  the  indicated  operation,  it  becomes 

—  2yc/«                                                    ,  TT         _.27rrfii 
' —  =:  4-  2  cot  0  tan  D  cos  ( 0)  — --, 


rr  cos*  — 
n 


or  dividing  out,  it  is 
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—  r-^  tan  $  cot  D  =:co»«  —  cos  f  —  —  B) (6) 

»  «  \2n 

Apiu,  from  (5),  (6)  we  have 

sin  f  i  -  fl)  =  -  ?2iii2i^         ^^ 

fl 

w                         2y     tan  (p  cot  D         .j.. 
cos  f  —  —  ^)  = .  •  •  •  \^) 

^  cos*  — 

n 

But  writing  (7),  (8)  in  cos»  4-  sin<  ==  1  we  have 

47^  tan*  O            cot^  (p            ^    ^  .  . 

-li i.  +  2L.   —  tan*  d (gi 

„*C084^  4COt«^ 

%  n        ^  n 


or  putting  for  -2.  its  values  in  terms  of  cot  — ,  it  becomes  af- 
ter simple  reduction 
^fty         »ay      ^*cot»(p— 8/  ten«y  __  y*  tan*  (p 

^  +  cot    ^      ^ffHan^D  —  47*  tan  (f* ""  w'tan*  D  —  y*tan«9 

(10) 

From  which  double  quadratic  we  get  cot  -~  in  terms  of  (^ 
aod  constants ;  and  we  may  write 

«^?=/(^)°'»  =  cot-'/(^) ^"> 

Insert  this  in  (5)  and  the  solution  is  obtained  :  viz. 

cot?  =  -2tanD./(?).sinJl^2^^^^-6} (12) 

SchoL  Had  we  inserted  the  value  of  cot  ^  in   terms   of   cos 

—  we  should  have  obtained  an  equation  having  different  coefB- 
n 

cients  from  those  of  (10),  and  in  a  form  better  adapted  to  dis- 
cussion :  but  as  the  inquiry  itself  is  involved  in  the  subject  of 
the  *•  Antique  Hour-hnei,"  I  shall  not  discuss  it  here,  it  being 
intended  to  form  a  paragraph  in  ray  concluding  paper  on  that 
subject,  in  the  Transactions  of  the  Royal  Society  of  Edinburgh- 
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Second  Soldtion,  by  ilfr.  Woolhousb. 

The  two  semi*diurnal  arcs  for  the  equal  parallels  of  decli- 
nation  d,  d^  must  evidently  together,  make  180*.  Let  their 
values  be  90^(1  -t-  «),  90**  (l  —  n) ;  and  denote  the  declina- 
tion by  ^ ;  then,  the  distances  of  the  points  of  division  from 
the  meridian  will  always  be.  of  the  forms  «  ( i  +  «),  a  l  —  n). 
Let  X  be  estimated  along  the  equator  from  the  meridian,  and 
y  in  declination*  It  is  evident  that  the  great  circle  chord 
will  cut  the  equator  at  the  distance  s  from  the  meridian; 
and  therefore,  if  i  denote  the  inclination  of  the  circle  with 
the  equator^  we  shall  have  sin  natSLui  =:  tae  ^,  and  its  equa- 
tion will  be 

'    M  %  A.      '        sin  (x — a)  ^       -,  ^,. 

tan  tf  =  sm  (x  —  a)  tan  t  =   — r^ ^  tan  S (1) 

^  ^  '  sm «« 

in  which  Xjf  is  any  point  in  the  great  circle  chord.  At  the 
point  of  consecutive  intersection  {xy)  the  ordinates  xy  vi'/ 
not  change  by  slightly  varying  a;  therefore,  diiBferentitting 
with  a,  we  find 

sin  na  cos  {x  —  a)  +  n  cos  na  s'm  (x — a)  =  o (2) 

From  these  two  eauations  we  learn  that  the  required  curve 
will  be  determinea  by 

^      ,          .            tan  71a     .                            +  tan  S 
tan  (x  —  «|  = tan  v  =       ■  - — — : » 

the  arc  ^  — *  a  must  be  either  in  the  second  or  fobrth  qua- 
drant ;  the  former  will  relate  to  the  hemisphere  containing 
the  greater,  and  the  latter  to  that  containing  the  less  of  the 
two  semi-diurnal  arcs.  The  curve  in  each  hemisphere  will 
evidently  be  the  same,  and  they  will  be  wholly  without  the 
two  parallels  of  declination. 


XX.    PRIZE  QUESTION  570,  by  Mr.  T.  S.  Davies. 

If  the  loxodrome  were  detached  from  its  fixed  position 
and  made  to  roil  upon  one  of  the  circles  of  the  sphere,  its  pole 
would  trace  out  a  particular  kind  of  epicycloid.  It  is  re- 
quired to  find  the  equations  of  this  epicycloid — to  ascertain 
whC'ther  in  any  case  it  can  be  algebraical,  quadrable  or  ^^^^ 
fiable — and  to  assign  the  conditions  which  must  be  fulfilled 
by  any  class  of  loci,  which  employed  as  directrices  instead  01 
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the  circle,  shall  confer  upon  the  epicycloid  the  properties 
above-mentioBed  either  singly,  or  simultaneously. 

First  Solution^  bif  Mr.  Dayies. 

Let  p  the  pole  of  the  circular  direction,  be  taken  as  origin 
of  the  radii- vectores,  and  q»  the  point  with  which  the  pole 


of  the  loxodrome  was  in  contact,  as  the  origin  of  the  polar 
angle.  Let  o  be  the  pole  of  the  loxodrome,  and  m  the  current 
point  of  contact.    Join  pm«  mo,  op  by  the  great  circle  arcs. 

Then  pm  is  perpendicular  to  the  great-circle  tangent  mr 
(nr  being  the  common  great-circle  tangent  to  the  loxodrome 
and  the  directrix),  and  omr  =  «  is  the  generatine  angle  of 
the  loxodroroe  whose  pole  o  traces  out  the  locus  sought. 

Put  CM  =  x»  Pft  =  ^1  PO  =  ?,  and  qpo  =  B.  Then  the 
lies  OM,  QM  are  equal  by  the  genesis :  that  is, 

QM  iz  X  ^^c  ^  ^^^^^  P *(0 

Also  by  the  triangle  opm  we  have 


Sm  OPM  =  : («) 

sin  f  ^  ' 


_  cos  «  sin  X 

oiu  \frsn.  ' 

Again, 

a                                                                .  COS  OL  sin  v        ,  . 
6  z:  QPM  —  MPO  =  x^®c  *  cosec  §  —  sm— * « ^. . . .(3) 

and  cos  f  =  cos  ^  cos  x  +  sin  ^  sin  x  sin  « (4) 

Between  (3)  and  (4)  eliminate  Xi  and  we  shall  have  the  locus 
sought. 
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•  •(5) 


From  (4)  we  have  

cos  0  coi  p  ±  sin  a  sin  tfv/sin^  ^— sin*  o  cos*  a 

cosvz: 1 3 r-3 — S r s 

1  —  sin'  cos  g*  a 

sin  fi  sin  a  cos  (p  T  cos  ov^sin'*©— sin'  p  cos*  a 

sin  X  = ^^ — ^-^ — ^—5 ^^— — 

1  —  sm   g  cos  a 

Hence  the  equation  of  the  curve  traced  out  by  the  pole  is 

^  .     ,  sino  sin  «  cosO  ±  cos  ov/sin" ©— cos*a  sin^o 

6= sec  a  cosec  p  sior^  — 5 Hrz s — -Z- ^* 

^  1  —  cos«  a  sin*  q 

.  _|  lingcosg  sing  cos(p  +  cosg  cosg  y^sin^^— cosVsin'^g      ,>.v 

sin  ^  (i  —  cos*  a  sm  g) 

This  will  be  algebraical  when  sec  oe  cosec  q  is  an  integer*  and 
under  no  other  conditions. 

We  have  next  to  ascertain  whether  the  curve  is  capable  of 
rectifiation  or  quadrature.  There  are  two  general  cases  to  be 
considered  in  relation  to  each  of  these  problems  :  viz.  where 
sec  a  cosec  ^  is  integral,  and  where  fractional  or  irrationah 

1*  When  sec  a  cosec  §  is  fractional  or  irrational,  the  quantities 
sin  9  and  cos  (p  can  only  be  found  in  an  infinite  series  of  6  :  and 
in  this  case  therefore,  the  expressions  for  the  differential  of  the 
arc  and  the  area  will  also  be  composed  of  an  infinite  number  of 
terms ;  and  hence  in  this  case  the  integral  will  not  be  finite  when 
^  is  put  in  terms  0.    These  expressions  are  respectively 

dare  =v/8ec*^d6'  +  d(p» (7) 

d  area  =  (1  —  cos  (p)  dO (8) 

^Vide  Ed,  Trans,  vol.  xii.) 

the  slightest  contemplation  of  which  in  conjunction  with  the 
conditions  we  have  been  considering  is  sufficient  to  verify  our 
conclusion,  without  more  minute  and  tedious  statements  being 
added  here. 

Let  sec  a  cosec  ^  =:  be  an  integer :  then  (6)  will  involve  sin  f 
or  cos  ^  (according  to  which  is  inserted  for  the  other)  of  the 
4;nth  degree.  For  the  sine  or  cosine  of  the  multiple  arc  will 
involve  those  of  the  simple  arc  of  the  mth  degree  :  and  the  eli- 
mination of  the  radical  involved  in  the  result  will  double  this, 
or  raise  it  to  the  2i»th  degree.  There  is  yet  in  this  result  both 
sin  ^  and  cos  9,  the  substitution  of  one  of  which  in  terms  of  the 
other,  will  introduce  a  new  radical  of  the  second  degree,  the  eli- 
mination of  which  will  again  double  the  degree  of  the  equation 
obtained  in  our  last  result,  or  raise  it  to  the  4fRth  power. 

The  expression  for  the  length  and  area  will  be  integrable  in 
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finite  terms  between  Iimit5>  when  the  coef&cient  of  the  arcs 
which  enter  into  it  is  zero :  and  not  otherwise.  But  as  there 
are  only  two  arbitrary  quantities  a  and  q  involved  in  the  data  we 
shall  be  unable  to  assign  any  relations  between  them  so  as  to 
effect  this  purpose  when  the  equation  is  of  a  higher  order  than 
the  second,— which  it  always  is.  As,  moreover,  the  equation 
itself  even  in  the  most  simple  case  cosec  q  ^sec  a  zz  i,  is  of  a 
form  which  does  not  admit  of  integration  in  finite  terms,  we 
cannot  expect  to  find  it  so  in  more  complex  cases :  but  it  must 
be  confessed  that  a  direct  examination  of  the  state  of  the  equa- 
tion is  next  to  impossible  in  consequence  of  the  complexity  of 
die  expressions  involved. 

3.  The  expressions  for  the  arcs  and  areas,  when  we  put  the 
value  of  6  in  terms  of  f,  are  still  of  a  kind  to  offer,  on  the  face  of 
them^  little  hppe  of  success  in  our  attempts  at  integration  in 
finite  terms.  I  have,  however,  gone  into  the  inquiry  so  far  as 
to  see  that  the  integral  is  essentially  incapable  of  a  finite  form, 
though  the  length  of  the  reasoning  and  the  incommensurate 
utility  of  the  inquiry  scarcely^  upon  re« consideration,  justifies 
my  occupying  the  pages  of  the  Repository  with  its  details.  I 
sluill  therefore  drop  the  inquiry  at  its  present  stage. 

Though  in  my  work  on  **  Spherical  Geometry,"  I  may  find  it 
^nrable  to  discuss  the  remaining  part  of  the  question,  in  illus* 
tiation  of  a  principle  which  it.  involves,  yet  as  iti$i  principle  is 
not  now  before  us,  I  shall  defer  further  detail  respecting  it,  till 
I  am  able  to  publish  that  volume. 

Sbcond  Solution,  &^  Mr.  Woolhouse. 

Consider  the  question  generally,  and  let  rs  be  the  directrix 
on  which  the  curve  is  supposed 
to  roll,  the  commencement  being 
at  R.    Let  M  be  the  point  of  con* 
tact  at  any  position  and   p    the 
pole ;  and  let  the  curve  of  p  as ; 
well  as  the  directrix  be  referred  to. 
a  point  o  and  the  fixed  great  circle 
OA.     Assume    thus    OM    =    y> 

Z.  AOM  =  0,  RM=  5,  OP  =  y', 

Z.  AOP  ==  6^,  Z.  OMR  =  f,  const. 

^  PM6  =  i  and  cos  t  =  n.     Then,  by  the  loxodromic,  mp  zi 

i  r  —  05  and  we  have  also,  cos  s  =  -^,  sin  f   zi  -^  sin  y,and 

hence  cos  Z  omp  =  —  cos  (€  -f  t)  z=.  sin  f  sin  t  — -  cos  f  cos  t 
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=  T-  sin  i  sin  y  —  n  ^51.    in  relation  to  the  triangle  omp,  we 

have  therefore,  by  spherics, 

cosy^  =:  cosy  sin  ns  +  siny  cot  m  f  j-  sin  i  sin  y**-ii  -^ )  •  .(i) 

sin  n^  =  cos  y  cos  y^  +  tin  y  sin  y '  cos  (6^  -^  0)     ..•••••  •($) 

The  curve  described  by  p  will  be  algebraical  when  its  equation 
is  of  the  form 

/(cos  y',  cos  e')  =  o (3) 

/denoting  any  algebraical  function.  This  function  may  be  as- 
sumeil  at  pteasure,  and  then  we  shall  have  three  equations  to 
eliminate  y^  6^,  and  thence  find  the  equation  of  the  directrix. 
In  the  same  manner  we  may  assume,  instead  of  (3)^  the  equMion 
of  any  quadrable  or  rectifiaole  curve  and  determine  the  directrix. 
When  the  directrix  is  a  great  drcte,  take  one  of  its  poles  for 
the  origin  o :  th^n  y  =:  4  at,  dy  ^  o,  d0  =:  ds^  and  hence  (i), 
(9),  become 

cos  y^  =  sin  t  cos  915  * (a) 

sin  ns  zz  sin  y^  cos  (a'  —  6}  • « •  J^b) 

^iminate  y^,  and  we  find 

tan (&^— 6)  =  cos  I' tot  ns....(c) 

From  [a)  and  (c)  we  deduce 

sin^  y^  =:  cos^  t  +  tin*  s'  sin*  ns 

«  /       •    */j    •       \  Cov       jjit     t    *#j    •       V  sin  t  sin  m 
dy'  =  sm  I  (ds  sm  ns)  - — :>      (Wrrsin  t  (dssinns)  — .  ^'"  "f 

^  ^  '  sm  y'  ^  ^     8in«  y' 

And  hence,  s'  denoting  the  length  of  the  curve  traced  by  p^  we 
have 

d/ sz  \/(dy^ + dO'nin •yOsT Mn  t  (ds  sin  ns) 

.*.    s^zz  c  —  tan  I  cos m , •  «• .  .(d) 

Instead  of  cos  rs  put  its  Value  by  (a),  and 

.  cot  t/ 

cost  *  ' 

for  the  equation  of  the  curve  described  by  p.  The  plane  of  the 
great  circle  directrix  being  supposed  horizontal,  thia  equation 
deten;nines  the  curve  through  a  very  neat  property,  viz:  that  at 
each  point  it  makes  the  same  constant  angle  {%)  with  the  ver- 
tical which  the  loxodrome  makes  with  the  meridiant. 
We  have  ako  the  sectoreal  surface  round  the  pole 
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-»      V  »#   ^  ■•-     ,^508«'  ^        I -t- tint 


=  fj—  -\—  taniiin  «»-<f>Uiii~* 


:) 


cosy 
tin  j  +  cos  11^ 


ns 

cosnJ 


cos  t  sin  ns 


(/) 


which  is  estimated  from  the  position  ^  =  o,       9*  ^  "S  —  *• 


fl* 


=  (;^'> 


■g'.'    '    .    11 


mam 


Two  Solutions  o/ Question  564,  by  Mr.  Davibs. 

[Th^se  Solutions  were  aecidentally  omitted  in  their  proper  places 

in  tb«  preceding  pages— £d.] 

FiHST  Solution- 

Let  mm'  be  an  element  of  the  loJtocjrome^  and  its  equation  be 
referred  to  the  pole  p  and  the 
meridian  of  the  poiat  of  inter- 
section with  the  equator^  Then 
tbe  differential  equation  of  the 
cunreift 

«n</i0'      ,  ,  , 

where  (^  =:  pm»  B,  is  the  angle 
made  between  pm  and  the  first 
meridian,  and  a  is  the  angle  of 
ioclination  the  loxodrome  to 
the  meridian. 

Let  (pB  denote  the  co-ordi- 
nates of  the  spherical  centre  s  of  the  circle  of  osculation  with 
the  element  mm^  Then  this  point  r  traces  out  the  spherical 
cyolute  of  the  loxodrome:  and  we  are  required  to  find  the  equa- 
tion  of  this  evolute.  Now  this  same  point  may  be  considered 
as  the  locus  of  the  intersection  of  the  consecutive  great  circles 
which  are  normal  to  the  loxodrome:  and  by  means  of  this  pro^ 
perty  the  evolute  may  be  found. 

The  general  equation  of  the  normal  to  a  spherical  curve  at 
the  point  ^'V  is 

Mn  {»'-«)  sin  ^  ^-cos  («'- fl)  cos  ?/+sin  $' cot (p  =c. . .(«) 

And  by  virtue  of  (i),  (a)  we  have 

«n (•'—  e)  tan «  — cos  [9'  —  e) cos  (f/  +  sin  <{/  cot(f.  =o. .  ..(3) 
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Differentiate  this  on  the  hypothesis  of  ^6^  being  the  variables, 
and  comparing  with  equation  (i )  we  get 

dB^ _      sin ^ cos  (6^  —  0)h-  cos  y^  eot  ^  _  tan  a  . 

d((f  ""  *"  co$(e'— 0)tana -f  8in(e/— a)c68^  ""  sin^ ^* ' 

Muhiplyout  equation  (4),  and  multiply  (3)  by  cos  ^:  then 
we  obtain  the  result 

sin  V^os  (tf — &)  +  sin^cos  ^'coif  +  tan^a  cos  (0^—6)  +  tana  coa^^ 

sin  (0  * — 6)  =:  o  •  •  •• . .(fi) 

— co8^^cos(6'— )  +  sin^cos^cotf  +  tanacos^sin(9^ — 6)=:o .  •  (6) 

Subtracting  (6)  from  ( j)  we  get 

cos  (V —  9)  sec^  a  =  o (7) 

Now^  as  sec^  a  cannot  be  o,  this  equation  can  only  be  fulfilled  by 

cos  {V  —  •)  =:  o,  or 

e'-«=±f "..(S) 

From  this  we  learn  that  f ,  ^  are  at  right  angles  to  one  another 
— a  conclusion  that  may  be  readily  verified  by  geometrical  con* 
siderations.    The  above  general  method  is  retained^  howevtr, 
both  for  preserving  the  unmixed  character  of  the  spherical  me- 
thods*  as  well  as  to  illustrate  the  general  system  by  means  of 
equation  (a).     Further  details  respecting  these  methods^  haw- 
ever^  will  be  found  in  my  work  on  Spherical  Geometry^  which 
is  now  nearly  ready  for  press. 

By  the  insertion  of  (7)  in  (3)  we  get 

tan  «  ,  . 

cot^  =  IF    i    ^. (9) 

^  sm  ^'  ^' 

.  But  by  the  properties  of  the  loxodrome,  fitst  given  in  my 
paper  in  the  Eoinburgh  Transactions,  we  have 


/  «-        ^*^^ 


(where  c  =  t^o^ «) 

And  the  combination  of  (8)  (9)  (10)  at  once  furnith  the  equa> 
tion  sought :  viz. 


(a±|)        -(e±Z) 


cot  9=  +  - — ■ : (11) 

^       —  2  cot  0  *     ' 

If  a  cone  whose  vertex  is  the  centre  of  the  sphere,  and  directrix 


(  ^n   ) 

the  canre  whose  eauation  (i  i)  we  have  just  found,  be  described, 
it  will  be  the  evoiuit  surface  sought  oy  the  problem :  and  its 
equation  may  be  readily  found  by  transforming  the  polar  into 
rectangular  co-ordinates*    We  should  then  thus  have  at  once 

±x  .     ,     +ap 

m      Bin—*  .^ 


Again,  for  the  locus  of  the  centre  of  alsdlute  curvature^  we 
have  the  cone  upon  which  it  is  situated  already  found :  and  the 
£stancefrom  the  centre  of  the  sphere  (or  vertex  of  the  cone)  of 
the  point  whose  direction  is  already  known  by  means  of  (i  i). 
We  have  thereiore  only  to  use  this  general  theorem  >^ 

r  ^  a  {cos  tp  cos  f '  +  sin  f  sin  ^  cos  (6^  —  6)}  •  • .  •(14) 

Where  a  ==  radius  of  the  sphere,  and  (pd,  <f^G^  denote  the  same 
quantities  as  before*  This  is  shown  readily :  and  is  explained  in 
my  Work. 
,  In  the  present  case  we  have,  then, 

r  =  a  cos  9  cos  ^ ••(!£) 

Bat  ss  f '  is  given  in  this  equation,  we  have,  for  the  locus  sought, 
rzi  a  cos  ^  x  cos  (p  an  equation  between  r  and  ^,  which 
obviously  designates  a  spherical  surface.  Its  diameter  is  coin- 
cident with  the  polar  axis  ;  it  passes  through  the  centre  of  the 
loxodromic  sphere ;  and  finally,  its  diameter  is  a  cos  ^. 

Moreover,  for  different  values  of  a  whilst  ^  and  0^  remain  the 
lame,  (that  is,  for  all  the  loxodromes  which  pass  throuj^h  (ffO') 
the  quantity  6^  —  6  will  be  constant :  and  hence  the  position  of 
f  will  be  the  same,  and  its  length  only  variable.  The  locus  of 
the  centres  of  absolute  curvature  in  this  case,  then,  is  a  meri- 
dional circle  upon  the  spherical  surface  of  absolute  centres  just 
determined. 

• 

Sbcond  Solution. 

• 

The  Solution  above  given  is  purely  spherical  and  by  means  of 
spherical  polar  co-ordinates  :  the  following  is  by  the  method  of 
rectilinear  and  rectangular  co-ordinates.  It  has  been  my  object 
to  keep  the  two  methods  of  solution  perfectly  distinct.^ 

That  the  logarithmic  spiral  is  the  stereographic  projection  of 
the  loxodroftie,  may  be  readily  proved  by  means  of  rectilinear 
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co-ordinate*;  and  hcoce  we  may  at  once  atiume  the  equation, 

^  =  «*' fi) 

and  this,  conTerted  into  rectilinear  co-ordinates,  is 

•v+P  = -t°»-^7;^ (.) 

»r  •.TTJ?  =  ^'"-^t;^. (») 

Making  this  the  dirertrix  of  a  cone  whose  vertex  has  for  coord!. 
nates  o,  o,  and  —  »,  we  find  ^'vrai 


— : —  {*/  +  y/ J*  =  ak  «»"■'— 3===»  /  .\ 


*/*  +  J',*  +  V  =  a* (6) 

Or  for  */  and  J,/  in  (4)  and  (5)  write  their  values  from  (6)  then 


!=«/?*- ico,-*—    */ 


These,  (7)  (8),  are  the  projections  of  the  loxodrome.on  the  olaAe. 
slnu"/'  '"P«">'^«'y.  To  render  the  difTei^S  Kj^ 
^lor™ » '=**"^*»'*"''  ^'  "»y  '-rite  (7)  and  (8)  in  the  foiw! 

*,  =  v'Snri.eo,  .^+2^^^rr^^^,^ ^^^ 

>,  =  ^/-»-Vsin-Vi^v-Sr=^.j„^ ^^^^ 

Now..inx=-.co.^^-^.^ 

and  rf  cos  X  =  sin  X  ?^'^     A ^") 


r 


(    »79 

Hence  the  diScrciitial  oo^flkientl  of  (9)  and  (io)  are  found  M 
once  to  be 

^^  =  +  i^~^== (18) 

Tbe  second  differentia)  co^^efficients  taken  on  the  same  hypo- 
thesis, are 

(pjr.  «•  (1  +  tt*)    ^  ,     , 

dte7=~(a-—z/)f /*«•"" '^••^•**^* 

Let  xyz  be  a  point  in  tbe  normal  plane  which  is  drawn  o  the 
loxodrome  at  the  point  x,y^^ :  then  the  normal  plane  itself,  in 
consequence  of  equations  (9,)  (10,)  (11,)  (it)  is  found  to  be 

(«-«/) - (y  —  \/«*  -  z/ sin x)       ^.      ^t     / 

^  >=o..(t6) 

/j«»nx-«/Co«x' 
+  (^  ->  v/a'—  z/  cos  x)      ^^,  _  ^  » 

or,  breaking  up  the  vincula  and  otherwise  reducing,  it  becomes 

i\/a«-«/  =:  g(ycosx-*»inx)  +  («cosx+y«nx)«/-(i7) 

Also,  taking  the  differential  of  the  equation  of  the  normal  plane 
(16)  by  means  of  (14,  ij)  ive  have,  ^  being  the  principal  vari- 
able, and  xyz  constant, 

—  (jf— V^a*-  «/sinx)  nfJT-rr T^  •"*  »i 

*«•     (a*  —  «^*)s 
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ormultiplyingoutandcancellingthe  common  factor,*  it  becomes 

y8inx  +  arco8x=o (19) 

It  noiir  remains  to  eliminate  z,  between  (17)  and  (19),  which 
may  be  readily  effected  as  follows  :— 
From  (19)  we  have 

Insert  (20)  in  (17)9  and  we  shall  have 

■        ,      a«      jr«+y-  ,     , 

Again  Trom  (19)  we  have 

tanx  =  — porx=tan-"--~....(«2) 


Butx  = 
both  tides,  it  becomes 


or^  by  reduction, 

z.  =  a.  — — 
from  which 

Equating  (ai)»  and  (23)  we  have 


1  •4-  /Jfc*             a* 
•  This  factor    Ti       •- —    it  is  tnie,infolve8  z/.  butalitUe 

coDsideration  would  shew  that  the  second  member  of  it,  which  in' 
voUes  z.  is  a  foreign  factor,  introduced  bj  elimination.  Oor  limi^ 
do  not  allow  us  to  enter  into  detail,  and  we  can  therefore  oolj  here 
mention  the  fact. 


(  «8»   ; 


ak 


a    Sx« +  !(«?*        a. 
7ii-^r-\   =    — r-.or 


i+k*^' 


v/i^  =  .f^'^^*-1 (-4) 


•m-*   _  —        -sin-*  -  iZ^jLu,  c         /« -.1 


Bearing  in  mind,  that  ik  =zcota  we  have  precisely  the  same  re- 
sults u  m  (ill),  (i^)  of  the  former  solution.  The  sign  and 
the  value  ot  tan  %  given  in  (« j)  also  confirm  our  inference,  that 
zz^  was  a  right  angle  ;  vide  (8)  of  the  former  solution. 

It  only  rettiaiiis  to  find  the  locus  of  the  centre  ahsolute  curva- 
ture of  the  loxodrome,  and  apply  the  resuking  formula  to  the 
<^ase  of  z^  z:  constant  and  Ik  variable. 

The  general  equation  of  the  osculating  plane  through  x;y,z,  is 

From  (14)  (tg)  we  have  oc^'  and  f/\  and  from  (i2,)  (13.) 
(14,)  (15)  we  have  a/y  —  y'V.  These,  inserted  in  (26)  give, 
after  putting  for  ik  its  value  cot «, 

/         \  ^           /          \  •          a  (2  —  2,)  tan  at  ,    ^ 

iy-jr,)<ro«5c-(*^x,)«nx2=3-rf«t^4^ .<«;) 


For  x/jf,  put  their  values  from  (9,  10);  and  then  for  sin  %  ^^^ 
00s X  ^heir  values  from  (do):  thai  there  will  result,  after 
squaring  both  ftides  of  the  equation, 

(x^  +  !/^)(a^-  z\)  zza^(zf  ^  z,y  un^a (28) 

But  by  (93)  we  have 

z.zz  a. ,  and  a'  —  s*  =  -^-— gv 

which  inserted  in  (28)  gives 


By  a  lUght  transformation  of  (29)  we  obtain,  keeping  in  view 
our  equation  (sa), 
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X  .    Xy 


•  o   .     o\i       .  ..-tan""*---    .    .tan—' — i 

±2  («*  +  t/^y  cot  a  =  z  (k  y  +  *  yj 

. -tan-*-  ^       fctan-*-  f ) •.  (go) 

which  is  the  second  equation  of  the  locus  of  the  centre  of  abso- 
lute curvature ;  and  which  with  the  former,  (9^)1  serves  to  de- 
termine that  curve. 

But  in  the  case  proposed  in  the  question^  z,  is  constant,  and 
the  angle  a  of  the  loxodrome  as  well  as  x/y,  is  arbitrary.  To 
find  the  locus  of  the  centre  of  absolute  curvature  in  this  case  we 
have  only  toput  z^  =:  constant,  and  eliminate  tan  a  between  (21) 
and  (28).    This  gives 

From  this  we  get 

(**  +  y^y  ^z^{z  —  z,y  or  extracting  the  square  root 

a;«  4-  j^  =r  ±  2  (z  —  2,) (32) 

That  is        a?*+y^±2«=  ^  zz, (33) 

Of  these  two  roots  one  is  foreign  to  our  present  object^  viz. 
the  +  z{z  —  z) :  and  the  other  gives  the  result  'we  have  been 
seeking:  viz. 

ac«+^«4-2«  =  «z, (34) 

which  designates,  a  spherical  surface,  whose  axis  is  coincident 
with  the  axis  of  2,  whose  diameter  is  equal  to  z^  and  which 
passes  through  the  origin  of  co-ordinates. 

The  question  is  therefore  now  completely  resolved.  The 
properties  of  the  loxodrome  will,  however,  be  found  much 
more  amply  treated  in  my  Work  on  Spherical  Geometry  •  ^ 


BND    OF    VOL.    VI.    PART    I. 


THE 

MATHEMATICAL  REPOSITORY. 


VOL.  VI.  PART  II. 


ARTICLE  I. 

Two  IntUterminate  Problems. 
0/  A(r,  Jaucs  Cunliffe,  Sfimer*s  Town^  London. 

To  determine  such  a  relation  of  the  quantities  a^  b^  c^  i  ^i 
"will  make  the  expression  ahcd  X  (a^-r-b^)  X  (c*  —  cP)  a  ra- 
tional square. 

It  is  errdent  that  the  expression  abed  x  (««  —  b^)  X  c*  — d*) 
will  be  a  square  when  ab  x  (a*  —  i'>  ^  eJ  x  (c^'^d^). 

Takes  4-  *  =:  ^-Hrf,  and  dividing  the  former  expression  by 
this  ire  tfball  harve  af>  x  {a  —  *)  .zr  rrf  x  (c, —  d) :  in  this  latter 
expression  writing  c  -\-  d  —  A  for  4,  it  becomes 

-    b  ^  (c  -{-  d  —  b\x(c  ^  d  —  2b):=z€*d'^cd^; 
and  ttiis  expression  when  properly  arranged  becomes 
(i-d)  X  c»-e  X  (3Zr«-«W-flf*)=:  ^  b  X  {a^'-gW+rf*}; 
and  dividing  by    A— d,  c*  —  c  x  (3^  +  i>  =  —  i  X  («*— ^)t 

vkflce  d  == f  ;.   and   heiiCje  tf::;c4-^*^^as 


t  *•*■*" 


*  +  c 

And  because  we  have  taken  ab  X  («*— A*)  =:  rd  X  (c*  — rf") 
thejrefore 
e  _  ^ad  +  be)  x  (ac— ^d)  +  2>/a?cd  x  (g^—  &^)  X  (c*— cP) 

_  (tfd  +  he)  X  fgc— ^d)  -1^  flfl^  X  (^^— &^) 

•"  {joc^-bdy  • 

e  •  (ad—bc)^ 

/  ""  (ad4r  ic)  X  (ac-Ad)— 2vVcd  X  (tf*-6*)  X  (^-d»j 

(ad— icV 


(4td  +  be}  X  U»<^  — *d;  -r-  »a^  x  (tf*  —  **j  ' 
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In  these  ex- 


(  *  ) 

pressions,  b  and  c  may  be  taken  at  pleasure,  and  a  and  d  deter- 
mined from  thence,  by  the  expressions  for  these  quantities 
found  above* 

Example  i.     Take  c  zz  6  and  &  zr  2  ;  then  a  =5 andrf  =:  i« 

wK^^.-.  «  _  (ad±b€)xiac—  bd)  +  stab  x  (a*— ft^)  _  7 
Whence^  .  (i7+'W)« ""  8  * 

therefore  we  may  take,  e  =  7  and  y  zi  8 ; 

whence  »z=7X3a  — 8x7  =  i68,  «=7Xa2  +  8x7  =  280, 

yzi7xi7-"8x28  =  —  105,  zzzj  x  t8  —  8x  17  =  60, 

which  numbers  are  the  roots  of  four  squares  that  will  answer 
the  question. 

Example  i.    Take  c  =:  20 and  6  =  5;  then  azz  1 1  and  d=L  6 ; 

e         226  X  ago  4-  210  X  416        IR      r       r  1 

•?.  =  : — 22 — ^i—  =  ~  :  therefore  we  may  take 

/  450x450  15 

tf  =  13  and  f=z  15,  whence 

tf=i3X450+i5X  26=  6240,  xzi  13x450- 15x26=5460, 
.y  =  13x226-15X390= —2912,2=13x390-15x226=1680, 
which  are  the  roots  of  four  squares  that  will  answer. 

But  each  of  the  preceding  numbers  are  divisible  by  4;  there* 
fore  1560,  1365,  728,  and  420  are  the  roots  of  four  squares 
that  will  answer. 

Example  3.    Take  c  =  20  and  ^  =  12 ;   then  a^  j   and 

.d  =  -  I,  whence  f  ==  H3iL15£:il!8.£i95  ^  19    h^ 
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fore  we  may  take  ^  =  19  and  y  =  16,  whence 
t^=i9X  128—  i6)C247  =  — i52o,a:=i9Xi28+i6x247=6384, 
y  =  19  X  233-16  X 152  =  1995, 2=19  X 152-16  X233  =  -840, 
and  these  are  the  roots  of  four  squares  that  will  answer. 

PROBLEM    II. 

To  find  four  square  numbers,  the  sum  of  any  three  of  which 
shall  be  a  rational  square  number. 

Solution.  Let  v\  x-,  y*,  and  s*,  denote  the  four  required 
squares,  and  put  »•  +  *•  +  y*  +  «•  =  N.  Then  by  the  quest, 
we  shall  have  t;«  +  a?*  +  y»  =  n  —  2*  =  p*, 

»2  +  x*  +  2«  z=  N  —  y«  =  y', 

w*^  +  y*  +  2*  =  N  —  a*  =  r% 
a?2  +  y2  +  2*  =  w  _  t;«  zr  jt^ 

and  therefore   n  =  p*  +  2*  =  y*  +  y-  =  f*+  x*  =  j»  +  xf\ 
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Hence  it  appear,,  that  N  mun  be  \^^^^S*^;f^'f  S 
d.vided  Jo'the  .u.  o  two  squam  ^^rMcf^^V^'  ,,^7 

(«c-  M)«  -  («c  +^«>    -I-  J*^     .^  ^       J      j,i  be  evident  by 
inspecting  the  foregoing  expression.  that(«H-*')  jt^'^+jLyt 

Tni  bytjinpiritgWse  e^xp/ession.  with  those  above,  tor  the 
value  of  s  it  is  obvious  that  we  may  take 

p  =  e«  +  /-a;  =  e  X  {ad  +  60  +/  X  («c  -  W). 

z  =  «.->  =  e  X  (ac-  id)  -y  X  («rf+  f*^)- 
.=  e«,+/«  =  ex(ac-6d)+/x(ad+Jc) 

;  =  e«->  =  «x(«d  +  6.c)-/x(ac-6d. 

,  =  ew'  ijv!  =  t  X  (ad  -  hcS  -/  X  (ac  +  bd). 

v  =  eu'  +fzo'=  .  X  {«  +  bd)  +/ X  (..d -Jc).        ^ 

From  the  equation  »«  +  **  +  V'  =  P''  ^*  +  *' "  ^  "^  ' 
anlrs  by  me'ans  of  the  foregoing  values  become. 

f  X    ac+6dr+/  X  [ad-bc)*  =  ../  X  lad  +  bc)^[ac-bdU 
o^plc^ir^thet^areo^  the  first  side  by  add  n     ./ ,(.c..d, 
X  (id  _.  be)  to  the  last  equation  we  shall  have 

.'  X  (.c+6d.'  +  ^ej  X  (-cH-6d)  X  (f -*^)  +/"  ^  ^"'-'''^ 
={«x  (ac  +  6d)+/x(ad-6c)} 

=  ../X  {(adS-  6c)  X  (ac^bd)  +  (oc  +  id)  X  («d-6c)} 

=  4«/dc  X  («*—**)• 

Taking  the  square  roots  _^ ^ — 

c  X  («c  +  6d)+/x  (ad-6c)=8v/./cd  X  (a*-*'). 

Again  completing  the  square  of  the  firs.  "«1;  °f/';«J=3««°" 

by  subtracting  aix  («c  4-  bd)  X  (ad-  6c).   from  each  ..de, 

and  we  shall  have  ,  j     l  >  .    r8  ^  /^^     i.^m 

e«  X  (ac+6dJ«-«/x  (ac  +  6d)  x  (ad-5c)  +/•  X  («d-6c)« 

=  {«x(oc  +  6d)-/x(ad-6c)}» 

=  a«/  X  {(«d  +  6e)  -Aio^-  bd)  -  (ac  +  6d)  x  (ad  -  6c)« 
=  ^e/ab  X  (c«-d^) 

and  taking  the  square  roots  

«  X  («c  +  6d)  -/x  {ad-  6c)  =  2\/eJab  x  (c  -€<•;. 
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Mulupl)rjng  th'n  by  the  exprettioD    ___^-. 

e  X  Ue  +  W)  +/  X  (ad  —  be)  =  %K/efc  d  x  (4«—  H  ^»« 
product  is 

#*  X  {tfC+id)»-^/»  X  (arf-  bey ^Ji€f\/ abed  x  (a«-  6*y>cl?'^^^^- 

We  have  found 
«*  x  (flc  +  Ad)*  +/*x(arf-*c)*  =  i8£/^  X  (ad-f  M  X  (tfc- W), 
and  taking  half  the  sum  of  these  two  expressions 
«'X  {ac^-bdf^efK  (orf+ *0^  [ac-hd) + 2ef\/abcdy^  (fl*-^"Jx(<:'-^) 
whence 
«  _  (a</  -f  ^c)  X  (ac^bd)'^2\/abcd  x  (a*— &*)  X  (c*^^) 

(ac  +  Wr 
and  by  taking  half  the  difference  of  the  same  expressions,  after 
proper  and  obvious  reduction, 
£  _    (fld  — tc)* 

/  ""  (ad  +  bc)  X  {ac^bd)^2^lcd  x  (a*— 6*)  x  (c'^^Trf^) ' 

From  whence  it  appears  that  in  order  to  have  e,  and  /,  ra 
tional,  abed  x  (a*  —  6*)  x  (c*  —  d*)  must  be  a  rational  square, 
It  also  appears  that  either  of  the  preceding  expressions  will  give 
the  relation  of  e,  and  f. 


ARTICLE  II. 

A  complete  Solution  of  Problem  \X.  Gent.  Diary,  1829. 

By  C.  F.  Barnwell,  Esq.  of  the  British  Museum. 

(Extrueted  from  a   Letter  from  Afr.  Daviks   to  the  Editor 

of  the  Mathematical  Repository.) 

t  must  also  beg  you  to  insert  the  following  complete  solu- 
tion of  Mr.  Barnwell's  problem,  an  abstract  only  of  which  I 
sent  to  the  Editor  of  the  Gentleman's  Diary,  well  knowing  that 
on  account  of  its  length  it  could  not  b«  inserted,  unabridged, 
in  that  valuable  little  periodical.  It  is  too  little  the  fashion 
of  our  day  to  examine  a  proposition  in  all  its  cases,  so  that  a 
complete  solution,  in  the  true  manner  of  the  ancients,  from,  a 
modern  pen,  is  become  quite  a  rarity. 
Mr.  Barnwell  desiics  mc  to  state  that  the  method  wai  siig- 
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geMed  to  hit  mind  by  considering  the  sduiion  0F  %  problem 
very  analogous  lo  it,  given  among  Bhnd's  Geometrical  Pro« 
bicms  (Section  p,  Pn  a  j.) :  and  that  he  considers  the  analysis 
and  distinction  into  cases,  together  with  the  modification  of  the 
method  to  suit  these  cases^  as  the  whole  that  belongs  to  himselL 
This  he  remarked  in  his  letter  to  Dr.  Robertson  (dated  Aug*  99 
i8fl4,)  which  cotitained  the  geometrical  aaalysis  and  solution :  but 
as  I  had  not  at  the  moment  of  writing  my  solutions  for  the  Di^^ry^ 
the  means  of  referring  to  that  letter,  I  did  not  call  to  mind  the 
circumstance,  nor  did  I  remark  another  (which  oversight  I  now 
take  the  opportunity  of  correcting),  that  it  is  only  in  one  particular 
c^ethattkt  problem  admits  of  two  solutions*  as  will  appear 
from  Mr.  Barnweirs  discussion  of  the  several  cases.  This  is  one 
ia  addition  to  the  many  instances  that  might  be  adduced  to  shew 
the  great  advantages  resulting  from  a  complete  examination  of  the 
various  cases  into  which  a  problem  naturally  divides  itself  by  the 
relative  changes  that  may  take  place  in  the  magnitudes  which 
constitute  the  data  of  the  proposition. 

T.  S*  D. 

?AOBLEM.     Given  the  vertical  an^U 9  and  the  diff<renc€  he-- 
twttn  the  base  and  each  of  the  sides,   to  construct  the  plane 

triangle. 

TUs  problem  naturally  divides  itself  into  three  cases^  vix. 
when  tbe  base  (so  calling  tlie  side  opposite  to  the  given  angle)  if 
^  tban  either  side ;  greater  than  either  side ;  or  less  than  one 
fide,  9^d  greater  than  the  other 

Case  1st.  Let  a  be  the  given  A  (which,  since  the  base  is 
supposed  ^  than  either  of  the  sides,  will  be 
O<^^^wo  right  angles)  and  AD,  A£  the  given 
mfferetices^  of  which  let  ait  be  the  greater. 
Join  nZf  and  produce  ad,  A£.  Draw  fh 
S  OB,  and  DL  II  EH,  take  Die  rr  eh,  in  the 
lame  direction  as  df,  and  join  x  l.  Then, 
since DK  =:  eh  =  dl,  the  a  dk^  is  isos- 
celes, and  jL  kdl  =  Z.  dae  Oof  two  . 
right  angles;  consequently  rl^dk.  ^If, 
therefore,  a  circle  be  described  with  centre 
K  and  radius  dk,  it  will  meet  lh,  or  lh  pro- 
duced.   Let  the  point  of  concourse  be  g,  and  join  kg,  do. 


*  The  seooiid  solatioii  which  I  hastily  inferred  to  beloni^  to  <he  same 
SvestioD  was  the  nolution  to  the  question  in  Bland  already  referred  to, 
tiSi  that  in  which  the  atms  of  the  base  and  eaoh  side  if  ere  given. 
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Then,  since Hl  D  bh*  bg  will  meet  ae  produced.  Let  them 
meet  in  c^and  draw  cb  ||  gk;  then  will  abc  be  the  triangle  re^ 
quired. 

For,  by  aim.  triangles  db  :  dk  ::  bc  :  Ko(::  dc  :  dg)  :: 
EC  :  EH :   and  since  dk  =:  kg  =  eh  by  construction,  db  =: 

BC  =  CE. 

Case  snd.  Here,  since  the  base  is  supposed  y  either  side, 
the  angle  a  ^  i  of  two  right  angles* 

Suppose  AE  the  greater  of  the  dif- 
ferences, and  construct  as  before. 
Then  ldk  will  be  an  isosceles  /i  of 
which  the  /.  kdl  ^  j^  of  two  right 
angles,  and  conseq*  kl  ^  kd.  But 
KD  ^  KF  ;  for  since  OK  =  dl,  dk 
:  OF  ::  dl  :  df  ::  ae  :  ad  ; 
therefore  F  will  be  between  b  and  k. 
Consequently,  since  kb  ^  KL  ^  kf, 
a  circle  with  centre  K  and  radius 
KB  will  cut  LF  between  l  and  f.  Let  the  point  of  concoane 
be  g;  then  gb  being  joined  and  produced  will  meet  ea  pto- 
duced,  and  the  rest  of  the  construction  and  demonstration  will 
be  ^s  before. 

Cass  3rd*  This  divides  itself  into  three  tabordinate  caio; 
for  the  given  JL  may  be  >,  = ,  or  ^  i  of  two  right  angles :  though 
it  will  alwaytbe  acute. 

Subcase  (A).  Suppose  it  lets*  Let  ab  be  (be  excess  of  the 
greater  side  above  the  base,  and  as  the 
excess  of  the  base  above  the  lesser  side ; 
and  let  the  /.  dab  be  the  supplement 
of  the  given  angle.  Construct  as  be^* 
fore,  except  that  bk  is  to  be  taken  in 
the  direction  opposite  to  bf:  then  Kl* 
may  be  proved  ^  kb,  as  in  the  first 
case,  and  kf  ^  kb  by  construction ; 
therefore  o  will  fall  between  l  and  f, 
and  GB  produced  will  meet  ea  pro* 
duced ;  and  the  rest  as  before. 

Subcase  (B  j.  Let  the  given  Z.  =  i  of  two  right  angles.  In  tb»* 
case  there  is  a  limitation  necessary  to  render  the  construction  po*' 
sible :  int.  that  ae  the  difference  between  the  base  and  the  lesser 
side,  must  be  greater  than  ab  the  difference  beiwceti  the  grc>^f'. 
side  and  the  base.    The  same  construction  being  made  as  m 
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labcate(A):  since  Z.  ldk  =:  |  of  two  right  angles  the  a  dki. 
will  be  equilateraU  and  KL  =i  kd.  Draw  AO  biiecting 
the  angle  dae.  Then  bao  = 
i  DAB  =  4  FDL  =  dkl:  Conse- 
quently AO  II  KL,  and  /.  AOD  = 
Z.  KLF.  But  /.  AOD  is  acute: 
for,   since   4.   dao  =   /.   eao, 

Z-  AOD  +    ^   ado    =    Z.  AOB  + 

Z-  AEO.  of  which,  (since  ab  >  ad) 
Z.ADO  y  Z.  AEO;  consequently 
Z.  AOD  <  Z.  AOE,  and  is  there- 
fore acute.  Therefore  klp  is 
acute,  as  is  kfl  ;  and  the  perpen- 
dicular KN  from  K  on  F  L  will  fall 
between  l  and  F :  and  kg  (=:kl= 
id)  being  greater  than  KN  and  less 
than  KF,  c  will  fall  between  n  and 
r ;  and  the  rest  will  proceed  as  before. 

Subcase  (C).  Let  the  given  angle  be  ^  i  of  two  right  angles* 
Here  ab  must  be  greater 
than  AD»  at  in  (B) :  and 
there  is  a  further  limita- 
uoOfVti.  that  the  a  dab 
bdiig  described,  and  ap 
drawn  X  to  be,  ba  +  ad 
must  noi  have  to  ae  a 
^reoler  ratio  than  ad  :  ap. 
The  same  construction  be- 
mg  made,  ^  klf  may  be 
proved  acute  as  in  (B),and 
KS  being  drawn  X  to  L't 
linccDA  :  ab  ::  fd  :  dl  . 
or  DR,  DA  -f  AB  :  AB  : : 
fk;dk.  But  ad  :  ap:: 
FK  :  KS,  •••  by  the  limita- 
tion,PK  :  dk  =  or  <  FK : 
KS,  .•.  DK  =  or  >  KS.  If  It' be  =,  the  points  s  and  o  will 
coincide ;' if  ^r^tf^^r,  two  points  G  will  be  found,  one  between 
s,  L,  the  other  between  s,  f  ;  and  the  problem  will  have  two 
solutions. 
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ARTICLE  III. 

On  Rule  SunrAcfis. 

By  Mr.  T.  S.  DiTi&i,  Baih.^ 
Dbfinitioks. 

u  A  RutE  Surface  (Surface  Reglee,  Fr.)  is  that  gene« 
rated  by  the  motion  of  a  straight  line  whose  movement  in  space 
is  subject  to  three  conditions. 

s.  When  those  conditionit  are  such  as  to  cause  its  consecu^ 
tive  positions  taken  two  and  two  to  be  in  the  same  plane,  the 
surface  is  called  a  Deyelopablb  Su&^ACte  (Surface  IM^e* 
lopable^  Fr.) 

g.  When  th^  consecutive  positions  have  not  the  property 
of  Def.  2.  the  Surface  is  called  a  Twisted  Surface  (Surface 
Gauche,  Fr.) 

Section  I.-^Preliminaby. 

The  antients  in  their  methods  of  investigating  the  propeitiei 
of  figures  commonly  chose  a  defining  property  divetted  of  all 
considerations  respecting  the  manner  of  generating  that  figure. 
This  was  the  natural  result  of  that  metaphysical  system  with 
which  Plato  is  said  to  have  infected  the  science  in  genera] ;  and 
which  is  mainly  built  upon  an  opinion  that  the  rigour  and  parity 
of  geometrical  reasoning  is  totally  lost  by  the  introduction  of  any 
idea  of  motion.  How  Tar  the  moderns  have  drank  at  the  ftame 
fountain  it  would  be  easy  to  shew  did  our  limits  permit  ut  to 
dilate. 

It  is  true  that  in  some  cases  the  defining  propeniea  employed 
in  the  writing  of  Euclid  (or  considered  as  hii)  do  involve  the 
idea^  ot  motion :  for  instance  those  of  the  sphere,  cone,  and 
cylinder  in  the  Eleventh  Book  of  the  '*  Elements."    It  will 


*  These  notes  towards  a  history  of  the'lnvestigadions  of  the  ptoper^ 
ties  of  surfaces  traced  bjr  the  motion  of  a  straight  line,  are  intended 
as  a  Scholium  to  Question  606  of  the  present  number  of  the  Reposi- 
tory. I  call  them  "  nole$  towards  a  hittory*'  rather  than  a  historr 
itself,  because  it  is  possible  that  other  works  may  exist  than  those  I 
have  yet  consulted,  and  which  it  would  be  necessary  to  analyse  in 
order  to  present  any  tliinji:  like  a  dissertation  pretending  to  the  cha« 
raeter  of  a  complete  history.  However,  one  thing  is  certain,  that 
nearly  the  whole  that  compones  the  present  part  of  these  notes  has 
escaped  the  notice  of  the  modern  French  Mathematicians,  as  they 
consider  the  investigation  to  have  been  altogether  effected  in  the 
Polytechnic  School. 
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bp  ramarked,  however,  that  iliete  defittSttoni  are  not  used  tn 
ebe^coiifsc  of  the  work  ;  and  the  fair  inference  from  thdr  Want 
of  conformity  to  the  reigtiing  principle  of  antient  definkibn, 
and  their  toul  uselessnest  in  the  subsequent  investigations,-— 
isp  that  they  are  the  explanatory  interpolations  of  some  of  the 
later  Greek  scholiasts  of  Alexandria.  Sitnilar  inconsistencies 
may  be  pointed  out  in  other  parts  of  the  ••  Elements/' 

The  properties  of  Solids,  however,  never  made  any  conli- 
derable  portion  of  the  study  of  the  antient  geometeni,  alnlost 
she  whole  of  these  investigations  being  confined  to  this  propel". 
ties  of  figures  traced  upon  a  single  plane.  The  chief  properties 
of  solids  which  attracted  their  attention  were  those  relating  to 
the  equivalence^  or  tb  the  ratio,  between  different  coneif  spheres^ 
tbeA  pyramids^  prisms  atid  cylinders^  together  with  the  fundamental 
properties  of  solid  angles.  Whether  the  13th,  14th,  and  15th 
Books  of  Euclid  be  genuine  or  not,  is  a  question  that  does  not 
sffect  our  present  enquiry,  as,  if  they  be,  they  do  not  indicate 
any  material  advance  beyond  the  point  I  have  stated. 

In  the  case  of  th^  sections  of  the  cone,  which  were  amply 

considered  by  Appolonius,  he  yet,  after  obtaining  some  one 

pro^^rfy  of  lines  situated  within  the  cone  and  in  the  plafne  of 

section,  which  he  thereby  transfers  from  the  cone  to  the  plane 

&giire  itself,  proceeds  to  conduct  the  whole  of  the  subsequent 

investi^tion  in  piano.    Nor  do  the  speculations  of  Archimedes 

respecting  the  conoidst  formed  by  the  revolution  of  the  conic 

sections  atbout  their  principal  axes,  take  a  bolder  course :  and 

one  of  these,  (the  figure  hereafter  to  be  mentioned  under  th^ 

name  of  the  hyperbolic  cylindroid)  that  formed  by  the  revolu* 

tion  of  the  hyperbola  about  its  second  axis  he  has  not  even 

alluded  to.     Archimedes,  however,  adopted  the  method  of  ge«- 

nerating  his  conoids  by  revolution,  and  partially  employed  the 

principle  in  the  derivation  of  the  few  inherent  properticsof  the 

figures  which  he  investigated. 

Dr«  Wallis,  (166s.) 

■ 

The  other  curve  surfaces  which  were  considered,  in  tHe 
slightest  degree,  before  the  application  of  algebra  to  geometrical 
investigations  by  Descartes,  were  few  and  unimportant.  Indeed 
prior  to  the  time  of  Dr.  Wallis,  no  other  method  of  generating 
curve  surfaces  than  by  the  revolution  of  curve  lines  about  ah 
axis  which  divided  them  symmetrically,  appears  to  have  been 
imagined  by  mathematicians.  Others,  however,  from  tihie  im« 
memorial  had  been  employed  in  the  arts,  the  ostensible  properties 
of  which  had  been  obtained  by  experiment,  and  verified  by  long 
and  varied  use.     Amongst  these  was  the  *^  shipwright's  circular 
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we4gQii*' or.  at  V^allisjlendminaied  it  from  iti  modfepf  generafciooy 
tbe.coiiQ-cuneMs,*— as  partaking  the  character  both  oF  the  coneand 
the  wedge.  The  figure  was  generated  by  a  straight  line  moving 
.upon  two  directrices,  one  of  which  was  a  semicircle,  the  other 
a  straight  line  parallel  to  the  plane  oi  the  circle,  such  that  the 
orthogonal  projection  of  the  line  upon  the  plane  of  ibe  circle 
coincided  with  its  diameter :  at  the  same  time  that  the  generating 
Jin^  was  always  parallel  to  the  plajie  which  cut  the  linear  direc- 
trix ^t  right  angles.  Dn  Wallis  turned  his  attention  to  this  ia 
1661  or  1663 ;  and  the  occasion  is  thus  explained  in  bis  dedi- 
cation of  the  '1  Vact  to  Sir  Robert  Moray.  *•  Since  I  came  horo.e»'* 
(he  writes  from  Oxford)  **  from  London,  I  have  takea  some 
time  to  consider  of  those  solids  and  lines  ipade  by  the  sections 
^th^reof  J  proposed  to  consideration  (to  my  Lord  Brouncker,  and 
yourself,  at  your  lodgings,  where  I  was  also  present)  by  Mr. 
Pett,  one  of  his  Majesty's  Commissioners  for  the  Navy,  and  an 
excellent  Shipwright. 

**  The  bodies  proposed    to  consideration  were  all   of  this 
forfn.    On  a  plane  Base,  which  was  the  Quadrant  of  a  Circle, 
(like  that  of  a  Quadrantal  Cone  or  Cylinder)  stood  an  erect  So- 
jid,  whose  Altitude  (being  arbitrary)  was  there  double  to  the 
Radius  of  that  Quadrant,  and  from  every  Point  of  its  Perime- 
ter, straight  lines  drawn  to  the  Vertex^  met  there,  not  in  a 
Point  (as  in  the  Apex  of  a  Line),  nor  in  a  parallel  Quadrant 
(as  in  a  Quadrantal  Cylinder),  but  in  a  straight  Line  or  shajcf 
£dge)  like  that  of  a  wedge  or  Cuneus*     On  which  considera- 
tion I  thought  fit  to  give  it  the  name  of  Cono-Cuneus,  as  having 
the  Base  of  a  Conc^  and  the  Vertex  of  a  Cuneus. 

*•  By  the  various  sections  of  this  Solid,  in  several  Positions, 
he  did  (rightly)  conceive,  that  divers  new  Lines  must  arise,  in 
great  variety,  different  from  those  arising  from  the  Section  of  a 
Cone.  Some  of  which  he  supposed  must  be  of  great  use  in  the 
Building  of  Ships:*  in  order  to  which  it  was,  that  he  proposed 
them  to  consideration." 

The  first  edition  of  the  solution  wias  printed  (according  to 
Watt)  in  1662 ;  the  second,  now  before  me,  was  printed  in 


*  In  the  19th  century,  a  period  of  great  commercial  activity,  alter 
a  war  wherein  England  annihilated  the  European  powers  upon  the 
high  seas,  we  may  blush  to  think  that  so  much  is  due  to  the  intre- 
pidity of  our  naval  heroes,  and  so  little  to  our  scientific  prowess,  as 
to  render  the  fanciful  surmises  of  Mr.  Pett,  after  a  lapse  of  nearly  two 
centuries,  as  good  a  role  as  we  yet  possess  for  "  drawing  the  curve" 
to  ••  lay  down  a  ship*'  upon ! 
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i684f  and   is  annexed  to  his  Algebra.     It  occupies  iSf  ^^^^^ 
pageiy  closely  printed ;  and   from  the  subsidiary  calculations 
necessary  for  the  determination  of  the  numerical  values  of  the 
ordinateSy  must  have  been  a  work  of  considerable  labour.     It  is 
not  however  remarkable,    otherwise  than  as  being   the   first 
'*  locus  of  right  lines"  beyond  the  cone  and  cylinder  whose 
character  had  been  examined  by  the  help  of  geometry*    As  it 
i^as  undertaken  solely  with  a  view  to  the  examination  of  the 
curves  to  which  it  gives  rise  by  its  intersection  with  a  plane  in 
given  positions,  it  was  not  likely  to  suggest  any  new  methods 
of  investigating  surfaces  generally.     It  may  not,  however^  be 
uninteresting  to  give  a  single  specimen  of  his  method. 

**  Thirdly.  If  it  be  cut  by  cS<rq,  a  Plain 
prallel  to  the  Rectangle  cdba,  the  Curve 
Line  will  have  this  property.  Drawing 
the  Triangles  as  in  the  Scheme,  it  is, 
A  SB.  (the  Ordinate  from  any  Point  s  in 

(k  Arch  2q)  ^^  <^$  ^^  ^^  (^^^  Ordinate 
from  2  where  the  Plain  c2q  cuts  the  Qua- 
dnntal  Arch) :  S0  is  aR  or  ac  (the  whole 
tiQ^t),  to  2iq  or  Off  (the  Distance  of  the 
Points  from  the  Plain  aax  parallel  to  the 
Qttadiant  cdr).  .Because  a&s,  a^  are  like 
Inaigles. 

"The  Quantities  I  thus  design  in  Species. 
CQ  =  CD  =  R. 
cp  =  C. 


GB 

z=  c. 

p2 

=  g(r: 

rVtiZ*- 

C*. 

RS 

=  • 

'.R*  —  c*. 

Ra 

=  CA 

=  A» 

RS, 

.  Ra  : 

:  €<r  (  =  p2) 

.  aa 

=  §a. 

RT- 

-c«. 

Aii 

1/ :  /i'-C» 

.A 

/R* 
V    R^ 

—  C* 

tt/i 

—  na 

■ 

i'.—  A 

J^*- 

C* 

R- 


b  2 
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"Thewe  Curve  Lines  (if  made  by  Plains  ?t  equal  distance!) 
projected  on  the  Reciangle  cdba  (to 
which  they  are  parallel),  will  appear  as 
in  the  annexed  Projection,  )vhich  is  il>us 
made :  Having  drawn  a  R/ectangle  cob  A 
(like  and  equal  to  that  in  the  Solid),  and 
the  Quadrant  coq;  divide  cd  injto  any 
number  of  equal  parts  at  the  Points  c, 
and  draw  the  Sines  or  Ordinates  c2,  with 
the  Co-sines  £p ;  Then  supposing  from 
the  several  points  R  in  the  line  cd,  the 
Lines  Rtra  parallel  to  ca,  (cutting  the 
Quadrant  qd  at  s  and  ab  at  a:)  And 
therein.  As  RS  to  p2  ;  so  ac  (=  aRJ  io 
ajsr:  The  Curve  Lines  q^p  in  this  Plain 
represent  their  Respectives  q<rs  in  the 
Solids.  Where  note.  That  as  the  Lines 
S999  in  the  former  Projection  so  are  the 
Lines  ^wtr  in  this  cut  into  eqnal  Parts, 

**  As  the  Solid  may  be  continued  down- 
wards at  pleasure,  beyond  its  Quadrantal  Base  cdq,  somaT 
these  Curve  Lines  qtrp,  in  like  manner,  be  $o  continued  in^* 
nitely:  And  they  will  then  he  As$ympi0ies  to  each  other;  and 
to  the  streight  Line  bd  so  continued.  And  if  the  solid  be  con- 
tinued upwards  after  a  decussation  in  ab,  the  same  Plains  will 
cut  off  in  the  opposite  Solid  opposite  Sections  like  to  these* 

"  The  Quantities  in  this  Projection  I  thus  design  in  sptcies. 

CD  =  i2. 
CP  =C. 

CR  =  C. 

2p=  5=  V"  :1P—C^. 
SR  r:  J  =  v'  :  A*  — c«. 

AG  =  il. 

SR  •  2p  : :  AC  (  =:  aR)  •  a(T  • 


•  • 


s 


"  In  numbers  thus ;  (putting  /{  =:  i,  >f  =  a.) 


I. 

ir. 

III. 

IV. 


3(7 

0*516  + 

1033  — 

»'549  +■ 
8*064  — 


SLtr 

air 

o'577  + 

0756  — 

^'^65  — 

1'5I2  — 

«73«  + 

a-«68  — 

f3io-f 

8-024  — 

a^ 
Infim 
Infin. 
Infin. 
Itifin." 

PP-  3-"4' 
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We  tee  here  the  same  method  of  transferring  the  yrhoie  iiiv<^« 
tigaiian  of  propertiet  from  the  solid  to  the  plinie*  as.was  usually 
employed  with  sections  of  the  cone  by  all  preceding  writers.  He 
goes  on  towards  the  end  of  the  Tractate^  to  discourse  upon  the 
surface  when  any  of  the  -  conic  sections  are  substituted  for  the 
circular  directrix  ;  and  also  ta  sugges^t  the  oblique  positions  of 
the  directrices.  He  howeVer  does  not  enter  into  particulars : 
nor  would  it  have  been  a  very  hopeful  underta1;ingeither  as  to  ele- 
gance in  the  form  of  the  results,  or  as  to  their  practical  utility'^— 
nor  vet  in  prospect  of  bringing  the  enquiry  to  any  definite  con- 
clusion, even  though  conducted  with  an  unwearied  assiduity  like 
his  own,  in  reasonable  time,  by  the  methods  of  enquiry  of  which 
be  was  in  possession^* 

Sir  Christopher  Wren^  1669. 

The  next  instance  of  a  *'  Rule  surface,*'  or  '*  locus  of  straight 
fines**  is  the  hyperbolic  cylindroid  of  Sir  Christopher  Wren. 
This  vras  de^ribed  in  a  paper,  brief  indeed,  but  very  elegant, 
which  that  illustrious  Genius  read  before  the  Royal  Society,  in 
1669  ;  that  is,  seven  years  after  the  publication  of  Wallis*s 
Treatise  on  the  Cono-Cuneus. 

Wallis*s  method  of  considering  the  generations  of  curve  sur- 

faces   by  the  motion  of  a  line  parallel  to  a  given  plane  whilst 

at  rest  upon  given  directrices,  may  obviously  be  varied  without, 

end:  yet  the  resuhs  to  which  he  had  arrived  by  employing 

data  of  great  simplicity,  were  not  such  as  to  excite  the  most  ar« 

dent  enquirer  to  further  efforts.     He  had,  however,  strangely 

omitted  to  consider  the  case  when  both  directrices  were  recti* 

lioear— -the  most  simple  of  all  cases,  and  which  has  been  since 

10  completely  examined  by  modern  writers.    The  method  of 

Wren,  was  similar  to  this  in  one  siiigle  particular,  in  as  much  as 

the  surface  was  generated  by  the  motion  of  a  straight  line :  the 

regulation  ot  the  motion  was  altogether  different,  being  produced 

by  the  revolution  of  the  generatrix  about  an  axis  fiixed  in  space^ 

and  invariable  in  its  connection  with  the  moving  line*    The  state 

of  optical  science  at  that  time  held  out,  as  desiderata,  the  art 

of  producing  by  methods  capable  of  easy  practice,  the  different 

conoidal  figures.    The  method  employed  by  the  builder  of  St. 

Paul's  was  characteristic  of  its  inventor—oits  recommendations 

being  simplicity,  elegance,  and  perfect  adaptation  to  the  purpose 


*  Perhaps  it  may  be  interesting  to  remark  that  one  direction  of  the 
catting  plane  gives  elliptieal  99ction*:  tiz.  when  it  is  parallel  to 
the  circalar  base.  One  also,  from  the  eharacteristic  genernating  pro- 
perty, is  obvioasly  a  triangle. 
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in  view.  The  discoveries  of  Newion  in  respecting  light,  however, 
causing  the  project,  for  physical  reasons  alone^  to  be  deemed 
hopeless,  all  the  methods  of  forming  those  bodies,  mathematical 
and  mechanical,  were  alike  forgotten. 

The  following  is  the  subsunce  of  Sir  Chrisiopher*s  paper 
on  the  solid  in  question,  taken  from  the  Philosophical  Trans- 
actions of  1669* 

Let  the  opposite  hyperbolas,  db,  ce  revolve  about  the  second 
axis  OA  generating  thereby 
the  hyperbolic  cylindroid 
dbcbh;  whilst  the  asymp- 
tote generates  the  asymptotic 
cone.  Ifany  plane,  tangential 
to  the  asymptotic  cone,  cut 
ifie  hyperbolic  cylindroid, 
the  section  ha  will  be  a  pa- 
rallelogram* 

For  let  it  be  cut  by  a  cir- 
cular section  bnc  through 
the  transverse  axis;  and 
through  o  and  m  in  equal  cir- 
cles, which  will  be  equal  dis- 
tant from  the  centre;  and 
also  through  the  axis,  into  the  generating  figure  whose  half  i» 
BD£C,  the  asymptote  of  which  will  be  op,  so  that  the  plane 
BD£  be  cut  at  right  angles  by  the  plane  fbp^  and  join  oh. 

Then  because  the  trianffle  ogh,  is  rectangular  therefore 
OK-  —  OQ^,  (or  OD*  —  oc")— :  oh*  ;  and  because  do  is  paral- 
lel to  3A  and  cuts  the  asymptote  in  O^  it  will  be  (from  the 
known  properties  of  conies) 

OG*  +  AB«  -=:  OD*;  that  is,  OD*—  OG«  =:  ab"  =  AK% 

Hence  oh*  =  an*,  or  gh  =:  an  ; 

and  GA,  AN  are  at  right  angles  to  ga. 

Also  the  same  is  demonstrated  of  all  the  other  sections  paral* 
lei  to  the  base  :  theretore  an  hyperbolic  cylindroid  bein^  cot  by 
a  tangent  plane  to  the  asymptotic  cone,  the  section  will  be  a 
parallelogram;  Q.  £•  D* 

**  Cor.  Hence  it  appears,  that  on  the  surface  of  a  cylindroid, 
though  consisting  of  a  double  flexure,  innumerable  right  lines 
may  be  drawn.  It  appears,  also,  that  the  body  may  be  otherwise 
generated,  viz.  by  the  revolution  ot  a  parallelogram  about  the 
axis,  the  angle  at  the  axis  remaining  the  same,  or  the  generating 
line  HR  continuing  revolving,  and  either  generating  or  cutting 
the  body. 
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^  And  if  3  sharp  and  straight  edged  tool  have  the  famesitua* 
tioq  to  the  axis  with  the  generating  line,  while  the  mandrel 
turns  round ;  it  is  plain  that  hyperbolas  may  be  as  accurately 
wrought  on  the  lathe,  as  circles  ;  since  nothing  is  more  required 
for  the  iormation  of  a  cylindroid  than  ibr  that  of  a  cylinder, 
except  that  in  cylinders  the  edge  of  the  tool  is  parallel  to  the 
axis,  but  here  inclined. 

**  Therefore  it  is  to  be  observed,  that  the  species  of  the  hy- 
perboU  is  varied  according  to  the  inclination  of  the  angle  OOA ; 
consequently  it  may  be  bo  easily  fitted  to  a  given  hyperbola 
that  there  is  no  need  of  further  demonstration.  Bul  if  the  an- 
gle continuing  the  ^ame,  the  generating  line  approach  nearer 
the  centre,  there  will  arise  a  less  hyperbola,  but  quite  similar  to 
the  former." 

The  ingenious  contrivance  by  which  this  principle  is  applied 
to  the  formation  of  hyperboloids  of  two  sheets  not  belonging  to 
our  present  object,  need  not  be  further  noticed  here,  than  sim- 
ply to  state,  that  it  is  found  in  Phil.  Trans.  No.  ^3.  p.  1039 :  or 
Huttoa's  Abridgment,  Vol.  I.  p.  396* 

M.  Parent,  1709. 

The  next  notice  we  find  of  this  body  is  by  M.  Parent,  in  the 
Histoire  de  I'Acad^mie,  1709,  p.  57  :  but  this  referring  merely 
to  its  cubature,  and  the  relation  between  its  volume  and^hat 
of  an  ellipsoid, — ^adds  nothing  to  our  knowledge  respecting  the 
interesting  properties  at  present  under  our  consideration.  It  is 
mentioned  here,  from  its  being  the  first  time,  after  Wren,  that  the 
figure  seems  to  have  been  noticed;  and  the  dissertation  refers 
expressly  to  the  Paper  in  the  Transactions,  for  the  name  by 
which  the  body  is  designated.  It  may  also  be  remarked  at 
something  singular  tliat  in  the  Hist,  de  TAcad.  the  name  is 
laid  to  be  given  ^'apresM.  VVallis,"  whilst  D' A lembert  refer- 
ring to  it  in  tlie  Eocyclopaedie,  says  that  M.  Parent  named  it 
''apres  M.  Wren."  I  cannot  take  upon  me  to  say  that  Dr. 
Wallis  has  not  named  and  mentioned  this  figure ;  but  I  have 
never  met  with  it,  if  he  has.  D'Aiembert,  however,  only  no« 
tices  the  dissertatbn  of  Parent,  and  makes  no  reference  to  the 
above  quoted  paper  of  Sir  Christopher  Wren  :  in  consequence 
of  whicb»  we  may  presume  he  was  unacquainted  with  it. 

Sir  Isaac  Newton. 

Sir  Isaac  Newton^  also^  in  his  Aritkmetica  Universalis  in- 
vestigates the  nature  of  the  sections  made  generally  in  this  solid. 
Part  I.  Problem  33.  He  conceives  it  to  be  generated  according 
to  &ir  Christopher  Wren's  Corollary^  by  the  revolution  «>f  4 
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ttraight  line  about  an  axis.  Which  it  does  not  cut.  He  then 
investigates  the  nature  of  the  section  made  by  a  plan^  in  any 
position 9  and  finds  it  to  be  generally  of  the  same  order,  descend- 
ing, however,  under  particular  cases  of  relation  amongst  the 
data,  to  that  of  a  straight  line.  We  may  thus  consider  tnat  the 
general  characteristic  of  the  hyperboloid  of  revolution  of  one 
sheet  have  been  determined  by  these  illustrious  men*. 

Dr.  Brakbnridge,  1759* 

We  come  now  to  a  more  important  document,  the  Paper  of 
Dr.  Brakenridge,  in  the  Philosophical  Transactions  of  1759, 
p.  445.  How  httle  the  nature  of  this  class  of  enquiries,  has  been 
generally  understood,  will  appear  from  the  manner  in  which 
the  venerable  and  learned  Dr.  Hutton  characterizes  this  very 
memoir.  In  his  Abridgment  of  the  Transactions,  we  find  this 
laconic  account  of  it.  **  A  Letter  to  the  Right  HonouraiU 
Hugh  Earl  of  Marchmont^  F.  R.  S.  concerning  the  Sections  of  a 
Solxdt  kithirto  not  considered  by  Geometry ,  from   William  Bra* 

kenridgCf  D.  D. An  imaginary  solid  thai  never  can  occur, 

or  be  oj  any  real  use,"  Ab'.  XI.  p.  425*  Dr.  Youngs  in  his 
very  imperfect  catalogue  (imperfect  on  this  subject  in  partic4i« 
lar)  simply  notices  it  as-——**  A  locus  of  right  lines.*'  Such  it 
the  amount  of  attention  which  this  valuable  raper  has  obtaiotdt 

•«  You  have  here,"  says  he  to  Lord  Marchmont,  •*  new 
method  of  considering  some  geometrical  curves,  from  the  sec- 
tions of  a  solid  hitherto  not  taken  notice  of,  and  by  which  in 
particular  you  will'See,  t^hat  the  two  infinite  curve  lines  from 
the  sections  of  the  cone  are  also  sections  of  this;  which  may 
be  of  some  use,  as  it  seemjt  to  extend  our  views  of  their  nature 
and  properties.  The  description  of  it  is  very  easy  and  obvious, 
and  it  has  something  remarkable  in  its  form,  that  though  in  ibe 
most  simple  case,  ii  is  generated  and  bounded  b^  right  lines, 
the  surface  is  inc-urvated.     Tho  solid  is  thus  described* 

**  Let  DN  be  a  right  line  drawn  on  a  plane,  aihd  a  point  a  at 
any  given  distance  from  the  ' 

line,  from  which  having 
raised,  above  the  plane,  the 
right  line  am  in  any  given 
angle,  and  drawing  from  the 
same  point  a  the  line  ad, 
meeti/ig  the  line  on  on  th^ 
plane  in  D,  make  another 
plane  m  n  h  to  move  parallel 
to  itself  and  to  that  line  ao, 
in  a  given  angle  10  ilif  firkt 

•  Tlierc  heinp;  no  <liiriculty  in  ronsultin^  Sir  Isaac  Newton's  wort, 
I  La\'e  ihuu^Ut  it  utmccessar}  10  gl\c  aii>  cxtiact  from  it. 


*w- 
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plane ;  and  then  suppoie  the  intersections  of  it  M»  N^m,  n,  &c. 
with  the  line*  am  and  DN  to  be  continually  joined  with  the 
right  lines  mn,  mn,  &c.  And  there  will  be  generated  an  in- 
curvated  surface  by  them,  and  bounded  by  the  lines  am,  14N» 

»».  DA. 

"  It  is  evident  this  incurvated  surface  may  be  infinitely  ex- 
tended on  all  sides  beyond  the  lines  am,  mn,  nd,  da,  and  as 
^cll  below  the  given  plane  adn  as  above  it ;  and  therefore 
the  various  sections  of  it,  if  continued,  will  be  infinite  lines. 

**TTieline  am  raised  above  the  given  plane  adn  may  be 
called  the  vertical  Directrix. 

"  And  if  through  this  directrix  am  there  be  drawn  a  plane 
AMR  in  any  given  angle  to  the  plane  a  on,  intersecting  the 
moving  plane  NMRin'thc  line  MR,  and  meeting  the  given 
plane  adn  in  n;  then  the  points  a,  r  *and  n,  R  being 
Joined,  there  will  be  formed  a  trapezium  arkd,  that  maybe 
named  the  base,  and  in  which  the  line  DN  may  be  called  the 
Directrix  of  the  Base. 

^'  And  the  plane  amR  passing  through  the  vertical  directrix, 
and  the  moving  plane  mnr  together  with  the  base  abnd,  and 
the  curve  surface  will  make  a  solid  amrnda,  something  in 
the  form  of  a  wedge. 

*'  In  this  solid  there  may  be  made  five  seaions  in  a  given 
angle  with  the  base  or  parallel  to  it;  viz.  one  parallel  to  the 
moved  plane  [section,  a  right  line]  ;  one  parallel  to  the  direc- 
trix of  the  base  [section,  an  hyperbola];. one  parallel  to  the 
vertical  directrix  [section,  an  hyperbola] ;  a  fourth  parallel  to 
the  base  [section,  also  an  hyperbola]  ;  and  a  fifth  intersecting 
both  directrices  [which  gives  also  the  same  curve]*. 

He  then  goes  on  to  shew  that  •*  if  the  vertical  directrix  am 
be  made  parallel  to  the  plane  of  the  base,  but  the  plane  passing 
-  through  it  not  parallel  to  the  other  directrix,  then  the  section 
meeting  the  two  directrices  will  also  be  an  hyperbola:"  and  he 
remarks  that  *'  in  all  those  sections  where  the  common  intersec- 
tion  of  the  plane  passing'  through  the  vertical  with  the  base,  is 
not  parallel  to  the  other  directrix,  the  curve  is  an  hyperbola.'* 

••  But  now,"  he  continues,  "  if  we  suppose  the  common  in- 
tersection ar  of  the  plane  passing  through  the  vertical  with 
the  base,  to  be  parallel  to  the  directrix  on  of  the  base,  and 
both  directrices  to  be  cut  by  the  section,  the  curve  will  be  a 
parabola.*' 

One  specimen  of  his  method  of  demonstration  will  sixffice  on 


♦  I  have  inserted  the  brRckclcO  pbriiscj  to  prevent  a  new  enumera- 
tion further  on. 

VOL.  VJ.    PART  M«  c 
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thii  occasion,   (p,  4151.  Art.  5),     ••  It  iTic  isection  is  so  rtadc  ai 
to^meet  the  two  diTectricesi  the  cu)rv'e  ivill  be  an  hyperbola. 

*'  Let  the  section  bpo  meet  the  airectrices  in  b,  wi,  and  in- 
tersect tlie  plane  oF  the  base  iii  the  line  bo  ;  arid  malce  the 
moving  pHui,e  hmb.  to  be  cyt  by  the  section  in  po,  and  10  lAeet 
the  vertical  directrix  in  M.  Then  from  the  point  M  draw  Ma 
parallel  to  pb  ;  and  through  the  lilies  \^^,  ma  imagine  a  .plane 
to  pass  intersecting  the  base  in  fhe  lirye  ARr,  and  meeting  thh 
line  BO  in  r  and  the  section  in  mr.  And  from  A  draW  Xb  par 
railed  to  n  r,  and  Ag  to  dm  ;  and  through  r  mike  nr  parallel  to 
NR  and  to  meet  aq  in  7,  and  DN'in  ».  Draw  ^Iso  froft\^the 
>oint  B  the  line  bc  parallel  to  Ap  and  meeting  AQ  iti  c.  The 
ine$p  ("hen,  A^,  A^,  i»r,  rq,  nr^  B>i,  rn,  will  be  '^ven.  titACf 
therefore,  Xd  ri  a  :r  bc,  a  a  :  ^K  t :  ft  :  ? ;  ^nA  kg  :  r'm  : : 
aim;  Br  :. Bw  : :  a  :  h:  bt  :  rH  ::  a  :  n;  ac  r:  db  =  c ;  iht 
abscissa  bo  =:  jt,  and  ordinate  opz=  ^.     Ffom  Which  wfellive 

ftjT                  nx                        hx  ffca  +  qhx 

ps  =  --,  ON    =  — ,  AQ  :^  CH .    HQ   =  y*-^' V  ^'''  » 

fftcfl  4"  Tfiox        All        .1       .    -1  I 

11R   =:    ■    ■  ■   4-  And  then,  m  the  similar  triangles  nfo, 

VUN,  having  NO  :  PO  : :  nr  :  mr,  the  e(^aati6n  will 'be 
ya^  +  ycalq  +  yxbaq  zz  nmcax  +  nmhx^. 
And  the  cutve  if  an  hyperbola;  and  in  this  case  it  will   be 
•c6nvex  towards  the  plane  of  the  ba$c.     But  when  bn  is  negative 
'the  equation  i^ 

^a^  -f  ygca^  —  yxhqa  =  fnncax  —  nmbx*^ 
and  the  hyperbolic  curve  will  be  concat^e  towardi  thebate.'^ 

Thi'5  iurtace,  it  h  unnecevsarry  to  say  h  that  to  which  I  re- 
Terrcd  in  the  tdrtncr  part  of  my  paper  as  a  very  important  one. 
Whicli  had  beeh  overlooked  (as  I>r.  Brakenrtdge  quaintly  rfe- 
'tnalrks)  by  Dr.  Wallis,  •'  because  often  when  searchtfig  after 
*iieW  discoveries,  we  are  often  like  those,  who  groping  ip  the 
'flark,  mhf  the  things  that  are  nearest  thiem.''  It  is,  in  "inort,  tlM 
r-fnperbolic  paraboloid**  of  the  modern  French  Crc6ilicterf,* 

JBefote  diiffiiissing  my  account  of  the  labpuri  of  Eoglishmen  in 
this  brandh  of  cnquir)'— 'a//  which,  be  it  retnarked,.were9ntece- 
^t  to  those  qf  odr  Qallic  neigbbours^^t  may  be  worth  wh^etp 


^  Mr.  NicliolsoB  has  oonsid^red  a  particular  case  of  this  fif  are, 
(where  the  plane  to  i»hich  the  generatrix  is  parallel  is  perpeDdicnlar 
^totme  of  t!»  Knear  directrteea)  in  the  Kepo^itory,  Vol.  IV.  Part  II. 

£.  37-30.    His  method  in  principle  is  yery  analogous  to  Brakenridge's  : 
lit  it  18  neater  <n  its  detB]l5i,  and  more  i|iiiform  in  its  malitier.    TM^ 
Trill  atone  for  its  rather  less  general  grasp  of  idea. 


(    *9    ) 

tv^^niiiop  vbat  ^ral^fi^n^j^g^  attempted  to  take  a  more  general  view 
of  the  &v^l\i^ct>  and  tp  actermine  the  ii^hest  order  of  tne  curve 
that  C9i|l4  result  fropa  the  ^\ibstitution  of  any  curvilinear  direc- 
trix JFqc  qne  of  the  Iln^s  am  or  bn.    This  he  found  to  be  an, 
w^^e  II  i|  the  order  of  the  directrix.    The  cono-cuneus  ot 
W^Ui'  giveSji  therefo^^c,  as  he  remarks,  lines  generally  of  the 
HHIf t|;^  or^er.     T^e  pos^jhility,  however,  of  determining  Jr^m 
any  generating  property  of  a  surface^  the  highest  order  of  lines- 
which  can  result  from  Its  intersection  with  a  plane  is  a  pro- 
blem, the  legitimacy  of  every  solution  of  which,  by  methods  tit« 
ihpendtnt  of  finding  ike  equation  (^  the  surface  in  tetms  of  three 
cthordinateSy  may  reasonably  be  doubted.     Certain  it  is>  that  no 
general  method  has  yet  been  devised  for  that  purpose :  nor  is  it 
necessary  to  seek  for  such,  now  that  we  are  in  possession  of  a 
process  V}  universal  and  SQ  simple  in  its  application «  and  at  the 
same  time  so  consonant  to  the  general  principle  upon  which  tbe^ 
Analytical  Geometry  is  founded  and  built  up. 

That  beautiful  system,  the  product  of  the  fertile  and  preco- 
cious^ mind  oi  Clairault,  was,  however,  unknown,  or  misunder- 
stood in  Enffland  lor  nearly  a  century,  whilst  in  the  hajids  of 
tluler,  D'AIembert,  Lagrange,  Laplace,  and  a  host  even  of  minor 
mathematicians,  it  was.giving  birth  to  the  most  brilliant  disco^ 
veries  in  the  pure  and  mixed  mathematics.  TTie  utmost  point  ' 
to  which  Englishmen  attempted  to  extend  their  investigations 
respecting  solids  was  confined  to  regular  polyhedrons  (in  whici) 
however  Tittle  was  done  more  than  to  find  the  volumes)  and  to 
surfaces  of  revolution  apd  these  generally  the  simplest  cases. 
The  consequences  were,  that  we  fell  behind  the  rest  of  culti- 
vated Europe  \t\  our  knowledge  upon  these  subjects,  and  all 
t^ower  of  extending  the  boundaries  of  science  seemed  to  be 
oU.  in   a  ui^iversal  torpor  of  English  mind.     Maclaurinf  in^ 


*  When  Clairault  wrote  his  Treatise  on  Carves  of  Double  Curvar 
tqre,  in  1729.  be  was  but  16  years  of  ag^. 

-f  A  claim  ha3  lately  been  set  up  for  Maclaurin's  being  tbe  authop* 
of  the  present  system  of  Analytical  Geometry  of  Three  Dimensions^ 
It  may  be  well  not  to  engajce  with  that  fastidious  people,  the  Frencl^ 
in  the  discussion  of  any  claims  which  we  have  not  well  ascertain^^  t^ 
belong:  to  ourselves,  for  complfiisabt  as  fhey  are  in  tbeir  daily  inter- 
course with  their  neighbours,  it  is  confined  to  cases  where  discussion^ 
of  **  mewn  et  inttm"  cannot  worm  themselves  between  !  Tn  the  present 
case,  their  sensitiveness  may  justly  be  alarmed :  for  I  believe  that 
since  the  days  of  Dr.  Wallis  no  onr  ever  dreamt  of  depriving  Dea^ 
cartes  1r>f  the  honour  pi  this  fine  device.  His  plan  was  to  consider  a 
enrve  of  double  curvature  as  the  intersection  of  two  cylinders  at  right 
angles  to  one  another,  that  is,  from  its  orthographic  projections  oi^ 
two  planes  at  right  angles  to  one  another ;— 'in  other  words,  to  intro* 

c  fl 
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deed,  the  last  of  the  bright  spirits  that  shot  up  into  menial  vi^ouf 
under  the  cheering  eye  of  Newton,  it  is  true,  made  some  efforts 
to  point  his  countrymen  the  road  to  glory ;  but  in  vain  !  Even  to 
the  genera]  principles  of  integration — the  interpretation  of  dif- 
ferential expressions— -and  the  numerous  geometrical  and  phy- 
sical problems  depending  upon  these,— did  this  unhappy  spirit 
of  patriotic  Anti^ gallicism  extetid  itself.*     The  consequence 


diice  into  Analjtical  Geometry  the  method  employed  by  arobUects, 
of  delineating  a  building  by  means  of  its  orthography  and  iehnogmpky^ 
The  method  has  been  illustrated  by  several  cases  of  the  curve  of  in- 
tersection of  surfaces  of  revolution  of  the  second  order  by  the  Jesuit 
Kabuel,  (p.  398-409)  in  bis  Commentary  on  the  Geometry  of  Descartes, 
1731. 

The  more  important  contrivance,  however,— ^/r«;?reM«<iJf^  a  ntrfiite 
hy  one  equation  betu'een  three  variables,  and  a  curve  of  double  curvature  hjf 
two  equatimis  between  three  variqbles^-^is  due  solely  to  Ci-AlKAULT-  ft 
was  made  known  by  him  to  the  Aca{Umie  in  172B,  a^d  published  in  a 
thin  4to  volume,  under  the  title  of  '*  Reclierch^s  surlee  Courbeta  Double 
Coiirburey**  in  !7:3I.— The  publication  having  taken  place  eleven  y^ars 
prior  to  that  of  M^ac1anrin*s  Fluxions,  in  which  it  has  b'^en  understood 
the  system  first  appeared » I  trust  the  general  reference  now  given  will 
be  suJiiciGnt  to  put  an  end  to  thi.s  claim  for  Maclaurin.  It  is,  however, 
^  sufficient  honor  to  him  that  he  was,  probably,  the  first  who  resolved  forces 
in  the  direction  of  three  rectangular  co-ordinates,  without  having  also 
been  the  first  to  resolve  geometrical  space  in  that  manner.  I  believe  his 
claim  to  the  resolution  of  motion  will  bear  the  strictest  scrutiny  :  and 
such  is  what  I  understand  Mr.  Barlow  to  mean  in  the  statement  of 
his  claims.  Encycl.  Mctrop.  Art.  Mech.  p.  5.  Mr.  Young  has,  I 
think,  misunderstood  liim,  in  the  preface  of  his  very  elegant  and  per- 
spicuous ''Treatise  on  Analytical  Geometry,'' just  published.  What 
Mr.  Wxi^bt's  authority  waVtPref.  to  Self  Ex.  in  Euclid)  I  cannot  tell~ 
I  should  suppose  the  saibc.  Mathematicians  will,  1  persuade  my- 
self, excuse  me  if  I  hint  to  thini,  that  general  statements  should 
always  be  made  ifT sirict  reference  to  autliorities,  and  those  autho- 
rities intelligibly  stated.  By  neglectipg  the  first  part  of  this  caution 
we  are  very  lin&Ic  to  express  ourselves  with  a  vagueness  often 
bordering  on  oi  rqr,  and  in  neglecting  the  latter  we  destroy  to  others 
the  advantage^  which  leference  is  primarily  designed  to  afford.  In 
matters  relatKt^  to  the  history  of  disputed  claims,  the  rule  should  be 
followed  wiy^'thcmost  rigorous  minuteness: — and,  indeed,  autliors 
who  neglect'ihis  precaution  can  scarcely  hope  to  gain  ultimate  au- 
thority witkHie  world. 

*  Let  any  one  compare  the  Philosophical  Transactions  of  our  own 
Royal  Society,  (the  acknowledged  focus  pf  English  science)  with  the 
M^moiref  of  the  French  Academy,  with  that  of  Berlin,  or  with  that 
of  Petersburgh— then  if  he  do  not  blush  for  England^  I  envy  him  nei- 
ther his  feelings  nor  b)«  science.  Even  tlie  paper  of  Brakeniiilgc  sim- 
ple as  it  was,  watf  hot  understood.  •' 

I  am  happy,  however,  to  make  an  exception  in  favour  of  our  plane 
geometry  of  that  period,  the  only  branch  of  mathematical  scienee 
which  was  materialh  improved  in  our  hands.  I  need  not  particalariza 
authors,  as  every  English  Geometer  is  familiar  with  tkiir  writings^ 


(  tl  ) 

was.  ihal  inttead  of  teacbert  of  science  to  the  whole  of  our 
race^  we  found  ourselves  at  the  beginning  of  the  present  cen- 
tury,  ignorant  almost  of  its  very  elements  i  May  the  records  of 
the  present  century,  in  the  history  of  English  science  make  atone* 
neat  for  the  disgraceful  apathy  of  the  last ! 

Mauduit,  ty6Q. 

We  come  now  to  an  enumeration  of  the  labours  of  the  Fr.ench 
Geometers  with  respect  to  this  class  of  surfaces.  To  them  it  is,  that 
we  owe  all  the  other  properties  of  the  Rule  Surfaces,  as  well  aa 
the  very  elegant  method  which  is  now  employed  in  their  iav.es* 
tigation.  When  the  directrices  were  two  itraight  lines*  and  the 
third  condition  that  the  generatrix  divided  the  directrices  in  the 
same  ratio^  the  surface  itself,  had  bqen  long  known  to  the  French 
Artisans  and  Architects;  but  it  does  not  seem  to  have  attracted 
the  attention  of  the  French  mathematicians  till  about  1763, 
when  M.  Mauduit*  gave  in  the  M6moires  Elrangeres,  tome 
IVeme«  p.  6q3->33,  a  shore  paper  on  the  subject.  It  had  borne 
amongst  Architectural  writers  the  cognomen  of '  surface  gauche^' 
or  the  tunsted  surface.'^  The  professed  object  of  M.  Mauduit, 
is  to  give  the  method  of  calculating  the  volume  contained  be- 


Thc  problems  resolved  by  this  method  Lava  never  been  equalled 
aather  in  number  or  difficulty,  nor  the  mcthodii  condiTcted  with  so 
aaach  elejf^ce  by  any  writers  as  the  J^os^lish.  In  this,  however,  our 
Universities  had  little  share:  it  fell  upon  the  shoulders  of  those  men 
whom  with  sapercillons  ignorance  it  was  the  custom  of  the  titled  scho- 
lars of  those  days— perhaps  scaicely  less  so  now— to  affect  to  treat  as 
unworthy  even  of  a  passing  notice.  A  geometrical  work  which  is 
constantly  employed  at  Cambridge  is  wholly  composed  of  materials 
collected  from  the  Diaries  and  other  periodicals  produced  by  Diarian 
writers— and  yet  there  is  not  tlie  slightest  allusion  made  by  tiie  author 
to  the  sources  of  his  maUrUL    Is  this  justice  ?  , 

•  Kftown  to  the  English  reader  by  Crakelt's  Translation  of  his 
Spherical  Trigonometry.  « 

t  Diderot  thns  notices  them  in  the  Encyclopndie,  1757. 

*^  Gauche,  (coup  depierres.)  II  se  dit  de  toute  surface  que  n-'a  pas 
qoatre  angles  dans  unemdme  plan;  ensortequ'^tant  regardie  en  profit, 
les  c6tes  opposes  se  croisent«  Telle  est  une  portion  de  la  surface  d'uuo 
vis,  et  de  la  plupart  des  arridre-voiissures.  Ce  terme  est  do  tons 
les  arts,  tant  de  ma^onnerie  que  de  charpouti^rie  et  menuiserie  d'oik 
Ton  a  fait^tficcAtr. 

"GAUCHiR(vn}.  Menuiseru.  II  se  dit  des  faces  on  paremens  de 
qaelqne  piece  de  bois  ou  ouvrage,  lorsque  toutes  les  parties  n*en  sont 
paa  dans  une  m^me  plan  ;  ce  qui  se  eonnolt  en  pr6sentant  une  regie 
d'angle  en  angle:  si  Tangle  ne  touche  point  par-tout  on  la  promenant 
sar  la  face  de  Touvrage,  Ton  dit  que  cette  face  a  gauehi.    Une  porta 
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t¥F^en  a  pevefon  of  tk»  f&rfaee  iiid  tpociAed  Dkties»  ancl  }» 
•p}le  of  ike  great  numbep  of  teFms  wlucb  ihe  rasuliing  iifferoi- 
tial  expression  oontainSy  he  has  <Muoed  from  it  a  practipal  mte 
which  is  tolepabiy  simple,"  He  then  goes  on  i^find  l&^eftta- 
Hon  referred  to  three  co^r4^ates^  which  is  the  pKMre  tattresUBf 
portion  of  the  M^moire.  He,  however,  does  not  lake  the 
question  in  all  its  gcnerjiHtjfr-**^  as,"  says  he,  *.*  we  may  readily 
convince  ourselves  that  the  nature  of  the  surface  is  always  the 
game,  that  is  that  it  does  not  exceed  an  equation  of  ths  second 
degree  of  three  variables  ^  and  as  the  oontputatioA  hecameB  eXf 
tremely  long  and  oomplioated  in  the  c^te  where  the  base  is  a 
quadrilaieral  whose  sides  are  not  parallel^  we  shall  satisfy  ooih 
selves  with  examining  that  only  inhere  two  of  the  sides  are  g^ 
rallel.'*  P  ^ 


est  guiuchti  au  vniU^f  91  ^us^nd  on  la  pr£scnte  d^n^  pes  f<pail|qres  ^ul 
sent  bien  i^-plomb  elle,  ne  porte  point  par-tout  ^galement." 

M.  Mandait  giTes  the  following  ^*  IMJiniiwn  et  ^SnSfifUwn  Het  Ctips 
Gauehes'*  io  the  early  part  of  his  M«m9tr«:  '' Qi^,"  9a>f»  h^,  'M'^ 
9](pfi^tt«  lenr  fonnation,  la  maniftce  de  los  toiser  saus  0tr.e  ^hlJ9^  4p  ^^ 
d^oosQiposer ;  et  ies  diflf^r^ntes  propri^t^s  de  c^  Corps  par  rapport  aux 
coarbes  que  I'on  pent  y  trouyer  par  rintersection  d  an  plan.^ 

'*  ABCD  est  un  quadrilat^re  irr6g:alier  quelconque,  aux  ang^les  duqael 
s'^l^vent  trois  hauteursi  in^gales  ar,  bs,  do,  perpendicufatres  4  ee 
plan  (on  verroit  ais^ment  que  le  cas  de  quatre  hauteurs  se  r^dairoit 
a  celni  que  nous  examrainons  ici).  Si  apr^s 
avoir  tir6  les  lignes  co,  cs,  Ro,  rs.  ob  ima- 
gine one  r^gle  qui  par  court  dans  le  mtoie 
temps  les  lignes  oppos^es  cs,  ro,  11  en  r6- 
sultera  un  corps  termin^e  par  le  quadrila- 
t^re  ABCD,  par  plasters  sttrfaces  vcrticales 
qui  seront  toute  des  triangles  ou  des  tra- 
peses, et  enfin  par  une  surfeoe  courbo  rocs, 
d^crite  dans  le  mouvement  de  la  r^i^e  sur 
les  lignes  cs  &  Ro;  o'est  k  ce  corps  que 
Ton  donn6  le  nom  de  C&rpt  grnvtche^  k  isause 

des  fbrn^s  singjoU^es  qnll  alTecte,  sfslgn  Tin^gaJit^  plt^  oa  W^^^ 
grande  des  ligne/i  verticales  ar,  bs,  do."  p.  624.  ,'- 

Sav6rien  ^^  not  give  tl^e  word  in  his  Dictionnaire  dei  M^^^^" 
jP^aUiiaes, 
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F0r  the  Volitm. 

Lemma.  If  «!^y  tilnplrilateral  abcdt  ooi^pbted  of  two  triaogles 
AC  By  A  DR  whoseaf  eas  ar6~6^  2ifid  t^^ 
and  if  at  the  angles  b,  c^  i>v  a«  be 
cVawn  four  perpendiculars^  so  that 
BF  =:  CG  =  ^  and  ae  =  d h  =:  7; 
i^n  the  iolid 

ABCDHEFO  =  ^ ^. 

3 

For,  upon  the  verticals  ae 
-Ml  Ifftfe'Clie  \^^  ^ic^t'Bi  and 
zz  BF ;  and  thr^y^igh  the  points  «, 
K«  Vy  G  conceive  a  tprlanc  pnallel 
^o  the  base :  then  it  is  obvious 
that  \bfr  soNd  tiretl»e«^n  these  ps^. 
rallel  planes  is  equal  to  {i *  4-  «*)<p.  The  remainder  of  the  solid 
iHEKFG  is  a  kind  of  wedge  w'hrch  obrttaiti^  three  pyramids, 
pne  of  whijch  ekfg  has  the  triangle  hfg  for  base  and  ek  for 

jlltitude.    It,  therefore^  is  equal  to  '^      ^  x  c\  Tbatwoothers 

8 

Hsu^K,  ^hfk,  biid  are  together  €<[ttal  to  '^~^  x  ftd^    By  ad- 

diMon,  we  have,  &c«  as  stated  above. 

The  foregoing  lelnmatical  proposition  bei^g  established,  we 
proceed  to  find  the  the  solidity  of  any  Cor^i  gaucAi,  whatever. 

Prolong  the  opposite  ^idcs  AD,  bc  of  Che  quadrilaiteral  1)ase 
till  thev  meet 
^  o*  Prolong 
^Iso  OR  till  it 
ineets  ad  in 
(2;  and  demit 
from  the  point 
'A  the  perpen* 
^icular  ae  up- 
on the  Qppo- 
fite  side  bc. 


Let 


C4.G=za, 
J^«  3=  5, 

J  AD  Z=  ^, 


BC=:g 
▲R  =  m 
BC  =  n 

AP    =  JIP 

Fp   =  dx 


i^e  the  given  parts,  and 


BM 


-  5f 


be  the  indeterminates* 


ffix 
Hm  =,  ^ — 


^     {    H    ) 

Then  we  find  readily  that 

lift  4- ^x        J  bcf^bxy 

PK  =  ,  and  mh  =  — ^ . 

a  ac 

These  two  lines  are  the  heights  of  the  triangles  mpOTi  p«P 
which  form  the  base  of  the  element  of  the  solid. 

Hence  the  triangle  MPtn  =z  ^^ —  X  rfx  =:  e*,  and  ihc 

triangle  fmp  zz  — s^ ^  x  dx  =  ^ 

« 

For  finding,  then,  one  of  the  altitudes  of  the  elementary  so- 
lid, we  seek  in  the  first  place  a  a,  by  the  analogy, 
OD  —  AR  :  AD  : :  hr  :  aq,  or  in  letters^ 

Q'^  m   i   c     II    m  I ,  from  which  we  get 

^  q  —  m  ® 

cm  +  qx  —  mx  -    ,.i 

PT  =  ^ =  y.     In  like  manner 

c 

en  —  nx 
MX  =  =r  (p. 

c  ^ 

It  is  now  easy  to  find  the  elementary  solid  by  means  of  the 
lines  already  known  and  the  formula  in  the  last  article. 

Employing  the  denominations  for  the  quantities  already  !«<* 
down,  the  parts  of  this  formula  become 

ahcgn  +  Icgnx  -r-  abgnx  —  bgnx*  24*^ 

3ac«  3 

b^fm  4-  bcfyx  I|l  bcfmx  +  bgmx  —  bgm  %  ^        ,    _  fl^ 

bclffi'^  bcgnx  —  bcfnx  —  bgnx^         ,     __.  P(p 

oac*  3 

abgcm-^-abgqX'^abgnx  H-  bcgmx  +  bgqx"* ^ bgmx*  .^  —  £? 
**"  6ac*  ^'  •*""  3 

The  integral  of  these  quantities  collected  and  condensed  as 
much  as  possible  is 

2ahgn  +  ahgm  -{-Jjcfm  +  bcfn  ^    .  .  - 

o^c 
2 bcgn^abgn — a/?^»i — 6c/>i  4- b€fm+  bcfq  \- a hgq  +  bcgm        , 

i2ac* 

+  i  1 ^  ^^'     If  we  jfuppose  X  zz  c,  and  make 
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the  necessary  reductions,  we  tball  obtain  for  the  volume  of  the 
whole  solid  contained  within  these  boundaries. 


ABCDORSC  =     -^ 

a 


X  g  + 


.    be/       2m  +  flj  4-  n 

aa  o 

He  then  goes  on  to  construct  a  solid  bounded  wholly  by  plane 
faces,  which  shall  b?  equal  to  the  ^olid  gauche:  but  as  this  it 
an  operation  of  the  most  elementary  kind,  and  is  not,  moreover, 
made  conducive  to  any  further  important  investigation  we  think 
it  unnecessary  to  dwell  upon  it  here. 

This  is^  I  believe  f  the  first  time  that  any  part  of  a  surface  of 
the  second  order  has  been  cubed. 

To  find  tl^  equation  of  the  surface* 

Let  AB  =  a ;  bc  ^  & ;  DC  =  c ;  ad  =  </,  and  af  =  /;  the 


heights  AL  =:  ;9i,  BG  =  fi,  CB  =  f  ;  ap  =  jr ;   pq  =  « ;  ftN  =i 
y  I  then  we  shall  have 

am  am+nx^mst      _^        qx     ^^  ^fii-^dx 


AKz: 


,  ^M= 


BS 


i*^Ml 


n^m^ a  o  '  7^ 

Suppose  the  h'ne  MS  prolonged  towards  z,  till  it  meets  pb, 
also  prolonged  as  far  as  necessary  ;  ihen  we  shall  find  rz  zt 

i — r  *^^ r  ,  and  find  QN  or  y  by  the  proportion 

itz  :  as  t:  ZQ  :  qn  ;  or  putting  for  these  thet^r  anaiyticiri  va« 
lae,  and  reducing,  we  obtain 

orfjrjr#-tf df/y = ^d.i»  +  qdfx  \-  [fd  +  dx ^Jti)  {am  4-  ftx  -  mjr — qx)  ; 
an  equation  which  appertains  to  an  hyperbolic  curve  Surface. 
C.  Q.  F.D. 
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(     «6     ) 
Cor.  1.  If  we  suppote  z  has  a  constant  ratio  to  rp,  so  that 

r  :  d  ii  z  I' ?'"*'>  *"^  deduce  the  value  of  z  from 

this,   and  insert  it  in  the  general  equation^  and  we  shall  get 

.  jr  •+•  -7  .  (mx  —  nr  +  gx  —  am)  =  y ;  the 

a  ad      ^  If'' 

equation  of  a  straight  line,  from  which  it  follows  that  the  corps 
gauehi  is  such,  that  it  may  be  equally  generated  by  the  motion 
of  the  ruler  upon  the  sides  £d,  gl  or  upon  ld,  ge  ;  for  since 
we  have  supposed  2  :  rp  : :  r  :  i/^  it  will  follow  that  the  lines 
KP,  AD,  and  therefore  the  lines  ad,  bc  are  passed  over  in  the 
same  time. 

Cots.  2,  3,  4.  Are  concerning  the  sections  of  the  surface. 

Cor.  5.  It  will  follow,  again^  from  this  generation  and 
Cor.  1.  upon  the  double' mode  of  generation,  that  of  all  curve 
surfaces  which  can  terminate  a  body^  this  is  the  least  possible, 
that  is,  it  is  most  approximative  to  a  plane.  For  we  can  apply 
a  ruler  and  make  it  move  in  two  different  directions,  through 
the  whole  extent  of  the  surface;  and  it  would  become  absolutely 
plain,  if  we  could  move  the  line  upon  the  surface  into  a  third 
position  [always  resting  upon  these  two.] 

*'  We  may  remark  that  this  surface  has  much  analogy  to  the 
annulus",  engendered  upon  the  lathe  by  the  revolution  of  a 
cylinder,  to  the  axis  of  motion  of  which  we  present  the  edge 
ot  the  tool  obliquejy.  We  find  in  this  body  as  well  as  in  that 
which  we  have  examined,  the  diflPerent  sections  of  a  cone  ;  and 
we  can  also  apply  to  the  curve  surface  a  straight  line  which 
shall  touch  it  in  all  its  extent,  in  two  different  directions.'* 

Three  important  steps  are  here  made.  1st.  The  equation  of 
the  surface  in  terms  of  three  variables,  find.  The  discovery 
of  the  double  genesis  of  the  surface,  3d.  Tlie  analogy  be- 
tween the  surface  gauche  and  the  hyptrbolic  cylindroid  of  Sir 
Christopher  Wren. 

M.  Mauduit  promised  to  resume  the  enquiry  in  a  second  me. 
moire,  but  I  do  not  find  that  he  ever  accomplished  his  purpose. 
This  is  the  more  to  be  regretted,  as  he  would  doubtless  have 
been  able  then  to  give  a  general  and  a  more  simple  investiga- 
tion of  the  equation ;  and  have  also  shewn  not  only  the  analogy 
between  the  surf  ace  gauche  and  hyperbolic  cylindroid^  but  also 
that  ihe  latter  i^  only  a  particular  case  of  the  former  of  these 
surfaces. 

Were  wc  to  follow  the  order  of  time  we  should  now  be 
brought  to  the  consideration  of  the  paper  of  Euler  in  the  Pe- 
tersburgh  Academy  Transactions  for  1771,  upon  Developable 
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Surface!,  and  to  ihe  varioui  papers  of  Mohgc  upon  the  iame 
class  of  surfaces,  upon  the  cvolule  surfaces  of  curves  of  Double 
Curvature,  the  Construction  of  Abitrary  Functions  which  enter 
into  the  integrals  of  partial  differential  ecjtiations,  and  upon 
"  Ombres  et  Penombres,"— all  in  the  Memoires  des  Savans 
Etrangers.  We  should  more  especially  be  led  to  consider  the 
memoire  inserted  in  the  ninth  volume  of  that  work,  p.  382, 
"Sttr  les  propritUs  de  plusiers  des  Surfaces  Courbes,*'  on« 
part  of  which  is  expressly  devoted  to  surfaces  gauches.  It  ap- 
pears, however,  from  the  very  different  purposes  for  which 
both  Monge  and  Euler  wrote  from  those  we  have  been  consider- 
ing, as  well  as  the  essentially  different  method  of  conducting  the 
enquiry,  that  it  will  be  more  advisable  to  pass  at  once  to  the 
paper  of  M.  Tinseau,  also  inserted  in  the  ninth  volume  of  the 
Memoires  Etrangeres.  Our  business  has  hitherto  been  exclu- 
lively  with  the  surfaces  gauches, — we  shall,  after  finishing  this, 
trace  the  history  of  the  surfaces  developahles  in  the  same 
manner :  and  then  finally  consider  the  two  classes  in  conjunc- 
tion with  respect  to  contrast  and  similarity. 

M.  TlNSEAUj    1774. 

M.  Tinseau  considers  the  movable  line  as  enfilading  tlie  three 
directrices,  which  may  be  any  curves  whatever :  and  the  sur- 
faces he  calls  "  surfaces  gauches'*  This  notion  of  the  method 
of  generating  the  rule-surfaces  was  first  made  use  of  by  Monge, 
in  his  Memoire  of  1771  :  and  was  a  very  obvious  consequence 
of  the  discovery  of  Mauduit,  of  the  possibility  of  generating 
surfaces  gauches  in  two  different  manners  already  mentioned 

(ai  Cor.    s.  p*  26.) 

For  let  A,  B,  c,  d  be  the  four  sides  of  a  twisted  quadrilateral 
[quad,  gauche,  Fr.)  taken  in  order,  and  let  g,  g'  denote  the 
two  generatrices  that  pass  through  any  point  of  the  surface 
gauehe.  Then  if  g'  become  fixed  in  any  one  of  its  positions, 
the  other  generatrix  G  must  always  glide  along  it  as  well  at 
along  B,  D ;  since  all  these  three  lines  are  upon  the  surface 
described  by  g.  Monge,  moreover,  had  employed  anv  curves 
of  double  curvature  as  directrices ;  and  Wallis  and  Brakenridge 
had  employed  a  curve  instead  of  one  of  the  rectilinear  direc- 
trices, long  before  this.  Three  conditions  are  necessary  to  con- 
fine the  generatrix  so  as  to  describe  a  surface;  and  it  was 
obvious  that  these  lines  may  be  of  any  kind  whatever.  When, 
therefore  only  two  lines  were  given,  it  became  necessary,  as 
M.  Tinseau  states,  to  adopt  some  other  condition.  He  employs, 
exactly  as  Wallis  and  Brakenridge  had  done,  the  condition 

d2 
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ihftt  the  moving  line  $hall  be  alwayi  parallel  to  a  given  plane. 
He  considers  this  plane  to  be  situated  horizontally ;  take*  a 
itraighi  line  for  one  of  the  directrices,  which  he  denominatet 
ihe  **  ao^e";  and  for  the  orher  '*  directrix**  (he  so  designates  it) 
he  takes  any  curve  whatever.  He  states  that  the  surface  ge-* 
aerated  will  belong  to  a  class  of  surfaces  known  in  architecture 
by  the  name  of  "  Conoidi"  He  distinguishes  these  conoids  into 
**  right'*  and  **  oblique^*'  according  as  the  axe  is  perpendicular 
to  the  horizon  or  not :  and  remarks  that  every  such  surface  is 
infinitely  extended,  and  divided  into  two  perfectly  equal  parts, 
by  the  axe,  as  a^  cone  is  by  its  summit* 

When  the  directrix  is  a  semicircle  in  a  certain  position,  the 
figure  is  clearly  the  cono-cuneus  of  Wallis:  and  when  a  straight 
line  in  any  positiout  it  is  the  anonymous  solid  of  Brakenridge, 
subsequently  called  the  hyperbolic  paraboloid^  or  the  plaiu 
gauche  by  the  indefatigable  Hachette. 

In  the  annexed  figure  he  supposes  acq  to  be  the  horizontal 
plane,  and  ab  the  axe. 

ITien  cutting  the  co-  ,%j  ^.^  jg 

noide  by  a  plane  pa- 
rallel to  the  axe,  we 
shall  have  a  section 
such  as  Dxa*  Then 
coDsideiinff  the  solid 
comprised  between  the 
bprizontal  plane  acq» 
the  plane  of  the  base 
c  D  E  Q«  the  conoidal 
surface,  and  any  plane 
ABDC  drawji  through 
the  axe  and  a  point  d 
of  the  base:  we  «<  shall  find  the  figures  possessed  of  properties 
which  merit  attention  from  their  analogy  with  those  of  the  prism 
and  the  pyramid." 

Jheor.  1.  '*The  areas  of  the  sections  cdeq,  pdv^  parallel 
to  one  another  and  to  the  axe,  are  proportional  to  their  distances 
from  the  axe/'  For  imagine  an  innnity  of  planes  infinitely  close 
to  one  another,  which  cut' the  solid  in  a  series  of  triangles,  and  the 
two  sections  cdbq,  Fdnf  in  parallel  lines.  These  planes  will 
divide  the  two  sections  into  the  same  number  of  minute  paral* 
lograms  of  the  same  altitude,  two  and  two,  as  e^p,  Nu^g,  &c. 
Then 

EefE  :  i^ffgG  ; :  £e  :  Na  : :  BD  :  B</, 

that  is  in  the  ratio  of  their  distances  from  the  axe :  and  therefore 
the  sum  of  the  areas  tefr  and  the  sum  of  the  areas  Kxgo,  that  is 
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(heseirdofii  gi>%q  and  Tdsq  are  proportional  to  their  distances 
from  the  axe. 

^  Theor»  t«    ^'  The  solid  abdcqca  is  equal  to  the  product  of 
Ui  t>ase  oo«Q  by  half  its  perpendicular  height." 

For  we  may  regard  it  as  composed  of  an  infinity  of  layers  com- 
prised between  sections  parallel  to  the  base.  Let  ?d^q  be 
one  of  these  sections,  x  its  perpendicular  distance  from  the 
axei  B  the  base,  4  the  height  of  the  couoide*  dfc  the  thickness 
of  pne  of  the  layers  which  has  vd^q  for  base ;  then  this  layer 

will  be  (Theor.  »•)  ^  ><  dx.   The  solid,  then,  is  f^^^  ^ 

Bjr» 

rr-  (the  constant  being  zero  since  we  integrate  from  the  axe)  t 

aud  when  x  =:  A,  —  will  be  the  value  of  the  entire  solid. 

We  may  easily  deduce,  he  remarks,  from  this  the  solidity 
ofatrunkof  a  conoide  terminated  by  bases  parallel  to  one  an- 
other and  to  the  axe^  and  that  the  layers  supposing  them  of  the 
same  thickness,  will  increase  as  the  ordinates  of  a  triangle. 

Theor.  3.  The  centre  of  gravity  of  the  conoide  is  at  two- 
thirds,*  reckoning  from  the  axe,  of  the  horizontal  line  oar 
drawn  from  the  centre  of  gravity  of  the  base  to  the  axe. 

**  For  demonstrating  this,  I  shall  in  the  first  place  shew  that 
the  line  oto  passes  by  the  centres  of  gravity  of  all  the  sections 
parallel  to  the  base:  in  fact  the  distance  of  the  centre  of  gra- 
vity of  the  section  vdsq  from  the  horizontal  plane  (parallel  tp 
the  axe  ab)  is 

fSGgn  X   MN    _fi   ^   "-^'  "^  ^"    ^    /ef/s  X   EH  . 

fsGgn  rx  ^  ^.  /%fjt 


fi  ^  "-^^ 


that  is  to  say  the  saipe  as  that  of  the  centre  of  the  base;  and 
hence  the  horizontal  plane  drawn  by  the  centre  of  gravity,  o,  of 
the  base  contains  the  centres  of  all  the  sections  parallel  to  this 

•*The  distance  pf  the  centra  of  gravity  of  the  section  pdNy 


•  There  Is,  in  the  original,  a  typographical  error  in  the  statement 
of  this**.**  «iMr  titrsJ* 
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from  the  plane  abbc  (taken  parallel  to  the  straight  line  ca)  is  -^ 

that  is  to  say,  that  it  is  to  the  distance  of  the  centre  of  gravity, 
0^  of  the  base,  ad  at  :  A.  Thig  centre  is,  then,  in  the  plane 
drawn  by  the  axe  and  the  centre  of  gravity  of  the  base.  Hence, 
the  intersection  of  these  two  planes,  that  is^  the  horizontal  line 
ow  drawn  from  the  centre  of  gravity  of  the  base  to  the  axe^  con- 
tains the  centres  of  all  the  sections  parallel  to- the  ba&e ;  and 
consequently  of  all  the  layers  that  are  terminated  by  the  sections, 
aiid  finally  of  the  conoide  itself. 

"  It  only  remains  to  find  the  position  of  this  centre  upon  the 
line  ow.  Now  any  layer  whatever,  parallel  to  the  base  is  (Theor. 

I.)  =:    ■  ,  "  ,  and  us  moment  about  the  point  e;   is  =  — %—  x 

o'v)  :  but  o^w  \  X  w  ow  \  h\  and  hence, this  moment  is  —Tt^    ^ 
tfw.     Tlierefore, 


p 


J 


fixdx 

IT 


X  ow 

—  =  distance  of  centre  of  gravity   of  the 


solid  from  the  point  w ;  or  bearing  in  mind  that  since  we  in- 
tegrate irom  the  axe  the  constant  is  nul,  we  have, 

/bx'  X  ^o\ 

i ^  =1  —    c^a;    X    T  =  —  ow.     Which   was   to 

(^\\  3  *       3 

\  2A  / 

be  proved. 

We  may  also  deduce  from  this  that  the  layers  are  as  the  or- 
dinates  of  the  triangle.  We  may,  moreover,  find  readily  the 
centre  of  gravity  of  a  layer  o\  a  conoide  terminated  by  bases 
parallel  to  one  another  and  to  the  axe,  upon  the  straight  line 
which  joins  the  centres  of  gravity  of  its  two  bases." 

I  have  given  these  three  propositions  at  length,  because  they 
are  exceedingly  beautiful,  and  also  because  they  have  not  been 
noticed  by  any  other  writer  that  I  know  of.  The  volume  of 
the  hyperboloid  of  one  sheet  found  by  M.  Mauduit  would  be  a 
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very  suitable  ^completion  of  this  branch  of  the  enquiry:  but 
unfortunately  it  would  occupy  more  room  than  can  well  be 
spared  for  it  in  the  present  sketch.  It  is  more  especially  the 
case,  as  the  subsequent  pait  of  M,  Tinseau's  mcmoire  will 
scarcely  admit  of  compression  without  despoiling  it  of  its  value* 
Almost  the  whofe  of  it,  too^  has  been  in  one  form  or  other 
brought  forward  by  subsequent  writers  as  nexo» 

M.  Tinseau  goes  on  to  remark  that  a  singular  property  of  these 
conoi'des  is  the  **  simplicity  of  their  equations,  when  we  take 
for  co-ordinates  the  straight  lines  ab,  AC,  CQ.  In  fact,  it's  be 
any  point  in  the  surface,  and  NM  =  ;,  MP  =  y,  ap  =  ^  its 
co-ordinates  ;  we  have  z  =  eh,  but  fh  =:  ^  (ch),  (p  indicating 
any  function  whatever,  given  by  the  nature  of  the  base;  then 

z=:  ?(ch).     But  CH  z=   ^' ,  and  hence 


= ^  c-^^^)  •" 


He  then  proceeds  to  deduce  from  the  preceding  principles, 
the  principal  properties  ot  the 
surface  gauche*  This  he  calls  the 
ouadrilaQre  gauche;  in  whiph 
ne  is  peculiar,  for  all  other  writers 
call  the  assemblage  of  any  flur 
itaight  lines  traced  upon  this 
surface,  not  the  included  portion 
q(  the  surface  itself,  the  quadri- 
latere  gauche.  "  Let/'  then  says 
he,  ''ar,  CD   be   two  indefinite 

straight  lines  situated  in  different  planes  and  projected  on  the 
tiorizontal  plane  in  a&  and  cd*  It  we  know  the  angles  ca^, 
Ba(,  ACd,  and  dcc/,  the  length  of  AC,  these  two  lines  are  jriven 
in  position  in  space.  There  are  also  several  other  ways  of  fixing 
these  positions. 

Parallel  to  the  horizontal  plane  ca^,  let  an  infinity  ol  straight 
lines  be  drawn,  such  as  uD,  f/,  &c.  which  pass  by  the  lines 
ab,  CD;  we  shall  then  have  a  surface  of  the  conoidal  kind, 
the  axe  of  which  is  ab,  and  directrix  CD.  This  surface  ex- 
tends itself  to  infinity  in  every  direction,  since  bv  all  the  points 
ofAB  and  CD  prolonged  to  infinity  we  may  nnd  horizontal 
straight  lines,  as  bj^,  and  prolong  these  also  to  infinity.  Then 
by  all  the  elements  AC,  f/,  bd  of  this  surface  we  can  draw 
parallel  planes,  and  as  these  parallel  planes  cut  in  proportional 
parts  the  lines  situated  or  not  in  the  same  plane,  the  lines  ab, 
Cd  prolonged  indefinitely  are  cut  by  the  elements  of  the  sur- 


(    8«     ) 

face  into  parts  proportional  to  one  another  and  to  the  lines  Aft, 
CD,  Hence  it  is  clear  that  the  surface  whose  formation  we 
have  given  is  the  same  with  that  which  is  known  by  the  name 
of  surface  gauche^  plan  gauche^  or  quadrilatere  gauche,  taken 
according  to  its  common  definition.** 

It  is  quite  clear  from  this  that  M.  Tmseau  had  formed  to 
himself  a  contracted  view  of  the  general  character  of  surface 
gauchesm  In  many  structures»  indeed^  two  of  the  sides  of  the 
quadrilateral  might  be  parallel  to  the  same  plane,  thereby  form- 
ing the  hyperbolic  paraboloid  of  which  he  speaks.  In  many 
others,  however,  no  such  condition  is  implied,  or  even  always 
possible  (as  in  sloping  terraces  for  instance)  and  in  this  case  we 
iiave  a  more  genet al,  and  in  some  respects  a  JifFerent  class  of 
surfaces  produced, — the  hyperboloid  of  oneshetiU  M.  Tiuseau 
treats  only  of  the  iormer :  M.  Mauduit  only  of  the  latter,  clasa. 

'*  The  equation  of  this  surface  is  extremely  simple,'*  says  he. 
**  Let  A  be  the  origin  of  cor-ordinates,  AC  the  axe  of  x  ;  draw 
1)5  parallel  and  equal  to  ab,  and  hence  terminated  at  the  plane 
CAB ;  draw  also  ch  ;  let  N  be  any  point  oi  the  surface  and  bd 
the  element  upon  which  it  is  situated  ;  draw  hn  parallel  to  ab 
and  SI F  to  ch  ;  and  finally  put  af  =  x,  pm  =  y,  mn  =r  s,   AC 

=:  a,  tat>C  =  K,  5CD  =:  L.    Then  c5  =   -^;   but  c^  :    d6 


» • 


t  sin  iC  Xz  sin  K 


^         ay        z  sin  r 
sm  K  :  sin  L ;  hence -^  =    ■■»   ■■■■ ;  or  jr  s:  — -— *- , 


:r  sin  L  a  sin  h 

"  It  follows  from  this  equation  that  all  the  phine  sections  which 
we  can  make  in  a  quadrilatere  gauche,  are  either  straight  linei 
or  hyperbolas.* 

^*  Let  tst.  t  s:  il,  it  becomes  V  =  — : which  only  fhews 

'         asinL  < 

what  we  already  know  from  the  genesis  of  the  surface  r  via.  thai 
fll  the  horizontal  sections  are  straight  lines  passing  by  the  cor. 
responding  points  of  the  lines  ab,  cd.  I  call  direct  elements 
of  the  surface,  the  straight  lines  of  which  it  is  composed  parallel 
to  the  horiaon. 

*'  Let  »nd«  X  ^  k\  then  it  becomes y  =r  -  ■.   ■■■    ft    hence 

<•  sin  li   "^ 


■.■-****-•>*«— *M(«aaMi^  ««M^ki 


*  tt  ivill  hereafter  appear  that  a  class  of  ptrehoHc  actions  can  be 
aaade  in  ihis  surfate.  Tbt  infcrrrnce  of-  M«  Tinaeao  is  too  hastily 
drawn.  An  error,  indeed,  has  crept  into  M»  Tinscaa's  intestigatioD, 
which  will  be  pointed  out  presently*  I  have  given  it  as  it  stood  in  his 
Iffintvire,  in  preference  to  a  msre  correct  form,  to  shew  the  real  amount 
^fkiscrtor.— T.  8.  IK 
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fclif*  sections  parallel  to  rn;»,  or  to  the  two  directrices,  are  also 
siraight  lines  :  then  the  surface  of  a  guadrilaiere  gauche  is 
composed^  not  only  of  horizontal  straight  lines  but  again  of  other 
straight  lines  parallel  to  the  plane  which  is  parallel  to  the  two 
A'rectrices.  I  call  transverse  elements  of  the  surface,  the  lines 
of  which  it  is  composed  parallel  to  the  plane  CD6. 

"  All  the  transverse  elements  being  situated  in  parallel  planes 
they  cut  the  direct  elements  into  parts  proportional  to  the  sides 
AC,  BD :  and  for  the  -same  reason  the  direct  elements  ac,  ff. 
fip.,  &c.  cut  the  transverse  elements  a  b,  np,  cd,  into  parts  pro- 
portional to  the  two  sides  AC,  bd.  Then  in  the  quadrilalere 
gauche^  a^dc^  we  obtain  the  same  surface  if  we  divide  the 
opposite  sides  ab,  cd  into  parts  proportional  to  these  sides^  as 
if  we  divide  the  two  other  sides  ac,  bd  into  parts  proportional 
to  themselves,  and  draw  straight  lines  through  the  paints  of  di- 
vision* We  may  then  regard  indifierently  as  directrices  either 
the  sides  A  B.  CDor  ihe  sides  ac»  bd^  We  may  also  deduce  from 
it  this 

Tke*9rem  4,  Any  direct  element  of  the  quadrilatire  gauche 
and  a  transverse  element  cui  ofie  another  into  parts  propor- 
tional  to  Hie  corresponding  parts  of  the  directrices  respectively* 
Thus  N^  :  ^p  : :  bf  :  af;  and 

v({i  :  (f>f  : :  Av  :  pc." 

He  then  deduces  from  it  the  mechanical  principle  of  the 
uniform  motion  of  the  centre  of  gravity  of  two  bodies  in  uni- 
form motion — the  principle  employed  in  the  solution  of  the 
problem  which  gave  rise  to  these  notes,  the  £04th  oi  the  Re- 
pository. Its  details  are  unnecessary  here,  and  we  pass  on  to  a 
more  interesting  speculation. 

**  We  have  already  seen  that  all  the  direct  elements  of  a^ftta- 
drilaler^  gauche  ai;e  parallel  to  one  plane,  and  that  the  trans- 
vecse  ones  axe  parallel  taa  second-  plane.  These  planes  have  a 
certajn  inclination  to  one  another,  which  1  proceed  to  deter« 
min^.  Put  AC  =  a,  ab  =  i>6  =  />,  ba^  =  wbd  —  p,  Dcd  = 
7,  caJ  =  m,  Acd  =  n ;  then  we  shall  have  b6  =  Dd  n  ^sin^, 

.        ,^        f  A  sin  ^        ,        ftsin^       ^, 

Aft  z:  tf6  IT  h  cos  »,  c  D  =   — I — ^ ,  CO  =:  ^- .     The  point 

^  sin^  tan^  '^ 

^  is  the  summit  of  a  triangular  pyramid  whose  faces  arc  i>bd  zr 
p,  dbc  which  it  is  easy  to  calculate,  and  Ddc  which  makes  with 
dbc  the  angle  sought,  For  calculating  rffec,  I  prolong  do  to  i, 
and  in  the  triangle  cirf,  I  have  the  angle  i  -  m,  c  zz  tt^  and  the 
third  angle,  therefore,  =  180— wi— «:  thensua  (:c/i>=:sin(wi-f»), 

and  cos  cdb  =  —  cos(m  +n).      Moreover  cd  zz  • and 

^  tan  q 
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bd  .z.  b  cos  p.     Bui  in  the  triangle  Jdc,  we  have 

-^  cd .  sin  cd6         , 

tan  dbczL  ^  ,  .  J  ■ ;  hence 

5a —  ca  .  cos  ca5 


tan  (jTbc  =: 


^  sin  p  .  ,  , 
-  •  sin  (m  4-  n) 
tan^'  ^ _^ 

,              .    6  sin  p  . 

6  cos  p  -I ^  cos  (m  +  n) 


A  sin  ^  sin  (in  +  n)  «»n  (»  -4-  n) 

b  co%p  tan  y  +  6  sin  p  cos  (la+ii)        cot  plan  7  + cos  («  ^-f') 

We  know,  then,  in  the  pyramid  two  faces  and  the  right  angle 
which  they  contain,  or  in  the  corresponding  spherical  rim* 
angled  triangle  we  know  the  two  sides,  ab  =  ^  and  AC  =  d^C 
and  reauireone  of  the  angles  c. 

We  have,  then, 

1  tan  A  B      ,  tan  p 

tan  c  =  -; =    . ;  then^  tan  c  :=.  -. — tj—  ; 

sin  AC  cot  Aft       sui  AC  tin  dbQ 

'buX  sin  z:  -  . ==^  ;  aind  hence 

\/  \  +  tan^ 


jw^.-  >in(w+«^) j^       •  8in^(in-hw) 

wnao   -cot^tany+cos(m+»)  *   V    *"*'{cotptany+cos(m+ji)}* 

ill^'"  "^ ''^   .      .  Hence 


\/{(coiplan^  +  cos  (m  -f  «)}*  f-  sin*(iw  •+-  «) 

,  _  tanpv/|7:otptan^  4-  cos  (f»  f  fi))*H- sin* 'm  H>  «; 
Ian  c  —  • — J — "T"     V 

or  since  tan  x  cot  =  1,  we  have,  finally, 

lanc  =:  ^>^"*^-^">*  >^"  P  ^"^  co^(«»  f  •)  ^  lan*^ 

sin(m-t-«) 

«  ^'  To  find  when  the  t%vo  directing  planes*  of  a  quairUatert 
gauche  are  perpendicular  to  one  another  we  have  onlyno  sup- 
pose tan  c  =  infinity,  which  gives  sin  (19  V  n)  -=.  o,  and  con- 
sequently «  -^-  n  =z  o**  or  180%  that  is  when  the  projections  o\ 
lUc  two  opposite  sides  upon  the  plane  parallel  to  the  two  other 
sides  are  parallel.  The  iwo  planes,  again,  are  perpendicular  wheo 
one  of  the  angles  p  and  9  or  both  of  them,  is  a  right  angle,  as  ia 


•  Tills  appropriate  term  plan$  dirteiricesy  has  neither  been  defined, 
not  used  by  any  previous  wiiter.  It  is  constantly  employed  by  the 
Gaoilern  French  geometers. 
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evident  from  the  value  of  the  Un  c.  When  the  t«vo  planes  are 
perpendicular  to  one  another  the  surface  becomes  a  right  co- 
noide^  since  this  is  evidently  one  of  the  transverse  elements  of 
the  surface  perpendicular  to  the  horizontal  plane. 

••  Let  OR  be  this  vertical  element,  that  is  the  perpendicular 
axe  of  the  right  cono'ide»  of  which 
ABCD  forms  a  part.  For  finding 
its  distance  AG  from  the  point  A, 
take  it  for  axe  of  z,  put  the  ori- 
gin of  X  at  G,  and  calf  g  the  dis* 
tance  ag  ;  we  shall  readUy  find  the 
equation  of  the  surface. 

GP  X  MN    ,,    sin  ab6 
Ufzz  "    X 


AG 


ory  = 


xz 


sin  Bxb 
But  supposing  or  =;  gc  or 


^  tan  p 
g  +   at  and  z  =:  d«(  =  6  sin  ^  we  shall  have 

„  =  cd=  ^^:  and  hence  ^-^^  =  ^""^tg  +  «), 
'  tan  7  tan  ^  g  tan  p 

or  £  =   ' — 2—  ,     Hence  the   equation  of  the  rich! 

^        tanp— tanf  ^  ^ 

^     «j  .  xz  (tan  p  —  tan  a) 

conoide  is  y  =  — ^-i — ^ ^ . 

^  a  tan  p  tan  q 

**  Recurring  now  to  the  equation  y  z: 


XX 


grtanp 


of  which  the 


co-iOrdinates  are  gp, 
PM|  MN«  and  through 
o  draw  gq  in  the  ho* 
rizontal  plane  perpen- 
dicular to  PM  or  Iff  and 
produce  the  straight 
lines  a6,  pm,  cd  till 
they  meet  gq  in  a, 
»,  A.  Call  G«(;r'), 
vM(]fO»  and  MN  be- 
ing always  z,  let  us 
seek  the  equation  be- 
tween the  rectangular 
co-ordinates  a/»  y\  z. 
We  have  o»  (xO  : 
GP  (x)  : :  sin  m  :  1 ; 


hence  ;c  = 


siti  m 


In  (he  same  manner  par  = 


cos  m 


Hence 


e  2 
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^    ..I 


y  =:  M^r  —  Par  =  y  — 


I  and  consequently 


cos  m 
y'  cos  wi  —  3P^  _  »t?^g 

cos  wi  ""    ^  sin  w  tan  />  * 

which  is  the  rectangular  equation  ot  the  surface* 

'*  cfGQ  being  always  the  horieontal  plane,  if  through  the  axe 
RGF  prolonged  and  gq  a  plane  be  made  to  passjj  will  cut  the 
surfaces  along  an  edge  vaf  v\  perpendicmar  to  the  axe  and 
parallel  to  gq.  Through  this  edge  draw  a  horizontal  plane, 
which  meets  in  the  points  p'^  m',  &c.  the  ordinates  b&«  nm,  &c. 
and  through  these  points  b\  m\  &c.  draw  the  straight  lines 
iV,  mV,  &c.  parallel  to  m»;  denote  the  ordinates  fv\  it'm', 
M^N  by  X,  y,  2  respectively.  Let  the  edge  ab  meet  yw'  in  a\ 
and  put  ra^  =:  ca  =  ^ ;  a  being  the  point  where  ab  meets  f%\ 

Then  we  shall  have  y  =   -      —  .     This  equation  of  the  surface 

^        e  tan  p  ^ 

is,  except  that  of  the  plane,  the  most  simple  possible. 

•*  We  may  easily  find  the  distance  fg  (  =  /)of  this  new  ho- 
rizontal plane.  For^  let  :r  =  fa'  zz  oa  zit^y  zz  of k'  =  aa  = 
g  cos  m,  and  z  will  be  =:  /•     Then 

tf  jy  a  cos  m  tan  p  tan  a 

ff  cos  m  -=.  —  -—    ;  or  f  =  £  cos  »i  tan  p  = : ^  , 

^  e  tan  p        *^      ^  '^  tan  p  —  un  9 

by  giving  ^  its  value  found  in  above. 

«  We  can  readily  discover  the  value  of  the  angle  bacj  and 
hence  that  which  the  plane  bag  makes  with  the  horizontal  cxb : 
and  thus  we  may  find  the  equation  of  the  quadrHaiere  gauche 
referred  to  the  plane  drawn  by  two  of  its  contiguous  sides.  But 
it  is  easy  to  find  it  directly  :  though  on  account  of  iu  greater 
complexity  compared  with  that  already  given  we  shall  emit  it 
here,  and  more  especially  as  it  does  not  in  any  degree  furnish  us 
wjith  new  views  or  properties  of  the  surface.    . 

'*  We  may  desire  to  know  the 
minimum  oi  all  the  elements  ab, 
NP,  CD,  &c.  of  the  twisted  quadri- 
lateral. In  the  triangle  nmp  the 
angle  nmp  is  constant ;  let  it  be 
called  M.     Let  also  NM=:AB=i, 

bx  sin  K 
M  p  or  y  r: 


tf  sin  L 


but  NP  =    1/{NM*  +  MP«  —  SNM  .  MP  .  COS  M} 


=  v/h 


*   + 


6***  sin"  K 
a^  •in'*  L 


2b^x  sin  K  cos  m 


a  sm  L 
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which  must  be  a  minimum.     Hence  2xdx  sin  k  —  2a  lin  L  :^ 

tos  Mrfj  =.  o,  and  therefore  *  =: ; •     But  cos  w  tz 

sm  K 

*-  co»(k  +  l)  =  sin  L  sin  la  —  cos  l  cos  k  ;  and  hence 

a:  =r  a  sin  L  {sin  l  —  cos  l  cot  k}. 

'•  This  determines  the  position  of  the  least  element.  To  finA 
its  magnitude  we  may  proceed  thus.  By  substituting  Tor  x  ii^ 
value  just  found^  we  have, 

^     ^  a*  sm'  L  sin*  k  \ 

»  sin  K  ct>s  M  X  fl  sin  L  cos  M  t 
a  sin  L  siii  K  ^ 

=  ^  \/{  t  •+■  cos^  M  —  fl  cos'  m}  =  &  sin  M. 

The  equation  np  =:  frsin  m  gives  np  :  Nm  { :  sin  M  :  1  ) 
tint  is  to  say,  the  shortest  rectilineal  element  of  the  ^uadri^ 
latere  gauche  is  that  which  makes  with  its  oblique  projection  a 
right  angle."* 

M.  Tinssiu  then  goes  on  to  give  another  solution  of  the  pro» 
blemof  finding  the  shortest  distance  between  two  lines,  adapted 
to  the  practice  of  cutting  stones,  &c.  but  being  foreign  to  our 
present  purpose  it  must,  elegant  as  it  is»  be  omitted  here. 

*'  TAeor.  5*    If^e  can  exactly  determine  the  volume  contained 

hjf  portion  of  the  surface  of  a  guadrilalere  gauche  abcd>  Ay 

f lanes  draum  in  any  manner  through  its  fonr  sides,  d'td  hjf 

(Ml  fifth  plane  whatever. 

h 
'*  For  forming  the  coiio'i'de  abd^ca,  it  is  =  lydc  x   ^    (by 

Thar.  2.)  ;  but  whatever'be  the  inclination  of  the  planes  drawn 
by  the  four  sides,  they  only  increase  or  diminish  the  conoVde 
by  solids  whose  faces  are  plane,  and  therefore  whose  volumes 
are  rigorously  cubable.     Hence,  &c. 

"  Theor,  6.  We  can  exactly  determine  the  position  of  the 
centre  of  gravity  of  the  same  figure  as  above,  viz.  Theor^  ^.  and 
its  demonstration  is  of  the  same  kind." 

It  is  worthy  of  remark  that  though  one  of  the  lines  oF  the  Se- 
cond order  is  quadrable,*^-^  that  though  arcs  of  twoof  them  can  be 


■*  -m 


*  It  is  easily  dedacible  from  this,  that  if  another  line  nm'  be  drawn 
from  N  to  meet  the  plane  in  u'.  and  h^p  be  joined ;  then  m,  p,  m*  are 
in  one  straight  line.    £uo.  14. 1. 

t  Archimedes  first  squared  the  parabola.    Arch.  Op.  Oxon.  pp« 


(    88    ) 

assigned  whose  difference  reckoned  from  given  points  in  recii. 
fiable*— that  though  one  surface  of  the  second  order  is  capable 
of  cylindrical  or  conical  perforation,  so  as  to  leave  quadrable 
and  cubable  remainders: J — yet  no  one  seems  to  have  noticed 
that  cubable  portions  can  be  cut  by  plants  from  a  surfact  of 
the  second  order,  except  MM.  Tinseau  and  Mauduit  in  the 
cases  before  us.  Nor  is  it  less  remarkable  that  no  subsequent 
writer  has  taken  the  slightest  notice  either  of  this  property  or 
of  the  memoires  which  contain  it* 

M,  Tinseau  proceeds  :^*' I  have  expanded  my  enquiries 
upon  this  last  species  of  surfaces  gauches,  both  because  it  is 
the  most  simple,  and  because  it  enters  as  an  element  into  the 
composition  of  all  surfaces  gauches,  which  are  nothing  else  than 
system  of Jaces  of  trapezes  ffauches,  of  which  one  dimension  is 
finite,  and  the  other  infinitely  small.** 

This  is  better  expressed  by  later  writers,  whom  we  shall  pre« 
sently  notice — *«  That  any  surface  gauche,  whatever  be  its  direc- 
trices, may  be  touched  through  the  whole  extent  oi  any  one  of 
its  ed^s,  by  a  surface  gauche  oi  the  second  degree.'* 

M.  Tinseau  then  in  the  close  of  his  paper  examines  the  figure 
formed  by  taking,  instead  of  the 
two  linear  directrices  we  have 
been  considering,  two  curves  of 
any  description  and  in  any  po- 
sition.     These  he   calls  direc^ 
trices:    and  the  surface  gene- 
rated by  the  line  which  con- 
stantly rests  upon  them  and  is 
constantly  parallel  to  the  same 
plane,  he  calls  a  parelleloid.    In 
fig.  IS,  ACQR  is  the  horizontal 
plane  deq,   b^ r  the  directrices. 
If  these  be  parallel,  or  conceived 
to  be  the  result  of  cutting  the 
paralleloid^  already  formed  by 
means  of  parallel  planes,  then  he 
names  them  the  bases  of  the  solid  gauche, 
and  the  solid  gauche  itself  is  the  name 
appropriated  to  the  solid  included  by  the 
two  bases,    the   surface,    the    horizontal 
plane,  and  a  plane  abcd  passing  through 
any  one  of  the  edges  or  rectilineal  elements 
of  the  surface. 


Fig:.  12. 


Fig.  13. 
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:  MM  Viviani    Bussut,  &c.  and  Messrs.  Woodlioasc  and  Ivory, 
liave  perhaps  rompfeted  this  enquiry.  miu  *  u  j, 
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**  Thew.  y.  The- solid  ganche,  ab^rqCDEQ  is  ecjual  ro  the 
product  of  its  perpendicular  height  by  half  the  sum  ot  the  two 
baset. 

"  For  imagine  an  infinity  of  horizontal  planes  infinitely  close 
to  one  another,  which  cut  the  solid  along  a  series  of  trapezia  ; 
letEitf,  FN<i/  be  two  of  these  consecutive  trapezia;  the  stra* 
tarn  of  the  solid  which  they  include  is  equal  to  one  of  these 
trapezia  multiplied  by  the  thickness  Jx  ;  but  ST  being  the  per* 
pcndicular  distance  of  th^  straight  lines  ak,  cq,  the  trapezium 

rvnf  =  ST  X  —,  and  the  elementary  stratum  is,  there- 
fore, =  sT  X  ofa  X  ^ *-  .    Through  ST  (figs,  la  &  sg.) 

imagine  a  plane  perpendicular  to  the  two  bases,  which  cuts 
them  in  the  parallels  sh,  tA,  and  the  two  trapezia  in  the  parallels 
hA|  l/;  and  finally,  draw  hk  perpendicular  to  hA,  and  Ho 
to  SM.  Then  HK  will  be  =  dx^  and  hg  =  A,  the  perpen- 
dicular height  of  the  solid.     The  stratum  will  be,  then,  st  x 

tJi  X  s^  .    But  HK  :  HL  : :  ho  :  iiA.    Then  hk  x  st 

s 

=  HL  X  Gil ;  and  the  stratum  is  =: 

—  X  HL  X  uon:  +Jgt«  ^  ^^   Hence  the 

a  a 

solid  =.  -  LrEiH  +  fein)  =  --  (cdlq  +  AueJt);   or  calling 

s  the  solidy  and  B,  ^,  the  bases,  we  have  finally 

s  =  *  (B  -f  b)r 
a  ' 

"  Theofm  8*  In  the  paralleloVde,  as  in  the  cono'ide,  the  area  of 
any  section  parallel  to  the  bases  depend  solely  upon  the  area 
of  these  bases,  and  its  distance  from  them. 

For,  let  y-  be  such  a  section,  and  x  its  distance  from  b  and 
calling  s^,  6^'  the  portions  of  the  solid  included  between  b^ 

B  4"  & 

and  each  of  the  sections  b,  b :  then   s'  =   •  x,  s''  = 

a 

-^{h  —  x);  hence  (b  \-b)  ^  =   --^  .*+  — p-  (4-Jr)^ 

and  hence  i'  =       >>  ~^: .     Hence,  &c. 

a 
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^  We  shall  naw  seek  the  centre  of  gravky  of  the  solids  and 
icsl  its  distance  from  the  base  b 

'*  But  the  stratum  (by  the  last)  which  has  L^  for  base  is 

£ X  dr,  then  — ^ r X  xdx  is  its  mos- 

inent  with  respect  to  the  plane-B ;  and  hence,  the  distance  of  ihc 
centre  of  gravity  of  the  solid  from  the  plane  of  the  base  b  is 


3 

A  X    X  X 
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f  the  constant  being  null^  if  we  integrate  from  the  base  n).     But 
tihis  expression,  making  .r  zi  A,  an  6'  n  A  becom<,'s» 

Jl 3  3     _    bA  +  »/>A   _  A     D  +  flA 

A*  '^  ^  *  ""    3(B  +  ^)    ~   3  '     B  +  6    •• 

2 

With  respect  to  the  distance  of  the  centres  of  gravity  from 
fcwo  other  planes,  they  depend  upon  the  particular  equations  of 
she  two  bases,  and   cannot  be  expressed  by  ai>y  general  for- 

To  find  the  equation  of  the  paralleloide. 

••  Let  X,  5f,  z,  be  the  co-ordinate,  x  and  //  being  horizontal. 
Whatever  be  the  equation  which  expresses  the  mutual  depend- 
afice  of  the  co-ordinates,  it  is  of  the  form  p  (x,  y,  z)  ~  q. 
Then,  if  we  cut  the  surface  of  the  paialleloide  by  a  horizontai 
plane,  the  section  will  be  a  straight  line  or  a  system  of  straiffht 
hines:  but  we  know  ihat,  if  in  the  equation  of  a  surface  we 
make  z  =z  a  given  constant.  A,  the  equation  between  x  and  v 
which  rcsuUs  is  that  of  the  horizontal  section  made  in  the  sur- 
face  at  the  distance  A :  hence  since,  in  the  present  case,  this  last 
equation  is  that  of  a  straight  line,  we  must  have 

$  (*,  y.  A)  -  AX  +  By  -h  c  ;.  and 
4oJC  a^iolticr  section  at  the  distance  //  we  have 

<P  i^f  y,  h')  =  a'x  4-  B'y  -f  c''. 

From  these  we  see  tliat  the  coefficients  a,  b,  c  vary  with  the 
heiglu  A  :  and  since  A  is  in  general  represented  by  z,  it  is  obvious 
Ihat  the  coefficients  are  functions  ot  z.  Let  (f/,  (p^\  m'*'  repre- 
sent  these  functional  characteristics:  then  we  have  for  the 
equation  ol  the  paralleloidq  referred  to  the  horizontal  plancL 
${a:,  y,  z)  zz  xp'z  4- .yf^'^s  +  (^'''z  =  ©/' 
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I  ihould  remark  thai  in  some  cases,  even  where  the  sentences 
are  marked  as  translated  quotations,  they  arc  only  paraphrases, 
and  generally  abbreviated  paraphrases. 

The  next  section  will  embrace  the  labours  of  Euler,  Monge, 
and  Meiisnier ;  and  the  Third  will  contain  those  of  Hachette  and 
the  EUvesde  rEcole  Polytechnique. 


^•^ 


ARTICLE  IIL 
On  the  St£rbogr\phic  Paojgction  or  the  Spuerb. 

fin  a  Letter  from  Mr.  Davizb  to  the  Editor.  J 

My  Dear  Sir,  Balh^  Aug.  lo,  1830. 

The  importance  so  justly  attached  by  Delambre  to  the  his. 
tory  of  the  Stereographic  Projection  of  the  Sphere,  induces  me 
to  add  a  few  notes  to  ray  letter  in  your  last  number.  They 
chiefly  relate  to  omissions  which  arose  from  the  haste  with  which 
the  "  Historical  Introduction*'  of  that  letter  was  written. 

I  was  desirous  of  doing  justice  to  the  memory  of  the  almost 
lorgotten  Jordanus  Nemorarius — perhaps  the  most  original  ge* 
nius^iiat  appeared  in  the  early  part  of  the  Thirteenth  Century  : 
but  this  is  neither  the  time  nor  the  place  for  such  discussions. 
Perhaps  it  may  on  some  future  occasion  form  a  separate  paper 
for  another  "  Part"  of  the  Repository*  if  you  think  it  likely 
to  fall  in  with  your  established  plan. 
Believe  me,  my  dear  Sir, 

Your  faithful  friend  and  obedient  servant, 

ThosSt"*.  Daties, 
To  pRop(SSOR  Leybourn,  &c. 

Royal  Military  College, 


Notes  on  the  Stereographic  Projection. 

I  have  expressed  a  belief  that  the  method  of  proving  the  first 
property  which  was  discovered  by  Jordanus  Nemorarius  must 
have  led  immediately  to  the  discovery  of  the  other  two  :♦  but 

■ -—       ■— -  -  ■■    .  ..  -■  .1.       , ..    , 

•  Math.  Rcpos.  Vol.  V.  Part  II.  p.  147. 
VOL,  Tl.   PART  11.  f 
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thi$  does  not  seem  to  have  been  the  course  which  the  invefttiga- 
tion  actually  took.  The  collection  of  Treatises  on  the  Sphere,* 
published  Dy  Ziegterus^  wliich  contained  the  works  on  the 
planisphere  by  Ptolemy  and  Jordanus,  made  its  appearance  in 
1544  (though  the  title  page  is  dated  MDXXXVL);  and  these 
two  tracts  were  again  printed  by  Aldus,  in  1558,  the  former 
having  notes  from  the  pen  of  Commandine,  and  the  text  of  the 
latter  considerably  amended,  though  still  left  destitute  of  com- 
ment. Delambre,  indeed,  mentions  an  edition  printed  in  15079 
but  he  hcLd  not  seen  it^  nor  have  I  after  considerable  search  been 
able  to  find  the  slightest  further  evidence  of  the  existence  of  such 
an  edition.  Did  it,  indeed,  exist,  we  might  fairly  calculate 
upon  finding  it  noticed  in  Panzer's  Annales  Typographices : 
but  neither  there,  nor  in  Murhardt's  Bibliotheca  Mathemaikaf 
nor  in  any  of  the  Bibiiothecal  lists  of  our  public  or  prirate  It. 
braries,  nor  yet  in  any  well-arranged  sale  catalogues^  that  it  has 
been  my  luck  to  consult,  have  I  been  able  to  find  a  trace  of  it. 
However,  as  it  was  then  very  much  the  custom  to  print  several 
works  in  one  volume,  this  edition  of  Jordanus  might,  per« 
chance,  be  shrouded  under  the  wing  of  some  more  fortunate 
author,  whose  work  standinj;  first  in  the  volume  gives  a  cata« 
logue.titlc  to  the  whole  of  its  contents.  Yet  the  publications 
of  that  year  put  down  in  Panzer  do  not,  from  their  titles,  seem 
likely  to  find  an  appropriate  supplement  in  the  Planisphcmum 
Jordanu  Another  circumstance,  too,  seems  to  support  the  same 
view,  viz  that  Stoflerus  whose  commentary  on  the  Sphere  of 
Proclus  Diodachus  was  printed  in  15349  ten  years  before  the 
publication  of  Ziegler's  Jordanus,-^*an  author  minutely  ac« 
quainted  with  the  state  of  science  in  his  time,  of  great  mental 
activity  and  unwearied  even  to  the  last  in  his  pursuits*— though 
he  mentions  in  the  course  of  his  works  no  less  than  a  hundred  ^o4 
seventy-six  authors  upon  the  sphere  and  its  collateral  studies, — 
yet  he  does  not  in  any  way  allude  to  the  existence  of  a  work  by 
Jordanus  on  the  subject.  Upon ^the  whole,  then,  the  impres- 
sion on  my  mind  is,  that  Delambre  must  have  been  misinforiocd 
respecting  this  edition — that  no  such  edition  does,  or  ever  did, 
exist.  I  should,  indeed,  be  glad  to  find  myself  mistaken,  as 
perhaps  such  a  one,  if  it  exist,  might  furnish  some  little  in- 
formation respecting  both  the  author  and  his  works —information 
which  in  clearing  up  a  difficulty  in  the  early  history  of  figurate 
arithmetic  I  have  some  time  sought  in  vain. 


«  Printed  at  BasU^  not  at  Thouhmtc^   as  inadvertently  stated  at 
p.  144,  tt^.  9up. 


*  I  say,  *'  invented  ;*  thoaji^h  Delambre  apeaking  on  this  subjeo 
thnses  to  say,  *'  On  ne  salt  d'apr^s  quel  auteur  Jordanus  Ta  compost- 
Savait-il  Paiabe?  avaitil  lu  la  tiaduution  de  Maslem?  a?ait-il  trouv6 
dans  qaelqaes  aateurs  inconnusune  id^e  vague  de  cettc  projection? 
a-t-il  trou?6  de  lui  oi^aie  une  partie  des  conslrnctioog  qu*illdonneF 
C'cat  ce  qji'il  est  difficile  de  conjecturer.  Cela  ne  serai t  pas  indifferent 
poor  le  gloire  de  Tautear,  qui  poartant  pouvait  connaitre  TouTrage 
de  Piochis  ou  celai  d'Ammonins.  Au  reste»  ii  n'est  pas  le  seul  <iai, 
Ters  cettc  6poque,  se  soit  occup6  du  planisphere  que  1  Arabes  avaient 
r^paodu  en  Espagne."  Hist,  de  J'Astr.  du  Moyen  Age,  p.  442.  I 
liope  shortly  to  exhibit  ample  proof  of  his  adequacy  to, the  oonstrac- 
tion  of  the  planisphere. 

t  OputciUc  Mathematical  p.  62,  in  the  article  "  De  InstrumentU/* 
4to.  Venice,  J 576, 

I  Clavii  Astrolabium,  pp.  284-6,  Romae,  1(V83.  In  this  work,  how- 
ever, though  the  method  of  demonstration  given  by  Jordanus  is  ex- 
hibited, the  projection  is  on  the  plane  of  t}ie  equator  as  in  that  of 
Ptolemy.  Delambre  must  have  spoken  from  memory  (which  in  this 
instance  led  him  wrong)  when  he  said  that  the  only  peculiarity  of  the 
metliod  Jordanus  was  the  plane  of  projection,  which  he  employed.  His 
peculiarity  is  that  the  demonstration  altogether  dispenses  with  the 
sob-contrary  sections  of  the  cone;  but  it  may  be  applied  to  casAS 
where  the  plane  of  projection  is  parallel  to  the  equator  as  eaMly  as 
where  the  equator  itself  is  employed.  Jordanus  chose  the  polar  tan- 
{;eiit  plane,  and  this,  after  all,  is  the  simplest  and  most  obvious  method 
that  has  been  contrived. 

It  has  boen  usual  to  represent  the  work  of  Clavius  as  a  cumbrous^ 
ioelcgant,  treatise,  abounding  with  uuneciessary  refinements  and  dis- 
tinclious  which  defy  the  resolution  of  the  most  ardent  Geometer  to 
read  it.  Perhaps  to  that  class  of  readers  who  made  the  astrolabe 
and  other  branches  of  Descriptive  Astronomy  (Dialling  especially) 
their  chief  study,  the  work  might  wear  such  an  aspect:  but  to  every 
man  of  good  taste  m  the  Antient  Geornetry^  few  works  can  offer  more 
interest  than  this  is  calculated  to  afford.  Many  elegant  propositions 
which  I  had  supposed  were  the  growth  of  later  times,  sprung,  up,  I  find, 
amongst  the  '*  heavy  writers  of  the  i6th  century  !" 

in  a  work  which  teems  with  almost  every  kind  of  curious  learning— 
scientific  excepted— Dr.  Clarke's  '*  Commentary  on  the  Holy  Bible"— ^^ 
we  find  Clavius  and  his  writings  noticed  in  a  rather  unusual  manner. 
'*  Since  that  time  (that  of  the  Koman  dials)  the  science  cf  dialling  has 
been  cultivated  in  most  civilized  nations ;  but  we  have  no  professed 
treatise  on  the  subject  before  the  time  of  the  Jesuit  Clavius,  who  in 
the  latter  part  of  the  16th  century  demonstrated  both  the  theory  and 
practice  of  dimWng:  but  he  did  this  after  the  most  rigid  mathematical 
principles,  so  as  to  render  that  which  was  before  simple  in  itself, exceed- 
i»gly  obscure."  It  must  not  be  deemed  hypercriticism  to  remark  that— 
whatever  sense  the  word  ^^demonstrate"  may  have  in  Anatomy  (to 
shew  or  exhibit)  and  though  this  may  be  defensible  etymologically  ; 
jet  in  every  thing  relating  to  mathematics  it  signifies  to  prove  by 

I  2 
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both  ^ve  the  demooBtration  with  much  comnoendation,  and  yet 
neither  of  them*  nor  yet  Commandiney  deducet  from  it  the  con- 
tequeaces  which  I  had  thought  so  obvious  on  contemplating  the 
figum*.    There  is,  indeed,  a  great  difference  between  deriving 


meant  of  the  syllogitm^  and  the  word  **  prove"  is  held  synonimous  with 
**  dernvnttrate,"  Subslitute  the  word  *'  prove/'  then,  and  trjr  how 
the  sentence  reads.  It  was  not  however,  for  this  that  I  quoted  the  pas- 
sage, but  to  call  attention  to  graver  errors.  He  tells  us,  that  *'  rigid 
matliematieai  principles"  have  *'  rendered  that  obscure  which  before 
was  very  simple."  To  the  uninitiated,  every  thing  is  obscure — but  is 
the  ignorance  of  the  reader  to  be  a  cansc  of  censure  to  the  mathema- 
ticiau  who  writes  a  profound  geometrical  treatise  that  transcends  the 
capacity  of  the  said  ignorant  reader?  I  trow  otherwise.  On  thh prin- 
ciple Dr  Clarke  has  vitiated  the  sacred  wtitipgs  by  his  learned  inves- 
tigation of  their  signification— seeing  tliatnot  one  in  a  hundred  of  those 
who  open  his  Commentary  are  sufficiently  skilled  in  the  various 
tongues  from  which  he  has  drawn  his  illustrations,  to  understand 
him.  1  trust,  however,  that  Geometers  will  still  feel  content  to  bc-ar 
the  reproach  of  *' obscurity »"  rather  than  attempt  tlic  **  8implicit>*' 
which  has  of  late  become  so  much  the  fashion  in  elementary  philo- 
sophical works,  and  I  regret  to  say  in  mathematical,  too— a  simplicity 
which  by  leaving  out  the  difficult  and  mutilatiug  the  easy,  invariably 
fails  to  cultivate  any  faculty  save  the  memory,  and  scarcely  that. 
The  tendency  of  elementary  books  la  now  such  as  should  put  every  one 
wl  o  feels  an  interest  in  the  permanency  of  science  upon  his  guard 
against  their  influence.  One  of  the  most  fatal  sources  of  "  the  de- 
cline of  science  iu  England,"  will  prove,  I  am  donviuced,  to  be  the 
relaxing  of  tl.is  austerity  of  true  scientific  rigour,  and  the  attempts  to 
dress  up  knowledge  in  the  meretricious  ornaments  of  the  novelist  or 
the  juggler.  In  short— to  convert  science  into  a  toy  for  grown  chil- 
dren, and  thereby  relieve  them  from  every  tax  upon  the  exercixe  of 
their  mental  faculties!  Science  may  then  become,  as  it  is  now  be- 
coming, fashion ;  but  the  next  step  is  decay,— and  the  third,  annilii^ 
lation. 

"Though  we  have,"  the  Doctor  continues,  "useful  and  correct  works 
of  this  kind  from  Rivard,  dc  Parcieux,  Dom.  Bddos  de  CclJcs,  Joseph 
Blaise  Gamier,  Gravesande,  Emerson,  Martin  and  Leadbetter,  yet 
eomething  more  specific^  more  iimpU,  and  more  general  is  a  deeideratum 
in  the  science  of  sciaierics  or  dialling,**  Comment.  II*  Kings,  Cap.  21. 
'Without  any  great  difficulty  Dr.  Clarke  might  have  squared  the  num- 
ber of  names,  by  consulting  a  few  Encyclopaedias,  instead  of  trans- 
cribing the  confined  list  given  in  Hutton\s  Montucia,  Vol,  HI.  p. 
34-2,  3.) :  for  to  any  one  who  had  studied  a  single  work  of  those  above 
mentioned,  especially  those  of  Gravesande  or  Emerson,  such  an  as- 
sertion as  that  which  he  has  used  in  the  conclusion  would  have  been 
too  obviously  false  to  have  crept,  even  in  the  most  incautious  mo- 
ments, info  the  passage.  If  those  three  qualities  are  not  to  be  found 
in  works  on  DLtlling,  1  believe  we  shall  find   no  subject  that  is  not 


tber  on.    This  J<cv.  Gcntlpman,  indeed,  may  plead  guiltless  of  the  am 


(     A5     ) 


from  a  suiuble  figure  the  demonetration  oFa  property  already 
known,  and  discovering  therein  the  property  originally. 

I  believe  these  properties  are  nQt  to  be  found  in  any  continen- 
tal work  earlier  than  i/ji,  in  Savirien's  Dictionuaire  des  Mathe- 


of  employiog  *'  Hgrid  mathematical  prihciple»"  in  his  little  treatise ; 
bat  I  fear  it  is  Acatcely,  amid.«t  all  its  simplicity,  and  its  other 
Yirtaes,  less  "obicare"  than  the  methods  of  Clavius  and  his 
predecessor  in  the  'enquiry,  Commandine.  Whatever  **  induhiiabU 
pro9ft^'  the  learned  Doctor  .had  had  of  his  friend's  "  rare  kntnvUdge  in 
/Ae  teience  of  gnomonia,  and  ingwnuit}/  in  constructing  every  possible  vd* 
miyo/'iitafr"— certain  it  is,  from  the  very  phraseology  employed  in 
bis  treatise,  that  be  is  total/g  ignorunt  even  of  the  simplest  geometrical 
definitions,  to  say  nothing  of  the  theorems  upon  which  an  investiga* 
tion  of  general  methods  most  necessarily  rest;  and  that  the  dial 
which  he  has  foisted  upon  the  Doctor  is  one  of  the  most  unblushing 
impostures  that  ever  was  practiced  upon  the  liberal  confidence  of  a 
scholar  1  1  know  not  the  author,--who,  or  what  he  is;  but  I  speak 
plainly,  for  I  feel  ashamed  that  a  work  which  does  no  common  honour 
to  the  literary  character  of  England  should  be  degraded  by  such 
absurdities  -as  tlie  Rev.  Philip  Garrett's  construction  of  the  Jewish 
Dial  1 

The  Doctor  supposed  there  was  a  want  of  generality  in  the  method 
of  constructing  dials,  because  the  Jewish  Dial  did  not  submit  to  the 
same  rule^  as  the  common  dials  for  equal  hours.    A  little  real  studv 
of  He  quetsion  might  have  cx)nvinced  him  that  they  were  essenliallg 
rfWVrm/  problems^ as  different  at  describing  the  sinotd  and  the  circle. 
ane  trae  nature,  however,  of  the  hour  lines  on  these  dials  had  been 
altogether  luiiiundcrstood  till  about  1817,  when  Mn  Gadeil  read  be* 
fore  the  Royal  Society  of  Edinburgh  a  short  paper  containing  a  gra- 
phic construction  on  a  polar  tangent-plane  of  the  **  lines  which  divide 
the  semidiurnal  arcs  into  six  equal  parts."    See  Bd.  Trans,  vol.  VIIL 
p.  (51—81.     As  however  between  the  tropics  the  antique  houHines 
differ  but  little  from  straight  lines,  these  have  generally  been  substi- 
tuted for  them ;  and  the  problem  under  this  aspect  has  been  long, 
and  often  solved.    The  most  antient  of  these  dials  that  is  certainly, 
from  authentic  records,  known  to  have  existed,  is,  thht  upon  the 
Tower  of  Andronicus  Cyrrhestes  at  Athens,  erected,  there  is  reason 
to  think,  between  four  and  five  hundred  years  anterior  to  our  era. 
Another  brought  home  from  Greece,  by  Lord  Elgin  is  believed  to  be 
that  from  the  Pnyx,  by  which  Demosthenes  and  other  illustrious  ora« 
tors  harangued  the   Athenian  people.    A  third  from  the  island  of 
i>clos,  is  minutely  described  by  Delambre,  and  supposed  by  him  to 
beofmoie  modern  fabrication;  and  two  others  exist  in  private   col- 
lections in  England.    The  first  attempt  to  describe  geometrically  their 
construcuon  that  I  have  met  with,  is  that  of  Commandine  in  his  Com- 
mentary on  the  Analemmaof  Ptolemy,  printed  at  Rome  in   16C2,  by 
Paulus  NJanutius*    The  method  he  gives  is  sufficiently  simple-^suf- 
ficiently  so,  1  shonld  suppose,,  it  would  have  been  for  Dr.  Clarke,  but 
that  he  had  a  better  to  bring  forward— and  it  has  been  adopted  into 
almost  every  general  treatise  on  dialling  during  the  seventeenth  cen- 
tary.    In  Leybourn's  Dialling,  Editions  of  1682  and  1700,  p.  124-7; 
Good's  Art  of  Shadows,  1700, ,  and  1714,  &c.  &c.    Dr.  Long, 
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matiques,  torn.  II.  p.  330.  This,  however,  I  speak  only  in  pari 
from  my  own  enquiries  :  and  I  rely  more  upon  the  fact — that 
Delambre  whose  mind  ever  was  alive  to  this  specific  enquiry, 
could  scarcely  have  missed  it  in  his  regular  analysis  of  all  the 
works  which  he  conceived  liaKi  contributed,  even  remoteiy,  to  the 
progress  ot  astronomy,  if  it  were  to  be  found  in  any  of  them* 
From  the  greater  facilities  which  he  had -in  investigating  the 
eonttnental  works  than  I  can  possibly  hope  to  obtain,  I  should 
M  once  consider  his  opinion  decisive  without  waiting  a  more 
minute  investigation  than  he  has  given  :  whilst  the  relative  diffi- 
culty he  must  have  had  in  his  search  into  English  books  must 
account  for  his  not  having  discovered  the*  property  where  if,  un* 
questionably,  first  appeared. 

Sav^rien  to  his  enumeration  of  properties,  one  of  which  was 
quoted  from  the  Encyclopaedia  M6thodique  in  my  former  let- 
ter (Rep.  ubm  sup.  p.  147.)  annexed  the  following  remark  :-— 
^  Clavius  est  peut-fitre  le  premier  qui  ait  enseign6  la  projec* 
tion  de  la  sphere.  C'eit  ce  qu'on  peut  conclure  de  la  manicre 
abstraite  dont  il  donne  cette  projection  dans  son  Trait^  De  ^s* 
trolabio.  Tacqnet  en  a  parle  avec  plus  de  clart6  dans  son  Op- 
tique,  p.  178,  et  suiv.  (Tacq.  Op  torn.  I.  )  &  Vifty  dans  un 
Ouvrage pariiculier  icrit  en  Anglois.  On  peut  consulter  aussi 
Ics  EYementa  Matheseos  Universa,  de  M.  Wolf,  tom.  IV.*' 

Is  it  not  singular  that  Delambre^  who,  in  1787*,  had  read  this 
passage  and  quoted  the  preceding  one  of  the  same  article  from 
Saverien--  who  must  have  had  opportunities  of  consulting  both 
Tacquet  and  Wolfius,  though  in  vain — should  have  been  so  indif. 

it  is  clear,  mistook  ttie  diaraotor  of  the  problem,  Astr.  Vol.  II 
p.  509. 

The  opinion  that  snch  dials  were  coiisIt acted  so  as  to  shew  the  hour 
by  a  flight  of  steps  does  not  appear  to  foe  quite  so  original  as  Dr. 
Clarke  oonviders  it,  nor,  tiioiif  li  sanctioned  by  all  the  aathoritj  whieh 
bis  rendering  of  the  Chaldatc  Aia&loih  can  giire  it,  do  I  think  It  well 
established.  Granting,— and  who  can  don bt  it?— that  'Mfa«  shadow 
went  back  iM  «le/w,"  is  the  literal  meaning;  does  not  thefun'tdkiiy 

?tth  in  the  ecliptic  in  all  the  aniient  tiOigttagei  bemr  fiterttlhf,  the  tame  name  f 
he  late  Bisliop  Stock,  in  his  translation  of  Isatab,  thinks  this  dial 
was  similar  to  the  Gentur  Murinr,  or  Obsbrvatory  of  Delhi,  in  conse- 
<|aence  of  whicli  he  also  proposed  the  bo  Jon  of"^  steps,  piior  to  Dr. 
Clarke's  having  done  so.  However,  wairing  this,  I  shall  in  the 
second  part  of  a  paper,  (tlio  first  of  which  is  now  in  the  possession 
of  the  Royal  Society  of  lidlnbargh)  on  the  antique  hour- lines,  ex- 
amine  the  conditions  necessary  for  their  construction  :  and,  therefore, 
abali  here  oloae  a  note  already,  perhaps,  longer  than  the  subject  de- 
serves. 
^  See  Mem.  de  i'Inst«  tome  V^e  p.  394. 
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ferent  about  the  English  author  whom  Sav6rien  calls  **  Fitty^'i 
Though  some  apology  mi^t  occasionally  be  oflfered  for  a  French* 
man  who  substirutes  V  for  W,  the  latter  letter  not  being  a 
component  of  his  language*  yci  is  there  any  apology  for  Sav^rien 
who  by  mis-writing  the  name  of  fVitty  mis«directs  the  future 
enquirer,  when  in  the  same  sentence  he  puts  Wo LFius  with 
its  proper  inhial  ?— And,  when,  indeed*  as  many  parts  of  hit 
Dictionary,  (much  more  than  he  has  the  candor  to  acknow* 
ledge)  shew  that  he  was  tolerably  well  acquainted  with  our 
writers  7  It  seems,  indeed,  to  be  a  system  generally  and  taoitiy 
practised  by  the  French  to  so  distort  the  names  of  foreigners 
(English  especially)  that  it  is  almost  impossible  to  recognize 
our  own  countrymen  in  their  Gallic  costume.  I  know  there  are 
many  who  attribute  the  practice  to  improper  motives,  but  1 
ibould  think  it  is,  in  part  at  least,  attributable  to  that  negli- 
gence of  gpod  etymological  habits  which  ought  to  be  cultivated 
Bot  only  by  .mere  men  of  letters  but  by  men  of  science  also* 

Though  Delambre  did  not  discover  whom  Vitty  meant,  and 
who  Witty  really  was,  he  at  last  discovered  the  properties  in  a 
very  common  and  very  ill-digested  book,  viz.  m  Leadbettet'a 
Astronomy.*  "  Le  seule  chose,"  says  he,  '*  qui  m'ait  paru 
digne  d'etre  exiraiti  de  ces  deux  volumes  est  ie  demonstration 
du  second  tb^or^roe  g^n&ral  de  ia  projection  stereographiaiie, 
c'est-a«dire  de  I'^galiti^  des  angles  sur  la  sphere  et  sur  la  projec- 
tion. Ctite  demonstration  est  le  plus  ancienne  queje  connaise  : 
mais  elle  ne  parait  ni  le  plus  claire  ni  le  plus  complete.  £•• 
layons  de  I'eclairer  et  de  la  completer." 

Before  particularly  attending  to  this  demonstration  it  may  be 
as  well  to  go  back  with  onr  history  to  its  real  origin*  The  pro- 
perty was  first  published  by  Dr.  Halley  in  Phil.  Trans.  No.  aoa, 
in  '*  An  Eaaie  Demonstratipn  of  the  Analogy  of  the  Logarilh- 
mick  Tangents  to  the  Meridian  Line  or  Sum  of  the  Secants/* 
In  1706  Jones's  Synopsis  Palmariorum  was  published,  where, 
at  page  ayg*  we  find  the  passage,  "  the  angles  in  this  projec* 
tion  (stereographic)  are  equal  to  the  corresponding  ones  on  the 
sphere.'*  Again,  in  170^,  the  second  volume  of  Derham'^ 
Miscellanea  Curiosa  was  published,  under  the  immediate  in* 
fluence  of  Halley,  and  the  same  paper  was  reprinted  in  it,  p. 
90^6.  At  the  end  of  an  Appendix  to  the  same  volume  is  a 
paper  of  ten  pages  by  Hodgson,  on  the  **  Laws  of  Stereogra- 
phic Projection,"  in  which  the  property  is  again  brought  lor- 


*  Lcadbetter's  Astr.  1728|  Vol.  I.  p.  01.    See  also  Hist,  de  TAstr. 
dn  18^me.  sieclc,  p.  87. 
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ward.  I  cannot  at  this  moment  refer  to  hif  (HodgtonN) 
♦•  Complete  Course  of  Mathematics/*  9  vols.  8vo.  1710 ;  but 
I  think  I  recollect  the  property  is  also  put  down  there.  Again 
in  the  Rev.  John  Witty '$  «•  Treatise  on  the  Sphere,"  a  post- 
humous  worK,  the  printing  of  which  was  conducted  by  Hodg- 
son, in  1714,  we  find  a  demonstratioti  of  the  same  property, 
pp.  56,  7.  Other  works,  it  is  very  possible,  which  1  do  not 
possess,  published  between  the  times  when  Hal  ley  and  Lead- 
better  wrote,  may  also  contain  these  properties ;  but  enough 
has  been  dohe  to  shew  that  Leadbetter^  is  not  the  author 
of  them.  A  second  edition  of  Witty's  work  was  published 
by  his  friend  Hodgson  in  1734,  but  thouffh  several  changes 
were  made  in  the  work  by  the  editor,  this  proposition  was 
left  unaltered  :  and  the  edition  of  Leadbetter  which  Delam* 
bre  uses  bears  the  date  of  1735.  We  are  thus  able  to  an- 
swer the  enquiry  of  Delambre-^"  Leadbetter  en  est-il*rauieur  ?" 
and  at  the  same  time  to  shew  the  inaccuracy  of  his  ingenious 
surmise,  at  least  so  far  as  regards  ihat  writer ;  though  it  mi^ht 
jierhaps  be  more  accurate  when  applied  to  Dr.  Hooke  iht  real 
author  of  the  proposition — **  il  parati  plus  probable  qu*on  aura 
rentarqu6  Ce  theoreme  en  construisant  une  mappemonde,  soit  sur 
Yt  plan  d*un  mcridien  soit  celui  sur  d*un  horizon  quelconque.*' 
(Ast.  18  siecle,  p.  90.)  He  had  also  consuhed  Robertson's 
Demonstratton  in  the  first  edition  of  the  Navigation — in  de* 
s'cribing  which  he  has,  however  committed  an  oversight.  He* 
states  that  Robertson  employs  the  suhcontrary  section  of  the 
cone  for  effecting  the  demonstration.  For  proving  the  6rst 
property  it  is  true  he  does  employ  the  cone,  but  not  for  the 
second  and  third.  That  process,  so  far  as  I  know^  is  altogether 
oriirina). 

He  lastly  refers  to  the  demonstration  in  Emerson's  vreiU 
known  work  on  the  Projections  of  the  Sphere,  (Prop.  IV.  sec. 
H.)  which  he  admits  to  be ''  re^lement  complete  et  rigoureusc," 
though  he  objects  to  it  on  account  of  the  «•  figure  compliqu6e 
que  jette  queique  obscurite  sur  la  demonstration."  He  states, 
very  truly,  that  the  demonstration  is  but  a  **  completed  repro- 
duction of  the  demonstration  of  Leadbetter/*  and  that  u  is 
complex  when  compared  with  that  given  by  himself  in  the 
third  volume  of  his  Traits  de  VAstronomie  thSorique  et  pm* 
tique^  p.  681.  Perhaps,  too,  I  should  remark  that  the  substance 
of  Delambre*s  own  demonstration  in  the  Memoires  of  the  In. 
stitute  (which  is  one  of  those  in  his  Astronomit)  may  be  seen 
very  succinctly  developed  in  Dr.  Gregory's  'IVigonometry, 
p.  idj — 134;  the  properties  on  p.  127,  were  little  known  to  the 
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English  reader  till  th*y  were  introduced  into  that  elegant  Hctle 
treatise. 

Dr.  Halley  in  his  paper  on  the  **  Analogy"  above  referred 
to  thus  states  the  property  :—"  In  the  stereographic  projec* 
tions  the  angles  under  which  the  circles  intersect  one  another 
are  in  all  cases  equal  to  the  angles  they  represent:  which  is 
perhaps  as  valuable  a  property  of  this  projection  as  that  of  all 
the  circles  on  the  sphere  thereon  appearing  circles  :  But  this 
not  being  vulgarly  known*  must  not  be  assumed  without  a  de« 
monstration."     Misc.  Curios,  vol.  II.  p.  22-a3. 

After  this  demonstration  he  adds  the  following  scholium : 
••  This  Lemma  I  had  from  Mr.  A.  de  Moivre,  though  I  under- 
stand from  Dr.  Hooke  that  he  long  ago  had  produced  the  same 
thing  before  the  [Royal]  Society.  However,  the  demonstration 
and  the  rest  ot  the  discourse  is  my  own."f 

Halley  was  too  well  read  in  the  writers  of  his  own  country 
(an  easier  matter  th^tn,  than  now)  to  have  been  ignorant  of  this 
proposition  had  it  existed  in  any  of  them ;  and  this  is  another 
reason  for  believing  (hat  it  first  appeared  in  the  place  above  men* 
tioned — a  reason  which,  had  my  own  examination  of  our  early 
authors  been  even  more  limited  than  it  has,  would  have  been 
istiifactory  to  my  own  mind  on  the  question.  Again,  the 
claims  of  Hooke,  independently  of  the  integrity  of  his  charac« 
ter  giving  irresistible  weight  to  his  testimony,  are  established  by 
another  consideration,  viz.  that  thirteen  years  elapsed  between 
the  time  when  the  statement  was  made  in  the  Transactions  and 
the  time  of  its  repetition  in  Derham's  Miscellanea  Curiosa, 
and  during  the  whole  period^  the  warmest  friendship  subsisted 
between  Halley  and  Demoivre.  Had  the  latter  felt  himself 
Aggrieved  by  the  statement  of  Hooke's  claim  in  that  scholium^ 
he  would  have  remonstrated,  and  have  obtained  justice  from  the 
candid  pen  of  Halley.  No  traces  oi  such  a  circumstance  ex- 
isting we  are  entitled  to  believe  that  Detnoivre  acceded  to  the 
truth  of  the  statement. 

The  claims  of  Hooke  to  profound  mathematical  knowledge 
cannot  be  asserted ;  yet  he  was  far  from  inexpert  in  those  cases 
which  came  before  him  requiring  the  exertion  of  geometrical 
^kilL  The  process  by  which  Delamb're  conjectured  that  Lead- 
heiter  arrived  at  the  proposition,  I  have  already  stated  is  very 

.  *  In  the  Trans«  it  was  **  «ot  beinff  commonly  known^  SCc,*' 
tPWl.  Trans,  for  1695-6;  Lowihorp's  Abt   Vol.  I.    p.  665;  Hut- 
ton's  Abt.  Vol.  IV.  p.  70 ;  and  Mise,  Curios.  11.  p.  23. 

One  of  the  immediate  consequences  deduoed  by  Halley  from  this 
proposition  was,  that— ^<  the  Stereographic  Projection  of  the  Loxo- 
jArome  or  Spiral  uf  Pappus  upon  the  equator  is  the  equiangular  spiral." 
Tliis  is  the  first  notice  1  have  found  of  that.elti^ant  relation. 
VOL.  VI.   PART  11.  g 
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ItKefy  to  be'ihat  b^  wbibh  Hooke  discovered  it«  lib  wai  t 
mind  of  great  activity ;  but  from  his  general  studies  he  was  more 
likdy  to  seire  upon  those  properties  which  present  themselves 
in  the  course  of  a  series  of  graphic  operations  than  upon  those 
which  result  from  a  long  train  of  logical  deductions.  To  such 
a  mind  such  a  property  was  more  likely  to  present  itself  than 
to  that  of  Demoivre«  unskilled  as  he  was  in  the  antieat  geome* 
try,  and  unused  to  the  contemplation  of  magnitude  under 
any  other  aspect  than  as  it  was  presented  by  an  algebraic  ex« 
prcssion.  We  have^  indeed,  yet  to  learn  by  what  kind  of  pro- 
cesses  an  analyst  of  that  day,  even  the  most  expert,  could  arrive 
at  such  a  conclusion.  1  know  of  none,  nor  can  I  imagine  any* 
This  beaMtiful  property  then^  it  appears  to  mSp  belongs  tncoa* 
tistabli^  to  Dr.  Hooke. 

Delambre  has  objected*  to  all  the  solutions  he  has  seen  es* 
ccpt  Emerson's  and  his.  own,  that  they  only  prove  one  case  of 
the  propoiition^  viz.  when  one  of  the  circles  in  the  question  is 
a  meridiaa.  The  completion  is  simple  enough  it  is  true,  and  it 
might  have  been  given  withoiu  much  increase  of  length  in  the 
demonstration.  There  is  too  much  predilection  for  short  pro* 
ceases  amongst  geometers,  and  this  brevity  is  too  often  attained 
at  the  expence  euher  of  completeness  in  the  argument  or  of  gene- 
rality in  the  method  employed.  As  this  trifling  incompleteness 
is'.to  be  fouttd  in  the  demonstrations  of  HaUey,  Hodgson^  Wiuyf 
a»d  Leadbctter  it  may  not  be  amiss  to  supply  iu     Let  H  ,  8  be 

the  angles  made  by  the  two  circles  of  the  sphere  with  a  meridian 
through  their  point  of  intersection;  then  p  ,  p    are  the  angles 

ntiade  by  their  projections  and  the  projection  of  the  meridian. 
Hence  on  the  sphere  and  on  the  plane,  we  have 

s     ±  r    and 
8     =:  F  . 

theretof e  adding ot  subirafitiing  a«  the  case  may  require*,  we  hsjpe 

•  $  m  a 

which  completes  the  proof. 

There  are,  however,  in  several  of  these  demonstrations  otlier 
little  defects  which  it  is  desirabfe  to  remove. 

1.  Dr.  Halley  states,  but  does  not  prove  it,  that  "  the  angle 
A  PDf  shall  be  equal  to  the  spherical  angle  contained  between 

*  Astr.  IB^me.  sieole,  p.  99l 

t  An  ibe  books  contaiomg  these  demonstratioBS  are  readily  s<)0cs- 
ffible  to.  every  0U6  it  in  uoneoossarj  to  insert  tlie  denoostralions  or 
the  figuiis ;  and,  therefore,  I  shall  speak  aa  Aough  tho  figures  wtm 
hefure  us. 
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the  planes  apc^  dpc*''  To  say  nothing  oF  the  inaccuracy  of 
caJling  the  dihedral  angle  afc  a  dpc*  a  spherical  angle>-« 
how  are  we  to  kmw  that  dp  is  ai  tight  angles  to  to}  On^ 
of  the  readiest  metboda  of  shewing  this,  is*  perhaps,  to  prov# 
that  the  plane  pap  touches  the  sphere  at  P  ;  and  hence,  that  dp 
is  a  taugent  to  the  sphere,  and  perpendicular  to  the  radius 
through  p.  Other  methods^  soroething  diflEerem,  nxight  be  readily 
invented* 

a»  In  Jones's  Syn.  Palm*  p.  8173,  ^^  demonstration  is  oKTered^ 
nor  the  method  intimated. 

3.  In  Hodgson's  the  n  and  the  line  en  is  omitt^  in  figure  6. 
In  the  demonstration  of  the  equality  of  the  anglett  the  triangles 
^P*  /^9  10  written  instead  of  dmf^  dpf.  He  also  assumes  the 
lectaoguWity  of  the  angles  ^/i^/*,  mafi^-^n  objeciumof  the  same 
nature  as  that  which  lies  against  Halley*a  demonstratioo. 

4*  In  Leadbetter's  demonstration,  Astr.  1*  6i.  the  line  ki 
ihouid  not  only  have,  been  diawn  at  right  angles  to  dk,  but  in 
the  plane  of  the  tangents  iKtiu  It  is  also  necessary  to  prove 
tbattK/ia  a  right  angle. '  The  demonstration  will  then  be  com- 
plete for  the  case  when  the  meridian  is  one  of  the  circleis  pro* 
jected.  This  amendment  has  been  suggested  both  by  Delambre 
snd  Matthieu«  Astr.  iSeme,  si&cle,  p.  88  and  92. 

It  may  be  worth  while  to  observe  in  reference  to  an  objection 
taken  by  Delambre  to  the  lines  tc^  ca,  wJiich  he  deems  **  tun* 
Ukf**  that  if  we  admit  his  method  of  proving  the  equality  of  the 
angles  p bk,  BFK  (or  ./^k,  O/k  of  Leadbetter's  figure)  the  line 
9  unnecessarily  introduced :  but  it*  we  follow  the  Euclidean 
OMthod  of  reasoning  which  has  always  -prevailed  in  this  country 
in  demonstrations  concerning  angles  in  a  circle^  those  lines  ar« 
essential. 

Leadbetter  has  also  given  another  demonstration  which  I  have 
in  vai^i  made  reiterated  attempts  t(f  understand.  Of  his  first, 
too,  we  nnay  remark  either  that  it  was  taken  frum  Witty 's  and 
clumsily  altered  to  conceal  its  origin^  or  that  it  was  taken  from 
Hodgson's  and  its  defects  as  clumsily  removed. 

£•  To  the  demonstration  of  Witty  nothing  can  be  objected, 
except  that  the  meridian  is  taken  as  one  of  the  circleN«  It  is 
amongst  the  most  elegant  of  the  geometrical  demonst  rat  ions  that 
kas  ever  been  given,  and  is  almost  identical  with  Delambre  and 
Blatthieu's  correction  of  Leadbetter. 

6.    The  processes  of  Kobenson  are  in  general  very  brief  and 


^  Meaning  the  ao^rle  contained  by  the  planes  apc,  dpc.  Most  fo- 
Tei|CD  writers  use  a  sroaiier  ani^lar  sign  placed  above  the  line  ;  ibos 
Arc' lire.  Several  reasons  iniKice  me  toprerer  placing  it  beiwten  tbe 
Utters  deuotiu^^the  planes,  rather  than  wer  them. 


V 

E?ri|ncnoui:  but  viewed  as  an  attempt  to  demonstrate  an  iio- 
ted  property  of  a  spherical  projection^  this  must  certainly  put 
in  no  such  claim*  This  single  property,  however,  was  not  the 
•ole  object  he  had  in  view,  and  perhaps  as  a  tout  ensemble,  the 
series  of  propositions  he  has  given  on  projections  are  as  rigorous 
and  as  elegant  as  could  possibly  be  given  in  the  same  compass.* 
He  also  takes  the  meridian  for  one  oi  the  circles  in  question. 

7*  Of  Emerson's  I  have  already  spoken  ailer  Delambre: 
and  Bishop  Horsley 's  method  led  him  to  omit  all  mention  of  these 
properties,  t 

8.  In  Bonnycastle*s  Trigonometry  is  given  a  demonstration! 
which  cuts  short  the  only  difficulties  of  this  easy  proposition  at 
once.  Seepage  401 5  3rd  edition.  Unfortunately,  however, this 
demonstration  is  no  proof.  For  though  he  proves  correctly  that 
FC  =  FC,  yet  he  is  wrong  in  stating  that  **  in  like  manner  it  may 
also  be  shewn  that  gc  =:  gc,"  for  the  circles  cbb,  CKoare  not 
*'  related  in  like  manner*'  to  the  pole  and  plane  of  jprojection. 
The  inference  is  hence  unwarranted. 

In  these  notes  I  have  not  alluded  to  the  analytical  demonstra- 
tions  that  have  appeared  in  a  few  of  the  continental  works,  for 
they  are  far  less  simple  in  the  principles  employed,  and  they  d3 
not  afford  an  expression  eleganily  interpreuble  into  the  second 
and  third  properties.  Of  the  trigonometrical  method  of  De* 
larobre  I  have  already  expressed  unqualified  approbation.  I 
ahall  therefore  close  the  present  enquiry  by  expressing  a  wish 
that  Gentlemen  who  have  been  in  the  habit  of  making  notes  of 
the  Works  they  read  Would  occasionally  take  the  trouble  to  enter 
a  little  into  the  historic  details  of  different  branches  of  mathe« 


*  I  ought  t(i  except  from  this  statement  th«*  very  elegant  (like  every 
fbing  Mhich  comes  from /itV  jptn)  little  treatise  on  projection,  given 
bj  Mr.  Lowry  in  the  Appendix  to  the  Fifth  Edition  of  Dalby*s  Course, 
Vol.  I.  Tbe  process  by  wliicb  be  has  demonstrated  the  properties  in 
qoestion,  is  exceedingly  similar  to  that  of  Jordanus,  given  in  the  last 
number  of  the  Repository.  This  paper  was  **  set  •p"  before  I  saw 
that  demonstration,  or  I  should  have  noticed  it  more  particularly. 

t  In  a  demonstration  of  a  question  which  I  re-proposed  after  Mr* 
Whhley,  in  the  G(^ntleiuan*s  JMary,  for  lb38*9,  (viz.  Quest  1*252)  I 
attiiLuled  lo  Carnot  the  beautiful  property  that—'*  the  solids  under  tlM 
sine5  of  the  alternate  segments  of  a  spherical  triajxgle  made  by  great 
circles  passing  through  ihe  anjfles  and  any  point,  are  equivalent.**  1  have 
since  noticed  the  same  property  in  Horsley 's  Mathematics,  p.  224,  whs 
quotes  Meiiclaus  as  the  earliest  author  in- whom  he  has  found  it.  la 
Halley's  Edition  of  Menclau.s,  Oxon,  it  is  at  p.  80.  There  is  not| 
hoHCver,  the  slightest  reason  to  tiiink  that  Carnot  was  aware  that  be 
had  been  anticipated,  much  less  that  he  had  obtained  it  from  any  au- 
thor whatever.  Properly  speaking,  the  two  theorems  pnt  down  by 
tbe  Bishop,  from  Mcnelaus  and  Ptolemy,  are  Lut  vuiieties  of  tbe  same 
general  property . 
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lHatical  science^  for  the  benefit  of  those  who  may  take  jiii  inteireit 
in  them.  I  am  convinced,  that  much  chagrin  is  suffered  h'y  mea 
ofenquiringiBinds  from  finding  cherii^elves  anticipated  in  those 
discoveries  upon  which  perhaps  they  .havie  laboured  long  and 
hardy  which  might  have  been  avoided  had  some  such  systenk 
of  mutual  communication  been  adopted  as  that  I  suggest^  and 
of  which  I  have  here,  as  well  as  in  my  **  History  of  Rule  Sur- 
faces/' set  something  like  an  example.  In  the  course  of  my 
leading  I  have  often  had  occasion  to  remark  the  discovery  and 
repeated  re-discovery  of  the  same  propositions,  and  often  in 
forms  very  siiniiart  yet  where  there  w^s  not  the  least  prpbability 
of  plagiarism  :  and  I  have  always  regretted  the' disappointment 
which  must  be  felt  by  the  later  enquirers,  as  well  as  the  loss  ot 
time  which  might,  with  equal  ease,  have  been  devoted  to  the  ex- 
tension of  the  real  boundaries  of  mathematical  science.  How 
many  talented  men  in  sickness'  of  heart  have  sat.  down  in 
desponding  hopelessness  with  '^  there's  nothing  new  under  the 
sun— there's  nothing  left  for  me  to  do!"  I  will  only  add^ 
that  as  a  relaxation  from  severer  labours,  and  as  an  inducement 
to  some  kind  of  regularity  even  under  weariness  of  spirit,  I 
have  ■  found  it  to  be  as  gratifying  at  the  time  as  it  has  been  useful 
in  the  end.  I  consider  it  time  saved  from  the  wreck  of  our 
brief  lives— ^nd  why,  then,  should  not  others  view  it  so  ? 

T.S.  Davies. 
-Ba'A,  1830. 


ARTICLE  V. 

« 

HORA   ARlTHMETICi£.— No.  8. 

Memoranda* 

The  preceding  part  of  this  series  oi  papers,  (No.  4— -74). in 
which  the  principle  of  Transformation  by  Division  was  for  the 
first  time  developed,  were  all  dispatched  between  the  beginning  of 
June  1821,' and  the  end  of  January  1822.  Whatever  were  the 
circumstances  which  retarded  their  publication,  the  delay  was 
most  inauspicious  to  me,  as  having  been  among  the  causes  of 
^he  failure  of  a  paper  of  rnine,  .which  was  read  before  the 
Royal  Society,  in  June  18^3,  containing  an  improved  and 
extended  view  of  the  same  principle,  but  overloaded-*-as  I  was 
very  conscious  myself — with  details  which  I  had  hoped  to  su- 
persede by  a  mere  reference  to  this  Repository.  Other  reasons 
might  have  their  influence  also;  but  the  consequence  is,  tliat 
a  paper  far  superior,  in  every  respect  but  neatness,  to  that 
which  appeared  ir.  the  Transactions  of  1819,  has  lain  upwards 
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of  ferei?  ycart  in  the  tileocc  of  the  ardiires*  It  is  some  con* 
iolatiofi  to  mc.  since  boaUh  and  leisure  kare  been  as  yet  too 
)kt\c  coincident  to  allow  a  revised  and  tndcpendent  publication 
pnitiog  <his  and  other  papers  on  mathematics*  to  be  assured  thai 
|he  H0veliy  of  the  leading  principle  of  tbat  paper  is  still  inioiL 
I  turn  now  to  other  subjects.' 

.  MoH  ot  Uie  methods  of  approximation  which  have  been  pot 
loftb^snew,  since  the.  first  announcement  of  mine  have  been 
PO  obviously  moulded  upon  it.  that  where  the  fact  has  not  been  ac« 
know)i;dgedt  it  cannot  have  escaped  the  notice  of  a  well-informed 
V€ader»  Among  those  who  have  treated  my  claims  with  fairness^ 
Mr*  C.  Bonnycastle  has  blended  the  most  of  originalitv  wiih  his 
variation  pi  the  principle  ;*  and  the  set  of  historical  sketches  in 
No.  s»  vould  be  incomplete  witbout  a  characteristic  notice 
#f  his  labours. 

The  object  which  this  gentleman  seems  tobave  set  up  for  hia 
goidapce,  is>  to  effect  the  transformations  wiiioui  dimtnisking 
^  r^/i  of  the  equatioD ;  an  idea  which  on  the  first  thought 
would  appear  tocontait>  a  desirable  condition.  It  then  becomes 
lequisite  to  find  a  mode. of  expanding  such  a  course  of  division 
as  IS  enjoined  in  Art,  I.  of  the  rtiles  on  page  49,  of  the  last  Vo* 
Lume»  into  a  cominuous  process,  without  stopping  to  complete 
the  trans£or|iiation  by  the  remaining  portions  of  those  roies« 
Now 

tsL    In  dividing  a^a*  +  b^*""*  +  Cof""*..  ••  ..by  jp— r, 
.  we  have 

Ao+B^     +  Co      4-   Do     +Eo      (R 

O AjR BjR         C^a        D^K 

Ai-h     Bj    4-Cj      -f-Di-HE,     

as  is  well  known.     Hence 

2ndiy.  In  dividing  the  sanie  hy  X'^^{r  +  r),  if  we  separate 
the  multiples  of  R  and  r^  we  shall  have  in  addition  to  this,  the 
process 

o         o         6jR        c„R        d^tt 

^  4W  «# 

o        A^r      B^r        c^r        x>^r  ....•.* 

■  ■ '  ■  I     «  -  -        >  

Aj,  +    Bg   +    Cg     +      Og    -+-     Bj    ...     .. 

where  6^  =:  b^  —  B^,  <^  =  c,  — :C,,  &c.  Thai  is  the  muhi« 
pliers  Cor  r  are  the  respective  Amounts  of  the  eniiro  previous 
coiumn,  and  the  multipliers  for  r  are  the  amount  of  the  same 
column  omitting  the  uppermost  term* 


■«i 


*  In  a  Tract  appended  to  an  edition  of  tlie  iatc  Mr.  iliiiujcast1e*i 
JUfsbra. 
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ydly.  Making  r  f  r  +  Tj  =r  R^  +  r,  it  is  evident  that  id 
the  same  manner  wc  liave 

o        o         AjRj       c^n^       d^R, 

o       A^r,      B^fj       c^r,        D.,r, 

'  ■  ■'■-■■         ' ' 

SO  that  the  method  is  continuous. 

Investigated  thus,  the  theory  of  this  method  possesses  a 
beautiful  simplicity.  The  balance  of  ii&  pracficai  merit*  mu^t 
be  thus  stated  : 

The  advantage  is,  that  the  depressed}  equation  (see  No.  6,) 
contdrns  the  remainirig  roots  unahcrc^l. . 

The  disadvantages  are  (1.)  .that  there  are  no  search-divisvrf 
(No  4,  p«^46.)  throughout  the  whole  work,  nor  even  proof* 
divisors ;  (s)  that  the  factors  R,  r^»  r^*  •  • .  .soon  become  of  an 
unwittdy  magnitude. 

Both  of  these  dratvbacks  are  cognate  with  ihe  previous  be- 
nefit. And  the  proof  is^  that  the  roots  being  undiminished  by 
tfie  process,  the  operation  begins  as  it  were  ab  iniegra^  at 
every  step. 

Ht.  BonnycasUe  so  fef  relaxes  the  principle,  in  the  seoiiel^ 
as  to  introduce  a  facility  into  the  use  of  the  terrns  denoted  by 
Bj  a  faciMty  identical  Ivith  my  quadratic  formuFa  of  cdm- 
tnencement.  Apparently,  he  did  not  perceive  that  in  pursuing 
the  same  track  which  he  had  entered,  the  next  step  of  abbr«vi- 
atioa  would  have  brought  him  lo  rav  cubic  formula^  and  sooiiy 
until  the  whole  of  my  process  was  developed. 

The  management  of  trinomial  divisors  in  the  tract  which 
contains  this  method,  is  marked  by  the  same  characteristics,  b 
is  uecestariiy  tentative  (hroughom. 

SMOhU'iiovL-^Index  an  01U  Number. 

The  improvements  in  approximation  huve,  I  fear,  eflectcranj^ 
excluded  the  following  fnvestigation  of.  a  new  method  of  ap« 
proxi mating  to  odd  roots  of  numbers  from  any  claim  to  be  re- 
garded as  practically  usetul.  A  few  years  ago  the  case  would 
have  been  different.  At  present  1  oifer  ft  as  a  matte*  of  cu:. 
riosityonly. 

The  formula  (r  +  zY   being  reciprocql,  may  be  reduced  to 

lower  dimensitmt  when  »  is  odd  ;  viz.  to  the  ^. — -ik  and  i 

a 

^oadiaik. 

As  usual,  put  s  ts  r  +  2,  p  r:  rx,  s^j  ==  r*  +  i"  ;  and  a 
well  known  theorem  gives 

s„  =  s»— ii8"~^p+^ as^-^p* -^     ..^s'^-^p^  l^  ..* 

1.2  1  •  ^ • 3 
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Hence  we  have 

n  f  2  2.3  ) 

Put  zr  zr  sp,  and  «  =  sw-h  1  ;  then,  since  s* — P  =  z  +  rS 
this  formula  reduces  to 


s»  —  s«  N  —  r"  —  s" 

or 


1'^ 


nr  nr 


(z  +  r«)«-'r*z* i  = 


+  r^)««->  f — 9  (z  4-  r^)«-«  rV  + 

2  .  3 

ffi  —  3  **  *  '^  —  ^ 
fl    •    •  •  •  •  ^ 

z«  -I r-z*"— *  + Ar*z""-*  4- 

2-3  4-5 

^""g  '  ^ — ^  Br**z«~»  ....(»!—  1  )r««-^z*  +  r'-^z 

where  a,  b,  ice.    represent  the  next  preceding  coefficient  re. 
spectively. 

.    We  have  thus  an  equation  of  the  m^^  or order,  from 

2 

which  the  value  of  z  may  be  found,  correct  to  as  many  places 

as  - -Hi"  contains  zeroes  in   its  commencement.      Then  the 

quadratic  2«  f  r*z  =  z  gives  the  value  of  «,  true  to  an  equal 
extent. 
Thus,  we  shall  have^  when 

«=  3»  z  =    —-, r«=: 3 L 

y  3r 

and  the  subsequent  quadratic  would  lead  to  Halley's  irrational 
formula  for  the  cube  root. 

If  n  =  5,   z«  +  f«z  =   ^—^'  —  ^' 

which  produces  the  formula  for  N  , 

yfhich  quintuples  the  original  accuracy  of  tbe  root  r. 

H  n  =  7,  z»  +  2r«z«  +  r^z  =   '"'  ~  ^  ""  ^    and  so  of  the 

7'" 

est. 

W.G.  Horner. 
iJn/A,  Feh.  4,  1831. 
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Analytical  SolfHon  of  the  prize  Questiqn  4?J^^  PTf^^  tUffi^n* 

lory ^  for  the  cau  if  the  Tnanj^/ ^  ^'"  *'  **^ 

HI       •  \ 

Though' in  my  solution  of  this  question  I  have  intimated  my 
intention  *oF  ^ving  two  different  methods  of  treating  the  geneni 
problem— one  by  the  ladiai  projection,  and  the  other  by  Analytic 
cal  (Geometry— «l'l^ve thought  ^t^ioUoiinng^  which  is  sooicthing 
diffi?(QPt  (troHi.  tb^  .^(i^ytical  iH)Iuaon  s(ll|i£d  ;to,  might  pOt  be 
without  interest.  Its  chiet  purpose  is  for  compa];iao];i,yri^h,the 
two  solutions  of  that  'cause .given  in  t|ie  Gentlenvin^s  Mathemati- 
cal CpiDpanlon  ior  4^13.  The  obj^t  of '.this  xomparison  js  t9 
enforce  by  an  example  the  greater  simplicity  and  greater  facility 
of  operating  -by  general  methods  than  b^-  isolated  processet^ 
and  to  shew  that  a  superior  jolptjop  (C^be  ohtaTne'd  by  far  leO 
exercise  of  skill ^thjain  is,t)iere  ejnplpyed.  ^^notber^au^Yantaijie  of 
general  .meiiibdsy  is,  thjit  they  pr(>duce  aymnaetrical  resi(l(t^ 
and  thereby  afford  a  ready  check  upon  the  accuracy  of  the  worl^ 
itjsclf.  '        .      '  -      .  f- 

Let  the  ellipse  or  hyperbola  nferredto>  itt^centte  «od  pniicj|ni 
axcs^bc)  denoted  by  ^ 

Sat  U»e,iAke,0{<«Me  yffi^sW  tfj^  .tH^lil)<e,9Rljr,j«t  t^e;|()> 

lotion  for  the  hyperbola  is  obtained  by  a  simple  change  of  Sfgo* . 

Let, the  mgvJwp<Mints.of.»«y  .o9C4)fitbe  .jfwcnb^d, triangle* 

tion,  we  have 

«V +  ***//*  =  «'*••  •.,.••(8) 

Let «  and  0  )>e  the  inclinations  of  the  given  straight  lines  to 
tbeMic  oix :  then  the .  ^<iuations  of  .ihe^  two  .sales :  of.  theari* 
^  angle  parallel  to  them,  give 

.  -^r~y/^  =:  tea«,  and  1^-=^  =  tW  A  W 

('/  —  *//)  "na=:(y,  — jfj  cos  « (5) 

(^/  —  *//>) >i°^  ^  (y/  — >//>)  <^9«  ^ (6)- 

VOL.   VI.    PART  \U  h 
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Subtracting  (3)  and  (4)  from  (s)  we  obtain 

6«(x/  -  o  =  -  ^'(y/  -  y//) (7I 

.     6*(*/-*„/)=.-a»(y/-y,,;) (8J. 

Dividing  (7)  and  (8)  by  (5)  and  (6)  respectively,  we  gc£ 

ft»(«,  +  x„)  cos  (K  +  a\y,  +  y„)  sin  «  ==  o (9) 

b\x,  +  ar„,)  cos  /J  +  aHy,+y,^,)  sin  /J  =  o . .   • .  .(10). 
Throwing  open  the  vinculaof  (j),  (6),  (9X  (lo),  we  have 
.    X,  sin  at  —  4P,^  sin  «  —  y,  cos  a  •{•  y^^  cos  a  =1  o  •  •  •  •(li) 
..  «/«ni8— »,„sin/3 —  V/Cos/J  +  y^^/ cos/S  =;  o....(ift) 

A*«,  cos  a  +  6*x„  cos  «  +  a*y,  sin  a  +  fl*y^,  sin  a  =:  o.  •(  13) 
'    }flx,coifi  +  6%/Cos/3  +a<y/Sin/3-f  ii^^//Smi?=:o..(i4} 

These  give 

(tf *  sin'jt  "^  ft*  co8*(g)y^  +  afe*  sin  a  cos  a  .  x,  . 

y^^":  a*  sin'a  +  ft'  cos'a  ••••(»5) 

(if*  sin*-a  —  ft*  cos^a)jr .  —  2fl*  sin  a  cos  «  .  y -  ,  ^. 

*//=       ^ r"^"I — TTT — i ^  ....(16) 

_       (g^  sin^g  —  ft*  cos*i3)y^  +  aft*  sin  /?  cos  g .  g^  , 

*''' a«sin*/3  +  A*cos*/S  ••••l»7/ 

—      (tf *  sin*/3  —  ft*  cos*/3)x^  —  aa^  sin  j3  cos  g .  y^  ^  ^ 

*'''-                         4*  sin^g  +  ft*  cos^g  ....(ilj; 

Now  the  equation  of  the  third  side,  or  tangent  of  the  locus 
lottgbty  in  termi  of  its  extremities  is 

y(a?/,  -  */,/) — *  ty//  — ^/z/)  =  y///*//  -  y,/*/„ (S9) 

Inserting  in  (19)  the  values  of  a?^,,  y,/*  ar,,,,  y^,,  from  (15) 
•  •(18)  we  have»  alter  arranging  the  quantities  according  ta  x, 
and  y, , 

'      {a*y(tf* sing  sin  a— ^*cosg  costf)— a*ft<xsin(a4-  &)}yAi^ 
+  {ft*a?(a*  sing  sin  «-  ft*  cos  g  cos  «)+  i»«ft*y  sin  («+  g)}j?^  y "" 

tf *ft*  (a«  sin  g  sin  «  —  ft*  cos  g^os  a) •.....•.  (23) 

or 

Giving  this  the  temporary  form  of  y,  ir  ?  .      r ^/  ^^d  elimf • 

nating  y^  between  it  and  (a),  we  get 

(a«p»  +  *V)jir/  -  2aV?*x,  =  a«(r«ft«— ^) . . .  .(25). 
Differentiating  relative  to  x^^  we  get 


a 


r 

filiminating  x,  between  (ft^)  and  (26),  we  have 

Y  =  tfy  +  *v (27).    :  * 

Restoring  the  values  of  p^  9^,  r,  the  equation  (97)  becomes, 
after  soning  the  terms  and  performing  ibe  obvious  and  simple 
reductions. 

Which  denotes  a  concentric,  similar,  and  similarly  situated 
ellipse.  W.W.  R. 

A  simple  change  of  sign  in  the  result  vrill  coovot  this  into 
the  case  adapted  to  the hyparbola*    We.may  now  proceed  to.. 

a.    The  Parabola. 

Refer  it  to  its  principal  diameter,  and  having  the  origin  at  ^he 
vertex.     Its  equation  is 

/  =^ (O     yy/  =  «*// (a') 

>/=«*. (2')        >///  ==  «///  •  •  ^  •  •  -(40. 

Then  as  before,  we  have 

>,  — >//  =  (X,— *,, )  tan  fli (5O 

>/—>///  =  («,— *Jtan/3...,..(6'} 
>/-;^// =«(«'  —  «/.)  .     (7) 

,  y/- ;'///=  «l«i  —  * J  -(SO 

Divide  (7O,  (80  by  (5O.  (6)  ^d  we  have 

;'/  +  >/,  =^cot« (9O 

y,  +  y,^^^acoiP do').] 

Hence  y^/  =:flcottf  — y, (itO 

y,„=i»cot^-jr,   (la,) 

From  (3)  and  (i  lO  we  have  «,,  =:  j  (fl  cot «— jr,)« . . .  .(tg.) 

From  (4O  and  (laO  we  hayc*,,,  r:  -  (a  cot  /3-yO^ . , .  ,(140 
The  tangent  to  the  locus  sought  is,  as  before, 

Substituting  the  values  of  rr,,,  «,,,,  y,^>  y,„  given  by  (it') 
•  • .  .(14  )  in  this,  we  have  after  obvious  r^uaions 

j;t_^,{a(cot«+c«t3)  +2y}+o' toucote+aar+iqr(cot#+oot|l)  «  0,«««(t6^. 

Diflfeieqtiate  relative  to  y,  and  eliminate  between  the  result  and 
(16').    The  next  result  will  be 


a* 


/  =  ax  —  —  (cot««  +  cot«g). 

h  9 


:&. 


I     ^ 


•  . 
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t 

Tbii  11  the  <^66ii  tf  i  fMdMJk,  Whoteaxef  cbtntide  with 
(tX  is  equal  toil  in  all  Atpectt,.tott.wh6a6  vertex  is  diitant 


mmrthfc  vereer  of  0>  by  ^be  ^ttantity  {a^to^^a  +  cot^^k.  . 


ARTICLE  VII. 

JB^ilfr.  Davies,  BatA. 

^0  thSGfhStdsi  t>f  Sirfttces  tfRevbltHdn  rfiheSecmd  Orier. 

The  [^r)>peniet  of  these  lujrfacei,  though  exceeaingly  eJepht. 
simple,  aud  easy  of  investigation^  have  been  rarely  touched 
upon  by  writers  of  bur  owii  country,  and  in  no  cas^  examined 
with  the  attention  which  they  deserve.    ^e&'  p'rb^6h!B  ^re  in 
many  cases  ab  isliiiilvlo  tboie  bf  their  tJbnerathig  ttifrves,  and  most 
others  have  ko  olfVibtiS  ail  klliadcc  wnh  fhenl^  thai  it  is  singular, 
so  fertile,  and  io  superfici^  a  syst^rh  of  enqutiy  should  have 
been  overlodked*    I  attribiite  tbts  to  the  v£ry  abbreviated  form  in 
which  solutions  were  nec&saril^  drayi;!  up  tor  the  di^fferem  peri* 
odicals  which  kbjjt  i^iv^  the  scientific  spirit  oF  this  country 
during  three-fourths  of  the  last  cemdi^.     A  neat  and  concen* 
trated  resulc,  rather  than  aii  amplified  oisieriation,  was  more  in 
accordance  with  tHe  plan  of  ih'ese  Wofk;  and  Kl^e^,  the  most 
interesting  coroiliirib^,  if  they  Were  tidt  ehar^terized  by  some 
extx^prdinary  simplicity,  were  necessarily  excluded.    The  con- 
sequence Was,  that  though*  the^e  ti-mjiohlry  phkRitlloiii  are 
often  replete  with  curious  and  interesting  results,  yet  even  the 
luthdfs  thetiilbl^ei  IfcsDtned  to  consider  Ihehi  rniti^otthy  ^  de- 
velopement,  and  to  estimate  .their  solutions  as  most  valuable  in 
proportion  to' the  compfes'^lbii  ^iii^Ioyejl  iii  Ihehi.  •  Another' 
neceksary  Vekiilt}  was  a  cdltiVatioh  of  s^6cifie  anises  to  adapt 
lA^  sblution  \o  i\it  particular  c^se  dnder  consideration,  rather  than 
the  inventtM  bf  gertenri  methods  by  which  t4)e  sp)ution  of  the 
Ifthole  \:ias$  oi  correlative  propositioru  CQuld  be  effected.    We 
•^$n  2^11  the  periodicals  of  that  epocn;  illuslritibh  of  tlHs  ife* 
mark — it  is  stamped  bii  eVbry  ^g^.    Ohb  |p^ahd  YtxtH^  Kow« 
ever,  arose  out  of  this— the  ihore  aU^K  \e\)tti^ttbn  ttf  ^e 
Greek  Geometry;    It  led^to  a  n^oli^  minute  examination  of  the 
several  cases  of  a  proposition,  than  could  hive  resulted  fifom 


• 


^ 
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liMfiMil  fMigfhfeiMri  w«ra^  ginMlfliMmsftlf  cuitivatiiig«  Tbig 
Ma^  to*  t)i<»v|nbt  eomrandictdr/y  buc  the  paKadoifr  i*  tasitjr  es» 
fm[it44  WMlib  aiDfrifflcaCfiytf  ^f  «» tfinghf  propotkiM  was  fot^ 
kMtoii  cbe  iiitQfii  eotiylitfritfs  te^mein;  tbeir  turn  new  pfopo* 
sWdm  for  fcMsm  kutelcigaRioii'.  Thtt  ^smi^^tirigtuiticat  fonn  hi 
irtikh  thtf^  ware  idiii«Kiiiet  |Mrdpdsed'>*  or  rive  tnodificaMn  of 
one  or  ^^r  of  the  hypmh^tm^^^^Hif  sho  application  of  th«  ptia«t 
eipltf  to  iofrfe  pHtiMri  o»  doscv ipiite  probW  :^i^hesr  sorycd  to 
^otMeai  iho  real  cofitiexion  betwcOn  the  oM  aiiid  the  ncv  pro* 
positioft«#  The  Hew  dne  tfi  M  torit  gave  rise  to  other*  d  and 
thttf  aroao  new  aMthods  «)f  solution  adapted  to  the  particolar  oates. 
Ttlis  wae  mih  niore  facilitated  bs^  ibe  neoeaiary  defect  of  km 
fimf-af  ptifinpk  to  coane<it  the  varioiiatraths*«'*^raiiy  aniibrni 
ly^ettl  of  tneihods  alike  adapted  to  all  fMroblemi-^Mnr  even  any 
classification  bein^  possible,  wtiioh  shMid  so  arrange  tiie  dif« 
fi^eilt  fttbjeeis  ot  investigaiion  ai  to  enable  the  mathemattcsan  to 
see  before  hknd  by  what  kind  of  processes  any  particular  pro«- 
blem  might  admit  of  sotutfoti.  At  the  same  time,  as  an  exercise 
in  Ibe  best  and  ntost  dttful  empldyment  of  the  tyllogysm^^  at 
lout  of  enihymeme-^it  kept^  as  it  always  had  done*  in  advance 
df  every  other*  As  a  tnental  diacipline^  the  matheniattcs,  (so 
bbg  as  mbtbematics  was  confined  wholly  or  principally  to 
tbt  Oieek  Ceodieiry)  formed  the  most  efficacious  of  all :  and 
theugh  I  value  as  much  as  any  one  tHe  increase  of  power  in  pby-* 
^cal  enqtiiriea^  which  is  afforded  hy  the  modern  analysis,  I 
esnnet  but  hegret  the  vaguedesa  ot  thinking  which  prevails 
woilgbt  ita  devoteea*  In  eonsetiaenee  of  the  relaxation  of  the 
wholesome  exercise  afforded  by  the  writings  of  £uclidt  Archi- 
medes, and  Apollonius. 

'  T6\  the  examination  of  a  geometrical  problem,  the  Greek 
taethoJa  were  better  adapted  than  the  modern  •  The  English 
kamed  to  reason  concerning  figure  by  means  of  its  approximate 
representation-— the  Continental  Geometers  by  means  of  its  arbi- 
trary syhiboK  U  is  true  that  Lauden  and  Waritig  in  this  country 
attnnpted  to  cultivate  the  method  of  iolving  Geometrical  prtK 
bttel  by  means  of  Algebra,  Und  though  iti  many  cases  they 
iUriVed  at  very  curious  results,  there  is  none  of  that  generality 
e{  method—- nothing  of  tliat.  reach  of  mind  and  sy,«tematic  skill 
which  laid  down  priacipleaoftolvtion  rather  than  peculiar  artifices 
idspted  to  special  oases— 4o  be  «ibdnd  in  any  6k  their  writings^ 
Tbey  have  in  short,  combined  the  inconvenieiices  of  both 
ihethods,  without  the  slightest  trace  of  the  peculiar  advanlaget 
which  either  might  aflbrd«  The  wliole  advantage  of  analytical 
Geomeuy  has^ctciginaiediaosesole  circamstaace^ihe  employ* 


L 
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jment  of  co-ordtnate«.  AH  oiber  algebraical  attcmpU  at  geomo* 
irical  aolution  have  led  to  results  as  complex  as  tbey  were  deficient 
in  83anxDetry  and  difficult  to  obtain.  A  few  isolated  cases,  it  is 
true,  might  be  adduced  as  exceptions  to  this  remark :  but  it  is 
so  generally  true  that  it  would  be  difficult  to  find  in  the  labours 
of  twenty  years  in  any  one  of  the  works  ot  that  period »  as  maay 
indisputable  exceptions.  All  the  results  to  which  the  twa 
authors  above  named  have  arrived  are  proofs  ratberof  their  dex« 
terity.in  the  invention  of  algebraic  expedients  tbai>  of  any-  conn 
prehensiveness  of  mind  which  could  seize  the  general  principle 
that  pervades  in  comtnon  a  number  of  different  processes. 

The  difficulties  of  interpretation,  too,  of  analytical  resoltii 
so  long  as  those  results  proceeded  from  isolated  processes^  re- 
turned with  every  new  example^  and  indeed  depended  for  th^ 
solution  upon  the  peculiarities  ot  that  example  :  and  hence,  till 
general  methods  of  notation  and  investigation  were  devisedi  it 
was  impossible  to  contrive  any  general  methods  of  interpretstion. 
Even  in  the  present  stage  of  analytical  Geometry,  thi$  is  by  (ar 
the  most  difficult  part  of  the  problem :  and  though  much  bai 
been  done  towards  reducing  into  a  regular  system  the  more 
prominent  geometrical  interpretations  ot  a  result,  yet  the  more 
delicate  aiid  often  far.  more  interesting  indications  are  either 
passed  over  in  silence,  or  rendered  the  subject  of  the  most 
ludicrous  mistakes.  Mr.  Babbage  in  his  elaborate  essa]r  oo 
the  **  Influence  of  Signs,"  has  noticed  a  remarkable  specimen 
of  the  former — and  (amongst  many  others  which  tnight  be  readily 
instanced)  may  be  cited  the  aba^urd  interpretations  which  Mes&ri. 
Warren,  Mourey,  and  Peacock,*  have  rcvitfed  ol  the  geomeui' 

cal  signification  of  \/ — s. 


»■■■ 


•I  say  **  revhed^^toT  it  is  well-known  that  the  same  «M»tiaB-»llsl 

^ ^\  iignifiet  wn angle^iB not  new,  however  mach Mr.  Warren  miy 
valae  tb«  presumed  discovery.  Dr.  Wailis,  (who  mig^ht  well  be  ex- 
cused ior  ai^y  error  of  interpretatioD,  writing  as  he  did  in  the  infiuipy 

of  science)  was  the  first,  I  believe,  who  imagined  that  V^— 1  iadi- 
mijAied  €  point  wiihaul  tke  line  upon  which  -f  and  —  were  estimated* 
It  is  worthy  of  remark,  too,  that  he  was  the  author  of  the  mistaken 
interpretation  of  the  sigoification  of  -h  and  ~  in  the  Geoinetrj  of 
Position,  which  makenaueh  a  figure  amongst  the  difficulties  that 
Carnot  imagines  he  has  fixed  upon  the  modem  Algcbrtiic  GetMuetiy* 

The  notion  that  y^—  i  signified  ftgrpendicuUrihf  .was  proposed  bj  * 
foreign  author  whose  name  I  am  unacauainted  with-*  but  its  fallacy 
was  exposed  by  Fon^nex  in  the  Tnrin  Melanges,  i7(y<><i-l,  pp.  l^^^ 
In  1805,  M.  Bu6e  (an  Emigrant  French  Clergyman,  residl-nt  here) 
guided,  1  have  no  doubt,  by  the  hint  of  Waltis,  came  to  tJie  same 
conclusion.    His  paper  was  published  in  the  Phil.  Trans.  I8U6,  aoda 
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• 

Since  the  time  of  Wailit  no  writer  except  Emerson  teemt 
to  have  taken  much  notice  of  the  conoids,  and  he  but  very 
little*  In  our  own  times  half  a  dozen  properties  have  been 
appended  to  a  little  Geometrical  Treatises  on  Conica»  published 
anonymously  at  Cambridge.  Even  this  Jittle,  coming  from  a- 
Uaivenity  which  has  banished  solid  Geometry  (except  under 
Ml  algebraical  form)  from  its  lecture  rooms,  is  gratifying:  and 
the  execution  of  the  work  altogether  is  as  good  as  we  could 
expect  from  such  a  source.  There  is  also  ia  the  Transactions 
of  the 'Cambridge  Philosophical  Society  (Vol.  IILp.  185)  a 
piper  by  Mr.  ^crce  Morton,  upon  the  **  Focus  ot  a  Conic 
Smion.*'  What  that  gentleman  means  by  stating,  that  he  is  ^*  not 
aware  of  any  simple  and  direct  mode  by  which  the  existence  of 
to  remarkable  a  point  (the  focus)  is  established/*  I.  do  not  pro- 
fess myself  able  to  understand.  Pasaing  by  this  as  a  verbal 
oversight,  I  wish  to  remark  that  this  paper  was  read  m 
March  t8§g^^iwo  years  and  a  kalf  aSitcr  the  principal  propo- 
sition in  it  had  been  announced  in  the  Ladies'  Diary^  and  eighteen 
^fnihsiffier  ike  solution  <f/  ajar  more  general  one  had  teem 
pven  in  the  Gentleman* s  Diary ^  viz.  where  the  conoids  gene* 
ally  had  been  substituted  for  the  cone  in  Mr*  Pierce  Morion's 


iMStorly  refotati^a  of  it  g^iven  in  the  Bdinburgh  Review,  1808,  by 
Professor  Playfair.    About  the  same  time,   M.  Argand  publisbedp 
la  Paris,  a  little  work  devoted  to  the  same  view  of  the  sigaiflcatioa 
ef  tbe  figain  question.    In  1813  M.  Fran^ais,  who  had  beenlei  into   ' 
^  specvlatiott  by  a  remark  in  a  -letter  of  Legendre  ta  his  brotkor, 
pablisked  in  the  AnnaU^  d§M  Mathemali^mfm,  torn.  IV.  p.  6(>— 72,  a 
paper  containing  but  a  slightly  difierent  course  of  enquiries— de- 
finitions—conclusions^from  those  since  brought  forward  by  Mr.  War- 
rea*    Other  papers   were  published  by  FranQai.M  and  Argand-  in  (he 
**»>e  i»ork — and  a  leaning  towards  the  same  view  was  shown  iiy 
M«  Gergonne,  the  Jearned  and  acute  Editor  of  the  Annales.    A  tetter 
of  M.S^yQis  however,  seems  to  have  suppressed  the  enquiry,  fis  we 
fiad  no  further  mention  of  it  except  a  la.st   reply  of  Argand*  adding 
Aev  absurdities  to  the  accumulation  already  made.    Mr.  Goaipertz 
^90  seduced  by  the  'vaguc  specuiatious  of  Bu^e  was  also  led  to  waste 
sis  valuable  powers  upon  this  fruitless  subject.  In  one  or  other  of  the«a 
^thors  tliere  will  be  found  sufficient  to  remove  all  claim  to  mriginaUty 
tn  Messrs.  Warren,  Mourey,  and  Peacock.    How  far  they  are  indebted  ^ 
^eetly  to  the  atithors  already  cited  is  another  question;  and  dne 
^ioh  it  wouM  he  scarcely  proper  to  diffcns.s  here.    The  whole  system 
^enquiry  .^nli  be  ^scussed,  however,  in  a  forthcoming  volume  of  Mis- 
MliaQe<^ii9  Dissertations.    One  ojf  these  dissertations  will  be  '*  An 
Eo^oiry  into  the  principles  which  should  regulate  our  judgment  in  dc- 
ouimg  upenJMathematical  plagiarism.'*    )t  will  be  easy  to  furnish  tii- 
'^cei  of  every  principle  there  contended  for  from  •  certam  clas^  ol' 
inathematical  writers  in  this  countryt  ' 
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disaatatioB.  IiCoixfeMiI  was  aurprisod  to  find  «o  simple  a  idb* 
jcdOiSiibdLtywhick  fermfld  dieffourth  in  order  .of  difficuky  ioihe 
J«4Hbes*  'Diai!y,]nad(e  the  subject  of  a  formal  paper  in  At  uamr 
actiuns  oi  jo  learned  a  body  as  the  University  Pbxiosophic^i 
Society,  and  J  could  inot  but  r^nark-how  much  the  imponance 
of  any  subject  dvpends  upon  the  mannar  in  which  it  is  usbcied 
into  the  world  1  That.  Mr.  Morton  'Was  aware  of  tlie  'Diary  40* 
lotion  rdofoot  inainuate:  ithat  paper  beaiss  onitsfaceoneot  the 
teats  of  independence  of  the  (Gentleman's  -Diary  .soltition<p^/tfSf 
gen^'ality.  But  upon  tuvning  to  Quetelet's  Brussels  Conei* 
pondenee,  torn.  III.  p.  a^o,  the  intimate  connexion r-*the  almoit 
idetitity  beween  Mr.  Morton's  paper  and  that  of 'M.  Bdfaillier-"- 
looks  leu  favourable,  ^fbis  is  a  queston  of  little  moment  bosr« 
ever^  as  Mr. 'Morton's  paper  tbo^igh  original  would  be  deenei 
bat  a  sligl^t  •accession  to  our  iknowledge  on  <the  ^subject  of 
conoids. 

HRbe  most  various  and  interesting  assemblagf;  of  these  pro* 
perties-that  has  ever  been  given  to  the  world,  is  that  ihy  (M. 
Chastes,  in  thelate  volumes  of  the  Transactions  of.thc  iRoyal 
Academy  of  Brussels,  aud.in  some>other  scientific  journals, 
and  likewise  in  a  reprint  of  his  principal  M^moire  at  Pans. 
His  method  of  investigation  differs  in  most  cases  from  mine. 
Waving  the  claim  to  originality,  I  shall  be  content  to  have 
ap  opportunity  of  introducing  to* the  notice  of  Englishmen  tiii^ 
curious  coIleciiot)>  and  more  ^specially  should  I  pe  so  hapW 
as  to  succeed  in  inducing  them  to  pursue  the  same  enquiry  stiu 
farther.  My  own  attention  was  led  specificsUy  to  this  subject 
when  studying  the  beautiful  property  which  has  been  ^alluded 
to  in  the  Gentleman's  Diary,  and  I  then  discovered  many  of  the 
dependant  and  related  properties  I  had  added  to  them  at  dif- 
lerent  times  before  M..Chasle&'s  papers  fell  in  my  -way.:  and 
from  the  first  intended  to  make  them  form  a  seaion  of  this 
series  of  papers.  There  will' be,  then,  no  necessity  to  mark 
which  are  here  published  for  the  first  time — which  have  been 
amicipiu^ed  by  M.  Cbailes,— or  which  are  taken  at  once  from 
his  papers.  Those  who  are  curious  in  Pbilosc^hical  or  Mathe- 
matical History  will  of  course  turn  to  both :  and  by  those  who 
are  not  so,  the  explanations  which  it  would  require  n)ay  be 
deemed  unnecessary  and  even  irrelevant.  1  have  oaly-  to  state 
thst  my  reason  for  generally  preferring  in  this  enquiry  the  me- 
thod which  has  borne  the  title  6i  geometrical  is— that  after 
making  the  experiment  upoaa  gpeat  numb<;r  of  the  proposidons, 
1  have  found  it^i^horter,  simpler,  :ai:vl,l)aiore  iot^gifciic  tj|;^^  the 
analytical  method.  . . 
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ARTICLE  VII  • 
Oh  Spherical  GsoicsTRY. 

By  Mr.  Thomas  STEPaEHS  Da  vim,  Bath* 

The  usual  method  of  efttablishiug  any  property  of  figure! 
formed  by  great  circles  on  the  sphere  has  been  to  prove  that  the 
analogous  property  holds  amongst  corresnonding  lines  on  a 
plane,  and  then  project  them  gnomonicaliy  on  the  sphere  it- 
self. In  all  jcases  where  the  property  is  a  projective^  one^  this 
method  (with  some  limitations^:  u  is  true)  can  be  legitimately 
^plied.  When  also,  a  single  less  circle  of  the  sphere  enters 
into  the  enunciation  of  the  proposition,  the  same  process^  also 
under  the  same  slight  limitation,  is  equally  applicable.  It  is 
thus  that  a  considerable  number  of  spherical  loci,  and  of  spheri- 
cal porisms  may  be  established  with  great  facilitj^ :  and  were 
it  not  that  there  is  an  immense  number  of  enquiries  equally 
curious  and  far  more  difficult,  that  cannot  be  made  to  yield 
to  this  treatment,  that  method  may  perhaps  be  deemed  suffi«^ 
cient.§    It  might,  howevert  with  much  propriety  be  urged  that 


*  Our  readers  vUl  perceive  tbat  we  have  numbered  this  Article  as  a 
lepetitjon  of  tbe  last ;  the  reasob  is  this— 

The  length  to  which  the  commDuicatioDs  of  Mr.  Davies  on  Sphvrical 
Geometry  and  Spfaeilcal  Loci  extended,  rendered  it  impossible  to 
insert  even  the  portions  of  them  which  we  have  done  in  this  ndmiber, 
vitboot  reservincf  to  a  falure  occasion  the  section  of  that  g^tleman'a 
paper  on  tbe  Oeometry  of  Three  JDimemioM^  which  we  bad  beg^n  in 
oar  last  half  sheet:  and  on  account  of  the  greater  importance  attached 
by  the  author  to  his  li^tter  commanications,  we  have  arranged  that 
the  former  shonld  ^*  stand  over"  to  make  room  for  tliem  in  the  present 
aamber.— «->Ed. 

t  '*  Une  llgnredont  les  parties  o'auront  entre  elles  qae  des  d^pen- 
dances  indestructibles  par  I'effiet  de  laprojection,  sera  appd^e  ^ure 

Ces  d6pendancos  eHes-m^mes,  et  en  g6n6ral,  toates  les  relations 
oa  propri6tte  qni  sobsisteat  k  la  fois  dans  la  ligwre  donn^  et  dans  ses 
^roJMtions  seront  appe)6es  ^galement  r«24<tMu  ou  proprikii prqfetioeM* 

Poncelety  Traits  des  Prop,  Proj.  p«  5. 

t  That  is  when  the  point  projected  is  not  more  than  ;^from  the  point 

i 

ctf  contact  of  the  sphere  and  plane  of  projection  It  might,  indeed 
even  then  by  somo  subordinate  considerations  be  made  to  apply:  but 
the  method  is  certainly  fhr  from  elegant,  and  only  to  be  tolerated  when 
it  is  the  omly  one  that  can  be  devised. 

§  The  case  where  two  less  circles  enter  into  the  proposition  belongs 
to  this  class :  as  they  cannpt  both  be  g^omonically  projected  on  the 
same  plane  into  circles. 

Vol,  VI.  Part  ii.  i 
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projection  though  a  ready  is  not  an  elegant  method  of  investi* 
gating  any  class  of  properties :  and  this  doctrine  is  so  generally 
admitted  in  England  that  in  the  demonstration  ot  properties  of 
the  Conic  Sections,  projection  is  rarely  admitted  where  other 
methods  can  be  devised— or  at  all  events,  it  is  universally  con- 
sidered ztt  inferior  process.  Nor  am  I  awar6  that  any  attempt 
has  yet  been  made  (with  one  slight  exception  to  be  noticed 
presently)  to  establish  a(  method  of  treating  even  determinate 
problems  on  the  sphere,  with  ariy  thing  IiRe  appropriate  and 
promising  methods.  Our  lipherical  trigonometry,  in  all  its 
improvements,  has  had  an  exclusive  referetide  to  facility  of 
computation-— and  has  very  rarely  turned  aside  to  consider 
any  of  those  elegant  and  striking  properties  of  spherical  figures 
that  force  themselves  upon  our  notice  at  every  turn.  This  is 
the  more  extraordinary,  as  the  processes  by  which  they  are 
established  are  so  simple,  and  the  calculations  so  habitual  to 
those  who  have  attended  ^Ver  so  little  to  physical  researches,  that 
it  can  only  have  arisen  from  the  srttention  of  geometers  never 
having  been  specially  diredted  to  that  object. 

A  paper  of  mine  which  is  now  printing  in  the  Transactions* 
of  the  Royal  Society  of  Edinburgh,  is  devoted  to  the  prin- 
ciples of  such  an  enquiry,  atf  far  as  the  doctrine  of  spherical 
loci  can  be  treated  without  reference  to  the  properties  of  the 
differential  coefficients  :  and  another  which  will  be  shortly  fur- 
nished to  the  same  Society,  takes  up  the  subject,  under  this 
aspect  also.  The  co-ordinates  I  have  employed  are  the  longi- 
tude, and  either  latitude  or  polar  distance  of  the  points  in 
the  curve,  as  the  case  may  seem  best  to  admit  of.  Still,  the 
greslt  Variety  of  curious  and  often  unexpected  results  that  I  have 
obtained^  far  exceed  the  possible  limits  of  such  dissertations  as 
those,  even  though  they  themselves  greatly  exceed  the  usual 
length  of  papers  in  the  Transactions  of  Learned  Societies.  I 
hive,  on  that^^ccount,  availed  myself  of  the  kind  permission 
of  the  Editor  of  the  Mathematical  Repository,  to  employ  his 
pages  fiai^'introducing  to  public  notice,  such  of  my  results  as 
c<mld  not  be  conveniently  inserted  in  the  memoirs  referred  to : 
and  I  trust  I  am  not  too  sanguine  in  hoping  that  the  readers 
of  that  work  will  enter  upon  the  investigation  of  spherical  pro- 
blems with  that  ardor  which  the  opening  of  a  boundless  subject 
of  enquiry  never  fails  to  produce  in  liberal  and  enlightened 
ihinds. 


•  Vol.  Xlt  Part  I. 
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SECTION  FIRST. 

t  « 

Of  Great«circle  transversals. 


I. 


Jig.  1. 


Fig.  2. 


Def,  As  in  piano  a  line  ab  is  said  to 
ht harmonically  divided  in.c»  D  when 
the  proportion 

AC  :  CB  ::  Ai)  :  db 
subsists  amongst  its  segments ;  and  as 
the  Knes  drawn   From  abcd    to  any 

toint  p  on  the   plane   were  called  by 
(aclaurin,  Harmonicalsi  so,  when  .an  ace  as  of  a  great-circle  ] 
is  divided  in  G»  d»  so  that 

sin  AC  :  Mn  cb  : :  sin  ad  :  sin  db 

the  arc  f^  said  to  he  divided  harmonically 
and  arcs  drawn  to  any  point  p  on  the 
sphere  are  called  spherical  harmonicals. 

Our  purpose  is  to  shew  the  analogy 
that  subsists  between  the  plane  and  spheric 
cal  harmonicals.  A  few  of  these  have 
already  been  pointed  out  by  Carnot  in 
hiiEssai  sur  la  ThSorie  des  Transver  sales  ^ 
p.  86 :  and  I  shall  avail  myself  of  his  labours  on  this  part  of 
my  subject,  at  the  same  time  remarking  that  his  theorems  are 
only  simple  corollaries  from  a  theorem  laid  down  by  Menelau8» 
and  which  formed  the  basis  of  Spherical  Trigonometry  in  the 
hands  of  Ptolemy.  *  »         '  * 

•*"The  theory  of  rectilinear  transvqrsads  >vhich  we  have  laid 
down  may  be  extended  without  dLEBculty  to  spherical  transver- 
sals; that  is  to  say,  that  all  the  properties  which  have  been  esta- 
blished concerning  plane  polygons,  may  be  extended  to  polygons 
formed  of  great-circle  arcs,  traced  on  the  sphere,  by  substituting 
the  sines  of  these  arcs  for  the  sides  pt  the  plane  polygons. 

^  For  example,  if  a  spherical  triangle  abc  be  cut  by  an 
arc  of  a  great-circle  transvers9l,  .06c, 
which  meets  them  all;  then  each  ^  the 
arcs  AB,  AC,  CB  will  be  cut  into  two  seg- 
mentSy  and  the  product  of  the  sines  of 
three  of  these  segments  will  be  equal  to 
the  product  of  the  three  others,  in  taking 
them  so  that  these  segments  have  not 
common  extremities,  i  h^t  is  to  say,  that 
we  shall  have 

sin  \c  .  sin  Ba  .  sin  cb  =.sin  a^  .  sin  b^  .  sin  ca  . .  ..(a) 

i  2 


Fig..  3. 
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In  fact,  by  the  proptortionality  of  the  fines  of  the  angles  to 
the  sines  of  their  opposite  sides,  in  spherical  triangles,  the  tri* 
angles  ac6,  Bac,  cao  give 

tin  AC  :  fin  a&  : :  sin  &  ;  sin  c 
fin  Ba  :  sin  Bc  ; :  sin  c  :  sin  a 
sin  cb  :  sin  ca  : :  sin^  :  sin  i* 

Multiplying  these  three  equationf ,  and  eflfacing  the  common 
termf  of  the  products,  we  fhall  have  equation  (a).* 

^^  Similarly,  if  upon  the  furfaeef  [I'aire]  of  a  spherical  tri- 
angle  abc,  we  take  the  point  D,  and 
through  this  point  draw  three  grcat-cir*  ^ 'f*  ^• 

cle  arcs  aa,  b^,  cc,  passing  also  through 
the  angles,  tbefe  arcs  will  cut  each  of 
the  sides  of  the  triangle  into  two  seg- 
ments^ and  the  product  of  the  sines 
of  the  three  non-adjacent  segments  of 
these  fides  will  be  equal  to  the  product 
of  the  sines  of  the  other  three  non-ad- 
adjacent  segments. 

That  is,  we  shall  have, 

sin  AC  •  sin  Ba  •  sin  cb  zz  sin  a&  •  sin  ca  •  bc  « •   •(b). 
^  In  the  same  manner,  if  we  have  a  spherical  quadrilatent 


*  This  is  the  theorem  ef  Menelaus,  vid.  Sphaerio.  lib.  III.  pr.  I ,  '2.  and 
Ptolemaei  Almagest,  lib.  I.  pr.  16.  The  property  has  been  referred 
to  its  proper  author  by  Bishop  Horsley,  £Iem.  Treat.  Math.  p.  324| 
and  by  him  only,  so  far  as  1  know  among^st  the  moderns.  Brfanclion 
poiiited  itout  as  being  in  Ptoteaiy*  in  the  Correspondence  of  the 
Polytephnic  School,  II.  p.  357.  Carnot,  I  am  quite  eonrinced,  #ss 
ignorant  that  it  or  even  the  lemmata  of  Menelaus  had  before  beea 
discovered :  or  he  would  have  distinctly  stated,  that  tltesa  proptrtiu 
wkiek  Jorm  thp  bfuis  of  his proceueif  were  not  froro  his  own  investi- 
galio% 

t  This  seems  as  if  Camot  did  not  consider  the  propcny  to  hoM 
except  when  the  point  d  was  within  the  field  of  the  triangle :  it  is 
universal,  hoivcver,  and  thie  same  demonstration  applies  to  it  Id  e%e7 
ease, 
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A  BCD  and  that  #e  trace  iu  three  ^*t  ^ 

diaconals  ilb,  gd,  wg,*  we  shall 
find  that  each  of  its  dij^nals  is 
cut  by  tlie  two  others  into  two  seg- 
tnenis,  whose  sines  are  propor- 
tional :  that  is  tosay,  for  example^ 
that  in  designating  by /and  A  the 
points  of  intersection  of  the  diago- 
nal AC  by  the  two  others,  bd,  Gf» 
we  shall  have 

sin  a/  :  sin  xh  : :  sin  c/  :  sin  c& f c) 

^'  I  do  not  think  it  necessary  after  all  that  hstt  beerf  tfsiid 
concerning  rectilinear  transversals,  to  enter  into  the  detail  of  the 
demonstration  of  this  proposition^  nor  of  pursuing  further  the 
analogy  which  subsists  between  the  rectilinear  and  spherical 
transversals':  on  which  account  I  leave  the  investigation  of 
these  consequences  to  the  sagacity  oi  the  reader."  Essoin 
pp.  86-87. 

It  does  not  appear  that  the  subject  was  ever  resumed  by 
Camoty  and  I  am  inclined  to  doiibt  whether  he  ever  went  a 
step  further  than  this  point,  as  there  are  at  no  very  remote 
stages  of  the  enquiry  interruptions  to  the  analogy  he  seems  to 
have  in  view.  There  are,  it  is  true,  analogies,  but  these  analo- 
gies do  not  exist  amongst  the  sines,  but  amongst  other  functions 
oi  the  great-circle  segments.  All  the  projective  properties 
which  refer  to  points  oi  intersection  and  contact,  independent 
of  metrical  relations,  and  the  ratios  of  metrical  quantities,  do 
indeed  in  all  cases  exist  unbroken,  and  it  will  appear  presently 
that  relations  of  this  kind  (or  having  an  analogy  to  this)  which 
could  never  have  been  inferred  from  projective  considerations, 
nor  even  suggested  by  them,  are  very  numerous. 

M*  Poncelet  too,  has  suggested  that  the  various  properties 
of  his  **  centre  of  harmonic  means"  may  be  referred  to  the 
sphere  by  gnomonic  or  central  projection :  but  this  conclusion  is 
cloubtful  in  itself,  and  certainly  if  the  property  be  true,  it  can- 
riot  be  established  by  the  method  of  projections,  without  some 
auxiliary  spherical  theorems.  In  his  Traite,  too,  M.  Poncelet 
had  proposed  to  establish  spherical  properties  by  means  of  pro« 
j^ction — which  however,  is  no  more  than  had  been,  long  before 
practised  in  England  by  several  distinguished  geometers. 


•  See  my  note  to  Solution  of  Question  624,  of  the  present  uumjiicr 
of  the  Repository. 
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I  do  not  recollect  that  any  other  author  has  taken  up  the 
cubject  in  this  way :  though  it  should  be  remarked  that  Carnot 
had  in  his  G&ometrie  de  Position^  in  1803,  taken  the  same  view 
of  the  spherical  transversals  that  be  did  in  the  work  already 
quoted  from,  (1806)9  but  he  did  not  deduce  any  other  con- 
clusions than  those  which  he  has  so  luminously  explained  in 
•the  extract  already  given.    See  Geom.  de  Pos»  Arts.  846-99 

344-6' 

II. 

It  has  been  shewn  by  Carnot,  Essai,  p  77 »  that  if  ab  :  bc 
: :  AD  :  bc, 

thea  sin  apb  :  sin  bpg  : :  apd  sin  dpc.       [_see  Fig.  i.  p.  75.] 

It  is  also  true  that  in  the.spherical  harmonicals,  we  shall  have 

«in  APE  :  sin  bpc  ::  sin  apd  :  sin  dpc.        [see  Fig.  8,  p.  75.] 

To  take  the  most  general  view  of  this  we  shall  first  prove  the 
following 

LemTna. 

If  any  four  great-circles  pa,  pb,  ?c^  pd  be  cut  by  a  trans- 
yersal  great-circle^  then 

sin  AC  sin  bd  «in  bpd  sin  apc 

4in  BC  sin  ad  sin  apd   sin  bpc  * 

For  by  spherical  properties 

sin  AP  sin  APC  ^  v     r-       w 

«m  ACP  =:   : ^ (i)     [see  Ftg.2.1 

sm  AC  V  /     L  a       J 

••in  BP  sin  cpb  ^  , 

•sinpcB=  : .fa) 

sm  cb  ^  ' 

sin  AP  sin  apd  ,  . 

«mADP=:    : (9) 

smAD  ^^' 

sinBDP=   : (a), 

sm  BD  *^ 

Equating  (>,  s)  on  account  of  their  being  the  sines  of  supple- 
dttentary  angles, 

fwefiud  Bin  ap  sin  apc  ^  sin  bp  sin  cpb  . 

'  sin  AC         ""  sincB         ••'•15) 

i^rom  (3, 4)  we  get  -r-— = .  _  . . .  .(6) 

sin  AD  sm  BD 


•« 


from  (5)  we  derive  -;ii^  =    »».>..'b  ».n  ac 

SJn    Rt»  sjn  A  or*  cm    no      I/' 


{9). 
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From  (6)  alto,         '!°  ^^   =    ^|"BPP»nAD  ^^^ 

sin  BP  sinAPDsinBD 

Or  finally  equating  (j,  8)  we  have 

sin  cPB  tin  AC    _    tin  ad  sin  bpd 
sinAPcsinCB    "^    sm bd  sin  apd    ••'•W 

which  is,  in  fact,  the  same  property  as  above  enunciated. 
We  may  also  remark  that  when  the  circles  radiating  from  f 

are  given 

*i.^«    **°  ^^      sin  AD 
*nen,  ;t— — ^  •  "- — —   =  constant, 
sin  CB      sin  BB 

This  is  analogous  to  the  property  of  rectilinear  radiants, 
made  by  Brianchon,  the  foundation  of  his  method  of  treating 
Lines  of  the  second  order.  See  his  little  Tract  on  that  subject, 
i8i7,  p.  7. 

We  may  now  prove  the  theorem  itself,  or  rather  derive  it  as 
a  corollary  from  the  lemma  :~ 


For  by  1cm. 


sin  AC  sin  CPB  sin  ad  sin  bpd 

sm  CB  sin  apb  sin  bd  sin  apd  * 


and  by  hypoth. 


sin  AC   _^    sin  ad 


« 


sin  CB  sin  BD 

sin  CPB  sin  bpd 


.(to) 


sin  apc          sin  apd 
or  sin  apc  :  sincPB  ::  sin  apd  :  sin  bpd (11). 

Again,  we  learn  at  once,  that  if  any  great-circle  transversal 
AD  intersect  the  spherical  harmonicals  ap,  bp,  cp,  dp,  it  will 
Itself  be  divided  harmonically  by  them. 

For,  in  this  case  we  have  by  hypoth. 

sin  CPB  :  sin  ^pc   : :  sin  bpc  :  sin  apd, 

and  by  Lem. 

sinAcsincPB  :  sin  cb.  sin  apc::  sinADsinBPD:sin  BD.sinAPD, 

Hence  sin  AC  :  sin  cb  : :  sin  ad  :  sin  db •(12). 

The  theorem  of  Carnot  follows  from  this  by  putting  the 
evanescent  arcs  for  their  sines. 

iir. 

For  the  purpose  of  more  briefly  designating  these  several 
quantities  we  shall  occasionally  express  the  angles  formed  by 
the  spherical  harmonicals  by  Greek  capitals,  and  the  segments 
of  the  transversal  which  subtend  them,  by  corresponding  lower- 
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case  Greek  letters.    Thus,  if  the  angle  apb  =  2k,  cpb  =  ©^ 
and  BPD  =  0,/ :  then  ab  =  «i:,  BC  =  6,  and  bd  =  0,^ 
In  this  case,  we  shall  have 

cot  ^^   cot  fl^^    =   S  cot  2K 

cot  ©/—  cot  ©/,  =  S2  cot  2K 


tan*  K  zz  tan  k  —  0/  tan  *c  •+•  ^ 


// 


tan«K  :^  tan  k  —  ©,  Un  K4-  ©,/. 
For  !■•.  we  have  by  the  general  definition  of  harmonicaU 
sin  (2k  —  Q,)  :  sin  By  : :  sin  27+^  :  sin  B^,  •  •  •  .[i) 

or  expanding  and  dividing  out,  it  is 

sin  2ic  cot  By  —  cos  uk  =  sin  «r  cot  By^  +  cos  Si:^  or 
cot  6y  —  cot  Byy  =1  2  cot  2k (ft). 

This  is  analogous  to  the  theorem  first  given  by  Maclaurin  in 
his  Treatise  on  the  General  Properties  of  Curve  Lines,  Algebra, 
£d.  4th.  pp.  389  and  458. 

2»<*^  As  by  the  property  established  in  II.  ii.  we  have 

sin  ftK  — ©/ :  sin  ©,  : :  sin  (ft K  4-  ©/,)  :  «n  ©„ .  •  •  .(3) 
and  here  as  above  we  obtain  the  stated  result. 

3*^  By  composition  and  division  of  (III.  1 )  we  have 
sin  2K  — d/+  sin  6y :  sin  21c— fi,  —  sin  0,  : :  sin  a  1:  +  0,  +  sin  0^ 

:  sin  2<  +  B,  —  sin  0, (4) 

that  is         *  

«in  *: cos K^d. :  sinTTd, cos k  i:  sin*:  +0^,  cos ic cos ic +0/,sin  k  .  ,(5) 

or  by  reduction  it  becomes  

Un'  K  =  tan  k  —B^    tan  r  +  (^„   .    • (6). 

In  like  manner  by  composition  and  division  of  (3)  and  sub* 
sequent  reduction  

tan*  K  =  tan  K  — ©^  tan  k  +  ©//    (7)* 

The  equations  (2)  and  (4)  have  well  known  analogies  i«      •! 
piano,  viz. 

lift  4>  »        g  Z  A 

EC  ED     "*      AB 

and  EC   •    ED  =   EB^ 

The  equations  (3)  and  (7)  are  identical  with  properties  of  the 
corresponding  angles  in  rectilinear  barmonicals. 

IV.  I 

Lemma.  (Corresponding  to  Euc.  II.  5, 6.).  Let  any  arc  bcbi- 
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secteci  in  B,  and  divided  uneqoaHy  inc;  orpfoducedto  p ;  then^ 

tin*BB  —  rin'xd  =  sin  AC  •  sin  cb 

sin»£D  —  sin^EB  =  sin  ad  •  sin  db.    y^ 

For  sin^BB-^sin^BC  =  (sin  eb +sin  ec)  (sin  eb  —  sin  EC) 
=:ssin|(BB--sc)pos|(BB+|BC) .  asini(EB+EC)sin|{BB— bc) 

:s  sin  ( EB  +  £c)  sin  (eb  ^  bc) 
z:sinACsinCB   •••^•««.»«,^,  (i). 
Again,  sin^ED «-  sin^EB  r=  (sin  ed  +  8in  eb)  (sin  bd— sin  eb) 

=  sin  (ed  +  eb)  sin(ED— -bb) 

=  sin  AD  sin  D3    •••# ^  ••••  ##  ..(a). 
To  apply  this  :— 

By  the  general  property  of  barmonicals  we  have 

sin  AD  sin  cb  =  sin  AC  sin  BO  : •  •  ^(g), 

and  from  (t,  a)  by  addition 

sin'ED  —  sin*EC  =  sin  ad  sin  db  +  sin  AC  sin  c  b    (  4) 
.%  sin«BD  — sin«BC  =  !HL^ 


sin  CB 
sin  CB 


(sin'DB  +  si9'cB)*««*««(^)^ 


sin«ED— «in*EC  :;z  jjj~.  (sin*DA  +  Bin«CA)i**.*t(6), 

Also  multiplying  (5)  and  (6)  we  find 
(iin«ED-sin«BC)»  =  (sin«DB+sin«CB)  fsin*DA+$ia'CA)  \ .  (7}; 
Further,  we  have  the  equation 

Un'ED-tan'EB  =    «"("  +  BD)sin(ED-EB) 


COS^EB  COS^EO 

sin  AD  sin  db 

COi*£B  COS*EO 


••♦••»-••«  •«••  (8  ]• 


In  Uke  manner  lan«EB  —  tan*BC  =     "»/c^°f*. ,, , , r^i 

cos*  EB  cos*  EC  *^ 

Subtracting  (9)  from  (8)  we  find 
<w'»i>1Stau»EB+taii«EC=:  ^^'^  «faAD  sia  db^os^ed  sibab  yin  cb 

COS^EB  COS'EC  OOS*BI>  ^   '* 

But  as  shewn  in  (III.  6.)  2  tan*BB  s:  a  Un  bc  tan  bd  ••••••  (ii). 

Inserting  (11)  in  (to) we  get 

^*EC silUD  sinPB«^OS*ED sioAC ginCB        ..  ^ ..  Sllt^CD 

eos'EBoos'Eceos'BD ^  <^  aD>taPBc)»,p  ^,^^  ^^^^^  ,,.(12), 

or  cancelling  the  denominators  it  becosies  finally 
»ncDcos*£B=:cos^KC8inAOsinDB— cos*EDsinACsinCB.,(i3), 

VOl.  VI,   PART  II,  k 
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tt  may  here  be  remarked  that  when  the  radius  of  the  sphere 
becomes  infinite,  the  sphere  itself  becomes  a  plane.  The  arcs, 
then,  which  any  finite  straight  lines  represent  upon  this  infinite 
sphere  are  become  zero:  all  the  trigonometrical  functions  which 
we  employ,  then  become  the  same  trigonometrical  functions 
of  the  evanescent  arc,  or  of  o.  The  cosines  and  secants  be- 
come  unity ;  the  sines  and  tangents  become  equal  to  the  arcs 
themselves:  the  cotangents  and  cosecants  become  infinite. 
Making  these  substitutions  in  any  of  our  equations  we  should 
find  the  corresponding  plane  property.  The  logic  or  such  a 
process  is  I.  confess  too  much  like  that  commonly  employed  io 
treating  of  differential  ^uantities^  to  be  strictly  admissable :  if 
however  we  substitute  the  doctrine  of  limiting  ratios  by  which 
alone  the  doctrine  of  differential  coefficients  is  justly  established, 
we  shall  stand  on  safer  ground.  Still  less  disputable,  howeveri 
is  the  direct  geometrical  investigation  of  the  plane  property  as  a 
distinct  enquiry :  and  I  only  allude  to  the  method  at  all  on  ac- 
count of  our  ascertaining  what  the  plane  property  i$  which 
corresponds  to  any  spherical  one,  whilst  it  ought  to  be  afterwards 
made  the  subject  of  independent  demonstration* 

This  plan  applied  here  gives 


CD-  =  AD  .  DB    —  AC  .  CB 


which  is  Prop.  7.  Book  VI.  Leslie's  Geometry. 

The  analogues  of  (5,  6,  7}  do  not  seem  to  have  been  no- 
ticed. Their  demonstrations  will  be  too  obvious  to  need  dwel- 
ling on  here. 

V. 

In  the  Ladies*  Diary  for  1817,  a  question  of  this  class  was 

proposed  by  Mr.  Whitley,  (Quest.  14.)  and  solved  in  the  next 

number  of^  that  work,  by  projecting  the  corresponding  lines 

^tiomonically  on  the  surface  of  the  sphere.     In  the  Gentleman's 

Diary  for  loaS,  it  was  reproposed^  to  be  demonstrated  by  the 

pure  principles  of  spherics :  ^nd  a  solution,  the  only  one  tliat 

fulfilled  that  Condition,  was  sent  by  myself,  tor  which,  as  I  there 

stated,  I  was  chiefly  indebted  to  the  writings  of  Carnot«     The 

passage  in  question  of  this  illustrious  French  geometer  has  been 

already  given  in  the  early  part  of  this  paper  (Art.  I.):  and  I 

shall  here  recapitulate  the  solution  I  then  formed  out  of  it,  in 

«s  much  as  (he  inverse  propositions  are  of  quite  as  frequent  and 

extensive  use  as  the  direct  ones,  in  those  classes  of  enquiries 

where  spherical  harmonicals  are  concerned. 
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"  If  three  gTMt  circle*  be  drawn  through  the  angles  of  a 
Ipberical  triangle,  and  the  same  point  on  the  surface  of  the 
■pbere,  meeting  the  lides  in  three  points:  three  other  great 
circles  each  pasting  through  two  of  these  points  will  intersect 
the  sides  of  the  rriant;le  {produced  or  not  as  ihe  case  may  re- 
quire) in  the  circumference  of  one  and  the  same  great  circle," 
Gent.  Diary,  1828,  p-  35. 


Solution. 

"  It  will  be  convenient  to  premise  the 
following  Lemmar. 

I.  Let  a  !tpheric3l  triangle  abc   be 
cut  by  any  great  circle  a'bc,  then  we 
shall  have 
srn  AC  sin  na'sin  ch  =  sin  CR  sina'c 

tin  A  A (1) 

For 
sin  AC  i  sin  a£  : :  sin  ^  i  :  sin  ^  c 
sin  bo'  :  sin  Bc  : :  sin  Z.  c' :  sirs  Z.  a 
sin  c6  :  sin  ca'  : :  sin  ^  a' :  sin  Z.  b. 
Hence  by  compounding,  we  get  the 
piopeny  stated  in  the  lemma. 

"  Cor.  Conversely,   if  sin  a;  sin  ta'  sin  c&  =  sin  CB  sin  a'c 

sin  6a,  then  a'^f  are  in  one  great  circle (a). 

**  fl.  If  through  any  point  p  on  the  surface  of  the  ipherp, 
great  circles  be  described,  which  also  pass  through  the  angles 
of  the  triangle  abc,  and  cut  the  opposttes  on  a,  b,  c  i^spe^c- 
lively,  then 

sin  AC  sin  sa  sin  he  =  sintxp  sin  bc  sin  i\ (3). 

For  the  two  spherical  triangles  BflA,  CflA  ^cm  by  the  great 
circles  c,  n'^  give  respectively 

tin  At'  sin  aa  &in  bc  ~  sin  up  sin  bc  sin  Ia. 

tin  (IP  sin  CB  sincA  =  sin  a;>  sin  oc  sin  ct 

whence  as  before  we  get  the  expreisiun  stated  in  the  lemma. 

"  3.  If  through  any  point  Jn  a  given  great  circle  as,  which 

paiscs  through  one  of  the  angles  of  a  spherical  triangle,  great 

circles  hi  drawn  through  the  remaining  angles,  and  cutting  the 

opposite  sides  in  ft,  c,  respectively :  ilicn  Ihe  gicat  circle  he 

k  3 
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shall  always  (miss  through  the  same  point  of  m  the  great  circle  bc, 
and  divide  it  so  that 

sin  sa  :  sin  ac  : :  sin  Ba' :  sin  a'c (4). 

For  by  Lem.  %.  sin  Ba  :  sin  ac  : :  sin  bc  sin  A^ :  sin  ca  sin  he 

and  by  Lem«  i*  sin  na^  :  sin  afc  : :  sin  bc  sin  Kb  :  sin  ca  sin  he 

whence  by  equality  of  ratios,  we  have  the  property  stated. 

*'  Demonstration  of  the  Proposition.   By  Lemma  3,  we  have 
sin  Ba  :  sin  ac  : :  sin  Ba^ :  sin  a'c 
sin  CB  :  sin  &a  : :  sin  ch'  :  sin  ^a 
sin  CA  :  sin  cb  : :  sin  c^a  :  sin  c'b. 

Hence  sin  Bof  •  sin  c&^  •  sin  c^a  =:  sin  a'c  •  sin  fA  sin  c^b*  by 
Lemma  (a)« 

Therefore  by  Con  Lem«  i,  the  points  a\  b\  c'  are  in  the  same 
great  circle,    Q.  E.  D. 

**  llie  method  of  investi^tion  employed  in  the  foregoing  so- 
lution is  similar  to  that  of  M.  Carnot,  in  his  Essai  sur  la  Tniorie 
des  TransversaleSf  p*  86;  or  Giom.  de  Position^  Art.  846." 
Gent.  Diary^  1829,  p.  gj. 

VL 

This  method  of  proceeding  will  establish  a  considerable  num- 
ber of  spherical  properties,  analogous  ones  to  which  in  piano, 
are  already  well  known.  Some  of  them,  too»  have  been  csta* 
blished  by  other  independent  processes,  as  well  as  by  gnomonic 
prelection,  on  the  sphere  itself. 

i"*^«  Let  great  circles  be 
drawn  from  the  angles  of  a 
spherical  triangle,  to  the  points 
of  contact  of  the  opposite 
sides  with  the  inscribed  or 
escribed^)  circle,  these  will 
pass  through  the  same  point 
p. 

For  as  ac  =  a6,  hc  :=  ba, 
ca  =  c^,  we  have 

sin  AC  sin  Ba  sin  c6  r:  sin  CB  sin  tfc  sin  &a  ••••(!). 
Hence  (V.  a.)  the  three  arcs  pass  through  the  same  point  p. 


^  ^*  Bx-insoribed"  is  the  term  which  some  French  Geometers  em- 
ploy. How  thejr  overlook  the  absurdity  of  this  combination  of  the 
prepositions,  I  cannot  tell. 
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•*».  The  great  circles  which  pass  through  the  anglet  a,  b,  c 
and  the  points  of  contact  of  the  three  inscribed  circles  a,  6,  c  also 
pass  through  the  same  point  p^^ 

For  describe  the  circle 
acb  in  the  triangle* 

Then  by  the  properties 
of  the  figures 

AC    S=  BC' 


•  • 


•  • 


EC    =  AC' 

Ba  :r  caf 
A(/  =  caf 

ca  ^  Bof 

cb  =  aV 
Ba'  =  Ab'. 


Hence  vre  have  at  once 

sin  cy  sin  ac^  sin  Bof  =:  sin  Bc^sin  ca'  sin  Ab' ••••(%).  , 
Hence  (V.  a.)  the  arcs  Aaf,  b^,  cc'  pass  through  one  point  p^ 

Cor*  In  all  these  cases,  if  great  circles  be  drawn  through  the 
points  of  contact  two  and  two,  so  as  to  cut  the  remaining  sides 
m  three  other  points,  these  three  points  are  in  one  great  circle, 

3^^  Great  circles  bisecting  the  inUrior  angles  of  a  spherical 
triangle,  pass  through  the  same  point:  and  if  these  cut  the 
opposite  sides,  and  great  circles  be  drawn  as  in  (V),  they  will 
intersect  the  opposite  sides  in  one  great  circle :  and  finally,  if 
great  circles  be  drawn  bisecting  the  exUrior  angles  of  the  tri- 
angle, these  shall  meet  the  opposite  sides  in  the  same  great 
circle. 

Lemma.  If  an  arc  of  a  great  circle  pb  bisect  the  angle  of  a 
triangle  apc  it  will  divide  the  base  into  segments  whose  sines 
have  the  same  ratio  as  the  sines  of  the  sides  have. 
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Cuse  1.     Let  the  internal  angle  be  bisected  :  then 
sin  BPC  :  sm  pbc  ::  sin  bc  :  sin  cp 
sin  APE  :  sin  pba  ::  sin  ab  :  sin  ap» 
.'.  sin  AB  :  sin  BC  : :  sin  ap  :  sin  pc •••(3)* 

Cas^  z.     Let  the  exUrmU  angle  be  bisected  :  tticn, 
s\x\  BPC  :  fin  pbc  : :  sin  cb  :  sin  cp 
:sinAPB':  <in  p'ba  ::  sinAD^:  sin  ap 
or  sin  apb  :  sin  pba  : :  sin  ab  :  sin  a  p. 

Al»o»  sin  b'pb  bisects  the  interior  angle  p,  we  have  apb'  = 
cpb;  hence,  ^nally,  by  .compounding  these,  weliave 

sin  CP  :  sin  PA  : :  sinca  :  sin  ba • •  (4)* 

Dem.  of  the  Prop. 

Case  1st.  By  the  1st.  Lemma 
sin  BA  :  sin  AC  : :  sin  Ba  :  sin  ac 
sin  AC  :  sin  cb  : :  sin  kc  :  sin  cb 
sifi  CB :  sin  ba  : :  sin  cb  ;  sin  bx 
<Mr  compounding,  it  becomes 

sin  Ba  sin  kc  sin  cb  zz  sin  ac  sin  cb  sin  /;a  •  •  •  .fj)* 
Hence* by  conv.  of  IV.  2.  the  prop,  is  true. 

Case  and.  A  case  of  the  general  proposition  (iV)  now  that 
case  ( 1 )  is  established. 

Cdse  jrd.  Draw  the  great  circle  r^»  cutting  bc  in  E,  and 
<lraw  the  great  circle  ae'  to  bisect  the  interior  vertical  angle  at 
A,  and  meeting  the  base  in  e^  (tor  the  moment  distinguished 
ifrom  e)  :  and  then  we  shall  have 

sin  sa  :  sin  ac  ::  sin  bb  :  sin  ec 

sin  Ba  :  sin  ac  : :  sin  be'  :  sin  e^c. 

Hence  e,  e^  coalesce.  I'he  same  is  true  of  the  other  two  bi- 
secting circles,  and  hence  these  three  points  coalescing  with  the 
three  former,  are  situated  like  them,  in  the  circumference  of  the 
same  great  circle. 
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4'®*  From  the  intersection  of  s  of  any  one  pair  of  diagonals 
AC»BOof  a  spherical  com- 
plete quadrilateral  abcd* 
draw  a  perpendicular  kh 
to  the  remaining;  diagonal 
i^L.  Then  the  angles 
BHD,  cha  being  formed, 
they  will  be  bisected  by 

KH. 

Because  ac  is  harmoni- 
cally divided  in  6  and  f, 
(Art.  IV.)  and  harmoni- 
cals  are  drawn  to  h,  we  have  by  (Art.  II.), 

sinFHc  :  sin  cue  ::  sinFHA  :  sin  ahe  ....(6). 

But,  componendo  et  dividendo, 

nnPHc+sincHE  :  siuFHC-aincHE ::  sinFHA+sinAHB  :  sin  fha-sIdarb 
whence 

sin  Fire  +  sin  chb        sin  fha  +  sin  a  he      , 

7IZ — ;;: = =  "= = #  that  is 

»in  FHC  — sincHF        sm  fha  —  sin  ahe 

tanJ(PHC  +  CHF.)taO^FHA-AHE)=.tan|^fFHA  +  AHE)tan^(FHC-CHK)...(7) 

But  FHC  •^  CHE  =:  FHA  —  AHE  =  {jT  ;  and  hence 

tan|(FllA  +  AIIB)  Z=  COt|(FHC  —  CHE)  •••••«  (8) 

and  hence 

FHA  +  AHK-I-  FHC  — CHE  =  « 
that  is  FHA  —  AHE  +  FHC  +  CHE  =  »  —  2AHE  +  2CHC  =  » 

and  .'•  CHE  =r  AHE** ••***'(9) 

which  is  the  property  enunciated  above. 

Cor.  If  upon  a  line  ef  as  hypothenuse,  a  right  angle  ehf  be 
constituted,  and  from  the  points  of  harmonical  division,  a,  c^ 
ofthat  line,  great  circles  be  drawn  to  H,  then  CH  and  au  make 
equal  angles  with  eh  or  with  pii. 

These  conclusions  might  have  been  derived  by  shorter  pro- 
cesses, but  there  are  some  difficulties  in  the  expression  of  them, 
that  render  those  we  have  employed  rather  preferable.  Many 
other  properties  of  this  figure,  and  circles  described  in  various 
ways,  are  exceedingly  interesting :  but  they  mostly  require  for 
their  investigation  some  local  considerations,  which  renders  it 
necessary  to  defer  them  to  a  later  part  of  this  series  of  enquiries. 


*  See  the  note  to  my  solution  of  Prop.  12.  of  the  present  nnmber 
of  the  Repository.  1  give  but  one  ti<;urc  here,  as  they  are  all  perfeclly 
snalo^us  to  those  mentioned  in  that  solution  and  it.s  note. 
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5"^^«  Perpendiculars  from  any  point  p  on  iht  sphere  upon  the 
three  sides  ab,  bc»  C  a,  meeting  them  in  c,  a^  b  respectivelj  gvf€ 
the  equation 

cos  Ba  cos  eft  cos  jlc  =  cos  Bc  cos  A&  cos  ca  *  •  •  •(td)« 

For  join  ap»  fc*  cb  by  great-circle 
arcs.    Then 

cosBa  .  cos  apzzcos  bpztcos  bc  •  coscp 

COSC&  •  cos  p&=:coscpr: coscp  •  cosac 

cos  AC  •  coscprzcos  AP=:cos  a&.cospb 

omitting  the  middle  vertical  column,  as 
being  merely  the  mean  term  of  the  syl- 
logism, ana  compounding  the  extreme  columns,  we  have  the 
property  stated  above. 

Conversely :— when  the  equation  (lo)  takes  place  amongst 
the  segments  of  the  sides  made  by  three  perpendicularst  those 
perpendiculars  pass  through  one  point  on  tne  sphere. 

6^^.  If  any  three  arcs  passing  through 
the  angles  a,  b»  c  of  a  spherical  tri- 
angle,  and  a  point  d  on  the  sphere, 
divide  the  angles  each  into  two  seg- 
ments^  then  the  products  of  the  sines  of 
these  segments  taken  alternately,  will  be 
equal. 

For  sin  bad  :  sin  abd  ::  sin  Bd  :  sin  ad 
sin  DBC   :  sin  bcd  ::  sin  DC  :  sin  bd 
sin  DC  A   :  sin  d  AC  ::  sin  da  :  sin  dc. 
Hence  compounding  we  find 
sin  bad  sin  dbc  sin  DC  a  =:  sin  abd  sin  bcd  sin  dac  .  •  •  •(ii}« 

Cor.  We  might  at  once  have  proved  from  this  that  the  great 
circles  which  bisea  the  three  angles  pass  through  the  same 
point  t  as  we  might  by  the  last  (Conv.  ot  f"^*)  have  proved  that 
the  three  perpenmculars  from  the  middle  of  the  sides  pass  through 
one  point.  We  should  thus  be  able^  had  it  been  our  object  to 
do  so,  admitting  one  or  two  simple  trigonometrical  propertiesj 
have  been  able  to  derive  the  whole  system  of  spherical  geome« 
try  by  means  of  trigonometrical  processes. 

Goatmned  on  page  131. 


^ 
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ARTICLE  VIII. 

PaOPOSlTIONS    IN   LUKAfe  Theort- 

by  the  Rev.  Mr.  Brice  BhqnWINj  $f  Qinky^  nt^r  Wakcfidd. 

Very  accurate  resulu  9re  not  th«  object  of  (be  following 
memoir ;  which  is  intended  tp  establish  a  Theory  of  the  Moon 
upon  indirect  principles  something  like  correct.  All  attempts 
of  thiQ  kind,  hitherto  mad#f  have  in  a  greater  or  Jess  degree 
failed.  The  Theory  of  Vince,  almost  from  beginning  to  end, 
proceeds  upon  principles  confused  and  erroneous.  Indeed  it  is 
little  better  than  a  mass  of  nonsense.  The  celebrated  Com- 
mentators  on  Newton  have  handled  the  subject  with  more 
ability ;  though  they  have  fallen  into  great  errors.  No  authors 
on  this  subject  seem  to  have  understood  how  to  manage  the 
tangential  disturbing  force,  and  therefore  they  have  taken  little 
or  no  notice  of  it.  In  general,  however,  this  force  produces  the 
^eater  part  of  the  inequalities  of  th«  moon's  motion.  The 
indirect  methods  of  treating  the  Lunar  Theory  are  easier  and 
pleasanter  than  the  direct  ones ;  and,  if  cultivated,  might  per« 
haps  be  brought  to  the  same  degree  of  accuracy. 

Prop.  I. 

To  find  the  disturbing  farces  of  the  sun  on  the  moon. 

Let  E  the  earth,  m  the  moon,  s  the  sun ;  and  let  s^,  pn  be 
perpendicular  to  ^n;  sp  per- 
pendicular  to  E/i»  up;   also 
M<  perpendicular  to  the  eclip« 
tic* 

The  force  direct  of  s  on 

M  s  ^  .    And  in  the  dl« 

rectioQs  me^  e/i,  n^,  ps,  it  is 

EM  Ell  9tp  1    ps  ,    . 

The  force  of  s  on  s  direct  =: 
B»tYsPi,  kit 


9      . 


And  in   the  directions 


Eft 

SE*    "     ^      SE 
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The  differences  of  these  and  the  former ;  or 

are  disturbing  forces  in  the  three  last  directions. 

Let  D,  D^  D,  be  the  whole  disturbing  forces  iiithe  directions 
ME»  perpendicular  thereto  in  the  plane  of  the  moon's  orbit, 
and  perpendicular  to  that  plane.  Then,  resolving  the  pre- 
ceding forces  into  these^  we  shall  find 

D  =  3  .      — f  —  |-~— -^j.fEiicosMEir  +  w^sih  men)!; 
Lsm'       Vsm'        &EV    ^  ^  J 

d'zt  — $•  f  — X  —  — r- j  .  (En  sin  men  ^wp  cos  mew); 

D/  ==  8  •  ( — 3 1  )  ps  ;  D  =  — r  •  s,  if  D  be  the  force 

Vsm'        seV^  sm* 

perpendicular  to  the  ecliptic, 
fi"^  rrri  =  (sb' —  2se  •  me  cos  mes  +  mbM    '  r:  r^r 

SM  SE 

ME  .^^  a     ME*    .      1^    ME*  ^ 

+    S  — r  COS  MES  —  ^   =-   -{ ^  =-  COS*  MES. 

^  SE*  a     SB*     ^     8      SB* 

And  by  spherics  cos  mes  =:  cos  men  cos  sen  +  cos  R 
tin  men  sin  sen. 

Let  em  =  r,  es  =  r',  men  —  sen  =  v  —  x/  =i  w, 
tin  N  ==  ^^  sin  me/  =  a.    Then  cos  n  =  i s*  nearly ; 

En  =  r'  cos  t/ ;  np  zi  r^  sin  i/  cos  n  .=i  (i  —  -  **)  r^  sin  »'  j 

z 

|)S =r' sin t;^ sin N=5r' sine;';  cosme8:=cos&; s*  sin  t/  sino^; 

EH  cos  men  -f  pn  sin  men  =  i^  cos  a; s^r^  sin  v  sin  v''^ 

En  sin  MEN  —  jDficos  men  =1^  tintt^  +    «^  ^V  cos  cr  tin  r' $ 

s 

and  M/  =:  ftr* 

Substituting  these  values  in  the  disturbing  forces ;  we  find, 
putting  s  =  ^', 

«.       ,  Sips  (^  +  ^ ^^*^*^5  +  ^  (^  ®^>  10+15  cos  Bw) 

V       MOM     ^~     f^        ^  ^ 

—  jpy  <l  +  cos  3ic;  ^^  cos  2»  —  cos  S/) 
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t 


D=-pj-cos»aiii»  ;   D  =   £^. 

The  velocity  generated  perp.  to  r  by  the  force  d  in  the  time 
1 
di  =  Bif/«    Therefore  the  velocity  generated  in  the  double 

area  described  in -the  time  i,  or  the  diiferential  of  that  double 

area  =;  nrdi     Consequentlj^the  area  itself  =  h  +Jj^rdt. 

Put  it  is  also  =  r*  j^  •    Therefore  r*  -3?  =  A  +jDrdt. 

oS  ai 

And  hence  f^  =  -,  +  pJ^Jirdi  +  ^{f^rdi^  \ 
vhich  is  the  centrifugal  force. 
The  centripetal  force  is  ^  -f  d. 

In  the  following  propositions,  in  order  to  abridge ;  we  shall 
v^\^  n  —  n'  zz  m\'  sin  {nt  —  nU)  =  sin  m/;  sin  (mi  —  cni)  = 

c 

8in  nU ;  sin  {mt  +  cnt)  =  sin  mt ;  sin  {2mt  —  cnt  +  c'«7)  =. 


e 


Sm/ ;  sin  ^m/—  2^a/  —  en/  +  cfnft)  =-  sin  2m/  ;  and  so  of  others. 

The  cosines  will  be  denoted  in  like  manner.  The  angles  cni^ 
QflU  gnt  will  denote  the  moon's  mean  anomaly,  the  sun's  mean 
anomaly,  and  the  mean  distance  of  the  moon  from  her  node : 
and  these  angles  are  sufficiently  distingiiished  by  the  li&tters  c,  ^c, 
f  placed  at  the  top,  or  at  the  bottom  ;  according  as  they  are  to 
be  added  or  subtracted.  The  quantity  (1  —  c)nt  represents  the 
progression  pf  the  moon's  apogee ;  and  the  quantity  (g— 1)11/ 
the  regression  of  her  node. 

Prop.  II. 
To  find  the  progression  of  the  Lunar  Apogee. 

We  include  here,  and  in  the  other  elements,  such  equationt 
only  as  vary  little  during  half  a  revolution  of  the  moon. 

If  two  bodies  be  attracted  by  the  forces  f,/ respectively  to« 
wards  their  centres  of  force ;  and  if  they  begin  to  fall  from  tVi# 

I2 
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same  distance,  they  will  at  the  end  of  each  ot  the  small  portioni 
of  time  dTf  dt  be  at  tiie  taiM  distance  from  their  respeotive 
centres  if  Frfx*  zzjdfi.  The  times  T,  t  must  flow  uniformly, 
This,  if  not  self-evident,  is  extremely  ta$y  to  deoiQiistrate. 

If  the  bodies  at  the  same  time  revolve  abqut  their  centres; 
then  for  f  and  f  we  must  take  the  difference  of  their  centri? 
petal  and  centrifugal  forces* 

Now  if  iti  Fdx*  =  fdt^  we  put  for  dr,  di  their  valuef  in 
terms  of  ft,  dv  ;  f ,  dt)  theii*  radii«»vector6  and  differentials  of  the 
angles  described;  we  shall  have  the  relation  of  dv  to  dv^  or  the 
latio  of  the  angles  included  between  equal  fadii.     U  iher«(orc 

one  ot  the  orbits  be  an  ellipse,  de«cribc4  by  (he  forc^  ^  ;  tbf; 

ratio  ^  will  give  us  the  progression  of  th^  Ipse,  or  the  dis- 
tance from  ap€e  to  apse,  of  the  other* 

It  one  of  the  orbits  be  the  moveable  ellipse  of  Newton ;  thei) 
the  centrifugal  force  and  square  of  the  lime,  or  rd^^  is  obvioully 
the  same  in  both  orbits.  Therefore  as  the  times  dr^  dt  have  4 
constant  ratio,  the  centripetal  forces  must  have  a  consiaili  mtio 
likewise.  This  is  the  principle  on  which  Newton  has  founded 
his  reasoning  ift  the  45th  Prop.  9th  Sect. 

If  we  compare  the  moon's  orbit  with  this  moveable  ellipse, 
and  use  Newton's  Formula ;  such  part  ot  her  centrifugal  force 


as  depends  on  the  mean  area,  or  is  of  the  form  --,  >  A  including 

angles  that  vary  slowly,  must  alone  be  deducted.  This  is  as 
far  as  the  two  orbits  can  be  compared.  And  thus  we  may  apply 
Newton's  formula  to  the  solution  of  our  problem.    Hence 

pV-I-rg*  —  RF*  Oi^r-^r^u  — 2hjDrdt. 

The  part  required  will  go  out  of  this  last  term  of  itself.  Ii^ 
the  above  proportion  the  square  of  the  disturbing  force  is  left 
ouu  Putting  « -^  jtf  cos  cv  for  r,  and  neglecting  the  power| 
ae  cos  cv  above  the  first ;  the  mean  terms  must  have  the  same 
ratio  as  the  coefficients  of  e  cos  cv*  Under  the  term — m^an- terms 
that  vary  slowly  are  included. 

If  p  =  —  =    1/  1— «-  nearly ;  and   if  for  r,  A,  and  v  we 

put  their  well  known  ellipti<:  values ;  we  shall  have 


(    85    ) 


cos  2« 


CM2W  z=  COS  (2a;  —  cv) cos rt;  =  —  cos  (amt-^^cnt)  e cos c»,or 

=:  —  Cos  ftfiit .  e  cos  cv ; 

leaving  out  sin  (as;  -^^?)  sin  cz^*  whi^h  affects  the  eccentrtcityy 
and  not  the  progression  of  the  apogee^ 

cos  ^w  ^  cos  2w  cosrv  c:  cos  sm/  cos  cv  nearly* 

c  Sc  %e 

By  expansion  tberefore^  and  making  c  =:  cos  ttmi;  our  pro* 

portion  becomes^  neglecting  small  quantities  depending  on  e' 
<kc.5 

K  e  cos  cc;  Tery  nearly,  after  dividing  by  quantities  common  to 
f  ach  term. 

Noif  p*  r:  -7.  =  — 75 .    If,  therefore,  we  make  r^sza^wad 
divide  by  1  —   ^   >.,  we  shall  have 

G«:  1  ::  p*  :  I  —  lp»—  |2^(t  +  I  p)p*c;  or 

^=i-3^^-ii^*-6(i+|p)p*cosa»i/-9(t  +  2p)^*cos4«i#, 

by  extracting  the  root,  and  restoring  the  value  of  c.     If  we  mul- 
t^ty  this  result  by  ndf  and  integrate  we  shall  have  the  anomaly^ 

'^hifxk  we  may  correct  the  above  value  of  -^  by  putting  instei4 

Qicni  the  value  to  found*     We  may  correct  again  (or  the  lie* 
sttking  equaitons.     And  thus  we  shall  at  length  find,  putting  14 

the  cony>Iex  parts  ot  the  coefficients  — ,  or  rather  —   ^  P9 

13  »/ 

and  1  — *  ^  p^  for  c,  to  which  it  is  nearly  equal : 

-zz  i  —  ?Lp^  —  6(1  —  ap)p*cos  2mi  +  22p^  cos  4»»^  veiy 

ncarlyi 


(     S6     ) 

But  we  Jfayc  taken  r*  -^iof^  i/ =  n't\  making  now  r^s 
d(\  — tf*  cos  cVOf  t?'  =  Wt  -f  fitf^sin  cV/,  and  correcting  the 
principal  of  the  new  equations  that  arise  :  we  have 

f  =  -  =:  1  — 5p*— ^pVcoscV/-6(i-9/^)^*cos«»i^l9(i-^)ik* 

'c 

^  cos  2W^-Kl  — 2)>)pVcoS  !W/  +  22/'  COS  4OT/, 
«c,  'c  «c  4e 

In  this  last  step  it  is  necessary  to  consider  the  effect  of  inter 
gration on  the  twoter^ii  wbo3e argum^enti  are  ^mi and 2mt.   The 

coefficients  have  been  reduced  and  simplified.    Thus         "■■  = 

t— /> 

»+P  nearly.    The  constant  part  i  —  -  /*  is  very  nearly  its 

rrqe  value  as  given  bv  observation.  And,  if,  in  this  constant 
part,  we  had  retained  e  «  the  solar  eccentricity  ;  ^e  might  hav# 
determined  the  secular  variation  of  the  progression* 

^{uluplying  now  hy  ndt,  and  integrating}  after  reducing «i 
tittle  the  coefficients ;  we  have  finally  the  anomaly  eqi^l 

ini — ^fi/im  </M't+  3(1—  -  p]p  sin  2mt  -f  -^  (i  — f)p^' 

'e 

sin  2mt  —  ( I  +  p)p  sin  2mt  —  6p!^  sin  ^mt  = 

8c, 'c  Sc  4c 

€nt  —  X9'  30'^  sin  cV/  +  xa**  2a'  ^^^^  sin  2mi  +  ^S^  18^'  sin  2mi 

4c  '  *  8c,  c 

'c 


These  are  near  their  true  values.  And  it  must  be  reoiemberecj 
that  we  have  neglected  small  quantities  in  the  coefficients* 
Thus  the  method  of  Newton  in  the  9th  Sect.' is  fully  adequate  to 
tbe  determination  of  the  progression  of  th^  apogee,  including 
^e  equations  that  vary  slowly,  and  even  the  secular  equation 
dho^  Mr.  Vince  has  not  attempted  to  find  any  of  these  equ»- 
tioBft  by  Theory.  And  one  of  the  methods  adopted  by  the 
Comipentators  of  Newton  for  Qnding  the  greatest  equation  is 
^wnrigbt  nonsense*  Not  to  mention  that  the  tangential  force, 
ncfaich  produces  the  greater  effect  is  wholly  unnoticfd. 


Prop.  III. 

To  find  the  eccentricity  of  the  mooris  orbits 

We  shall  attempt  this  by  means  of  the  greatest  and  least  dis« 
tances. 

By  mechanics  the  second  differential  of  the  st)ace,  divided  by 
the  square  of  the  differential  of  the  time ;  is  equal  to  the  ac*- 
celerative  force.  And  the  accelerative  force  along  the  radius* 
vector  is  the  diff<*reiice  ol  the  centripetal  and  centrifugart  forces. 
Hence  this  equation : 

This,  expanding  the  disturbing  forces  and  reducing  the  co* 
ttGcientSf  becomes 

dpr-p:  +  ^-3(1  +  J^  +  2  ^>pr  ^o%2mt 

+  —  (1  +  -^  4-  8^«)  ^eeos8m/=0,  reserving  only 

<t]ch  termd  as  will  give  equations  varying  slowly  in  the  final  re* 
suit ;  and  neglecting,  or  allowing  for,  some  small  quantities  in 
the  coefficients  depending  on  t* 

Putting  r^  zza^  multiplying  by  2dr,  and  integrating ;  wc 
obtain 

£■  +  ^*-  7^  +  7  ^^  -  ^(^  +  4A)i^^^cos2m/^  =  o; 

where  —  is  the  arbitrary  of  the  integration. 

dr 
Now  at  an  apse  -7-  =  o«    But  if  we  eliminate  dt^  it  will 

make  no  sensible  difference  in  the  result.    Therefore  at  an  apse 

^  =  o.    Consequently  the  remainder  of  the  preceding  equa« 

tion  is  equal  to  nothing.  The  two  roots  or  values  of  r  which  it 
gives  are  the  greatest  and  least  distances ;  and  half  their  dif* 
lerence,  <livided  by  half  their  sum,  gives  the  eccentricity.  The 
eccentricity  therefore 

t—  —  \t  —  -^(i  +  4P)jB^cos  *mt\y. 


(    W    ) 


But  A^  =  /itf  (I  —  ^/)^  denoting  by  «,  the  constant  part  of  the 
eccentricity.    Therefore  the  eccentricity 

^^'   5i+%t+4P)/>^cos4iw/?*=re,+  '^  (i  +4P)^7 


eo«  2ffU  —  ^pit^  cos  4m/. 


ts 


If  we  correct  this  for  e  and  cifi^  we  shall  find 

^  =  ^/  +  "S"  ( t  +  7/^)^^/  cos  am^  -^  zp%  cos  4m/f  nearly. 

And  if  we  correct  again,  by  putting  for  r'  and  t/  their  eHipilii 
values;  and  again  correct  the  resulting  equations,  remembering 
that  if  the  corrections  were  made  before  the  integration,  we 

should^  fbrtheangfes  am/^  2i»/,  j^mi  divide  by  3^  i,  and  4  re- 

spectively  instead  gf  a  by  that  process,  wc  shall  ultimaiely 
have 

«  =  ^i+   jrC*+  7P)K> co»  a »»/-*- 6/?^/^ cos  am/ -  pc/ cos a«/ 

**  Sc  «q,  c        ^  at 

+  4^/  cofcV/— 2p»^,  COS  mi=  •Q548553  -I-  -01 17a aa cos  aw/ 
+  '0004134  cos  a«^  —  *oooo68q  cos  aw/  4-  'oooa7^6  cos  c^nU 

So/c  JC 

—  *ooo6i  38  COS  4m/. 

4c 

The  authors  referred  to  at  the  conclusion  of  the  last  problem 
are  again  erroneous  in  this.  Their  principles  and  methods,  es- 
pecially  those  of  Vince,  are  false  and  absurd ;  and  it  will  be  well 
tor  the  student  to  be  reminded  that  they  are  so* 

Pjto^.  IV, 

To  find  the  mean  distance  and  me^n  motion^ 

Half  the  sum  of  the  roots  of  the  equation  found  in  the  last 
Pirop.  t.<r.half  the  co-efficient  of  the  second  term,  the  siwi 
chanced^  divided  by  the  third  gives  the  mean  distance  1  which 
therefore 

=  «+  -f  C*  +  4^)^««*cos  2m(.    Or,  corrected,  for  e, 

•  Sc 

h  becoroea 

«  +  X tt  +  6p)pa^  coa  2mi  very  nearly. 


(    89    ) 

The  equation  here  found  corresponds  to  the  fame  equation 
of  (be  eccentricityi  and  in  fact  arises  from  it«     For  let  a  and  e 

only  vary  in  the  well  known  equation  -*  =  a(i  —  «*);  and  we 

find  —  =  lele^  which  is  the  very  relation  which  subsists  be« 

tween  the  coefficients  above  found. 

The  preceding  equation  of  the  mean  distance  resulted  from 
forces  whose  arguments  were  very  nearly  nt  or  2nt.  But  there 
is  another  part  of  the  mean  distance  depending  upon  mean 
forces ;   and  which  corresponds  to  the  variation  of  a  in  the 

equation  —  =  af  i  — e*),  when  fj,.  A,  and  a  vary^  but  not  «• 

Assuming  that  the  body  does  not  fall  to  the  centre*  nor  fly  off 
from  it ;  we  must  have  the  mean  part  of  the  centripetal  (orce 
equal  to  the  mean  part  of  the  centnfugal ;  or   . 

M  N 

-7  =  -T  ;  Ma  =:  N  ;  and  u^a  +  aiM  =:  ^N ;  or 

^  ^    ^v         Shi 
a  ""    N  M  * 

The  mean  part  of  -7  —  ^Tj  "pT  •*"  aw  =  -y 
1  f*  cos  8m/  very  nearly.    Therefore  the  mean  distance  arising 


«  %c 


from  the  mean  centrifugal  force  is 

a  —  l^(t  +  —p)pae*  cos  sm/. 
4  4  ^ 

The  mean  part  of  -r  —  -tts  —  ^  c^«  •o'—  ^T^  ^^  ^^'^ 

or  of  the  centripetal  force,  is 

•^  —  -^,  —  ^^<^  cos  a«/—  ^TiTi-  cos  am/  =  — 

ji -  ? pV  cos  c'n*/—  2  ftV« cos  aeV/  -  2pV  cos  am/— 3 p«j«  cos  am/  > . 
<      a*^  4*^  4  *^      4  tr  4 

This  gives  the  mean  distance 

=  fl  f-^pt^,/  coscV/  +  ^^'fltf^cosar'n'/l-  3.A«tftf«cosam/+  ^p^as*co%  am/, 
a'^  4'^  4^  tc     4  ^    ^ 

VOL,  VI.    PART  II.  m 


(     90     ) 
Bat  the  disturbing  force  d  has  the  term  ^    ;,    ;  and  i  is  not 

constant.     Its  greatest  equation  it  -f  -§  pi  cos  am/  nearly,  as 

will  hereafter  appear. 
This  will  give  in  the  centripetal  force  the  mean  term  4- 

^^7^/*-^  coi  awi/,  and  in  the  mean  distance  the  term  —  \  p*fl'* 

coa  %mU 

Collecting  the  several  terms  together;  we  at  length  find  the 
mean  distance 

—  11  +  3  A»aV  cos  ^f^t  4-  ?  >^«<?'*  co§  uc'nfi  +  4  ^*«*  cos  »»/  f 

1  (1  —  .2-p)p«fl^«cost«r/. 

4  4  «« 

To  find  the  mean  motion  we  have  «  =  — r ,  and 

a* 

—  =:  i-   —  —  ^  —  .     Hence,  substitulinir  for  the  variations 
n         2     fA  z    a  ■    ° 

of  fA  and  a,  n  will  become 

« .  ^  I  —  qp V cos  c'«7—  -  pV"  cos  2(/nft  -  ^ pV  cos  am/  — 

2.  ( t  —  ~  P)p*s*  cos  2mt>»  And  the  mean  motion  will  become 
fndi  =  ni^^pc" sinc'T^t—  ? pe"^ sh\  2c'nU  +  ^(i  +  -p)p«« 

sin2»?/   f   ^  (i— 2.p)^«gin2»i/z:«/— I2'57'''8inf'n^/  — lo'' 
«c         4  *  a^ 

sin  2C^n'/  4-  3'  46''  sin  2mt  -H  1'  22'' sin  2»i/. 

8c  Hg 

Some  writers  have  contrived  to  make  the  equation  depending 
on  sin  2772/  come  out  rights  without  taking  account  of  the  tan- 

9c 

gential  disturbing  force.  Vince  has  made  it  a  little  more  than  a 
twentieth  part  ol  what  it  ought  to  be,  and  of  a  contrary  sign. 
He  finds  an  equation  a  sin  2w :  and  then  takes  ihe  mean  longi* 


tude  instead  ol  the   true;  leaving  out  the  equations  b  sin  fia'. 


^   (  »1  ) 

c  sin  2w :  which,  when  the  true  longitude  i^  converted  into  the 

c 

mean,  would  each  give  such  an  equation  as  D  sin  2m/,  amount- 
tic 

ing,  if  I  recollect  rightly,  to  ten  times  what  he  makes  it.     In 

fact  he  has  left  out  the  tangential  force,  which  gives  in  the 

mean  distance  an  equation  of  the  third  order,  in  the  mean  mo« 

tion  an  equation  of  the  second.     He  has  also  left  unnoticed,  or 

did  not  perceive  the  change  in  the  n>ean  distance,  arising  from 

the  change  in  the  eccentricity.     This  gives  likewise  m   the 

mean  motion  an  equation  of  the  second  order,  nearly  equal  to 

the  former,  hut  of  a  contrary  sign.     The  difference  of  the  two 

is  an  equation  oi  the  third  order,  which  is  just  what  is  found 

to  take  place  in  the  direct  solution  of  the  problem. 

It  ought  to  be  remembered  that  tbe  epocha  majr  vary  also  by 
a  change  in  the  disturbing  forces.  But  it  does  not  appear  that 
that  variation  would  be  sensible  by  the  method  we  have  pursued ; 
which  has  thrown  it  rather  upon  the  m€fth  motion. 

If  we  would  include  all  terms  of  the  third  order,  we  must  take 
account  of  a  term  depending  on  the  angle  Qgv,     Thus,  the  quan- 

ic 

D^dt  will   give ^'   ,j-     cos  2gt   + 

2 

=:  ^     ^3      cos  9.gnt .  £  cos  CO  nearly.     And  this  gives  in  —    the. 

lerfh  ^  5  p»j*  cos  2ff«/.     In  the  anomaly  cnt  it  gives ,-^—t 

sin  2gnt  =  — •  -  ^-  sin  tgnt  very  nearly  =  —  13'  56''  sin  2gnt, 
In  D  — .  -^  I D'rdt  we  shall  also  find  the  terms  —  ^^    ■ 


yrjr^dc  sin  agv  =z  —  ^-^^  cos  2^1?  +  '—^^  e  cos  2gv 


^^ 


cco$  9gnt.     This  gives  in  -T^^  the  term  —  .  ^-^ e*co$2gnt 

=  —  .  f  s'^e*  cos  2gni. 

In  e  therefore  it  gives  the   term  —  —  sU  cos  2gnt  zz 

^•0001854  cos  2gni. 

9c  m  2 


(     9«     ) 

Consequently  the  anomaly 
;=  cm—  19^  30"  sin  e'n'i  +  la''  aa'  35''  sin  am/  +  aj'  18" 

sin  am/-*- 4^  38''  sin  aw/—  i"*  55'  84''  $in4»i/—  13'  56 
in  a^ff/. 


«e 


And  the  eccentricity 
=:  '0548553  +  'oii7aa3  cos  a«/  4-  *ooo4f34  cos   i«/  — 

c 

•0000689  COS  aw/  -h  •0008756  COS  rV/  —  '0006138  cos  4mt  — 
^0001854  cos  tgnt. 

Pkop.  v. 
To  find  the  equations  of  the  centre. 

These  are  arfi  —  5-  e*)  sin  cni  ^  -  €*sin  acii/+  -^  e'sinariiU 

8  4  la  ^ 

But  if  ▲  denote  the  sum  oftlie  equations  ot  the  anomaly  and  mean 
motion,  and  e  the  sum  of  the  equations  of  e;  then  we  must  put 
cnt  -h  A  and  r  +  £  instead  of  cni  and  e.  And  by  Taylor's  theorem, 
we  shall  have  to  add  to  the  original  equations  those  arising  from  the 

expansion  of  as  sin  cni  f  aA^  cos  cn/-f  -  ec  sin  2cni  +  ^  Ae* 

COS  ara/  +  -»  £«•  sin  3c«/  +  -^  a^'  cos  311/  4-  sab  cos  cnt  — 

4  4 

A^f  sin  cii/  +  &c. 
And  thus  we  shall  find  this  whole  function  to  be 

4  6*  17'  ^"  sin  cnt  + 1  a'  56''  sin  %cnt  f  3/'  sin  ^cnt  + 1^  a  1'  37^' 
sin  ai»/  +  8'  tS"  sin  aiw/— 39''  sin  am/  -r  2'  3a'^sin  ri?/—  i'  3/' 

c  c/c  c  'c 

sin  c«/  +  y  33''  sin  am/  +  4a''  sin  4m/  +  ao''  sin  am/—  t'  23" 
sin  a^«/. 


Prop.  VI. 
To  find  the  variation^  or  deviation  from  an  elliptic  movemeni. 
We  shall  first  suppose  the  undisturbed  orbit  a  circle^  and 


(    93    ) 

the  sun  always  at  his  mean  distance.    Atid  we  resume  the 
equation 

d*r       A^        u  uft  1    .    ufa 

"'d?--  75  ^  r-  -  fe*  -3f»  +  "J^  ^  *=°'  ""'  =  *' 

Let  T  zz.  a  '\-  p^  Putting  this  value  for  r,  and  making  that 
part  of  the  equation  whicb  does  npt  contain  p  separately  equsil 
to  nothing ;  we  have 

a»  "*"  fl«  2a'»  ""^' 

Wfif  be  the  absolute  force  in  the  disturbed  orbit :  then/4^  =r 
/i-  -^ ,  and M  =  /«,(>  +  ^^,)  =  (I  +  ^^•)/*/.  Whence 
by  substituting  ior  h  and  /«,  we  find  the  coefficient  of  ^  to  be 
(t  —  |p*)J^  =  (t  —  I />•>*.    Theiefore 

And  integrating,  this  gives 
{  =  —  ^ a  cos  am/  =  —  (1  +  —  V)P« 


4(i-p)»-i  +  |p« 


3 


cos  fiflM  nearly. 
Again,  we  have  found 

f*ip  =  hit  +  dtfji'rdti  or  d»  =  ^'  +  ^  AVA  =  ^  + 

-^ cos  am/.  And  putting  w  =  o .  +  «  ;  we  have,  o.  be- 

ing  the  value  of  v  in  the  undisturbed  orbit,  and  consequently 


a«  • 


d«=-  !*f^'  +    J^.0S.»./=  li(,+  a?^)^d,C0S2,«« 

«»  4'»{i-p)  4  n*^    « 


11 


very  nearly.    Therefore  «  =:  -«  («  +  4^)^*?'"  ^m/ 


8 


(    94     ) 

But  if  we  would  include  the  term  depending  on  cos  4m/  in 
the  value  of  Ut  we  must  put  in  the  disturbing  forces  the  values 
of  ^  and  u  already  found  ;  and  we  shall  find  to  be  added  to  du 
the  term 

3-—-  g«  +  ^  p^ndi  cos  4»i/  z=  ^  p^ndt  cos  /^mt  nearly. 

This  gives  in  the  value  of  u  the  term  d*  sin  j^mL 

If  the  undisturbed  orbit  be  an  ellipse  ot  small  eccentricity, 
its  form  must  be  similarly  changed  by  the  sun's  action.  The 
equations  in  this  case  must  become  those  above  found  when  c  is 
made  equal  to  nothing.  Those  equations  respect  only  the  situ- 
ation of  the  moon  with  respect  to  the  sun,  without  any  regard 
to  the  place  of  its  apside,  node,  &c.  From  these,  and  some 
other  considerations,  I  conclude  that  if  in  the  values  of  ^  and 
u  above  found,  we  put  the  true  elliptic  longitudes  for  the 
mean,  or  t;  —  v'  z=.  to  for  mt  :=,  nt  —  nt  j  we  shall  have,  either 
accurately,  or  at  least  very  nearly  the  variation*  I  regret, 
however,  that  I  have  not  been  able  to  demonstrate  this,  or  to 
determine  with  absolute  certainty  what  the  true  variation  in  this 
case  is.  We  shall,  however,  upon  rhis  principle,  which  is  that 
adopted  by  Vince,  have  the  variation  very  near  the  truth  ;  and 
more  near,  if  we  add  the  greatest  equation  of  the  centre  to  the 
iralue  of  v.    This  equation  is  -|-  Spc  sin  att/  nearly. 

q  =z  — (1  -i p)  p* a  cos  2 ttf ; 

3 

u  =r   ^  (1  -f  4p)p*  sin  2w  +  p^  sin  40; ; 
V  :=.  nt -}-  Qe  sin  cnt  +  6pe  s\n  9mt ; 

c 

v'  '=:n^t  \-9.if  sin  c'nft ;  a'  or  r'  z:  a' (i  —  /cos  c'n'/J. 
Making  these  substitutions,  we  shall  find 

»=    "o"  (*  "^  4j»/>^sin2«^ (1    f  \p)p^e  sin   ^mt  + 

o  4  c 

—  (i  +  4^)jt>'tf  sin  2OT/-f  5(1+4/^ )/V  sin  tw/ -.  ^(i  ^  \p]p^f! 
4  ,c        4 

'c 

un^mt  h8/)Vsin4m/  +  (/>+  2«^')^'sin4w/=34'  22''^  sin  2m/- 

c 

c  'c 

g'  44'''  sin  2mt  +  ^*  44^'' sin  2W/+  a' 6'''' sin  2 m/—  19" sin  a»i/+ 

c  'c 

38''  sin  ^mt  +  1  \*^  sin  4W/. 

e 

This  is  the  deviation  from  an  elliptic  movement,  neglecting 


r 
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the  disturbing  forces  of  the  fourth  order,  dq>endtng  on  the 
angles  w  and  yv. 


Prop.  VIL. 
To  find  the  equations  depending  on  the  angle  u. 


For  this  purpose  we  have  the  equation 
rf*r       K^    ,    fjL         ufr         QuV  .   ft*   /^^'r*di  . 

-%yrCo»»+pry    g^4     8tno;  =  o,  or 

very  nearly.     And  hence »  as  in   the  last   prop,  denoting  by  2r 
the  variation  of  r  we  are  in  quest  of ;  we  shall  have 

%  +  (i-a^')cV- J^i(rco,aw)-.J|^coita=o. 
We  have  also  j^  =  ^  -  T*/    8?^  sin  e;  =  j^  + 


3^V' 


8AK 


~  cos  ty  very  nearly.     Hence 


dlv  Jr     ,     jut'a 


We  here  select  such  terms  as  are  increased  by  integration  ; 
or  rather  such  as  are  increased  much  more  than  any  others 
woald  be. 

Leaving  out  the  term  c[r  cos  2w) ;  the  first  equation  inte- 
grated gives 

cr  r:  --  (i  +  p)fk  -^  cos  mt —  ^  ^^  ef  cos  mti  and  the  second 
10  (*  4  ^ 

i»  =  — . 4r  (i  +  5P)P  — /  sin  m/  +   ^  -}  tf  sin  w^ 
8  ^'^      a'  a   a 

Now  by  means  of  these  values,  the  term  h(r  cos  aar)  z: 
^rcos  2w  —  2,rhv  sin  acf  will  give 

^r  =:  5p-  -;■  cos  mt^     5t;  =  —  iip^  -7  sin  w^ 
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Thereforej  ultimately,  we  have 

ir  zz  -2  (i  +  6p)  p  -7-  cos  mt —       -7  «' cos  mi, 
16  ^  '^"^  a^  j^  or 

Iviz  —  i^(i  +  iop)p  %  slnml  +  f  — , /•inw/  =  —  tf'6'' 
ijn  iR/  -h  Ai^""  8in;n/. 

Prop.  ViH. 
To  find  the  reduction  to  the  ecliptic. 

If  AC  be  the  moon^s  orbit,  ab  the  ecliptic,  aud  cb  perp.  td 
AB ;  then  cos  a  =  cot  ac  tan  Ati ;  or 
sin  AC  Co$  AB  cos  A  :=:  cos  AC  sin  AB.  ^c 

Let   AC  =  AB  -f-  s,    sin  a  =.  ^* 

Then  cos  a  =  1 i';  andbysub* 

...  *  .         ^ 

stitution  in  the  preceding  equation, 

we  have 

ain  AB  cos  AB  cos  a  +  Cos*  abcos  a  •  s =cos  ab  sin  ab  — sin' ab  •  e« 

This  gives  €  =r --i*  sin  2 ab  =  ^s^  sin  2gvi    which,  with  the 

4  4 

sign  changed,  is  the  reduction. 

The  two  principal  equations  of  the  node^  which  will  hereafter 

be  found ;  are  —  |-  p  sin  ^mt  —  g-  p'  sin  2m/.    Those  of  the 

inclination  are  +  |  p*  cosami —  ^  p'^cos  %tnt.  Theref.  2^= 

9gnt  +  4^ sin  cff/+  5p«  sin  %mt  +  ^  p  sin  am/  +  I2pf  sin  am/; 

".  4  Hf  c 

adding  three  ofthe  principal  equations  to  the  elliptic  value  of  r, 
and  deducting  the  equation  of  the  node. 

Also  *  becomes  s[t  +  §  p  cos  am/  —  f  p*  cos  2m/J. 

o  fl^        o 

Substituting  these  values,  we  ahall  find  the  reduction 

=  —  -s^  sinagff/  4-  --  s'^e  sin  %gnt  —  i  s^e  sin  ag«/  —  -^  p«* 
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«in  flm/—  S  ps'^e  ain  ^mt  —  S  psU  sin  2»»< pV  sin  fi/7?<  = 

^  «^,c        ^  c  3  % 

c 

—  6' 54"  sin  a|^i?/+45"8in  2gnl*— 45''8in  2gnt—^^^^  sinawi/ 


c 


—  10'' sin  2»i^ —  lo^sin  2mi  —  7'^-'sin  itmU 

c 

Mr.  Vince  has  made  the  coefficient  of  sin  ^gnt  as  great  affir- 
mative as  it  ought  to  be  negative,  and  hafi  deduced  it  by  a  prin- 
ciple utterly  inapplicable. 

if  we  now  collect  all  the  equations  togethef:  we  shall  liave 
<he  true  longitude  on  the  ecliptic,  or 

v^fit  \-€^  ^7'  s"  Mn  cnt  T  12^56"  sin  %€ni  f  gj'^&in  ^cnt 
**■  *^  17'  53'' sin  2OT/  +  39'  31'^ sin  am/  —  \%'  57'^  sin  c'nU-^ 

c 

c  'c 

^^ S^^UinQgnt  +  4'4''sin2»i/  f  2'6"sin2wf— ig^'-sma^wf + 


3' 18'' sin  2W/  —  39"sinjii«if  I-  3'46''sifl2i«<  f  a'i5"*in2;7irf 
+  2' 32'^  sin  cnt  —  i'.37  sin  cnt  —  2^  6^^  sin  mt — 38'' 2^;?/  — 


•e 

c 


45"sin2g^/  \-  ai'^sinw/— .  lo'^^in  2^'«'/4-42^'8in  4W/+38'' 

sm  4m/  4-  1 1^'  sin  ^mt  —  to''  sin  am^  —  10^^ sin  ftm/. 

Most  oi  these  are  very  near  the  truth ;  and  none  of  them 
differ  very  widely  from  it.  In  finding  them,  it  must  be  re- 
membered, we  have  neglected  small  quantities  in  the  coeffi- 
cients. After  all  they  are  as  accurate  or  more  so,  than  the  first 
theories  by  the  direct  method.  But  the  object  which  I  have 
here  in  view  is  not  very  accurate  iiesuit^  bat  to  found  a  theory 
upon  true  principles. 

Prop.  IX^ 

To  fini  ike  Moon's  Latitude* 

This  will  be  most  easily  done  by  thb  direct  method^  ^tid  in 
in  terms  of  tbe  tme  longitude.  J'ben,  after  the  longitude  is 
found  the  latitude  may  be  found  also. 

Tbe  force  urging  the  moon  perp.  to  the  ecliptic  is  ^  +  x>. 

VOL.  VI.   PART  II.  n 
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f 

Therefore  by  Mechanics. 

-3jr^  =  -,-- d;  or-^)  +  ^3- +  D  =o. 

Hence   _  a  + «  ^  .  ^  f  r  ^  H^  -  4- d  =  o. 

£p"  T^  '^  5?  ""  1^  ""  ^  •  therefore 
d2<r    ,      dr     dfi  dv^  « 

If  we  change  the  independent  variable  from  t  iov;   we  have 

iPg  _  ^(T  ^^  cfgcp/  _  (Per 1^  /     Jri/ff  Prdtrdt    \ 

dfi  "  di*  dfi    '^  W       A8r"7~""T       7^1 

Therefore  our  equation  becomes 

»      J<T     dt 

cP(r  dfl   ^^^  S;  dd       ,^Jfi 

rfo*  oif^  pi  dtr 

h  +J  Brdi 

Eliminating  dt,  and  dividing  by  rdv^,  it  is 

_  +  cr  + =  O. 

^"^  (A  +y  Dri/)a 

Or,  i(  we  neglect  the  square  of  the  disturbing  force;  we 
have  simply 

1         9 

And  restoring  the  values  of  d^  d,  d  ;  taking  only  the  larger 
terms 

a^  +  '  +  fe>5^('  t-acosaa.-2«sm2a;)  =  a 

Putting  r  =  a(i  —  eco9  cv  f  -  p^  cos  ttuioj,  r'=  a'(i  — «' 

4 

cos  c^v^)  =  tf '(i  — <'  COS  c^pv)^  v'cipv\- ue' sin  c^pv^  which  last 
is  found  by  equating  the  values  of  ni  and  n't  expressed  in  terms 
of  V  and  v' »  we  shall  find 

a^  =  ^p^a  +  ^I^se'smgv  +  2p»*e'sin^»—  ii  6^s^ 
2AV^       a*^         4^  'c4  4 
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1 C  c         • 

sin  2  2CV+  —  p*s  sin  2mv  —  Sp^^e  sin  gv  —  Qp^se  sin  gv* 
,   g        4t  g  c 

's y  ^3  [a  COS  siz;  —  T-  Bin  2a;)  =  — ^p^s  sin  2wi;—  —  p^j^' 
p25^'  sin  2mv  +  3P^^^  sin  2mv  +  3^^^^  sin  9»fv  — 

g  c        4  g  g»c  g 

—  p^S€^  sin  2mv, 
4  «c^ 

Collecting  all  the  terms  of  these  developments  together ; 
^  +  (14-  2.|&«)ff  — I  ^(t  — I  p)«  sin  amt;  4-  ^^^^sin^i; 

+  ^fp^se' sin  gv—  ^-^p/^se^m  2cv  —  —p^sef$in2mv+  ^i^se' 
4  .4  «         4  gt'c      4 

sin  2mo— 3p2je  sin^t;— 3]&*j«sin  gt;  4-  3P**c sin  2mi;-t-  8P^^^ 

sin  281V ^fl^se^  Bin  2mv  zz  o. 

g  4  **.* 

Assuming  ^  =  s  sin  ^o  4-  a^  sin  2mv  +  ;   substituting  this 

value  in  the  preceding  equation,  and  comparing  the  coefficients 

of  the  same  angles :  we  find  first  ^*=  1  +  ^j>*,or^=:i+ ^p2, 

^  4 

Putting  this  value  for  g,  and  1  +  ~p^  for  c  in  the  coeffi- 

cients,  and  reducing  and  simplifying  them ;  we  shall  have  at 
length 

ff  =  5  sin  ^t;  +  I  (1  —  g  P)  ^^  ""  ®^^  —  8  ^^^  Bingr;  +  |  ps^ 


c 

I 

c 


sin  JTO  4-  -^  *^*  sin  2Ct;  +  s  P^^^  si^  ^wi/  —  g  pse^  sin  am©  +  aA^^^ 
sin  ^tp  — fl^se  sin  ^u  —  -  pl^se  sin  ami;  -4 —  pl^se  sin  flmi;   —  ps^^ 

c  a  S.C  5  £ 

sin  2mv. 

The  latitude  itself  is  ^4-  ^  0^  rz  ^  +  ^  ^  sini^z/ ^  sin 

6  8  **         24 

^v  nearly.     And  v  is  the  longitude  on  the  orbit  in  this  propo* 

sition^  and  therefore  =  1/  +    -^  sm  fi^t;,  by  applying  the  re- 

4 
n  2 
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duction,  and  reckoning  v  on  the  ecliptic.  Coosequentry  mgv  be- 
comes sin  gt/  -4-  TT  *'  sin  ^v  4-  tj  s'  sin^t; ;  and  the  latitude  = 

o  o 

(F  4-  -  j'  sin^t;  +  —  s*  sin  ^v  zz  5**  8""  46''  sin  gv  +  8'  32'' 
sin  amr;  —  26''  sin  gv  +  96'^  sin  gv  +  23''  sin  2ci;  -|-  20'  sm 
2wz;  —  9''  sin  2mv  4-  t2'^  sin  3gw+  1 /^ sin ^» -*- 6''  singv  — 

^»'c  g  c 

20'^  sin  2mv  +  7''  sin  2»ii^  —  4''  sin  2»it;.  • 

These  may  be  very  easily  expressed  in  terras  of  the  mean 
longitude,  by  substituting  for  &  its  value  given  in  Prop.  8.  But 
we  should  by  this  step  introduce  some  additional  equations. 

To  find  the  inclination,  we  resume  the  equation  ^^  +  ^+  M 

=  o,  putting  M  for  the  function  of  the  disturbing  forces.    MuW 
tipiying  by  b^^,  and  integrating ;  we  obtain 

^  4.  <i&.-^«yS  vj^^da  =  O, 

where  ^  is  the  arbitrary  of  the  integration. 

At  90"^  from  the  node  -^  zz.  o.  and  9  becomes  the  fine  ot 

the  inclination. 

Hence  in  this  situation  o"  =  (y^  —  j\vid(r)  . 

But  /2Md<7  =  —  3.  (1  _  8  ^jp^a  cot2mv  +  2.p2^  cos  %go 
»/  4  4  siff        4 

+  3.  »2^*  cos  2OTr. 
4 
Whence  it  appears  that  y  zi$^  and  the  tine  of  the  iAclinalKm 

^  =  ^+^(1— -^  p)ps  cos  9tR(/—  §p^^  cog  2mv  +  |-p*5C0S  ^^t 
04  ^       o  .0 

And  the  inclination  itself  =  <r+^<r'rrj+  ^**+   Ac 

above  equations ;  which,  computing  their  numerical  values,  are 
8''  19^^  cos  ami/  — ^'  cos  2«r^  +  3^  cos  vj5^ 
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RepfesentiDg  these  cocfficktil*  by  a*  b«  C;  aiH  the coefSeiencv 
of  the  equations  of  the  node  by  a\  wf^  Q^  t  we  must  have  the  sine 
of  the  latitude  =:^  =  ^(i  +  a  cos  2mv  -f  b  cos  2mv  +  c  cos  ^gvf 

X  sin  {gv  —  A^  sin  2mv  -^  b^  sin  2mv  —  c^  sin  2gv)  n  #  sin  g^ 

H 

—  -  ( A  +  aO*  sin  2mv  +  —  (a  —  A^]s  sin  2mv (b  +  b'> 

a  ^        a  g         ^ 

siOBmt/-i-    -(b— b'')*  sin  awMJ—  -•  (c  -f  c')*  tin  gv  + 
-(c  — c>sinas:if. 

Hence  a  +  a'=:o,b-b'=o,  c-c'=o;  a':=  —  oP(t  — ^^V 
b'  z:  <—  g  p3»  c  =^  i«  Jt^*    Therefore  the  equations  of  the  node 

afc—  -gfi  —  ^p)p  sin  2mtr—  g^^*  sin  2mv  +  |  />*  sin  9» 
=  —  I®  31'^  1''  sin  2»v  —  7'  ij'^  sin  amp  +  7'  13''  sin  a^. 

These  are  only  a  few  of  the  greatest  equations  of  the  inclina- 
tion and  nqde  ;  and  have  been  investigated  here,  nterely  because 
we  had  occasion  for  them  further  back,  where  they  were  given 
without  investigation. 

Prop.  X. 

Tojind  the  Equatotxal  horizontal  ParaUax. 

Making  r::zr^py  and  giving  to  r  its  elliptic  valae,  ami 
to  p  its  deviation  from  that  value  ;  we  have 

-  zr  —  — ^  r=  i+ecoscn/+«*cosac«t+fi+«ecosc»ll 

cos  20?  +  ^?  (i  +  ^  ^)  p^cos  2W/  ]  =:  1  +  <  coa  €«r 
»o^         *3*  «  ^ 

+  ^  cos  sr«/4-  8fi  (1  -+-  ^p)pe  cos  am/  +  4  p»  cos  tarf  + 

y  ^c*  cos  2mt. 
This  quantity  is  proportional  to  the  parallax,  the  constant 


(-4^ 
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part  of  which   is  by'  12'^     Therefore  inultiplying  tlie  last 

series  of  equations  by  this  quantity,  we  shall  have  the  parallax 
equal  to 

Sf  12^'  -f-  3'  9f^  cos  cnt  +  to^'  cos  ^cnt  f  40'^  cos  2w^  + 

c 

Z6'^  cos  2OT/  4-  ^''  cos  2TO/. 

Sc 

We  remarked  in  Prop.  2.  how  the  secular  variation  of  the  pro- 
gression of  the  apogee,  arising  from  the  variation  of  the  earth's 
eccentricity  might  be  determined.  The  secular  variation  of  the 
mean  distance  and  mean  motion  might  have  been  determined 
in  like  manner.  And  the  secular  variation  of  the  regression  of  the 
node  after  the  usual  manner. 

The  methods  adopted  in  this  Theory  are  concise  and  easy ; 
and,  if  cultivated  as  the  direct  method  has  been,  might  perhaps 
be  brought  to  the  same  degree  of  accuracy. 

The  student  who  may  wish  to  pursue  this  subject,  and  to 
consult  the  direct  methods  of  managing  it;  mast  be  referred  to 
the  Memoirs  of  Clairault,  D'Alembert,  Euler»  T.  Simpson, 
Mayer,  La  Place,  and  Damoiseau. 


ARTICLE  IX. 

By  theRev*  Mr.  Bronwin. 

To  find  the  attraction  of  an  oblate  spheroid  of  small  cllipticUy  on 

a  point  mthout  it. 

We  shall  find  the  sum  of  each  particle  of  matter  attracting 
divided  by  the  distance  of  that  particle  from  the  point  attracted. 
Then  it  is  obvious  and  well  known  that  the  partial  dififerential 
co-efficients  of  this  sum  or  of  v,  relative  to  the  co-ordinates 
of  the  point  attracted,  will  be  the  attractions  in  the  directioni^  of 
those  CO  ordinates. 

Let  CE,  CB  be  the  semi-polar  and  semi-equatorial  diameters, 
D  the  point  attracted,  man  a  plane  perpendicular  to  CD,  pq  aov 
line  in  this  plane  drawn  from  CD  to  the  surface  of  the  spheroid* 
And  let  cb  zz  t,  ce  =r  c,  cp  =  a^  Z.  pcB  =  n,  py  =  r,  Z.  qpn 
-(p.vzz  3*14159,  and/  z=c(i  +  e). 
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The  equation   to  the  surface  of  the  spheroid   is  Jt*  +  ^*  + 

/« 

—  «•  n  /«.    And  for  the  point 

9  it  IS  easy  to  see  that 

^  =  fl  cos  «  -f  r  sin  n  cos  ^, 

Jf  =:  r  sin  9, 

2  =:  asin  Ji— r  cos  «  cos^« 

Substituting  these  values, 
the  equation  preceding  be- 
comes tf*cos*  n  +  2ar  sin  n 
cos  n  cos  0  +  r*  sin«/i  cos«  (p  f , 

r^sin'ip  +  -^  (a«sin*«-2ar 


sin  Q  cos  n  cos  ^  +  r*  cos^w 
COS*  f )  =  ^*. 

Putting  for  /  its  value  rfi  4-  c),  and  for  r,  r  4-  J,  tV  being 
the  thickness  of  the  protuberant  matter  above  the  inscribed 
sphere;  and  neglecting  the  powers  of  ?r  and  e  above  the  first : 
we  shall  have,  remembering  that  the  preceding  equation  holds 
for  the  sphere  when  /  =  c, 

rh^  c*— a*sin*«  +  2arsinn  cos»  cos^  — r*cos*»  cos'^js. 
And/rird(p  zz  (c*  —  a^sin'n — |r*cos^ii)  2ve^  the  integral  be- 
ing taken  from  9  =:  o  to  9  =:  360^.  This  is  the  area  of  the  ring 
mqnm  supposed  to  be  very  narrow.  We  imagine  all  the  pro- 
tuberant matter  condensed  on  the  surface  of  the  inscribed  sphere^ 
a  suppositon  which  does  not  affect  the  result  so  long  as  wp 
take  account  of  the  first  power  of  6  only,  as  is  evident  from 
Taylor's  Theorem.  , 

Let  CD  =  d,   Z.  ^csi  or  peg  =:  * ;  then  a  =  c  cos  i',  r  :=  c 

sin  ♦,  Dm  =  Jyq  \/d*  i-  c* —  j^ccob  *  :  and  for  the  whole  pro- 
tuberant matter  we  have 

_    rairc^gfi— tcos"/i4-fco8*7t—8in^«  .  cos*»)  sin^^^'P  _ 


/ 


—  ^"i    +  (cos'if  —  2sin*n)  -tS$   the  integral 
3     C^  5«  > 


v/d»  -f  c*  —  fldc cos* 

which  belongs  to  known  forms,  being  taken  from  "^  ==  o  to  * 
=  i8o^ 

For  the  inscribed  sphere  v  =   ^  -j- ,  as  is  well  known,  and 


3^ 


easily  found.     This  being  added  to  the  above,  and  a  and  A 


^ 
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fwang  put  for  the  eo-ordinatet  of  the  point  d  to  the  origin  c,  or 

ah 
cos  »  =  -  ,  sin  «  z=  -^  ;  we  shall  have  for  the  whole  sphcrcrid 

i     i      d  ^  'fid* 

By  taking  account  of  the  terms  depending  on  Ir^  and  e%  we 
might  easily  find  that  part  of  v  which  depends  upon  the  square 
of  the  elliptieity. 

If  the  density  of  the  spheroid  he  variable,' and  composed  of 
a  Dumber  «f  homogeneous  shells  indefioiteiy^  thin  ;  we  roust 
take  the  differential  of  y,  making  c  to  vary*  or  €  and  e,  if  the 
surfaces  o\  the  shells  be  dissimilar  :  this  being  multiplied  by  ;« 
a  variable  density,  and  the  integral  taken ;  will  give  v  for  a 
^heroid  of  variable  density. 

Bnt  it  is   plain  that   ^  vf^d(c^  •  i  +  as)   is  eqcia!  to  the 

3 
inais  of  the  spheroid,  the  same  as  when  the  density  is  uni^ 
ionn«     The  aifficulty  therefore   is  reduced^  to  the  finding  of 


The  spheroid  must  be  supposed  capable  of  changing  its  form 
by  revolving  around  its  axis.  We  will  suppose  it  therefore 
fluid;  in  which  case  the  resultant  of  all  the  forces,  cemripetal 
ted  centrifugal,  will,  at  the  surface,  be  perpendicular  to 
die  surface*    This  is  known  from  the  first  principles  of  fay- 


Lei  «i  be  perpendicular  to  the  surface,  at  perpendicular  to 
€d  the  semi-transverse  axis,  and  the , 
centrifugal  force  at  the  distance  unity 
from  the  axis  =r  p.  Then  at  the  dis- 
tance cl  it  is  ci ,  p.  And  D  being 
now  supposed  to  coincide  with  a,  let 
the  whole  forces  in  the  directions  «/, 
ft*  be  p  and  h.     Also  let  m  =  mass  of 


4be  spheroid^  «  —  -^  ^A^^fc'*?- 

S  m't 


Then  al :  Ik 


F  :  H,  and  Ik  —  -^ 

p 

cl 


xl :  ir/  : :  s  +  B€  :  1,  and  Ik  =: 


1  H-  fie 


a/.      But    by  conies 
.     Equating  these  va- 


lues ot  /<:,  and  putting  tor  a/ and  c/ their  values  h  and  a ;  we  have 


(    w    ) 
(i  +  a.)  J-=:j.    How 

Substituting  these  values  of  H  and  p,   and  neglecting  the 
pQwen  of  6  above  the  fii^t ;  we  haye 


Let  n  =  the  centrifugal  force  at  the  equator  divided  by  gra« 
vhy  =>c (1  +  0  ^  ^,.4",^j^  =  ,^   nearly.     Then  ^  = 

li-j-.  ' And d  =  <: oevly • 
Hence  our  equation  becomes 

■  6  -r  +  «»»  —  aiwfi  =  o,  and 
c 

*  =  (h  — in)  — . 
Conlequently  i^  the  cpap.qf  a^yariable  4,?9sity,  we  have 

Th^  attractions,  tyhich  in  the  directions  of  the  co-ordinates 
«  and  A  arc  —  ^  and  —  gj-  Respectively ;    are    now    easily 

found. 

d 
It  may  be  observed  here,  that  since  g.  =  cos  n  =;  cos  ocb, 

J  =  sin  n  =  sin  dcb  ;  **  'J^*      =  i  (1-3  sin*  dcb).  When 

theccfere  sin*  pob  =  -  «  the  second  term  in  v  vanishes^  'and 

the  attraction  becomes  that  of  a  sphere  of  thf^  same.  mass. 

WiieA  the  point  D  is  within  the  s]^her6id ;  in  integrating  be- 
tween limits,  we  must  make  \/d*  —  ftdc  ;*-  c*  =  c  —  rf,  and 
notrf— r,  as  when  d  way  without  \U  And  moreover  for  the 
inscribed  sphere  we  must  have  +  rf  — c  coa  t  instead  of -->  if -). 
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c  cot  f ;  and  must  integrate  firsi  from  y  =  o  to  J—  c  cos  t  =  0 
afterwards  as  before*    Thus  for  the  protuberant  matter  we  have 


V  rs  -*^  J  2c*  +  (cos*«  —  a  sinn)  —  >  9 
8    ?  5  S 

and  for  the  sphere  v  =  2x  (c* oP).    For  the  whole  spheroid 

3 
therefore 

o    t  o  3  o      J 


— ,  dv       4»<s ,         2  .        ifv        Avh ,     .    4    I 

Then —  r— =  ^—  (1 e),  —  :Tr  =  ^ —  (»  +  ^*'* 

da         8    "^         5  </A  3    ^         5 

These  are  precisely  the  attractions  of  a  spheroid  similar  to  the 
given  one,  whose  surface  passes  through  the  point  d.  And 
thus  we  have  obtained  the  attraction  within  very  little  compass 
whether  the  point  attracted  be  situated  without  or  within  the 
spheroid. 


ARTICLE  X. 

On  the  Expansion  of  Functions. 

'By  the  Rat.  Mr*  Bricb  Bronwin/ 

tn  the  investigation  of  general  formulas  for  the  expansion 
of  functions,  it  has  been  usual  to  assume  as  a  certain  fact ;  that 
that  expansion  would  proceed  by  integer  powers  of  the  leading 
quantity.  This  is  the  case  in  the  Theorems  of  Maclaurin  and 
Taylor.  Whereas  it  is  only  a  few  quantities  which  can  be  thus 
developed.  Many  will  proceed  by  fractional  powers.  And 
some  by  no  power  at  all  ot  the  leading  quantity,  except  as  it  is 
augmented  or  diminished  by  some  given  quantity.  We  shall 
attempt  in  what  follows  something  more  general. 

Let  us  suppose yx  zzax  +  a^x  *  +  a^x  *  -f  ;  where  the  cx- 

Eonentsa, «j,&c.  are  whole  or  fracted,  rational  or  irrational; 
ut  ranged  accof'ding  to  their  order  of  magnitude.     And  first 

let  the  series  be  an  ascending  one.    Then  dividing  by  x*,  we 

if jc  «  —  •  •  — « 

have  "^  =  a  +  a^x  1        +  ««  «        +  .  The  exponents  «,-«> 


«• 


(    »07    ) 
Q^  — a  are  now  affirmative.  Make  or  =:  o.  which  give  a  =:  !.»  • 

0 

Differentiating ;  ^  (^)  =(«,—«)  a,/i" '"^  +  (n,  ^  «) 

«  — a— 1  «  «.«— 1 

«!**  +  .     Or  dividing  by  jc  * 


And  again  making  x  =  o,  we  find 
«i  = - r  •  T-  .  f-i— A.    In  the  same  manner 

we  may  determine  the  other  co-efficients.    The  indices  a,a^t  &c* 
are  so  determined  that  ar*  may  be  the  factor  of  this  description 

which  divides /r,  x  i  the  factor  which  divides  —  (^—)  $ 

and  so  on.     Thus  the  indices  are  determined  as  we  proceed  to- 
gether with  the  co-efficients.    And  we  have 

«  flfj — m      •—•—I     do  V  «  ;  ^ 

o  o  *  o 

If  /  jc  =  s/o?x  —  ic*  =  \/^  •  \/a'  —  x^ ;  we  make  a*  =:  ;r*i 
=  i.     Then>§  =  s/TTT^,  and  1  (^)    =  ^ 


or  a 


^  ixr.  .^^L^  »<«^:.«  0m  \  -p.  M^    i^»  ^     -.  7 


.     We  make  again  a:  i  =;  x\  or  a,  =  ^  ^ 

And  so  on  in  all  the  succeeding  steps.     This  seems,  in  theory 
at  least,  to  be  the  natural  and  legitimate  mode  of  development. 
If  we   would  have  a   descending   series,    we  might  make 

0  =:  -*  ,  and  fx  zz  fv.  Then  expanding  this  last  by  the  powers 

of  V,   we  should  have  the   development   required.      But  we 
will  suppose 

o  2 


(    io8    ) 

/op  =  -^  +'  -^  +  -^*  +  ,  the  exponents «,  a^,  &c 

being  ranged  according  to  the  order  of  their  magnitude* 

a 
Now  multiply  by  x  ,  and  we  have 

xfx  =  a  +        *■■  H ^—  +.    The  exponents*^— 

a^  ffo^-ay  &c»  are  all  affirmative;  therefore  ietap'=:  ao,  and 


a 


tf=  od/qd. 

*  T^^^f^)  =  — k«,  — «)«i  — («2  — «) * 


x« 


Again  knake  x  infinite,  and 


^1  =  — r-rrr  • 


-«+l     li 


And  proceeding  in  the  same  manner 

a 

The  indices  «»  a^y  &c.  must  be  determined  so  that  od   is  the 

reciprocal  of  the  factor;  iny  od  ^  the  reciprocal  of  thefac- 

d        • 
tor  contained  in  -^-r-  /oo^/od),  &c.:  so  that  the  coefficients  tf, 

a  9  &c«  are  rendered  of  finite  magnitude. 

These  are  natural  and  general  methods  of  development;  ifiM 
function  admits  of  being  developed  by  the  powers  of  any  pro- 
posed quantity.  If  it  does  not  admit  of  this,  or  if  it  be  a  lo<- 
garithmic  function ;  we  shall  proceed  in  exactly  the  same 
manner,  only  putting  x  +  a  in  the  place  of  Xy  a  being  any 
assumed  quantity.  But  now,  in  ord^r  to  determine  the  co- 
efficients ;  we  make  a?  ±  «  =  0,  or  *  =  ^:  a. 

And  thus  we  shall  find,  if  /;if  rr  logx ; 

logx  =  loga  +  iix— flj-^aCx-ar  +  g-Cx-aZ- 
Ifo  =  1;  logir=  i(«_i)— l(ji:— i)^+  i(x-i)'— . 


^ 


(    109   ) 

We  may  develop  a  fsnction  of  x  or  ^  in  terms  of  another- 
fonction  (rf  xorjx*  This  may iie  effected  exactly  as  above*. 
And  if  we  suppose  that  the  powers  of /x  are  integer,  and  tbat> 
n  is  the  value  of  «  which  makes  /x  =  o ;  we  shall  find  a  zz  ^n, 

a,  =  j^zz  i^^n,  flg  =  -  -j^  =  ^e».  &c.     Therefore 

fx  fx*  fx^ 

^      I         • *     I . 2        ^     1.2.3. 

But  if  the  powers  offx  cannot  be  integer,  which  will  appear 
from  the  coefficients  becoming  infinite ;  we  shall  fi/id 

fn         ,                     I                 1  dv/^n  1 

fl  =  =  wn%  a ,  zz  —  .  ^  •  -r?-  z:  —  yL^n, 

-  -       *  1  1  d^.n  11^ 

«.—   = .   — —  •  — ; T-       -;y-4-  =   -r — : —  .    — «r— .  di  «  &c. 


And  here  the  indices  dt,  ot^^  &c.  will  he-determined  asbefore. 

Thus,  /n  being  nothing,  /«   will  be  the  greatest  power  of  fn 
which  will  divide  ^n ;  or  such  a  power  as  will  render  the  quo- 

tient  X-  finite.    In  like  manner /n  *  »/'»**       must 

/« 

be  factors  of  :j~-  ,   ■  Jv    >  &c» 

df/n      d/« 

In  determining  the  coefficients  we  shall  sometimes  fall  lipon 
fractions  whose  numerators  and  denominators  vanish  at  the 
same  time.  But  the  method  of  determining  their  values  in  this 
case  is  well-known* 

As  we  may  expand  --^  in  terms  of  fXi  so  we  may  ia  teroM 


dthx 
of'^x.    For  this  is  only  putting  -r—  in  the  place  of  ^x,  and  ^r  in 

the  place  offx* 

And  hence  also,  puttingy^xcZx  in  the  place  of  fx ;  we  may 
develop  this  integral  by  the  powers  of  fx*  Here*  the  first 
term,  being  a  definite  integral,  will  become  an  arbiiracy  con- 
stant. And  putting  fx  for  fx,  we  shall  havey^^dx  in  terras 
of  fx. 

By  the  preceding  formula  we  may  sometimes  obtain  series 
more  converging  than  if  they  proceeded  by  the  powers  of  x. 
And  we  may  also  transform  a  series,  if  we  can  render  it  of 


(     "o     ) 

swifter  convergency,  by  making  ^or  equal  to  the  series  to  be 
transformedy/x  equal  to  the  quantity  by  the  powers  of  which  it  is 
to  pk'oceecl. 

in  Mr.  Spence's  Essay  on   Logarithmic  Transcendents»  we 
have 

.(.^.,=y^/^ Jr^.- 

If  we  would  apply  our  formula  to  the  development  of  ihis 
function,  in   terms   of  Ix  or  logx;  we  must  m^k^  fx  zzlx^ 

«=:i;  and  wefind^n=/"(2),  ^jfi:r /*— ^(2),  ^j«=  -/''-•(«),&c 
Therefore  /*(i  +  x)  =:  /*  (2)  +  /'•-'(2) .  Ix  +  /'*-«(2) .  —    + 


1 

.  ./a  . 

1 

~a» 

/x— ' 

fe» 

2*3  •  4 .  .«— 1 

2 • 3 • •  ..n 

P  *  a. 

3..  ..!»■»- 1 

'  2. 3. ..11  +  3 

a«3*-'«+5 

It  we  would  expand  the  same  function  in  terms  of /jr  —  b 
or  /  [  -  j  ;  we  shall  find 

/'(t+x)  =  /"(i+a)  +  /—Ki  +  «)  '  0  +  ^  '*-'(! +  «)/(|j'- 

2.3,..»*a+i     \a/       2. 8..«-hi  *  (a+i)«    V«/ 
1  g(t  — a)  . /y  Y**** 

2.3..  .114-2    U  +.«)•     V^/ 

In  like  manner  the  circular  function  c^{x)  of  Spence  may  be 
expanded.     This  will  give 

c-{x)  zz  c«K^)  +  c-M^)  /(f)  +  ^  o-^{a)  i(^y+ 

_J ^-.i(^)\ L_.lZL^.,/(-)-+V. 

2.3...^     1-t-a^        \a/        2.3..«+i     u+«;  \0/ 

These  examples  may  be  more  curious  than  useful.  Vlt 
cannot  however  say  to  what  curious  speculation  may  lead.  It  is 
seldom  that  useful  things  are  discovered  when  we  are  in  direct 
search  of  them. 


.T*         ar^ 


We  may  transform  the  scries  x  -^  - —  + &c.  into  one 

/  a  3 


(    m     ) 
proceeding  by  the  powers  of  ■  »  and  we  shall  find  it 

1    T  X 

As  another  example  take 

2  2    •  3 

We  may  apply  our  method  to  the  expansion  of  a  function 
of  two  quantities  x  and  y,  and  may  make  the  expansion  in  terms 
of  two  functions  oi  x  and  y* 

Let  «  =  ^^  (a?,  y),  tt  =  (p  (x,  y),  i;  =. /( x,  y). 

We  will  suppose  that  the  expansion  can  be  made  by  integer 
powers  and  products.  Imagine  now  x  and  y  eliminated  from 
the  value  of  z,  and  we  have  z  =  ^  («,  tj>     This  expanded  is 

1    SAzq       ,    dzo       ?     I 

1  .  2  ^  dtt*  du  dv  do«       > 

In  Zo  and  its  partial  differential  coefficients  u  and  t;  are  to  be 
made  zero. 

dz  _  dz  dtt    ,    dz  Av        Az  _  4£^    -1.  ^4?. 
d*  ""  dw  djr        di  di  *      dy" ""  dw  dy         dv  Av  * 

These  will  give 

4l- 

da    " 

dx  d 

Thus  we  have  — ,    -7-  in  functions  of  x  and  y •    To  abridge 

du      dz; 

dz  dz  _ 

let  them  be  represented  by  «i,  v^ ;  or  jjj-  =  u^,  ^  —  v^. 

dir  _  d^  dw         d^z    Av      4^  -  4!i  ^  +    ^'^    ^ 
da?  ""  dtt^  ax  ■*"  dM  do  d*  •      dy         dw^  dy        Au  Av  Ay  * 

doj  _  d-zdz/  4!i_^       l?j  -  —  4!!.  +     ^'^    jg 

d7  -  aiT^  dx  ■*■  dtf  dt;  dx  *      dy    "  di;^  dy        d//  dw  dy  * 


dz  Av 

Az  Av 

Az  dtf  " 

Az  Au 

Ax  Ay 

Ay  Ax 

Az 

_  dx  dy 

Ay  Ax 

Au  Av 

Au  Av  * 

Av 

"~  dt;  da 

Av  Au' 

dx  dy 

"~  dy  Ax 

Ax  Ay 

Ay  dx 

(    tii    ) 

J«2        d^z       d^z 
These  equations  wll  give  ^,  dTT^*   d~« '"  f«ncuoBiof 

X  and  y  ;  and  we  might  proceed  in  the  same  manner  to  find  the 
diiFerential  coefficients  of  a  higher  order.  In  the  final  results 
the  values  tn  and  n  of  x  and  y  which  render  1^  =  09^=0  ipast 
be  put  for  those  quantities. 

We  might  devj&lape  in  the  same  way  when  the  number  of  va- 
riables is  greater  than  two. 

If  2  =  (px  is  only  given  implicitly  by  an  equation  >i^{z,  x)  r 
o,  we  may  still  expand  z  by  the  powers  of /x.  But  general 
formulas  in  this  case  are  not  good.  Particular  cases  are  best 
resolved  by  particular  processes^  or  artifices. 

La  Grange  in  his  Theory  of  Analytical  Functions  applies  Mac- 
laurin's  Theorem  to  (he  solution  of  differential  equations.     But  it 

will  often  fail  as  he  uses  it.     If  we  have  /*(  t-^  »    j^  »  y»  *)  == 

o ;  we  must  first  put  z  =.  yx^,  and  then  proe^d-  to.  apply  the 
Theorem  to  the  equation  so  transformed.  The  reason  is  ob- 
vious.     The  series   for    y   will   in  general,  be  of   the  form 

ax'*  +  a^x^"^^  +  agX**"*"^^  +  ;  and  if  multiplied  or  divided  by 
some  fractional  power  of  x^  wiH  become  of  the  form  of  Mac- 
laurin^s  series.  And  this  fractional  exponent  will  easily  be 
determined  by  making  it  such  as  to  prevent  the  coefficients 
from  becoming  infinite^  or  any  way  contradictory '  or  incon- 
sistent. 

But  in  order  to  render  the  Theorem  more  certain  of  applica* 

tion ;  it  may  be  necessary  also  to  put  x  =z  ti^;  in  order  to  redder 
all  the  in^lices  of  the  development  integer. 

And  taking  a  any  quantity  at  pleasure,  it  will  be  snore  ge- 
neral to  expand  by  the  powers  of  x  —  a  instead  of  x.  The 
quantities  p  and  a  must  be  determined  as  a.    - 

I  shall  not  now  enter  particularly  into  this  subject,  though  it 
might  be  worth  the  while ;  as  it  might  lead  to  a  general  method 
of  solving  differential  equations  by  series. 


C    "8    ) 

ARTICLE  XI. 

touR  Indetebminatb  Problems. 
By  Mr.  John  DaVy,  of  Si.  Jusi^  in  Pdntoiik,  CornioalL 

Problem  I. 

To  find  the  sides,  in  whole  numbers,  of  three  right-angled 
triangles,  such,  that  their  perimeters  shall  be  equal  to  each 
other,  and  their  areas  in  arithmetical  proportion. 

SoLt7TlON« 

Let  t   — - — »  an;  ^     ,   ^  ,        ^^  ^    «??    *nd 

f-«  -J.  5t       ^"—^ 

,  — r-*-  9  2^ ;  denote  the  sides  of  the  three  triangles, 

respectively  ;  the  second  being  those  of  the  mean.  Then,  by 
Slimming  tneir  sides  severally,  we  shall  find  the  perimeterof  the 
Snt  =  8(m  +  is),  of  the  second  2(p  +  9),  and  of  the  third  zz 
s(^  +  ') ;  therefore  by  the  conditions  of  the  problem,  we  shall 
have  2(»i  +  «)  ==  2{p  +  j)  —  2(r  +  8)\  hence  «  =  ^  +  9  — 1», 
and  «  =:  ^  +  ^  —  r.    Also  when  their  areas  are  in  arithmetical 

proportion,    we  shall  have   2(p*  —  j')  ^  tz  (i»»*—  h*)—   + 

(r' — s*)  — !  from  which  by  writing  therein,  for  is  and  s,  their 

values  as  found  above,  and  reducing,  we  shall  have  ^'  +  apj  = 

**-— -^--^: — ^ ^— • ;  adding  p*  to  each  side  of  tbi. 

(m  +  r)p  —  2mr  •or  1 

equation,  in  order  to  complete  the  square  on  the  firsts  and  then  ex« 

liactingthc  root,  we  shall  have  q  tz  \/  (''^(mTTjplX)"'^' 

Now  to  render  the  fraction  under  the  radical  sign  somewhat 

2^— If  2^ 

more  simple^  assume  m  zz  v,  p  =  ■  t/,    and  r  =: 

-W-- — «:  and  substituting  therein  for  each  letter  its  assumed 
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value^  we  shall  ultimately  obtain  q  =  a/  (- Jir*-  -rr"^' 

hence    ,  .   ,    must  be  a  square ;  let  its  root  be  ^    then  will 

=r  -5  ;  which  givfes  t  =  — ; — rzu^  ortakmg/  =a'+^, 

we  shall  have  u  =  2a'  —  A' ;  where  ^  and  6  may  be  any  con- 
venient  numbers  at  pleasure^  andz;  the  least  number  divisible 
by  2/,  2^  +  «,  and  2(^  +  u)^  or  some  of  their  component  parts, 
leaving  no  remainder. 

Ex.  1*  If  we  take  a  =  i,  and  3  =  s,  then  t  =:  2,  tc  =  i» 
2^  =  4.  2/-f-  tf  =  5,  and  2(^  -f  «)  =  6 ;  hence  z^  =  6o :  and 
therefore  m  =  45,  n  =  1  j,^  =  48^  ^  ==  12^  r  =  50,  and  «  =:  10; 

consequently 

jo»  40^  30,  are  the  sides  of  the  greater  triangle, 
£i»  459  249  are  those  of  the  mean,  and 
42,  481  20t  are  those  of  the  less,  which  numbers  an* 
swer  the  conditions  required. 

Ex.  2*  If  a  ==  3,  and  I  =  4,  then  f  =:  25,  u  =  a,  2/  :=  50; 
2I  +  M  =  fia,  and  2(/  +  «)  =  54 ;  hence  v  =  17550 :  consc* 
quently  m  zz  .104400,  n  =  38280,.  f  =  126075,  ^  =:  i66o5» 
r  =  1 37994,  and  s  =  4756 ;  therefore  after  having  divided  each 
side  by  2,  we  shall  have 

9698,  7150,  ^552, 

9699,  7176,  6525, 

9700,  720o»  6500;  for  the  sides  of  another  set  of  tri« 
angles  that  will  answer  the  cottditions»  and  thus  we  may  get  as 
many  sets  as  we  please. 

Problem  II. 

To  find  the  sides,  in  whole  numbers,  of  three  right-angled  tri- 
angles, such  that  their  perimeters  shall  be  equal  to  each  other, 
and  their  areas  in  geometrical  proportion. 

Solution. 

p-^-r     *    p  +  r     *  p^r        p -{- s    *     p^s 
t/;  and  ^- — r-r^'t  ^^  ,   ^  v^       ,  '    w;  denote  the  sides 


or  the  three  trianglest  re$p^cti.vely,;  ^he  second  being,  tho^e  of 
the  mean.  Then  by  adding  their  sides  together  severally,  the 
penmeter  of  each  will  be  found  =:  2pv :  hence  the  first  con- 
dition will   evidently  be  satisfied.     Also  that  their  areas  may 

be  had  in  geometrical  proportion,  we  must,  havp  ( .~ — )   ^ 

^-— h  ^  ~    ■ :  but  as  this  equation  in  the  present  form, 

appears  rather  intricate  for  solvipgi  assume  r  =:      ^     ■    ;    and 

t  =z    ^ — ; — J — -. ;  and  having  writtfen  therein  their  assumed 

(p  -{•  s)u  ° 

values  in  their  stead,  it  then  becomes  (cJZ— )  —  IP-^-^J"""^  ^ 

psu            (p*  —  s^)u  +  s        (ps  ■\'  s^)u  —  s     ^  ,  .  ,     , 

r—^  ^    L^    A.  X        iZ  J  I ^  J  from  which,  by 

reduction,  we  get  »  =  ^^^  ^^JZ^Vip  ^  s) ''  '^'^  *»""*'  °^ 
u  being  written  for  it»  in  each  of  the  preceding  assumed  equa- 
tionst  we  shall  have  r  =z  ^  '^\.^ ;j&5,and/=:  ^—r^^f^^  psz 

where  p  and  s  may  be  assumed  at  pleasure :— however  Mfe  shall 
find  that  the  triangles  resulting  from  these  letters  only,  will 
mostly  come  out  in  fractional  numbers ;  therefore  when  it  so 
happens,  take*  c=  the  least  number  divisible  by  each  of  their 
denominators,  leaving  no  remainder,  and  then  they  will  be  had 
is  whole  nuifibers'.  *     r 

Ex.  !•     Take  p  =  3,  and  *  =  i,  then  r  zi  —  ,  and /  iz  -^  i 

...  ax  lb 

hence  the  triangles  in  fractional   numbers  are  -r^-  r/,  — ^^r. 

55         55 

88        5       4        3           J    281        231        160  ,      ' 

—  02  -o,    i?7,    K-t; ;  and    r,    -^^i;,    v;    therefore 

55  2  2  2  112  112  112 

taking  v  zz.  6160,  we  shall  have 

15344,  11760,  9856,  for  the  sides  of  the  greater  triangle, 
1540O9  12320,  9240,  for  those  of  the  mean,  and 

154559  12705,  8800,  for  those  of  the  less;  in  whole 
numbers :  which  wiH  be  found  to  answer  the  conditions  re- 
quired. 


(     "6     I 
Ex.  2,     Ifpn  Q,  and  s  =r  2.  then  r  =:  <-,  and  /  =  ~ ; 

hence  the  triangles  in  fractions,  will  be  ^      -v.  25 —  ©, w 

^  1595      1595      *S95 

'Jv,    '-^v,   5^.  and^«J       £3?o       752^.  therefore  taking 
5         5        5  9«o         920        920 

V  =  893480,  we  shall  have 

7^5016,  647680,  368184, 

703048,  70435«»  «9848o, 

778679,  740080,  242121^  for  the  sides  of  another  set 
of  triangles  as  required. 

PROBI.EM  III. 

To  find  the  sides,  in  whole  numbers,  of  three  right-aogM 
triangles,  such,  that  their  perimeters  shall  be  equal  to  each  otberi 
and  their  areas  in  harmonical  proportion. 

Solution. 

i&*  +  r* 
Denoting  the  sides  of    the  three  triangles  by  ^  t^, 

p+r        p+r       p-{-s        p-k-s        p-i-s    '  p  +  /     • 

■  ~     ©,    ■  ^"  1^ ;  as  in  the  last  problem ;  the  perimeter  of  each 

will  be  =:2pc/ :  and  thpir  areas  will  be  represented  by  ^^^   p^, 

£ — ' — -  pv\    and  ■      ,   .  f  b^*    Also  considering  that  the  fe- 
p  -r  ^  p  -T  t  ° 

ciprocals  of  all  numbers  in  harmonical  proportion,  are  always 
in  arithmetical  proportion,  and  that  the  second  of  these  areas  \\ 

the  mean;  wp  shall  therefore  have  2  i  ^J  =    ^      ^^  + 

\ps—sw       pr^r* 

~— y,  .     In  this  equation  put  ^  =:  p  -^  r,  thpn  by  substitation 
*^'"  *  \ps  -,  J V  ^^  ^*^*"8cd  into  2  (p^~^J ;  and  therefore 


r  1=        ■  ■■     +  ^ ^:  which  reducfsd  ci vcs  p  = 

'    /;  where  r  and  /  may  be  taken  at  pleasure^  and  v  as  in 

the  last  problem* 
Ex.  1.     If  r  betal;en  =:  8,  and  /  n  4,  then  will  p  =  20^  and 

«  =2  18 ;  hence  the  triangles  derived  from  these  will  be  r, 

'^-r,  — VI  J 7©,   ifit?,  8»;  and  — »,    —  »•    —  t^;  therefore 
7         7  833 

(aking  o  =  21,  we  shall  have 

348,  852,  240,  for  the  sides  of  the  greater  triangle, 

357*  315*  '^^»  for  those  of  the  mean,  and 

364,  3369  140»  for  those  of  the  less ;  which  will  satisfy 

the  conditions  required. 

Ex.  2.  Taking  r  zz  g^  and  /  =:  2,  we  shall  have  p  =:  S2, 
and  s-ziij  I    hence  the  triangles  arising  from  these  numbers,  will 

be52?,^    159,,  HE, .773,^   7j8       £95  ^.  ,„d  61 
«7         27  ^7  39  39         89  3 

~r,    — »  ;  therefore  taking  »  zz  351,  there  will  be  had 

6617,  S967»  «8fi^» 

6957*  673«»  ^755. 

7139,  7020,  1287,  for  the  sides  of  three  other  triangles 

which  will  answer  the  conditions. 

Problem  IV. 

To  find  the  sides  and  areas^  in  whple  numbers,  of  three  isosceles 
triangles,  such,  that  their  perimeters  shall  be  equal  toeachother, 
?nd  their  areas  in  arithmetical  proportion. 

Solution. 

Let  p*r«  denote  each  of  the  equal  sides,  2(p*  —  r')  the  base, 
*nd  2pr  the  perpendicular  thereon,  ot  the  first  triangle  ;  p^'+^S 
^{y  —  *•),  ^ps,  those  of  the  second  and  mean  ;  and  p«  +  /*), 
t(p  —  t^)^  2pt^  those  of  the  third.  Then  will  the  perimeter  of 
^ch  be  :r  4p* :  therefore  one  of  the  conditions  is  satisfied. 


n 


(     U8     ) 

Moreover  when  their  areas  are  in  arithmetical  proportion,  we 
shall  have  tt(pV  —  s^)  =:  p^r^r^  +  p'^  —  /^ :  here  by  writing 
s —  /for  r,  and  then  reducing  the  equation,  we  shall  have  p  =: 
^(^  •*-  38t  —  3^*) ;  hence  ^  4-  35*  —  3/*  must  be  a  square ; 

let  its  root  be  *  H ;  then  will  s^  +  8**— 8''  =  *'  +    + 

— T- ;  from  which  we  finally  obtain  s  =  -«■= /  ;    conse- 

U  ^  311*  —  2UV 

qucntly  p  =  2 j<^ 1.  and  r  =  — :; t :     where 

M,  Vf  and  i,  may  be  any  convenient  numbers,  at  pleasure* 

Ex.  1.  If  we  take  11=1,9  =  1,  and  /  =  i,  then  we  shall 
have  r  r=  3,  p  =:  5,  and  J  =  4 ;  hence 

the  sides  of  the  first  triangle  are  34,  34,  3a  ;  its  area  =  480 ; 
those  of  the  second  or  mean  are  4I9  41,  18;  its  area  =  360; 
and  those  oi  the  third  are  a6,  26^  48 ;  its  area  =  S40; 

which  answer  the  conditions. 

Ex.  8.  If  a  =  8,  V  =  I,  and  /  =:  8,  then  r  =  5,  p  =  17, 
and  «  =:  13  ;  from  which 

the  sides  ot  the  first  triangle  are  314,  314,  ^28,  its  area  44880; 
these  of  the  second  or  mean  458,  458,  840,  its  area  53040 ; 
and  these  of  the  third  353,  353,  450,  its  area  6iaoo: 

which  will  also  answer  the  conditions  required. 

The  first  of  these  problems  has  been  already  ably  answered 
by  Mr.  James  CunliiFe ;  first,  by  a  particular  solution  given  in 
No.  XXII.  Davis's  Math.  Companion;  and  afterwards  by  the 
same  solution,  with  a  general  one  annexed,  in  No.  XVIII*  of 
your  Repository :  The  others  to  me  are  original. 


ARTICLE  XII. 

« 

Solution  to  a  Physical  Question . 

By  Mr.  W.  S.    B.  Woolhouse. 

Question. — A  slender  hollow  tube  of  a  given  length  (/) 
is  charged  with  a  perfectly  expansive  and  compressible  fluid  to 


(     *19    ) 

a  given  density  (A)  and  is  caused  to  revolve  about  one  of  its 
extremities  with  a  given  angular  velocity  {»)  so  that,  in  con- 
sequence of  centrifugal  force,  each  particle  tends  to  the  other 
extremity :  it  is  required  to  investigate  an  expression  for  the 
(rue  density  at  each  point  during  the  motion. 

This  question  having  been  proposed  by  me  in  the  Gentle- 
man's Diary  for  the  year  1831,  and  as  the  solution  of  Mr. 
Richard  Taylor  of  Carlisle,  which  is  the  only  one  given  in 
the  present  Diary,  is  incorrect  in  its  principles,  probably 
through  Mr.  T«  misconceiving  the  philosophical  nature  ot  the 
question,  I  here  purpose  giving  that  solution  which  accords 
with  my  views,  and,,  which  was  originally  furnished  by  me  for 
the  Diary*  Mr.  T.  supposes  the  fluid,  with  the  tube  revolving, 
to  have  a  surface  at  some  point  c,  to  hence  occupy  exclusively 
an  extreme  portion  cb  of  the  tube,  and  also  in  this  state  to 
possess  an  uniform  density  h\  which  suppositions  are  incom- 
patible with  the  properties  of  fluids  in  any  degree  expansive  or 
elastic  In  consequence  of  these  errors  Mr.  T.'s  result  gives 
a  greater  quantity  of  fluid  existing  in  the  tube  than  before  the 
supposed  motion,  which  certainly  ought  not  to  be  the  case. 

Solution. 

According  to  the  nature  of  the  fluid  its  density  will  be  uni* 

versally  measured  by  the  force  with  which  it  is  compressed. 

Let  At  be  the  density  at  any  distance  y  from  the  extremity  round 

which  the  tube  revolves ;  then  is  kdy  the  mass  of  the  element 

dy,  and  kdy  x  yv*  =  kcj^ydy  its  centrifugal  force,  which  being 

the  additional  pressure  on  the  next  element  of  the  fluid  must 

obtiously  be  equal  to  d^,  the  element  of  the  density.  'Hence 

jt 

d*r  =  i«*ydy  and  -r-  =:  a^dy 


k 


which  gives 

zz  ce*     zz  c  \e^  J    . 
Now  to  find  the  value  of  the  constant  c,  we  have  the  whole  mass 

of  the  fluid  =  Ikdy  =:  Icdye  •    =  cldye^  =  cj  idy  c"^ 


which  roust  •*•  =  Ih. 

Ih 


«  • 


(     ifto    ) 


where  the  integral  in  the  denominator  must  be  taken  between 
y  =  o  and  jf  =:  /. 


t'v" 


The  function  e  ^    expanded  is 

•  -  (t)  '•  -  J  ft*)  V + ^(^)  /  .  ^,  (rlV^*^ 

V  —  j    -  +  &c (t) 


2,3*4    ^       9 
which  and  the  equation  (a)  determines  i. 
By  substitution 

/•o       ^  ^  a  ^  3   ^  ^  a  ^   9 .  lo 

•/  I  dy  e  ■ 

Therefore  the  general  expression  for  the  density  k  at  any  dis* 
tance  y  is 


*  =  A(«v)'$,^(=!)^^(!:l)*_iL&c.f (0 

c  «     3  *      9*  >®        N 

By  taking  y  :r  o,  we  find  the  density  at  the  extremity  which 
is  the  centre  of  rotation 

-  Aii_(      ;i.+  (      }  7^&c.( (c) 

C  ^8  a       90  J 

In  these  expressions  y  and  /  must  be  taken  as  purely  numeri- 
cal quantities  and  to  be  consistent  with  our  original  supposi- 
tions, we  are  restricted  to  value  them  by  a  determinate  unit  of 
length. 

For  if  S  denote  the  density  of  the  fluid  when  compressed  by  a 
given  force  or  pressure  p  we  shall  have,  in  consequence  of  our 

assuming  the  density  equal  to  the  force  of  compression,    ~-  =; 

the  unit  of  measure  which  we  must  adopt  in  representing  arith- 
metically the  lengths  of  lines. 

Thus  the  numerical  value  of  /  is  ?-^  ?-  =  -  A  and  that 

•     S  p 


(  Itl  ) 


i  • 

of  jf  is  similarly  -  p  ;  f^o  that  the  literal  value  of  eqiiatioh  {b)  is 

in  which  any  standard  of  measure  may  be  used. 
Hence  also  the  density  of  the  centre 

=i5._l(i)>/.+^(--l)*^/.*c.« 

(  3    «     P  9^     ^       P  \ 

In  these  expressions  -  y  and  —  /  are  abstract  numerical  va- 
lues  determined  by  the  expansibility  of  the  fluid. 


^  It  perhaps  may  be  worth  while  to  take  the  present  opportu^ 
nity  of  adverting  to  two  erroneous  solutions  which  have  acci« 
dentalty  occurred  to  me  in  scanning  over  the  last  number  of  the 
Repository.       '  ' 

The  first,  which  is  Mr.  Jones's  solution  to  his  qnestion  f^o^t)) 
appears  to  have  arisen  entirely  from  inadvertence.  Mr.  Jones 
ttysj  **  therefore  the  motive  force  of  the  segment  ap  is  a  x 

] ^  —     y,  ^    It  . — %  c  •    Now  this  motive  force  should 

be  simply  a  X  J  J-  -  ^^a  +  \)-+f^  \.  ^tiAl  think  Mr.  J. 
hai  multiplied  it  by  a  4-  «>  the  length  of  the  segment,  forgetting 

AX 

that  the  integral  of  *  dx,    between   any  limits,  gives 

{r*  +  x*y 

the  joint  force  of  the  whole  segment,  included  between  the 
lame  limits,  without  any  further  operation.  The  same  applies 
to  the  other  segment  BPS  and  these  alterations  will^  of  course, 
materially  effect  the  succeeding  integration  for  the  velocity 
which  will  come  out  in  a  hyperbolic  logarithm  and  will  cor* 
respond  with  the  solution  of  Mr.  Davies. 

The  other  is  Mr.  Davies's  solution  to  question  (503),  which 
I  am  more  inclined  to  notice,  as  it  involves  a  mistaken  princi- 
ple, and  might  very  much  mislead  a  student  in  its  application 

vou  VI.  part  II.  q 


(   lt«  ) 

to  many  other  deviations  besides  the  particular  one  connected 
with  the  question  itself.  This  objectional  principle  is  set  forth 
in  the  following  paragraph  which  is  taken  from  page  29. 

^*  In  all  cases  of  deviation  we  must  of  course  suppose  an 
independent  variable  in  one  curve  equal  to  a  corresponding 
variable  in  the  other  :  and  we  can  always  uke  that  variable  ai 
independent  which  may  best  suit  the  object  we  have  in  view* 
In  cases,  however,  where  both  co-ordinates  are  expressed  in 
terms  of  a  third  variable,  it  will  almost  always  happen  that  the 
said  third  variable  is  the  most  convenient  one  to  oe  equated  in 
the  two  curves :  and  so  it  is  with  the  case  before  us.  We 
shall,  therefore  consider  that  8  =  Q\  and  ^ek  the  distance  oi 
the  points  Q,  q'." 

Now  these  observaions  are  without  foundation  ;  for  when 
two  independent  variables  are  thus  equated  a  relation  is  at 
once  fixed  between  any  point  in  one  curve  and  a  correspond- 
ing  point  in  the  other.  In  the  case  of  this  question,  under 
the  assumption  6  =:  9^,  and  we  may  sayr  universally,  except  in 
very  particular  cases  indeed,  a  hne  joining  a  pair  of  thae 
corresponding  points  will  be  oblique  to  both  curves.  That 
such  a  line  cannot  properly  represent  the  deviation  of  one 
curve  from  the  other  at  either  of.  these  points  is,  I  think,  very 
pbvious.  It  appears  to  me  very  clearly  that  the  only  correa 
method  of  applying  thfs  analysis  in  such  a  case  is  to  conceive 
that  at  any  point  in  either  curve  the  deviation  of  the  other  is 
precisely  its  nearcft  approach  to  th?t  point,  ^d  therefore  in 
fsaseis  of  minute  deviation,  that  the  said  deviation  is  measured 
by  a  normal  line  joining  the  two  curves.  And  herice  the  quei- 
lion  which  reauires  the  greatest  deviation  resolves  itself  into 
the  finding  of  the  greatest  possible  of  these  lines,  or  that  which 
is  perpendicular  to  both  curves.  The  method  of  determining 
^bis  is  wjM  known,  and  its  application  to  this  particular  ques- 
tion may  here  be  deemed  unnecessar}',  as  the  solution  in  num- 
bers of  the  resulting  equations  if  not  irnpracticable  would  be 
excessive  tedious. 
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AftTICLE  Xllt. 

by  Lieutenant'Coloncl  GloVEk. 

to  prove  that  the  Area  of  a  Cycloid  is  three  times  the  Area  of  its 

generating  Circle. 


L^t  cAb  be  a  dommon  cycloid*  cd  being  its  base,  ab  the 
diameter  of  lU  eeneratin^  cih;Ie,  and  its  axis,  then  will  the  three 
areas  into  which  it  is  dividetlj  viz.  ctaob^  circle  aobsa  and 
BWALD  be  equal  to  each  other. 

For,  from  a,  parallel  and  equal  to  the  semibase  b  c,  draw  acu 
00  which,  as  a  second  base,  proceed  to  describe  a  reversed  cy- 
cloid, which,  if  completed,  would  be  manifestly  equal  to  the 
cycloid  CAD. 

From  the  curve  ad  of  the  upright  cycloid,  draw  ordinatea 
Lv,  MR,  &c.  to  meet  the  curve  of  the. reversed  cycloid^  and 
conceive  the  whole  space  ovbdi»ao,  to  be  made  up  of  these 
lines;  abstract  the  circle  from  this  mixed  cycloidal  space,  and 
to  find  the  area  of  gvboa  and  dlawb,  ooserve  that  in  any 
of  the  parallel  lines,  vo,  bp,  &c. 

vo  =  arch  ob  I 
and  TO  (or  wl)  =  arch  oa  f  •'^  property  of  cycloid.. 

and  adding  these  equals  together,  vo  +  wl  =;  arch  (ob  -i-  qa) 
or  half  the  circumference, 

likewise,  rp  i=  arch  pb 

and  QP  or  sm  =:  arch  pa, 

and  RP  +  S14  =  half  the  circumference  as  before. 

Now,  half  the  circumference  of  the  circle  is  equal,  to  the 
semibase  of  the  cycloid,  and  as  the  ordinates.  or  lines,  are  sup* 
posed  to  be  drawn  from  the  base  oa  to  the  base  bd,  it  follows 
that  the  number  of  these  lines  must  be  represented  by  the. 
distance  between  the  bases  ga  and  bd,  that  is,  must  be  repre* 
seated  by  the  axis,  and  consequently  the  double  space  ciVboa, 

q« 
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BL  AWB  must  be  equal  to  a  reoUngie  )inder  this  axis  and  lemU 
base,  or  the  single  space  gvbox,  ar  irtAWB  will  be  eqiuJ  to  t 
rectangle  under  the  semiaxis  and  semibase ;  that  is,  will  be 
equal  to  the  product  of  half  the  circuipference  and  half  the 

duimeteis 

which  is  the  area  of  the  generating  Circle* 

Therefore  the  cycjoidal  space  id  divided  in  three  equal  areasi 
which  was  to  be  proved.  * 


sa 


^«M 


ARTICLE  Xiy.      / 

.Certai»  Pjropartigf  appertaining'  to  a  Plane  Triangle  hriefy 

'  demonttrated. 

By  Mr^jAutsCuvLiFFZ^  London. 

Proposition  I. 

•  If  perpendiculars  be  drawn  to  the  sides  from  the  opposite 
angles  ot  a  plane  triangle^  these  perpendiculars  will  intersect  esdi 
other  in  the  same  point. 

ACS  is  a  plane  triangle  circumscribed  by  a  circle  j  draw  cb 

Serpendicular  to  the  base  ab,  pro*  p^^  2, 

uee  CD  to  meet  the  circumference  ^'     • 

of  the  circle  again  in  a,  join  ag, 
bo;  upon  do^  take  di  =;  ]>g» 
through  i^  draw  aib,  and  bif  to 
meet  bc  and  ac  in  B  and  r,  re* 
spectively;  then  will  ab  and  bf  be  . 
at  right  angles  to  bc  and  ac  respec- 
tively. 

For  CD  is  perpendicular  to  ab^ 
Bod  Di  =  DO  andloB  common,  there* 
fore  the  right  aneled  triangles  obi 
and  0 BO  are  equd  and  similar^  and  therefoiv  Z.  dbi  (abf)  = 
jL  dbo  (abg>s  /.  ACD  £u<v  91.  g.  that  is  z.  abf  =  z.ac]>: 
but  Z.  ADC  is  a  right  angle,  and  therefore  Z.  afb  is  a  right 
anelet  that  is  bf  is  perpendicular  to  ac. 

Again  /.  BAG  =:  Z.  bae  =:  Z.  bcd  Euc.  at.  3.  and  Z.  abe 
(DBC)  is  common  to  both  the  triangles  bae  anfl  bcd«  there- 
fore these  triangles  are  equiangular,  and  consequently  ae  per- 
pendicttlar  to  bc. 


.1 
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Th^fore  Ihe  three  perpendiculars  from  the  angles  upon  the 
opposite  sides  of  any  plane  triangle  all  intersect  in  the  sanie 
point 

The  demonstratioii  of  the  fort^ing  property  might  have  been 
effected  in  a  different  way,  butlne  method  pursued  above  ap- 
pear^ to  be  be^t  adapted  to  what'follows. 

Coi^.  1.  If  AG  and  bf  be  produced  to  meet  the  circumference 
.of  the  circumscribing  circle  again  in  t  dXkdfi  then  will  ^ezztt,^ 
and  >/*=  if;  this  is  evident  enough  from  the  preceding  pre* 
paration  and  demonstration. . 

CpK  ft.  Let  the  lines  a/,  c/;  and  me,  se  be  drawn.  Then  the 
area'of  the  six  sided  figure 'a/ cesG  A  is  double  the  area  of  the 
triagle  acb.  •":  ^  "  •/•' 

.    For  Area  acb  =  area  aib 

•  « 

a/c  =      •    aic 

CtfB    z:  CIB, 

and  therefore  by  addition  the  area  of  the  six  sided  figure  j^c<Ba A 
sax  area  of  the  triangle  acb. 

It  may  here  be  remarked  that  each  pair-of  the  adjoining  sides 
<tftbesix  sided  figure  a/c^bca^  are  equal,  that  is^  ags=:ai  = 
a/;  c/  =  ci:s  ce:  and  bo:=bi=B£. 

Cot,  3.  The  perimeter  of  the  six  sided  figure  a/c^boa^  is  3= 
SAi  +  BBi  4-  Sci,  which  obviously  extends  round  the  periphery 
of  the  circumscribing  circle,  and  therefore  the  lines  ai^  bi,  and 
ci^  beine  applied  in  succession,  as  chords  in  the  circumscribing 
circle*  will  just  extend  a  semicircle. 

Cor.  4.  If  circles  are  described  throuch  the  extremities  of  the 
sides,  and  the  point  of  intersection  of  tne  perpendiculars  of  any 
plane  triangle,  each  of  these  circles  will  be  equal  to  the  circle 
eircumscribing  the  triangle. 

For  the  triangle  aib,  is  similar  and  equal  to  the  triangle  agb  ; 
therefore  the  circle  described  through  a,  i,  b,  will  be  equal  to 
the  eircle  circumscribing  the  triangle  acb,  and  the  same  may  be 
said  of  the  others.     Q.  £•  D. 

Proposition  IU 

acb  is  a  plane  triangle  circumscribed  by  a  circle,  pq  a  dia- 
meter bisecting  the  base  ab  in  m  ;  through  the  centre  q, 
draw  the  diameter  ce;  draw  the  chord  CG,  at  right  angles  to 
AR,  asid  cutting  it  in  b  :  tWough  e  and  m  draw  emt,  meet- 
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hig  CD  in  I ;  ihtrii  i.  is  the  point  in  which  perpcadiculwg  from 
the   angles   up(»n   the  opposite  sides 
of  the  triangle  acb    intersicci   each 
other^ 

Demon.  By  reason  of  the  parallels 
CM,  cp;  EO ;  BC^ftKO  ::  em  :  bi 
ir  2KM  :<  iM  r=  DO  :  Gf  =:  iiDG ; 
wherefore  di  =  D(;,  and  therefore 
^ni  what  has  been  demonstrated  in 
the  precediiig  part  of  this  paper,  i  is 
the  point  ot  intersection  of  perpen- 
diculars frotti  the  angles  upon  the 
opposite  sides  of  the  triangle  acb* 

Cor.  1.  ci  =  aoM.  For  eo  :  eczsSbq  32  om  :  ci  =  Som< 
That  is,  the  distance  of  the  point  of  intersection  of  perpendicu* 
lars  from  the  angles  upon  the  opposite  sides,  from  any  angle  at 
c,  is  double  the  distance  of  the  centre  of  the  circumscnbin{ 
circle  from  the  middle  of  the  side  opposite  to  the  same  angle  c. 

Cor.  s.  The  line  ei  is  bisected  in  m,  as  is  evident  enough, 
or  may  be  thus  proved,  eo  :  oc  =  £0  ::  em  :  mi  :=  in* 
From  whence  we  gather  the  following  property ;  that  is  to  nji 
if  diameters  of  the  circumscribing  circle  are  drawn  through  the 
angles,  of  any  plane  triangle,  and  straight  lines  drawn  from  the 
opposite  ends  of  these  diameters  to  the  point  where  perpendictf* 
lars  from  the  angles  upon  the  opposite  sides  intersect  each 
other ;  these  lines  will  pass  through  the  middle  of  the  sides 
which  are  opposite -to  the  aneles,  through  which  the  respective 
diameters  of  the  circumscribing  circle  are  drawn;  and  these 
lines  will  also  be  bisected  by  the  said  middle  points  of  the 
sides; 

Cor.  3.  Draw  the  lines  01,  and  mc  intersecting  in  n  :  then  v 
is  the  point  in  which  lines  from  the  andes  bisecting  the  oppo* 
site  sioes  of  the  triangle  acd  intersect  each  other.  The  trianglef 
MNO  and  cNi,  are  similar  om  :  ex  =:  SOM  ::  MN  :  nc  =  fiUH< 
Therefore  x,  is  the  point  in  which  lines  from  the  angle  bi« 
secting  the  opposite  sides  of  the  triangle  acb  intersect  each  other  ^ 
as  NC  =  2MN,  is  the  well  known  property  of  that  point* 

Cor.  4.  The  line  01  joining  the  centre  of  the  circumscribing 
circle  and  the  point  where  perpendiculars  from  the  angles  upon 
the  opposite  sides  intersect,  19  bisected  in  N«  For  om  :  ex  ss 
20M  ::  ON  :  HI  =  'ios,  that  is  on  ^I-ou 

1  shall  now  subjoin  a  few  problems,  together  with  the  gco« 
metrical  construction  of  same  o(  them  to  shew  the  use  of  the 

forrgoing  properties. 
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Pros.  i.  Given  the  diameter  of  the  circumscribing  circle| 
and  the  two  distances  of  the  point  of  intersection  of  perpen- 
diculars from  the  angles  upon  the  opposite  sides  from  the 
extremities  of  the  base,  to  construct  the  plane  triangle  geome- 
trically. 

(F^g.  !•)  Describe  the  circumscribing  circle;  and  from  any 
point,  as  a,  in  its  periphery^  ^pply  the  chords  g  a,  «b«  equal  to 
the  ^iven  distances  of  the  point  of  intersection  of  the  perpen- 
dkuTars  ftom  the  angles  upon  the  opposite  sides»  from  the  two 
extremities  of  the  base;  join  ab,  and  draw  cu  perpendicular 
thereto;  produce  go  till  it  meets  the  periphery  of  thti  circle 
again  in  c ;  draw  ac,  bc,  and  acb  is  the  required  triangle^  ^9 
is  plain  from  what  has  been  demonstrated. 

Prob.  2.  Given  the  base,  vertical  angle^  and  the  distance 
of  the  centre  of  the  circumscribing  circle,  from  the  point 
where  perpendiculars  from  the  angles  upon  the  opposite  sides 
intersect  each  other,  to  construct  the  plane  triangle  geotnctri'* 
eally. 

The  base  and  vertical  angle  of  the  triangle  acb  being  given, 
the  circumscribing  circle  is  given  as  is.  very  well  known:  and 
it  further  appears  from  what  has  been  demonstrated  in  this 
paper,  ihat  the  locus  of  the  point  i,  is  the  periphery  of  a  cir- 
cle passing  through  ▲  and  b,  and  equal  to  the  circumscribing 
circle.  Let  therefore  this  circle  be  described,  and  with  the 
centre  o  and  given  distance  oi,  describe  an  arc  intersecting  the 
periphery  of  the  circle  passing  through  a,  i,  b  which  determines 
the  point  i ;  through  i,  draw  co  perpendicular  to  ab  ;  join  ac, 
bc,  and   acb  is  the  required  triangle,     as   is  plain  enough 

from  what  has  been  demonstrated  in  the  preceding  properties. 

• 

pROB.  3*  Given  the  circumscribing  circle,  the  vertical  an- 
gle, and  the  distance  of  the  middle  of  the  base  from  the  point 
of  intersection  of  perpendiculars  from  the  angles  upon  the  op- 
posite sides,  to  construct  the  plane  triangle  geometncally. 

{Fig,  s.)  Describe  the  given  circle  and  cut  off  the  segment 
ACB,  capable  of  containing  the  given  vertical  angle.  From  the 
centre  o  draw  om  perpendicular  to  ab,  then  am  =:  mb.  From 
M  as  a  centre,  with  mk  equal  to  the  given  distance  of  the  mid- 
dle of  the  base  from  the  tmersection  of  the  perpendiculars  as  a 
radius,  describe  an  arc  intersecting  the  periphery  of  the  cir- 
cumacrihing  circle  belo^  the  base  ab  in  e  ;  oraw  the  diameicr 
£0C  ;  join  AC,  bc,  and  acb  is  the  required  triangle.  For  draw 
CD  perpendicular  to  ab,  and  produce  em  to  meet  co  in  i ;  then 
by  reason  of  the  parallels  om,  cd  ;  £0  :  oc  iz  eo  : :  km  :  mi  =: 
^M  =:  the  given  distance  by  construction. 
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Paob.  4*  Given  the  radius  of  the  circumscribing  circle,  the 
distance  of  the  middle  of  the  base  from  the  point  where  per- 
pendiculars from  the  angles  upon  the  opposite  sides  interseetr 
together  with  the  difference  of  the  angles  at  the.  base,  to  eon* 
struct  the  plane  triangle. 

(Fig*  8*)  Describe  the  circumscribing  circle,  and  draw  any 
radius  ob;  make  the  righjt  angled  triangle  eoA^  haring  the 
aogle  BoA  equal  to  the, given  difference  of  the  angles  at  the 
base.  From  £  to  oh  apply  em  equal  to  the  given  distance  ef 
the  intersection  of  the  perpendiculars  from  the  middle  of  the 
base;  through  m  draw  the  chord  amb  at  right  angles  tooi; 
draw  the  diameter  Eoc,  and  join  Ac»  bc,  and  acb  is  the  re* 
quired  triangle. 

.  PaoB.  j.  Given  the  circumscribing  circle^  and  the  distauce 
of  the  point  where  perpendiculars  from  the  angles*  upon  the 
opposite  sides  intersect  from  the  point  where  unes  from  the 
angles  bisecting  the  opposite  sides  intersect,  together  with  the 
dimreoce  of  the  angles  at  the  base  to  construct  the  plane  tri- 
Imgle. 

PuoB.  6.  Given  the  base,  vertical  angle,  and  tberectangle  of 
the  lines  from  the  extremities  of  the  base  to  the  point  where 
perpendiculars  from  the  angles  upon  the  opposite  sides  intersect; 
to  construct  the  plane  triangle, 

Peob.  7«  Given  the  base^  vertical  angle,  and  the  ratio  ef  two 
Knes  from  the  extremities  of  the  base  to  the  point  where  per- 
pendiculars from  the  angles  upon  the  opposite  sides  intersect  i-  toi 
construct  the  plane  triangle. 

The  three  fbreg[oing  problems  may  be  easily  constructed,  by  at« 
tentively  considering  tne  properties  demonstrated  in  the  pre- 
ceding part  of  this  paper. 

Prob.  8.  Given  the  lengths  of  the  three  lines  from  the 
middle  of  the  sides  to  the  pomt  where  perpendiculars  from  the 
angles  upon  the  opposite  sides  intersect ;  to  determine  the  plane 
triangle. 


ARTICLE  XV. 
On  Spherical  Geometry,  ^jr  itfr.  Datisb. 

Cmntinued  fi*om  page  8Q. 
VI. 

7»'^  The  perpendiculars  from  the  angles  of  a  spherical  trian* 
gle  upon  the  opposite  sides,  all  pass  through  the  same  point* 
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For 


cos  BO :  cos  ca  :  :  cos  b a  :  cos  ca 
cos  cb  :  cos  A&  : :  cos  cb  :  cos  ab 


cos  AC  :  cos  BC  : : 


cos  AC  :  cos  BC* 

or  compounding  and  equating  the 
results,  &c.  we  have 


cos  Ba  cos  cb  cos  ac  zz  cos  ca  cos  a6  cos  bc  •  •  •  •(i^j* 

Whence  (Ck>nv.  of  j*'^*)  the  three  perpendiculars  pass  through 
the  same  point. 

In  the  present  case,  we  have  also  (since  the  arcs  which  are 
perpendicular  to  the  sides,  pass  at  the  same  time  through  one 
point  and  through  the  opposite  angles)  the  simultaneous  equa- 
tions 

cos  Ba  cos  cb  cos  ac  =  cos  ac  cos^a  cos  cb*  •  •  •  (13) 

sin  na  sin  cb  sin  Ar  =  sinac  sin  6a  sin  ^3  ••••  (14) 

tan  Ba  tan  cb  tan  ac  =:  tanac  tan  6a  tan  cb  .  •  •  ^(i^) 

cot  Ba  coc  c6  coc  ac  zz  cot  ac  cot  6a  cot  cb  •  • .  .(16) 

sec  sa  s^c  c6  sec  ac  =  sec  ac  sec  ^a  sec  cb  •  •  •  •(17) 

coscc  b  A  cosec  c6  cosec  Ac=cosec  ac  cosec  6  a  coseccB  •  .(i  8)« 

Also  Biultiplying  (ta  and  13)  and,  also  taking  the  reciprocals 
of  these 

sin  Sea  sin  2ch  sin  2Ae  =:  sin  Cue  sin  2b\  sin  2cb (19) 

cosec2s«  cosec  2c6  cosec 2ac  r:  cosec 2«c  cosec 96a  cosec  tcs...(30). 

Bat  a  corresponding  set  of  properties  also  hold  with  respect 
to  the  segments  into  which  the  perpendiculars  divide  the  angles 
i»  B,  c*    For  by  right  angled  triangles, 

cos  a  AC  =  cos  ac  sin  c  f  cos  aAB  =  cos  as  sin  b   1 

cos  CCA  =  cos  CA  sin  A   >..(9l). 
cos  6bc  =:  cos  6c  sin  c   j 
Compounding  these  we  shall  have 

cos  «AC  cos  cCB  cos  6ba  ss  cos  AC  cos  BC  COS  6a  sin  A  sin  s  sin  c  I  ^ao\ 
cos  CAB  COS  fCA  COS  &BC  zz  oo«  «B  COS  AC  COS  c6  sin  A  sin  B  sin  c  > 

But  because  the  three  arcs  a  a,  b^,  cc  pass  through  the  same 
point,  and  are  perpendicular  to  the  opposite  sides,  we  have  by 
(iB.Vh) 

cos  ac  cos  BC  cos  6a  r:  cos  an  cos  ac  cos  c6  •  / . .  (23) 

VOL.  VI.   PART  II.  r 


cos  ccB  =  cos  BC  sin  B 
COS  6ba  =  cos  ^A  sin  a 
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hence  the  right  hand  members  of  equation  marked  (91)  arc  equal, 
and  hence  the  left  hand  too ;  or, 

COSaAC  CO&CCB  COS&BA  =  COSaAB  •  cos  CCA  cos  &BC..(24). 

A  set  of  results  corresponding  with  (13- to)  may  hence  be 
put  down  respecting  the  anglts  intOwbtcb  a^-b,  C  are  divided: 
and  as  they  have  frequently  presented  themselves  in  enquiries 
respecting  the  properties  of  spherical  triangles^  I  shall  write 
them  out* 

cos  BAa  cos  cb6  cos  acc  n  cos  oac  cos  6ba  cos  ccb  •  .fcj) 
sin  BAa  sin  Cfii  sin  acc  n  sin  oac  sin  &ba  sin  ccb  ..(26) 
tan  BAa  tan  cb&  tan  acc  =  tan  aAC  tan  6ba  tait  c€9 « »(>7J^ 

.    col  'BA«  cot CB6  cot  KCC  ZZ  cot ^ AC  cot  ^BA  COt  CCB  .  .fsS) 

Btc  BA«  sec  CB&  sec  Acv  r:  sc^  aac  sec  ftsA  sec  res (39) 

cosec  BAa  cosec cb&  corec  aCc  =i  cosec  aAC  cosec  6ba  cosec  ccs...(90) 

8in2BA«  sin  2cBi  sin  2acc  =  sin  3aAC  sin2&BA  gin  Sees., (31) 

oosectBAa  cosecScct  cosecit  a  ctnsicostG  2tf  ac  cosec2&BA  cosec  2ccb.  .  .(33) 

8*^  We  may  also  remark  the  angles  cah^  abc^  bca  are  bi« 
sected  by  the  arcs  Ad,  'Bh,  cc:  as  is  evMent  from  (VI.  4«].  the 
perpendicular  from  the  interseaion  of  two  diagonals,  ascA^  Atf, 
coinciding  with  one  of  them»  Aa«  are  hence  caA  =  bah^  In 
like  manner  we  may  shew  that  the  others  are  bisected. 

VII. 

The  properties  of  the  complete  quadrilateral  given  bv  Gmnot 
in  bis  Giomtirit  dc  PosUion^  and  in  bis  Essai  sur  la  TJuorie  Jes 
TransvirsaUs,  so  far  as  the  if roducts  oflhe  segments  are  concerno!, 
have  perfect  analogies  on  the  sphere,  when  the  sines  of  the  seg- 
ments of  the  arcs  are  substituted  for  the  products  of  the  lines 
themselves  in  piano* 


For  let  the  annexed  figures  be  the  complete  quadrilateral, 
then  the  triangle  >  ad  cut  hy  the  transversal  bc  and  the  trianjif 
Alio  cut  by  the  transversal  fd  give  the  following 

sin  FC  .  sin  dg  •  sin  ab  =  sin  CD  •  sin  ga  •  sin  bp 
fin  cc  •  sin  da  •  sin  bp  =  sin  gd  •  sin  af  .  sin  qc. 
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Whence  multiplying,  cancelling  DC,  bf  and  giving  the  reitilt 
ibe  form  of  a  proportion  we  obtain 

MnCF.sinCG  :sinFA8in  AG  ::  sinBCsinoD^zifinBAfttnAD  ..(i). 

We  might  now,  as  Camot  hat  done,  did  space  perratt  us,  ta- 
baiatD  the  results  of  all  the  coinbinations  pf  the  liii^s  which  arise 
frmfi  ppn^idering  the  seven  ares  that  constitute  the  complete  qua- 
drilateral and  its  diagonals  under  every  possible  variety  of  com- 
bination :  but  as  it  would  occupy  room  which  we  require  for 
other  and  far  more  interesting  inquiriesy  I  shall,  as  Carnot  did 
the  contents  of  the  preceding  pages,  **  abandonni  ccs  €0nsi^ 
qiunces  a  ia  saigacite  au  UctenrJ*  I  do  this,  too,  with  the  less 
reluctance,  as  after  we  have  treated  of  spherical  loci,  we  shall 
be  able  to  take  a  more  extended  view  ot  the  general  doctrine 
of  transversals,  and  to  investigate  several  curious  properties 
respecting  them  which  would  be  impossible  by  mearis  such  as 
we  have  hitherto  employed. 

SECTION  THE  SECOND. 
On  LEsa«ciRCLE^  op  tHS  sphbbe  in  gonnbgtion  with 

ORSAT*ClRCLE  TRAN8TSR8AL«« 

Vlll. 

Let  BBC  be  a  less-circle  of  the  sphere,  and  o  its  centre*. 


Let  A  be  any  point  on  the  sphere  in  its  diametrical  great-cir* 
cle,  and  Jet  a  great.circle  ade  cut  theglveti  less- circle  in  d 

^  I  have  used  in  my  paper  in  tho  Edin.  Trans,  the  term  centre^  or 
^phtrxeal  centre^  to  express  the  point  on  the  sphere  which  is  usually 
called  the  pide^  reserving  the  name  of  p/sjie- centre  for  the  centre  of  Uie 
same  circle  considered  as  a  plane  JlffUft,  The  reasons  which  induced 
Be  lo  adopt  Uiose,  are  explained  in  that  paper. 

r  ft 
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and  £•    What  is.the  relation  of  ihe  legmenti  of  that  circle 
corresponding  to  Euc.  III.  35,  36  ? 

,    Let  OL  J.  A£   .*•  DL  ^  LB. 

Then  we  have  seen,  (IV.  Lem.)  that 

sin^  o A  ^  sin^  ob  =  sin  ba  sin  ac  •  •  •  • (1) 

sin^  LA^  sin^  LD  =  sinDAsin  ae  ••• )d) 

Bat  by  right  angled  triangles  cos  la  =  cos  oa  sec  lo  .  •  •  .(3) 

cos  LD  =  cos  OD  sec  LO  •  •  •  .(4) 
Hence 

cos*LA  =  cos'^oa  sec^LO,  orsin^LAir  i — cos^o a  sec'LO  •  .(j) 

cos^LD  =  cos^ODsec^Lpy  or  sin^LD  =:  1  —  cos^od  sec^LO .  •(€) 

From  (j,  6)  we  find 

sin^  LA  ^  sin^  ld  =:  (cos^  OD  ^  cos^  oa)  sec^  lo 

=:  (sin*  oa  >  sin^  od)  sec*  lo 

=:  (sin*  o a  ^  sin*  ob)  sec*  lo  • (7) 

By  comparing  (Sj  and  7)  we  have  at  once  the  relation  sought, 
viz* 

sin  £A  sin  adz:  sin  ca  sin  ab  sec*  LO  ••••••••.  .(8) 

A       •  ">  n  cos*  LA  J 

Agam,  cos  lo  cos  la  =  cos  oa.  or  sec^  lo  =:  — 3 — :  and 

cos*  AO 

hence  we  have 

sin  EA  sin  ad  :  sin  ca  sin  ab  : :  cos*  la  :  cos*  ao  •  •  •  .(9) 

Let  now  another  secant  aoh  cut  the  circle  bdc  in  g  and  H, 
and  draw  the  perpendicular  ok  upon  it*  Then  applying  (9)  to 
both  secants, 

sin  HA «  siri  AO  :  sin  ea*  sin  ad  ::  cos*  ak  :  cos*  al.  ..(lo) 

::  cos*oL  :  cos*  ok  ••••(11) 

We  might  also  reipark  that  from  (9)  we  get 
iin  BA  sin  ad         sin  cA  .  sin  ab 


cos*  LA  C0S*0A 


=  const. 


«.«          sm  EA     sm  AD               ^         ,  .    . 

Hence  — —  , =  constant  also  •  • •  •  (is) 

cos  LA       cos  LA  . 
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VIII. 
I.  Let  OUF,  and  glc  be  two  less  circles,  whose  *  centres  aie 


A.   B. 


Divide  the  arc  a  b  joining  their  centres  so  that 

cos  AH  :  cos  BL  : :  cos  ak  :  cos  kb (i) 

and  raise  the  perpendicular  great  circle  ke*  Then  tangents  from 
any  point  £  in  ke  to  the  given  circles  will  be  equal  to  one 
another. 

Let  £t>,  EC  be  two  such  tangents:  draw  the  radii  ad,  bc 
to  the  points  of  contact.  Draw  also  the  tangents  &f,  kg,  and 
join  AF9  EG. 

Then  in  the  first  place,  apk»  bok  are  right  angles :  and  hence 

cos  KF  cos  FA  =  cos  AK  •  •  •  • (l) 

« 

cos  K.O  COS  GB  =r  COS  BK  •<  .  .  .  •  • (s) 

But  by  hypothesis,  cos  ah  cos  bk  =  cos  bl  cos  ak  .  •  •  .(g) 

If  therefore  we  multiply  equation  (1)  by  cos  BL  and  (s)  by 
cos  AH,  and  in  virtue^of  equation  (3)  we  equate  the  results,  we 
shall  have 

cos  KF  cos  FA  cos  BL  =  COS  KG  COS  GB  COS  AH    ••  •  •  ••(4) 

But  GB  =  BL  and  fa  z:  fh.     Hence  their  cosines  are  equal. 
This  reduces  (4)  to  cos  rf  =:  cos  kg  ;  and  hence  taking  cos-* 
of  both  sides  we  finally  obtain,  rf  r:  kg •  •  •  •  (5) 

Next  let  any  other  point  be  taken,  as  b. 

Here  we  have  cos  ak  cos  kb  ==  cos  ae  =  cos  ad  cos  gd  .  • .  .{6) 

cos  BK  cos  KB  ==  COS  BE  z:  COS  BC  COS  GE  •  •  .  .(7) 

From  (6,  7)  we  have, 

COS  AD  COS  DE  COS  BK  =  COS  BC  COS  CE  COS  AK (8) 

But,  by  hypothesis,  cos  ak  cos  bl  =  cos  ah  cos  bk,  or  since 
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feL  =  Bc  and  All  zr  AD,  tlic  equation  (8)  reduces  to  cos  CD  r 
cos  EC,  or  taking  cos~~^  it  is 

ED  =  EC • ....  (9) 

The  pi  oposition  is  therefore  established  :  and  it  may  be  re- 
marked that  it  could  voi  possibly  have  been  established  by  any 
kind  of  projection. 

The  converse  of  this  also  follows;  that  the  locus  of  the  points 
ffom  which  equal  great*circle  tangents  can  be  drawn  to  two 
circles  of  the  sphere,  it  a  great-circle  at  right  angles  to  the  cir- 
cle AB,  and  dividing  it  so  that  the  cosines  are  as  the  cosines  of 
the  radii  of  the  circles  themselves*  This  will,  as  well  as  a  good 
number  of  converse  propositions  be  discussed  regularly  under 
the  form  of  loci^  in  their  proper  place  in  this  series. 

2,  Draw  from  e,  a  circle  whose  spherical  radius  is  the  tan- 
gent ED  or  EC,  then,  wherever  on  ke,  the  centre  e  is  taken, 
tthe  circle  will  cat  the  arc  ab  in  the  same  two  points  M  and  9. 

By  n  EDA  we  have  cos  ed  cos  da  r:  cos  ea  •  •  •  •(to) 

By  t^  EKA  we  have  cos  ek  cos  ka  nt  cos  ea  .    •  .(is) 

By  A  EKM  we  have  cos  ek  cot  km  =:  cos  EM 

=  cos  £D....(lS) 

From(io«  it,  ift)  wehave  Cos  AKsec  a^  =:  cos  ku««»,(i)) 
or  since  ak,  ad  (or  al)  are  consunt,  the  arc  k»c  1$  ctm^ 
Slant,  and  m  \b  ther^fbre  a  constant  poinu    In  Kke  nvinner  K  ii 
a  constant  point. 

3.  It  also  follows  that  K St  =1  KN.     For  by  right  aiigled  as 

cos  MK  cos  KE  =  cos  EM 
COS  N  K.  COS  KE  =  cos  EN 

.*.  since  em  =  en,  we  have  mk  =:  cos  MK,  &c. 

This  might  have  been  deduced  from  KF  =  KG,  and  the  pro- 
perty just  established.     We  also  learn  from  this,  that 

cos  KM  (or  KN)=:C0S  KF  =  COS  KA  SCC  AUZICOS  KP  SCC  BL  ..(14)* 

Cor.  1.  When  the  circles  touch  one  another^  then  h,  k,  l 
(in  both  figures)  coincide,  an^  we  have 

COS  AK  :  cos  BK  : :  cos  ak  :  cos  bk» 

and  hence  the  great  circle 
tangent  at  the  point  k  of 
contact  is  the  radical  axis 
of  the  circles  (a)  and  (b)* 
n[*his  indeed  mi^ht  have 
been  derived  indepen- 
dently* 
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Cor.  t.  Let  iht  circles  intersect  in  r  and  a^;  join  rr^  by  a 
great  circle  cutting  ab  in  k.     Then  rr^  is  the  radical  axis. 

For  RH^  is  perpendicular  to  A B,  and  hence  rk  is  the  perpen- 
dicular from  the  vertical  angle  r  of  the  triangle  arb  upon  the 
base.    We  have^  therefore,  the' known  property, 


cos  AK  :  cos  OK  : :  cor  a  r  :  cos  br, 

thus  fulfilling  the  condition  ac- 
cording to  which  the  radical  axis 
of  the  chrcles  (a)  and  (b)  was  de- 
terminedy 


Let  there  be  three  circles  (a\  (b\(c),  and  let  great  circles 
be  drawn  to  each  of  them,  in 
the  manner  that  kk  was  to  (a) 
(B)  in  (VIIL).  Tliese  circles 
correspond  to  the  axe-^radical 
of  the  French  Geometers,  when 
disaisfu^  circles  in  piano. 
Let  these  intersect  the  arcs  ab, 

BC,  CA  in  Ky  s,  R. 

Then  bk>  cs,  fr  will  all  pass 
through  the  same  point  o  on 
the  sphere.  7*he  method  of 
proof  is  precise))'  the  same  as 
that  used  in  the  same  enqiiii  y 
in  piano.  In  the  same  way  it 
may  be  proved  that  a  circle 
described  from  o,  with  the  said  equal  tangent,  wHl  cut  the  three 
circles  at  right  angles,  or  be  orthogonal  to  them  all. 

We  may  obtain  from  this  a  number  of  curious  properties  per- 
fectly analogous  to  those  which  M.  Stciner  has  given  in  torn. 
XV IL  of  the  Annalis  des  Matkhnatique^,  pp.  27 sg  l  and 
they  follow  from  what  has  been  just  established  by  reasoning 
to  which  the  very  same  words  apply  throughout  as  M.  Steiner 
has  employed. 

The  coi responding  properties  of  cones  of  revolution  may  be 
derived  in  this  way :  but  perhaps  a  preferable  method  in  respect 
to  retaining  the  geometrical  character  of  the  enquiry  is  that 
which  is  employed  in  the  Kepos«  Vol.  V.  p.  1 1 1  —121. 
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Let  three,    circlet 

(a)»  (b),  (c)  have  the 
radical  centre  o,  and 
radical  axes  os,  ov, 
or.  Let  any  other 
circle  (d)  be  traced 
upon  the  same  spheri- 
cal surface ;  then  this 
combined  with  each 
pair  of  the  circles 
(a),  (b),  (c)  Hill 
give  three  new  radi« 
cal  axes. 

Then  the 
radical  centre  of(/i%(B\  (d)  isR  in  os  the  radical  axis  of  (a),  (b)» 

radical  centre  of(A),(c\(D)  isQ  in  OT  the  radical  axis  or(  a),  (c\ 

radical  centre  of  (b),  (c),  (d)  is  f  in  o  v  the  radical  axis  of  (b),  (€)• 

It  will  follow  then  that  whilst  (a),  (b)»  (c)  remain  the  same, 
and  (d  is  a  variable  circle  the  three  new  radical  centres  p,  q,  r, 
arising  from  each  new  circle  (d)  will  always  be  situated  uppn 

OS9  OR»  OT. 

Cor»  Hence  we  readily  derive  the  property  on  the  spherti 
analogous  to  that  in  Quest,  483. 
Vol,  V,  Repository,  in  piano, 
viz.  that  if  three  given  circles 
on  the  sphere,  (a),  (b\  (c)  be 
cut  by  a  fourth  (d)  in  the  points 
g,  h.  I,  k,  and  r,  M  respec- 
tivcly :  then  the  great-circle 
chords  GH,  m,  and  lm  being 
drawn  will  form  a  spherical  tri- 
angle  whose  angle  will  always 
be  posited  upon  the  three  great 
circles  OR,  op,  oq. 

For  these  are  respectively  the 
radical  axes  of  the  fourth  circle 
combined  with  each  of  the  three 
given  ones :  and  hence  by  what 
has  been  just  established,  the 
proposition  is  true. 

By  a  similar  process  the  plane  theorem  might  have  been  cs- 
tablished,  as  1  was  then  v\e\\  aware  :  but  the  process  there  em- 
ployed was  clioscn  on  account  of  its  giving  mean  oppoitunity  of 
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laying  down  the  vi?ry  iiseful  lemniata  Which  Were  rendeftd  sub- 
servient to  that  particular  method  of  demonstration* 
.  Another  neat  property  belonging  to  the  radical  axis  in  the 
biane  series  o(  propositions  lihould  hakve  its  analogues  noticed 
here.  Let  (a),  (b)  be  two  crrctes*  and  any  third  circle  whatever 
be  drawn  to  touch  them  in  c,  d  ;  then  the  tangents  at  0|  i> 
will  moet  at  B  in  the  radical  akis  of  (a),  (b).  For  the  fangettts 
to  (a),  (b)  and  to  (b),  (E)at  the  points  of  contact  are  th^  re- 
spective radical  axes  of  those  pair  of  circles  (VIII):  and  hence 
they  as  well  as  ke  oais  through  the  radicad  centre  of  all  thfee; 
or  in  other  words  the  variable  radical  centre  (rendered  varialrle 
by  the  variable  magnitude  and  portion  erf  (b)  )  is  always  situated 
«pon  the  radical  axis  of  (a)  and  (b). 


This  property  in  piano  has  been  often  proved,  and  indeed  it 
quite  obvious.  I  have  made  it  the  basis  ot  the  elementary  part 
of  some  speculations  concerning  the  tactions  of  cones,  spheres, 
and  cylinders,  in  Vol.  V.  of  the  Repository.  I  shallcon- 
tinuc  that  enquiry  in  the  course  of  the  present  volume— 
probably  in  the  next  number.  My  reason,  indeed,  for  dwell- 
ing rather  more  amply  upon  the  properties  of  the  radical  axis 
and  radical  centre  in  the  present  case  is-^that  as  the  method 
here  employed  may  by  a  slight  mutation  of  expression,  to 
adapt  it  to  the  plane  theorems,  furnish  a  varitd^  and  more  con- 
cise demonstration  of  them  than  is  contained  in  that  paper,  at 
the  same  time  that  it  applies  directly  to  the  sphere  by  means 
of  principles  purely  spherical. 

X. 

Let  tangents  drawn  from  any  point 
B  to  a  circle,  touch  it  in  R,  s.  Let 
the  chord  of  contact  rs  be  desribed 
cutting  ab  in  c  :  then 

sin  AC  :  sin  cb  : :  sin  ad  :  sin  db* 

For  cos  REC  =  cot  re  tan  eg   . .  <(i) 


cos  R EC  s:  tan  rl  cot  ed  . . .  .(i!) 

VOL.  VI.    PART  11.  S 
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By  equating  and  reducing  which  we  find 

tan  EC  tan  ed  =  tan^  er  =:  tan^  eb •• 

Hence  (by  III.  6.)  we  have 


8in  AC  :  8in  cb  : :  sin  ad  :  sm  ds 


(8). 


Hence,  also,  we  readily  infer  that  any  other  secant  fu  if 
hannonically. divided  in  d  and  c*  :  and  we  should  thencie  be 
able  to  derive  the  spherical  analogues  to  Maclaurin's  propertiet 
ot  the  inscribed  and  circumscribed  trapezia, — ^the  mystic  hex* 
»  agon  of  Pascal, — ^the  circumscribed  hexagon  of  Brianchon— add 
the  two  inscribed  triangles,  which  I  first  pointed  out  in  the  Phi- 
losophical Magazine,  voK  68,  p.  338.  As  however,  I  could 
not  do  justice  to  subjects  so  ample,  without  prolonging  thii 
section  beyond  its  prescribed  limits,  I  shall  defer  them  for  a 
future  one :  and  conclude  the  present  by  considering  the 
spherical  analogue  to  Monge's  beautiful  theorem  concerning 
the  mutual  tangents  of  three  circles.     Giom.  Dcsc,  Aru  39, 40^ 

Let  two  circles  (a),  (b)  in  the  sphere, 
have  great  circle  tangents  drawn  to  them, 
viz.  £F,  GH,  IK,  GM :  and  let  them  meet 
two  and  two  in  c,  D.  Then  ab  is  harmo- 
nically divided  in  c,  D.  Put  ade  =  ado 
=  D. 

For  sin  Br  rr  sin  bd  sin  d, 
sin  ab  =  sin  AD  sinn 
•*.  sinAE  :  sinBF  ::  sin  AD  :  sinBD..(i) 
iin  y  sin  A I  :  sin  bm  : :  sin  ac  :  sin  bc  •  .(a) 
'    But  ae  =  AT,  and  bf  t=  bm.  -  Hence 
sin  AC  :  sin  cb  : :  sin  ad  :  sin  db  .  .(3).t 


«  I  regret,  thoagh  now  too  late  to  correct  it,  that  tliis  is  not  de- 
monstrated at  length  instead  of  inferred.  The  paper  is  iu  type,  and 
it  would  be  iaconyenient  to  lake  the  form  to  pieoes:  bat  it  sbaJl  be 
demonstrated  in  the  suhseqaent  sheet  of  this  Article. -*-^f<i, 
June  I,  183*2. 

t  The  whole  series  of  propertioj  thai  belong  to  poles  of  similitude, 
and  to  the  harmonica!  divisions  of  lines  drawn  through  Ibem,  in 
plana,  belong  also  to  the  same  poles  and  lines  in  spharo.  Some  beaa- 
tifal  analogies  to  well  known  plane  loci,  mighi  also,  had  we  room, 
be  stated  and  proved  ;  as,  to  take  a  single  instance,  the  6th  proposi- 
tiou  of  the  first  book  of  the  Plane  Loci  of  Apollonias. 
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Let  three  circles  on  the  sphere,  (a),  (a),  (c)  and  let  the 
pairs  of  common 
tangents  drawn 
as  in  the  last 
case,  meet  in  e, 
B ;  F,  H  ;  and 
O.K.  Then  will 
the  sets  of  points 

K,  H,  D;  K,  F,  e: 

H,  G,  E  ;  and  i>, 
G,  F ;  be  situate 
in  four  great  cir- 
cles of  the  sphere. 
Fortheipheri- 
cal  triangle  abc 
is  cut  so  that 
(putting  a,  b,  c  L 
forradiiof  A,B,G)'^ 

sin  AE  :  sin  £B  : :  sin  a  :  sin  &  • .  • . 


•  • 


sin  FC  :  sin  F A  : :  sin  c  :  sin  a {g) 

sin  BG  !  sin  GO  : :  sin  ^  :  sin  c ,(6) 

sin  AD  :  sin  DB  : :  sin  a  :  sin  ^ (7) 

sin  HC  :  sin  AH  : :  sin  c  :  sin  a (8) 

sin  KB  :  sin  kg  : :  sin  6  :  sin  ^  • .    •  • ;  •  .(g)* 

Compounding  these  in  threes,  we  obtain  the  following  equa* 
tioos, 

(4»5f9)give,sinAE.sinFC  .sin  kbizsiq  EBsinFA  sin  ||:c..(io) 

(4>^»  8)  give,  sin  ab  sin  bg  sin  ch  =:sin  eb  sin  GC  sin  ha   .(i  1) 

(ji6,7)give,  sinFC  .sinBG  sin  ad  =:sin  fa  sin  GCsinDB«..(ia) 

(7i  8>  9).give,  sin  ad  sin  HC  sinKB=sinDB  sin  ah  sin  KC  .  .(is)- 

Whence  (by  V.  2.)  the  equations  10,  11,  i«,  13  respectively 
shew  that  e,  f,  K  ;  e,  g,  h  ;  f,  G,  D  (  and  K,  H,  D  are  situated 
in  great  circles  of  the  sphere. 

It  will  now  be  quite  evident  that  this  class  of  enquiries  is  as 
simple  as  any  that  can  occupy  the  geometer's  attention*  The  only 
theorems  used  throughout  this  paper,  are  the  analogies  of  Napier, 
dnd  the  proportionality  between  the  sines  of  the  sides  and  angles 
<^f  spherical  triangles  ;  so  that  the  whole  process  may  be  consi- 
dered of  the  most  elementary  kind.  Nor  even  when  we  pro- 
ceed to  a  greater  extent,  so  long  as  our  enquiries  have  reference 


s  2 
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t«  subjects  of  the  same  nature,  shall  we  encounter  any  thiqg 
more  difficult  than  we  have  yet  done*  It  is  not  too  much,  ihcD. 
to  hope  that  this  legitimate  process  will  be  substituted  in  all  our 
enquiries  tor  the  foreign,  confined,  and  inelegant  one,  ol 
gnomonic  projection,  when  we  investigate  the  properties  of  sphe- 
rical  figures.  The  analogies  are  often  remarkably  close  between 
the  plane  and  spherical  figure;  and  this  will  suggest  during 
the  study  of  plane  properties  the  existence  of  the  spherical  ones. 
Yet  we  must  be  cautious  in  such  inferences,  and  examine  each 
individual  case  before  we  admit  its  truth*  '  An  instance  of  this 
necessity  is  furnished  by  the  figure  we  have  Just  been  discussing : 
and  in  every  case  when  angles  in  segments  of  circles  are  concerned 
or  implied  in  the  plane  theorem,  that  theorem  will  want  its  ana^ 
logue  on  the  sphere^  the  locqs  of  a  spherical  angle  on  a  civen  base 
of  the  sphere,  not  being  a  circular  arc.^  I  particularly  allude  here 
to  the  property  established  in  the  Solution  oi  ^i  a  of  the  prcKOt 
number  of  the  Repository, — that  the  locus  of  the  points  from 
\^hich  two  circles  subtend  equal  angles,  is  a  circle  on  the  dia- 
meter of  similitude.  If  is  not  the  case  here,  as  the  circles  ed, 
FH,  6K  do  not  contain  right  angles,  a  circumstance  implied  ia 
the  assumed  truth  of  the  property  on  the  sphere. 

I  would  suggest,  in  conclusion  of  this  section,  that  in  our 
solutions  of  questions  in  periodical  works  (as  the  Repository 
and  Diaries  J  we  should  adopt  the  practice  of  ascertaining  in 
all  cases  when  we  investigate  a  plane  theorem,  whether  its  ana^ 
logue  on  the  sphere  be  tr^e  or  not.  The  labpur  wpuld  com- 
monly be  inconsiderable,  as  in  many  cases  the  process  is  eveii 
simpler  than  in  piano  ;  and  very  rarely  is  it  in  reality  more  dif- 
ficult. We  should  thus»  whilst  we  were  a4ding  to  our  know- 
ledge^ and  increasing  our  astonishment  in  contemplating  the 
beautiful  and  varied  relation  of  figures^  acquire  a  facility  in  the 
use  of  the  trigonometrical  calculus  which  would  be  of  the 
utmost  value  to  us  in  almost  every  department  of  physical 
enquiry  as  well  as  in  purely  mathematical  researches. 


-  t  This  locus  will  be  investigated  hereafter.  Indeed  it  is  pariiMUg 
discussed  in  my  paper  in  the  £d.  Trans.  Art.  XXX\IL  1  must  sot, 
boweror,  be  understood  to  say  that  aU  loci  which  are  oirdes  t»  pUmo^ 
become  the  4fifne  curve  in  tpharo.  The  locus  of  the  points  from  which 
two  given  circles  subtend  equal  angles,  and  the  locus  of  the  vertex  of 
a  tiiangle  whose  base  and  vertical  angle  are  given,  though  botl| 
flirdes  in  piano,  are  different  curves  tii  ffh^Bro.    And  so  pf  others 


(     M^     ) 


ARTICLE  XVI. 

Two  JndiUrminate  ProbUms. 

By  Mr.  James  Conliffe,  London* 

Pboblsm  I. 

To  find  numerical  values  for  the  sides  of  a  plain  triangle 
such,   that   the   lengths  of  the  three 
right  lines  from  the  angles  to  the  mid- 
dle of  the  opposite  sides^   may  all  be 
(expressed  by  rational  numbers. 

Solution.  ACB  is  a  triangle,  cd,  af 
wni  BE,  lines  from  the  angles  to  the 
middle  of  the  opposite  sides.  a 

Put  AC  =  «»  BC  =  j/f  and  ab  =  2  =:  x  +  y-^d» 

Then  by  a  known  property,  4  x  cD»r:  s  X  (ac*+  bc*)— ab* 

9  square^ 

4 X  ap«  =  2x(ac«  +  AB»)  — BC»  =  4;r«  +  44y  +  y«— 4i^  X (af  •^y)  +  «rf*=s 

a  iquare» 

4  X  BEt=:2x(BC«+  AB*)— AC*=;:«*+4ary  +  4y*— 4rf  x  («  +  y)  +  3if* b: 

ai  square. 

Put  4x«  +  4^?^  +  y*  —4^  X  (ar  +  y)  +  2d*  == 
(ax  +  y  —  wi)«  =  4**  +  4jy  -h  y*  —  am  V  [2x  +  y)  +  w« 

,  ^d^-^Ady  +  2»iy  —  »n«         , 

whence  x  =   -^-^ ' ;  and  v  = 

4a  —  4m  ^ 

ad*  -^  4  Jx  4-  4»»x  ■"»  i»^ 
4d  —  2m 

Again  put  x*  +  4Jry  4-  4y*  —  4^  X  (x  +  y)  ^r  «d'  = 

(»  +  2y —  «)*  t=  x2  +  4xy  +  4)r*—  an  X  (x  4-  «y)  +  «• 

2(P  —  4C?y  +  Any  —  «*  , 

whence  x  ==   2-Z- — 3-: •  and  v  =r 

4  a— an  -^ 

fift  —  Adx  -f  a»x  —  «*.    Therefore 
4d  -  4« 

^^^2d'-^4cfy4-am;.-m^       2d--4rfj|4-4.>-n^    whence^z: 
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<P  X  (4m  -»  Q/i)  —  gd  X  (m^— «<)— miix(g>t-fii) 

^dxlm^-n)  —  6mn 

A1so8y= ^L_l_ ^ ^_>_ ; 

whence  x  -^<<*x  (4>'-g'")  +  grfx  (m»-.«')-m«  x  {9m-n)^ 

4a  X  (w  +  n)  —  6mn 
_  — 6d^  X  (ffl  —  n)  +  4d  X  (m^— n*)  — 3i»n(w-»«) 

^ "~  40?  X  (m  4-  n)  —  6ot;i       *  * 

2d»  X  (m  +  n)  —  »i«  X  (wi  4-  «) 

X  4*   V  s:  ' 

^  4^  X  (»i  +  n)  —  6mn  * 

Omitting  the  common  denominator 

4^  X  {m  -\'  n)  —  6fnn ;  we  may  take  *  =  d*  x  (4«  —  5»)  + 
«d  X  (»«  —  n*)  —  »in  X  (2W  —  »),  y  =  cP  X  (4W1  —  ?«)  — 
idX(m' — «•)  — WW  X  (2m--n),andz  =Sd«  x  (jn  +  n)'^6mnd^ 
«w  X  (w  4-  «). 

These  values  will  make  the  two  expressions  Qx*  +  2  z*  —  jf* ; 
and  Sy*  4-  9z^  —  9x*.  squares.  There  remains  therefore  only 
the  expression  2x^  4-  ay*  —  z*  =  36*  X  (w  —  n)*  —  a4rf'  X 
(«i  f  «)  X  fftm*— 5m«-t-2ii*)  4-  4rf^  X  (4^*+  jw'/i— 39»iV+ 
7i»»'  +  4»*J  —  t2dmn  X  (i7»  4-  n)  x  (2.w*  —  smn  4-  2«*)4- 
9»j^«*  X  (»» —  »)%  to  be  made  a  square. 

Assume  6^  X  [m-n)-'"*  X  {«  +  «)  x  (gm'-gmm  +  S»«)_ 


m  —  n 


3»i»  X  (m  — «)}•  =r  86rf*  x  (i»— n)*  — «4d'  x  (m  +  ii)  x 

36<i«m»  X  (m  —  n)*  4-  t2dmn  x  (m4-«)  x  (2m«  —  ^mn+Sw*) 
+9m*«*  X  (^  —  «)*•     Which  being  properly  reduced  gives 

, 3  X  (m  — n)  X  (m*~fi^)  x  (gm^  — ^mw  4-  9>»*) 

lom* —  4m'n  4-  eom'^/i* —  4  imn*  x  io»*       "^ 
3^  (m-«)  x(m«--««)  X  (8mY5"";  +  8»^) .  ^h„,„,„j 

10  X  (w—  11;*  —  m«  X  (m  4-  » ) 
12,  may  be  expounded  by  any  rational  numbers  at  pleasure. 

Example  x.    Take  m  zz  3,  and  »  =:  g  ;    then  d  =  — ,  x  =: 
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9<r  +  lod— «4  =  8  X  (d«  +  5d—  IS  =— .22^  =- 

S48X  1 s 

=-^*  =  -g-5^xSo7,andz=io(i«-86(i+3o  = 

S  X  (i(P  —  i8d  +  15)  =  ^=^  X  145.    Wherefore  we 

may  lake  328^  207  and  145  for  the  sides  of  a  triangle,  that 
will  answer. 

If  the  sides,  and  lengths  of  the  lines  from  the  angles  to  the 
middle  of  the  opposite  sides,  are  required  all  to  be  integers, 
then  the  sides  must  obviously  be  all  even  numbers :  wherefore 
if  there  happens  to  be  odd  numbers  amongst  those  expressing 
the  sides,  let  them  all  be  multiplied  by  2  :    thus  each  of  the 

1>receding  numbers  multiplied  by  s  gives  656,  414  and  290, 
or  the  sides  of  a  triangle,  m  which  the  lengths  of  the  lines  from 
the  angles  to  the  middle  of  the  opposite  sides^  will  all  be  ex- 
pressed by  integers. 

Example  2.     Take  ^23,  and  n  =  1 ;  then  d  =  -^  ;  ar  = 
9*+i6d— i5  =  '^=j^x  87,y=iocr— i6d  +  3=. 

iS5=:^  ^  85,  and z  =  8J«-i^d  + 1«  =  l^^  if  x  68. 
109       109  109       169 

and  therefore  we  may  take  87,  85  and  68  for  the  sides  of  a 
triangle  that  will  answer.  Multiplying  each  of  the  foregoing 
numbers  by  S,  we  shall  have  174,  170  and  136  for  the  sides  of 
a  triangle  in  which  the  lengths  of  the  lines  from  the  angles  to 
the  middle  of  the  opposite  sides  will  all  be  whole  numbers. 

Example  3.    Take  fii  =:  S  and  «  z:  1  ;    then  d  =  -^  :  X'z=z 
-.8i*+6d4-iox9(-.4i'  +  8^+5)  =  ;^=-^^  x  881., 

15^   X640,  2  =  Sd'4-i2d-  2  =  2  X  (d*  +  6d- 1)  = 

1681        ^ 

1 1 380  _  «o^  ^  ^g^  Wherefore  we  may  take  88 1,  640  an^ 
56j>  for  the  sides  of  a  triangle  that  will  answer. 
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Example  4.    Take  iR=  q,  aod  n  =  —  1  :  then  d  =  ^. »  = 

37 

j^  X  314.  Therefore  we  may  take  325,  314  and  159  for 
the  sides  of  another  triangle  that  will  answer. 

Example  ^.    Take  m  s=  5  and  n  =  4 :  then  d  =3  :  *  — 
6d*-h  iM  — aSo  =  6  X  («/«  +  a*'— «o)  =—  ^  x  446, y=: 

l«d«—  I8d  —  60  =  6  X  (8<f«  —  3i  —  10)  =  ——  X  S77. 
and  z=i8<^—  t36  +  i6od=:6  X  [qcP  —  sod  t  ^0)= 
—  X  477,  and  therefore  477,  446  and  877  are  three  numben 
that  will  answer. 

We  have  now  found  five  different  sets  of  numbers  of  4« 
kind  required,  and  all  of  them  moderately  low. 

It  is  evident  from  a  bare  inspection  of  the  properties  npM 
which  the  foregoing  solution  is  founded,  that  tlw  proposed  in- 

^^  "ftlr  f°  '^"a^^SV^  three  rational  square  numL.. 
such,  that  if  from  double  the  sum  of  any  two,  the  remaining 
square  is  subtracted,  the  result  shall  be  a  square. 

The  sum  of  any  two  of  the  numbers  expressinir  the  sides 
«ust  be  greater  than  the  third,  or  no  triangle  caiT  be  fonn2 


+  «''^^r=-«^  (»«*-5««  +  2'.')-3«»x(m-«)  for  the 
Smn  +  a»»)  +  4d«  x  (4m*  +  7„»«  _  3Q»i««>\x.7ma»  +  ^ 


l6^x(«-„) +«^X  ^  X  (.«-5««+3„V3««  X  («-)}• 
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(w  +  «)  X  (««*  —  ffnn  f  2»')  +  9TO V  x  («  —  «)«,  which  after 
proper  reduction  gives 

1  {id  X  (ui—  «>  —  mil  X  (wi*+  n*)}  , 

ordz:iiifix^— f ,      ,    .    — ^r — ;; — z i — TTx :  where 

6  X  [m-^'n)  X  («i^  —  n-) x  (2i«^ —  ^/ww x  2n^) 

»» and  It,  may  be  taken  at  pleasure. 

Example  1.    Take  in=3,  and  «=:2  ;  then  dz:  — ',  a  = 

5 

aX(d«+5d— i2)  =  ^  =  ^X2o7,y=2X(4d^-Sd-3) 

=  ^ii^=  J.  XftSS, and  2=2 X (5flP—  i8ii  f  15)=  ^z=± 
^5       a5  25       25 

X145.  Therefore  328,  207  and  145,  will  answer  being 
exactly  the  same  numbers,  as  deduced  in  the  first  Example  by 
the  other  formula  for  the  value  of  d. 

Example  a.     Take  m  =:  3,  and  n  =  1 ;  then  dzz-^. 
x=-2(l*+i6d-i5=z-|g=:-^x85.jy=iod^-i6d+3    ' 

=:-?^=-^x87,.  =  8cr--i8d+i2=^^=^gX68. 
856  256       ^'  85^     250 

Therefore  87,  85  and  68,  are  three  numbers  that  will  answer  ; 
and  are  the  same  with  those  found  in  the  second  Example  by 
the  other  formula  for  d. 

Example  3.     Take  m=:2,^and  n  =  —  1 ;  then  dzi—  ^, 

(5^'-3^-4)  =  ^'-^><88^>-=»><f^=  +  6d-t) 

=  — il3iO-_i^5^.6Q.     Therefore  569,  640  and  881,  are 
729  729   • 

three  numbers  that  will  answer,  and  these  are  the  same,  as  the 
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numbers  found  in  the  third  example  of  the  first  formula  for  the 
value  of  d. 

n 

Example  4.    Take  m  z=  3,  and  n=  —  1  ;  then  dzz  — ^, 
,ed-  ,5  =££752=  -7^X8.5.  .=4d*  +  .8d-6=-i-'980- 

*^         IO84         1024      ^   ^'  ^  K 


1084 


-  70 


X  314.  Therefore  j 59,  314  and  325  are  three  num- 
bers ^hat  will  answer,  and  are  the  same  as  the  numbers  found  in 
the  fourth  Example  by  the  other  formula  for  d» 

Example  j.     Take  m  r:  4  and  it =3  :    then  d  =  — »  Jt= 
4d*+i4d—  60= =-~x8io,v=:iod* —  lAd  —  24=: 

26780       20  ,  J,  ,  .   o         21080        20 

— ^—  =  — +I3a9>  «  =  i4cr — 7211  +  84=  — ^—  =  —  X  1099, 
49       49       ^*^^'         s,        t  49        49 

Therefore  810,  1099  and  1339  are  three  numbers  that  will 

answer. 

In  the  foregoing  solution,  I  have  put  down  expressions  for 

a:— ^,  and  x  \y  :  this  at  first  sight  may  be  thought  unnecessary ; 

but  in  my  opinion  they  will  be  found  to  facilitate  the  caicu* 

lation.     The  best  expression  to  be  made  a  square  is  2X-+2y^— 

2*  =r  2x^2  +  2^^  —  {o:\y — d)«z=««  —  2a:j/  +  y*-f2dx(x+y)— (^ 

=:(a? — ^)^-|-2c?x  f;r +]^)  —  d' i=a  square.     This  explains  the 

reas3n  of  putting  down  those  expressions. 

Example  6.     Take  iw-^  and  ^=4  ;  then  dzz—^  x  zz6(P^r 

3 

o^                  16620      60  ,^        o,      - 

18a  — 120= zz — X  277,v=i2d^— 18a  — 60  = 

9         9         ^^ 

26760      60         -  ....  ,         ,^        28620    60 

_^—  n-  X446,  2=i8d'—  i2od+  180= =r-.X477- 

9        9  *  9       9 

Therefore  277,  446  and  477  are  three   numbers  that  will 

answer.    The  same  numbers  were  found  at  Example  5  of  the 

other  formula  for  the  value  of  d. 
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PROBLEM    II. 


Find  three  such  square  numbers^  that  the  difference  between 
the  sum  of  any  two  of  them,  and  the  third  may  be  a  square 
number. 

Solution.  Let  the  three  required  squares  be  denoted  by 
by  0?*,  /  and  z% 

And  by  the  question  put  x^4->*— 2*=o' 

The  sum  of  the  three  is  x^  +  y*  +  z^  =za^  +  b*  +  c*,  and 
from  this  sum  subtracting  each  of  the  preceding  equations  in 

succession,  we  shall  have  22*  =  6*  +  c*  >  To  those  who  are  a 

2y^  =:  a*  +  c^>  little  conversant  in 
2x*  =:  a*  +  6*  3  these  matters,  it  will 
be   easy    to    perceive,    that    we    may    take    2  z:  m*  +  «*  ; 
i  r  w*  4"  2OTn—  n'  ,  and  c  —  «•  —  2mn  —  n\ 

Also  ;f  =:p«  +  y2.  a=  p^+QJfq--  q^;  and  c  =/?«— 2/^^  —  ^-; 
therefore  c=:i»*—  2i«n-  n'=  />^  —  2^^—  9**.  For  i%  2*  and  c-, 
are  obviously  three  squares  in  arithmetical  progression,  of  which 
2*,  is  the  mean  or  middle  term.  Also  a*,  y^,  and  c'  are  squares 
in  arithmetical  progression,  and  y^  the  middle  term.  ^  fn^- 
Smn— n*=^' —  2^^  —  ^*,  completing  the  square  of  the  first 
side,  w*— 2»i»  +  »^=l5»* — 2^g+2«*— 9*.  Now  the  first  side  of 
the  preceding  expression  is  a  square,  therefore  the  other  side 
must  be  so  too;  and  this  will  manifestly  be  the  case,  if  n=9  for 
then  m*  —  Simn  +  n^  =  p*  —  2pq  +  ?*,  that  is^  (w  —  «)«  = 
(9  —  pf,  or  «i  —  «  =  9  —  p,  whence^  =  9  +  1— »»=:2»— «. 
Hence  a  =  ^^  +  2^9  —  9*  =  (2n  —  my  4-  2»  x  (2»— iw)  —  w* 
=  »»*  —  6m»  +  7»* ;  and  hence  again  2X'  =  a*  +  i*  = 
(w*  —  6«i«  +  7»2)2  -I-  (»i«  +  amn  —  «*)*  =  2  x  (w*  —  4ot'»  + 
26»iV— 44W11'  +  25Ji*)ora?*izm*— 4m^n4"»6m'ii'— 4im«'+ 

25»*  =  a  square  =  (ot* +  ^n*)^  =  m* —  ^^ + 

5  5 

-—  X  wi*A«  +  tom^n^  —  44OTn' +  25«S  which  reduces  to  —  = 

-^  ;  therefore  we  may  take  f»  =  7,  and  n  =:  to;  whence  2  = 

»i^  +  n^  =  149,  jy  rz  p2  +  92  ~  5«2  _  ^^„  +  m2  —  269,  and 

«       22nin  ,       „ 
*  =  i«2 4-5«2z:24i. 

5 
Therefore  1499  241  and  269  are  three  numbers  that   will 

t  2 
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answer  the  question,  and  they  are  the  least  integral  numbers, 
that  I  have  been  able  to  find  that  will  answer,  all  being  different. 

Or  we  may  proceed  more  generally  as  follows. 

We  have  seen  that  22^  -  62  ^  ^2 .  2y2  -  ^2  +  ^2 .  and  8«* 
=  a2  +  b\  From  the  two  former  of  these  c^  =  2x2  —  42  - 
2y2 —  a2.  Put  yzzpv—z^  and  a  =  90  +  i,  then  22*— i^- 
2y2_a2:3  S  X  ()&»-  2)2  — (91;  4-  6)2  =  «22_6?-.4^z- 

291/6  4-  li^  X  (2^2  —  ^2)^  whence  i;  =^/^2^   2    »  *"^  '^^""  * 

2/>         9 
2   X   {fip2  4.  ^2j  .|.   2>,^6  ,  ^        .     A  - 

=  ^»  — ^=  g  ,  J  ^2 — ^  •    *"^   9  =  9»  +  *  = 

Now  2^2  —  62-f-  £:2^  that  is,  62^  g*  and  c2  are  three  squares 
in  arithmetical  progression,  as  before  remarked,  z^  being  the 
middle  term :  we  may  thereiore  take  2  r=  »»2  ^  „2  .  ^  - 
nfi  +  2mn  —  tfi^  and  c  zz  rr^  —  2mn —  ii2 .  whence  j  = 
2  X  (2^2+^2) 4.2/^^6  _(2^2^y2)x(m2+n2)+2^9X(m2+2m«-ii^) 

2/^2  _^2  -  2^  —  92 

m2  X  (2^2  4,  g^y  ^  y2)  4.  4mw/y9  4-  n2  x  (g/y2  ^  2^9  -f  j^j 

~  2p2  _  ^ 

^  —  tX(2/>Hv')+4pyar  _  (gp»  +  y*)x(m*+2mw-:i*)+4p7x(m«+**) 
2/>8— 9*  2/>«  —  9« 

_  m2 X (gp^4-4p9  +  92)  f  2mii  x  (gp2+g2)-. ;t^  ^  (2p*— 4py 4g^) 
-  2p-  —  9* 

We  may  therefore  take  2  =  (m2  +  »2)  x  (2^— 4p9  +  9*) 
;r  =  (2/^«  +  92)  X  (w2  +  7i2)  +  2J»9  X  (m*  +  2m«  —  «2) . 
a  =:  (gp2  4-  y2)  X  (yn2  ^  2m«  —  w2)  4-  4^9  x  (m2    j    rfi) 
h  =  {g^2_^2)  X  (m2  +  gmw  —  »2) 

a2  r:  (2/»2  4-  92)2  x  (m^  +  gm«  -  n2)2  |.  8/^9  x  (2/>-  f  92) 
X  (w2  +  n2)  X  (m2  +  gmn  -  n2)  +  i6p-'92  x  (w2  4.  ^2)2 

62  -  (2jt)2  —  92)2   X   (w2  +  gW«  -  »2)2 

gi2  -  a2  +  62  =  2  X  (4^*  4-  9*)  X  (^2  +  2m7i  —  »2j248^yx 

(2p2  -f  92)  X  (W2  +  7l2)  X  (W2  4  2m«  —  n2)4.  ,6p2y2  x  (m2  +  B2)« 

♦  x«)«  =:  **-— *  =:  (4p*  +  9*)  X  im"-  +  2»2ii  —  fi2)  4.4P9  X 

(2^' +  9*)  X  (m»  +  «')  X  (m^Vumn^n)  f-8p»9*x(wi2  +  i|2)2 
=  a  square;  dividing  by  \w?  f  2fw«  —  ^2^2.  4p*-f  y*  \  ^pqA 
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=  4p*  +  4pqd  X  (Sj^a  +  y^j  ^  8^^2j2  +  ^  =  a  square, 

putting  rf=  -s—-; 5. 

Tbe  preceding  expression  when  properly  arranged  will  be, 
4p*  +  Sp^gd  +  Sfi^q^d^  +  4p9'd  4-  y*  =  a  square ;  assume 
8p'+  flp9</  +  d^g^,  for  the  root,  that  is,  put  4/i*  +  8p'^d  + 
8^y2(P  +  4/iy^d  4-  9*  =  (Sp2  ^  9p^rf  4.  ^^2)2  -  4p4  ^  8p3yrf  + 

9pY^  +  4p9'd'  +  ^^,  4pfd-Jhq^  =  4pj»rf^  +  j^^d*,  dividing 

by  f,  4pd  +  qzz  4pd^  f  qd\  ^=J-1^^  =  _ 

{(m2H-n«)2  +  smn  x  (ma  — ««)}      ,  ,  . 

-r — .ft  /   Ox ,    <>  .  ^ «,  where  m  and  »,  may  be  ex- 

pounded  by  any  whole  numbers  at  pleasure. 
Example  i.    Take  m  =  S,  and  n  zr  i ;  then  ~=  —  ^ 

therefore  we  may  take  p  zz  —  37,  and  ^  =  70  ;  whence  z  = 
(2p*— 9^)  X  (»i*-f-»2)  =:  _5X  216a  =  ~  10810  =  —8x5405, 
y=:(ap«+9*)x(TO'+«2)'|-2p9X(m«  +  2W«— n*)  =  1930  =:»X  965* 
JT  =  (m*  4-  2m»— «*)  X  (ap*  4-ap9+dV  =  7  x  1538  =  10766= 
a  )^  5383,  therefore  j^oj,  5383,  and  965  are  the  roots  of  three 
squares  that  will  answer* 

wi*  -f-  w* 

Example  (2).  Take  mzz.  1,  and  n=2 ;  then  d=— s « 

yw  +  awn— n 

=  -=■?=  — ^ — :=--^=  — i^  :  thereforcwemay takepzr  — 13, 
1      9  4a  10  /         1-  f 

and  9  =  iO|  and  hence  z  =  (2p*  —  9*)  x  (m*  +  »•)  =  1190  = 

*  >^  595>  y  =  (*P*  +  9^)  ^  (^^  "i"  ***)  +  ^W  ^  (^*  •+"  *^^  —  ***) 
=  1930=8  X  965,  X  =  («*  +  2»J« — n*)  X  f2p*  +  2p9rf+d*9*j= 

1538  =  2  X  769. 

Therefore  we  may  take  2 = 595,  ^ = 965,  and  x = 769.    These 

are  the  roots  of  three  squares  that  will  answer. 

Another  expression  for -^  may  be  obtained  as  follows.    The 

general  expsession  to  be  made  a  square  is  4P^-)-8p'9d  + 
8p'9*d*  4- 4p9'i + 9* ;  assume  SpV'+Sp^d  +  9%  for  its  root, 
that  is.  put  4p*  +  8pV/d  +  8p«9«d*  +  4pq^d  +  9*  =  (2p«d«  + 
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apqd+q*y=:ip*d*  +  Sp'qtP  +  8p'q*d*  +  ^pq*d  +  q' ;  which 

being  properly  reduced  gives  ^= -^k  ,   where  t»  and  «, 

as  before,  may  be  taken  at  pleasure. 

Example  i.    Take  m=2,  and  n=i ;  then  d  =—5-; — — — -7 

We  may  therefore  take  p=  —  5,  and  9  =  13,  whence  t  = 
(2p«  — 9«)  x(m»  +  «*)=  — 119X5  =  — 595,  y=(ap*-f9»)X 
(m*+n*)+2jD9.x  (w*4-  2mtt— ^•)=:965, x=:(«*+2m«— f^)x 
(sp^cP  +  Sp9(/  +  9^  =  769,  which  are  the  same  numbers  as 
were  found  in  the  second  example  by  the  other  formula  for 

^ .    We  shall  be  enabled  to  obtain  more  simple  and  convenient 

9 

expressions  for  effecting  a  solution  to  the  foregoing  question  by 

adopting  a  somewhat  different  mode  of  proceeding.*  We  have 
seen  that  the  general  expression  to  be  made  a  square  is 
(4P*+9*)  X  (w*+2m»  —  ««)«+ 4P9  x  (ap*+9*)  X  (m*  +  n«)  x 
(m^4-2mn — n*)  +  Sp^q^  X  (w^  +  n*)*  which  being  arranged 
according  to  the  several  powers  or  dimensions  of  m  and  n^  hc' 
comes  m*x(2p«  +  2p9 +  9^)*+4w'nx(4p*+ 4p'9+2p9'+^)+ 
2WI V  X  (4p*  +  8p«9*  +  ^)  —  4mif » X  (4p*  —  4p»9  — 2p^  +  rt  + 
wi*  X  (2p* — Sp9 + 9*)*  =  a  square.    Assume  m*  x  (2p* + 2p9 +^) 

Sp  -k-ipq  f  9*  ^  ^         j'l   *  ^  J 

its    root,    that   is,    put    m*  X  (2^*  +  2p9  +  9«)'  +  4i»'»  X 

(4^+4^'9-l-sp9'4-9*)+2m«»*x(4p*+8p'9a  +  9*)_4»«i»x 
(4p4  — .  4p3y  _  2pys  +  9*)  4,  7j*  X  (2p2  —  2p9  +  9*)*  = 

ap*  +  2py  +  9 
(2p2  -  2p9  +  f*)}  =  »*  X  (2p«  +  ap9  +  9^J*  +  4m5«  x 


m 
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{4p*  +  4p^  +  «p9'  -f  9*)  +  n*  X  (2p^—  ap^  +  q^y  whence 
TO  _  ( 1 6p' + 1 6p^y  —  8^9*  —  Sp*q*  +  4p»y'  +  gpy^  +  ^') 

if-^^  (2p«  -  q^)  X  (4p4-  9*)  X  (2p«  +  4p9  +  9«) 

"  ^^%'g^.ftpg^-f  g"^  '  where  p.  and  q,  may  be  expounded 
by  any  whole  numbers  at  pleasure. 

ExampU  i.    Take  p  and  y,  each  =  i :  then  -  = :  we 

may  therefore  take m  =  —  lo^  and  n^  j  ;  whence  z  zz(2p*^q*) 
X  (m«  +  »«)  =  149,  y  =  (a^«  +  9*}  x  (m«  +  n*)  +  2pq  x 
(»i'+  2mn  —  n*)  =  269,  and*  =  m*x(  2;^«+2^gf+9*)+amnx 

"^vc^V'y  ^'  ■"  "■ " "''  -•"»+'•'= •«- 

That  is  149,  241  and  269  are  the  root  of  three  squares  that 
will  answer ;  being  the  very  same  as  found  in  the  first  solution. 

ExampU  2.    Take  p  =  2,  and  9  =  —  i :   then  —  =  —  —  ; 

we  may  therefore  take  m  zz  —  10,  and  »  =  1 :   whence  z  zz 

(ap*—  ?•)  X  (m»  +  n*)  =  707. 

y  =  (2p'"  +  9«)  X  (m"-f  «■)  +  2P9  x  (i»«  +  emit  — »«  =593, 

aiidx=m«x(2p»+2p9-i.9M  +  27iia  x  l^Bljt^ll±ml±fl 

+«»x  (p.— 2py+  9«)  =  397. 

Therefore  397,  593  and  707  are  the  roots  of  three  squares 
that  will  answer  the  question. 

It  may  be  remarked  that  every  set  of  numbers  that  answers 
the  proposed  question  will  also  furnish  an  answer  to  the  fol- 
lowing question,  viz.  To  find  three  integer  squares^  half  the 
lum  of  any  two  of  which  shall  be  a  square  number*  This  is 
manifest  from  a  bare  inspection  of  the  expressions  22^= 
^  +  c«,  2y«  =  o*  +  c«,  and  2a«  =  a«  +  6«. 
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ARTICLE  XVIL 

By  the  Rev.  Mr.  Brice  Bronwik. 

SUPPLEMENT  TO  THE  LUNAR  THEORY. 

Prop.  I. 

To  find  the  mean  distance^  eccentricity,  and  progression 
of  the  apogee  from  the  differential  equations  of  the  moon*s 
motion. 

We  have  found  t*  -^  zz  h  ^-Jurdt;  or  ti  ^  ^^  ^j^^^' 
ajDr^dv.    Therefore  dt  = 


rV» 


Va«  +  a/DT'dv 
,  by  making  r  =  - . 


u* 


Again  we  have  found 

rfV         dv*   ,   fA    , 

•3r«-''3?  +  ^  +  "  =  °- 

This,  when  dt  is  variable  and  dv  invariable,  becomes 
d*r^r~  —  rdD*  +  ^dt*  +  Ddt*=o. 

Substituting  for  di,  d%  and  -forr}  thii  equation,  after  all 

reductions,  will  be 

1  du 

^,  +  tt  +    J =  o;  or 


If  we  expand  the  disturbing  forces,  we  shall  have  a  seriei 
of  terms  depending  upon  angles  that  vary  but  little  during  baif 
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«  revolution ;  we  will  call  chit  fvmction  •«  a.  We  ibati  more- 
oTor  Iiatve  a  series  of  terms  depending  upon  Titles  whose  argu- 
nenfs  differ  Utcle  from  v  or  cv  the  aiK>ma))r ;  these  ntdfy  be  put 
under  the  form 

Bae  cos  cv  +  cae  sin  c&s 
where  b  and  c  will  each  contain  a  series  of  terms  depending  on 
angles  that  vary  slowly.     There  will  also  be  other  terms  in  the 
development,  bm  they  are  not  to  aur  present  purpose.    Our 
equation  therefore  now  stands  thus  : 

-TT"!"  «  —  r»  —  A  +  Bai  cos  cv  +  cac  sm  cv  —  o. 

Lti  u  ■=  b  +  k  cos  (cv  —  v),  6,  i,  and  «•  being  functions  of  « 
that  vary  slowly.     Then 

iin(cr— «r)— i(c— J- )   cos(c»  — ir). 

Substituting  these  values^  and  comparing  separately  the  mean 
terms  and  the  co-cfficients  ot  sin  (cv  —  sr)  and  of  cos  (cv  —  tt)  ; 
we  shall  find  these  equations 


dv 


T    f   b—i^—A-  O     (l) 


,  ^w  dTt  \  dk 

If  we  consider  that  a  first  differentiation  will  introduce  fac- 
tors of  the  order  of  ^,  and  a  second  of  the  order  of  p*,  into  the 
quantities  i^  Ar,  ' ;  we  shall  easily  perceive  that  (i)  will  give 

6=  ^+Anearly;  (2)willgive  ^=c— i  — f  Bneaily;and(3) 
J-  =  }  ci  nearly.     And  hence  again  from  (2)7-  =  c  —  i  — 

i  B  —  J  ---  very  nearly  ;  and  from  (3)  ^    =  4  eft  —  J  fc  ^^ 
very  nearly. 

Now  7-  =  «  the  eccentricity,  and  a  =    ■'■-  the  mean  dis- 

b  0 

tance.    These  last  will  therefore  be  known. 

VOL.    VI.    FART   II.  U 
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The  method  above  employed  is  an  extension  of  one  used  by 
La  Place  to  determine  the  secular  equations  of  these  elements, 
We  shall  now  use  a  method  a  little  different  to  effect  the  nme 
purpose. 

Pnop.  II. 
To  find  as  in  the  last  Prop,  by  another  method* 

Resuming  the  same  equation,  and  the  same  expression  of  u; 

du        db       dk        ,  X  ,   I  dv     .    ,  .      » 

we  have  -r*  =:  rr  +  x-  cos  (cw— «)  +  <  t-  sin  [cv  —  «)  — *c 
dv       dv      dv  dv         ^ 

sin  («/  —  »). 

Now  let -7— cos  ct; -4- i -J- sin  «/ :=  o (i)« 

dv  *       dv 

^^      du       db       ,     .    ,  ,         .  d^u        d^b      dk 

Then  r-  =  n kc  sin  icv  — v),  and  3—  =  7-.  —  r  ^ 

dv        dv  ^  dv*        dv*       dv 


sin  lev  —  fr j  -+-  Ac  -^  cos  (cv  -^  v)  —  kc^  cos  (cv  —  «). 
*  dv        ^ 

If  we  suppose  c  :r  i,  and  -r-^  =  o  on  account  of  iis  mi- 
nuteness;   our  differential  equation  will   become,  when  for 
7-5-  and  u  we  put  their  values, 

dk   ,  t  dv  '  U'  .  ,  i 

•TT-sincv+ft  —  eostftf4-6--  r^— AH-Bfltfcosco+ca^smci>=o..(»'l 
dv  dv  k^ 

Here  it  is  obvious  that  we  may  make  another  assumption, 
and  that  we  must  havei  zz  ^  +  a  as  before.  Then  (a)  becomes 

dk    .  ,  dn 

—  5~  •^'^  ^•^  ^"  *  J^  cos  cv  4-  Bae  cos  cv  +  cae  sin  cv  -=•  0. 

Multiply  (i)  by  cosct;  and  this  last  by  —  sin  cv  and  adding 
the  products  together,  there  arises  j-  —  i  cae  zz  o,  or  r-== 
f  cae,  reserving  only  mean  terms. 

Similarly  we  find  k  -r"^  \  Bae  =:o,  or-r-z:  —  ^T'^ 
•<^  {  B  nearly. 


{    tss     i 

If  we  put  k  for  ae,  from  which  it  does  not  differ  than  by  a 

dk 
quantity  of  the  second  order;  then  -^  =  |crf©,  and  k  =  *,+ 

ikfjcdv  nearly,  k^  being  an  arbitrary  constant,  or  the  con- 
stant part  of  k. 

These  results  differ  from  those  of  t}ie  last  Prop,  only  by  very 
small  quantities. 

It  must  be  observed  that  more  ellipses  than  one  will  solve 
the  Problem  of  three  Bodies. 

Prop.  III. 

To  fini  as  in  the  two  last  Propositions  by  methods  still 

different. 

Make  a  =z  —  -f-  a  +  A:  cos  cv^  and  suppose  a  and  *  con- 
stant  as  they  are  nearly  so.     Then  j-j  =  —  kc^  cos  cv ;  and 

by    substitution  the  equation  -7-^    +    «  —  r^^A  +  Baecoicv 

-h  cae  sin  cv  =:  o  becomes 

(1  —  c*)k  cos  cv  -\-  Bae  cos  cv  +  cae  sin  ci  —  o. 

Or,  rejecting  the  last  term,  which  alters  the  eccentricity ; 
and  dividing  by  cos  cv, 

(I  —  t*)i  f  Bfltf  z:  o,  and  c  =  y    1  +    ?.^  -  %  ^  |B-iB\ 

Therefore  the  anomaly  z=.fcdv  z=  co  +  \f^dv  nearly.  This 
result  agrees  with  that  of  the  last  proposition. 

Again^  let  «  =:  jr^  +  a  -f  ^ ;  and  to  abridge  put  M  =  ^ae  cos  cv 

d^x  d^x 

4-  cae  sin  cv.     Then  we  have  -7-^  +  j*  +  M  =:  o,  or  ^-^  -f 

(1  -4 jxrr  o.  Makec*ii:  1 -1 ;  and  we  have  ^f  c*jrz:o. 

The  integral  of  this  \%  x  zz  k  cos  cv,  k  being  an  arbitrary,  and 

another  arbitrary  being  understood.    Hence  c  =:  1/  1  4.  . — ?! — 

A  cos  cv 

u  B 
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=  ^/l-t■B=I-f4B  u  before. 
Or  again,  putting  u  zz  A  4-  a  H*  o^  cos  ct;,  wehaveaccoicw 

rz  u  —  ^^  —  A.     Therefore  Bae  coscv  ^  bu  —  (  n  +  ^)  *• 

and  our  equation  beomes  ^-i  f  (i+b)u  — (75  +  A  )(!+•) 

=  o. 
Multiply  this  by  duy  and  integrate 

^—    1   +B  {!«»-«  I^p  4.a)k+   D}=0. 

If  E  be  the  value  of  «  at  an  apte,  we  find  B  z:  s  (  ^,  -f  A)E-K^ 
and  putting  u  =  £  +  x,  we  have 


tp  +  i+b{*«  — a^^  +  A  — e)x}  =0, 
or  Ji^  zz 


dx 


The  integral  taken  from  a:  =  oto8rT^  +  a  —  e)i  —  x*=o, 

is  the  angle  between  the  apsides ;  which  therefore  is  t;  ir  -J^r-. 

Vl+B 

Consequently  c  izv/i-*-bz=i  +1b. 

This  last  method  is  that  of  the  ingenious  Thomas  Simpson, 
givrn  in  his  Vol.  of  Essays. 

From  the  preceding  propositions  it  appears  how  easily  the 
mean  parts  of  the  elementfl  a,  t^  «■,  including  equations  that 
vary  slowly,  may  be  determiued.  The  results  also  arc  the  same, 
whether  found  by  methods  which  suppose  those  quantities  which 
vary  tlowly  constant  or  variable. 

Pitop.  IV. 

To  find  tht  regression  of  the  nodes^  and  variation  of  the 

inclination^ 

In  Prob.  IX.  of  the  Lunar  Theory  we  have  already  invcsii* 
gated  the  equation 
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j^  ^  a  +  Hs  tin  gv  '■\'  Ks  COS  g»  =  o\ 

H  and  K  being  quantkies  that  vary  sjowly. 
Let  9  =1  s  sin  [gv  —  0),  and  let  s  and  d  wsiry, 

d"       d*s  -  ,       d&\  (is  cT'Q  ^       dQ\ 

^.^^.^irigVTStig^  jj  j^cosgv^s ^,cos gv-sig-  ^j 

sin  gv.    Substituting  these  values,  we  shall  find  as  in  Prop.  L 

d'Q         ,         dQ\ds 

And  from  these  equations^  precisely  as  in  the  Prop,  just  re- 
ferred to,  we  shall  find 

dB  ^  ^  dK      ds  -  ,    dH 

The  same  things  may  be  determined  otherwise* 

Let  the  variation  of  a  arising  from  the  variation  of  s  and  6  be 
nothing ;  or 

ds   .  dB 

j^%iug9  —  s^co$gv=io (1), 

^,        d*(r  .  ^    ds  ^       dQ    . 

Then  ^  =  — *  «o^^  +  7^  ^o$gv  h  s  -  sin^». 

d^<r 

The  values  of  tr  and  -r-^  substituted,  we  have 

uv 

ds  d9   .  ^  . 

J  coBgv  -^^  J  ^  Sin  ^  -f  us  ginge  +  ks  cos  gw  z:  o  • . . .(«). 

From  (i)  and  (s)  exactly  as  in  Prop.  II.  we  find 
-^iKs^o.  sj^  +|pw=o; 

ds  ^  d9  , 

Again,  suppose  <r  =  ^  sin  gD^  and  s  and  g  constant*     By  sub- 
stitution in  our  fundamental  equation,  it  will  become 

(*  —  g*)  *  s>n  g^  +  H*  8>n  g^  +  K.^  cos  gv  =.  o. 
Or,  leaving  out  the  term  which  does  not  pertain  to  the  regres- 
sion, and  dividing  by  s  singv  ; 

1  —  f'  +  H  =  o,  g  =  v/r+  tt  =  1  +  4  H  nearly. 
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CoDseq.  fgdv  —  gv  V  \jHdv ;  or  6  i:  —  \judv. 
We  may  put  our  equation  under  this  from  : 

d?   +  (*  +  7j  "  =^  ^'   °"  ^  +  8*-  =  o. 
The  integral  of  which  is  a  z:  j  sin  ^r,  where  s  is  an  arbitrary,  and 

another   is  understood  after  gv*     Hence  g  =  \/  i  +  -  z: 

\/i  +  H  =:  1  +  |h. 

In  the  regression  of  the  node  the  term  ks  cos  gv  produce, 
no  effect.  And  since  o*  =  ^  sin  gx>^  the  term  ns  sin  gv  ■=.  H9« 
Our  general  equation  therefore  becomes 

^+  (I  +  H)(rzc  o. 
Whence   by  integration  -7-j-  +    t    t-  h  .  (a*  —  y')  -  0, 

,  Off 

or  or  =:       .  —  Therefore  inte^ratinir 

r  ,  1 80^ 

trom  cr  =  o  to  ^  zz  7,  we  have  I?  z=  — ■  the  angle  between 

\/i  +  H 

node  and  node ;  and  g  z=  v^i  +  h  =  1  +  i  H. 

This  method  has  some  unnecessary  steps,  and  has  been  in- 
troduced, as  well  as  some  others;  to  show  how  easily  it  will 
apply,  when  we  are  in  quest  of  such  equations  only  as  vary 
slowly,  and  which  we  have  denominated  mean  quantities. 
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ARTICLE  XVIIL 

ON  THE  COMPUTATION  OF  SUPERFICIES  AND  SOLIDS. 

Bounded  with  Lines  and  Planes  passing  through  Points  btf 
means  of  the  Co-ordinates  to  each  Point. 

.    By   Mr.  W.  S.    B.  Woolmouse. 

SUPERFICIES. 

1.  To  compute  the  surface  of  a  triangle  by  means  of  rect- 
aogular  co-  or dinates  to  each  of  its  angular  points. 

Let  Pj  Pe  P,  represent  the  trian- 
gle ;  ox  the  axis  and  o  the  origin  of     ^ 
the  ordinates  which  are  denoted  thus  : 
OD,  =  ;r^.  p,D,=:yj;  OD,  =  x,, 

p,Dj  =r  y,  ;  OD,  =  a?,  and  P3D3  = 
Then 


trapezoid  PjD^ziDjD^ 

The  sum  of  which  gives 
area  D^P^P,P3D,  =  («,-*,).?^^ +(*,-*,)  .^^«±iL«  . 

Deducting  this  area  from 
trapezoid v,T>,  =  D,D,  ,li£i±Ii£^  =  ^:c,-x,).lL±h  , 

we  have  triangle  PiP^Pj  = 

2  K  2 

which  may  be  more  simply  expressed  by  two  diflerent  forms,  viz. 
APiP,p,  =  ±|{(T,-*,)y,+(*,-a?g)y,+(»,-x,)ygj 


Or 


A»,P  P 


i==Fi{(y, 


-',)y,+(*,-*«)y,+(*i-*s)ygn 
-yi)^j+(yj-y«)*i+fyi-i'3)*«  j  J 


(i) 


The  signs  taking  place  according  as  P^  is  below  or  above  the 
right  line  p  p,.     But  in  actual  numerical  calculation  a  method 
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of  ascertaining  which  particular  sign  ought  to  be  used  is  unneces- 
sary, since  the  area  of  the  triangle  must  itself  be  positive. 

If  the  middle  ordinates  od^  and  p^^d,  be  considered  as  the 
first  the  equations  will  still  hold.  For  substituting  x^^y^  in- 
stead of  Xo^  ^j,  and  x^  y^  for  x^,  y ^^  the  result  h«comei ex- 
actly the  same  with  a  contrary  sign  ;  and  hence  the  above  ex- 
pressions are  perfectly  general,  answering  to  any  arrangement 
of  the  ordinates,  provided  the  result  be  always  taken  as  positive. 

For  the  sake  of  brevity  we  assume 

i  l(-^2— ■*i)y3-^(^3-^eV/i  +  (^i--^3^y2(=^  (t,2,3) 

where  1,2,3  ii^^li^^tes  the  arrangement  of  the  ordinates. 

Then  according  to  the  above  a  (1,  2,  3)  —  A  (2,  3.  t)  r 
A  f8,i,2)p—  A  (j,2. 1)=:— a(2,  1,3)==—  ^fi,3.  aj,a 
change  of  sign  taking  place  whenever  the  points  go  roand  the 
triangle  in  a  contrary  direction,  as  will  be  found  by  substitution 
in  the  above  equation  ;  and  this  it  will  be  necessary  to  bear  i/i 
mind  in  order  to  preserve  the  proper  signs  in  the  resolution  uf 
the  problems  hereafter  given. 

The  following  exhibits  a  scheme  of  the  three  distinct  opera- 
tions which  are  here  intended  to  be  adopted  in  the  computation 
of  the  areas  of  triangles  by  this  method. 


Arrange  the 
ordinates  thus 


ist  X, 


(*a-«i)y3 


x, 


and  3rd 


ys 
ys 


^i-y, 
*3-y3 
2nd  j?j 

-^2)  y^ 

-^3)  Sz 


then 

(^t-^r)y* 

the  sum  of 
which  gives 
2  A  {t,2,3). 


-^1)  y* 

Thus  for  example,  suppose  x^  =:  2,  ir^  =  5,  ar,  =  7  ;  Jf^^fi* 
y^  =  4,  andjr,  =  8. 


2.6 

Then  5 . 4 

7.8 


2  .6 
tst  5.4 

7.8 


12  2 .6 

and  3rd  5 . 4 
24  7.8 


•  • 


246 
2nd  5«4 
24  7.8 

A  (1.  2,  8)  ==8. 
It  will  be  observed  that  the  whole  calculation  is  compre- 
hended in  the  3rd,  the  1st  and  second  being  given  merely  to 
shew  distinctly  each  operation ;  and  consequently  that  the  com- 
putation is  simply  thus  : 


2.6 

5-4 

7.8 


l6  =  2   A  (l,  2,  3) 
A  (l,2,3)  =  8. 
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Should  the  result  vanish,  the  paints  arc  in  the  same  straight 
line. 

Note.  In  this  case  when  the  triangle  vanishes  and  the  points 
are  in  a  straight  line,  we  shall  therefore  have 

Org  -  ar,)3^,  +  (^,— ^8)i^i  +  (.ti— .T3)j^j  =  o. 

which,  if  we  suppose  a^i  y , ,  ^f^^  y^  to  be  fixed  and  x,  y^  variable, 
will  represent  the  analytical  equation  of  a  straight  line  passing 
tbrougn  these  two  fixed  points  or  the  condition  to  be  fulfilled 
^1  ^5  Vs  *o  be  in  a  line  with  the  other  two  points. 

2.  To  find  an  expression  for  the  surface  of  a  quadrilateral  by 
means  of  rectangular  co-ordinates  to  each  of  its  angular  points. 

Pj  Pg  Pj  p^  representing  the  quadrilateral,  ^^--^ 

and  x^.  If ^ ;  x^^y,\  x,,  y^ ;  and  jp^,  y^  de-  ^^^:ll^^^^\ 

noting  the  co-ordinates  of  the  points  p^,  p^,  ^^^     ""^X^^ 

Pj,  and  p^,  we  have,  by  the  last  problem,  n^   / 

the    ^  P^Pg  P3  =    A  (1.  8,   3);    and   the  ^ 
A  P^P^Pa  =—  a(i.4,  3)=  A  (1,3,  4). 

But  A  (1,8,3)=  ll(^«-a?Ji^3+(a:3-a\,>^4(a:,— Xj^.e 

andsimiIarlyz!,(i,3,4)=^^(.T3-x,>j^^+(x^-ar3)j/^4.(x,-x^liy,^ 
The  sum  of  which  gives  the  area  of  the  quadrilateral  PjPg^^aP* 
=  i  J  (j7^-xji^,  f(*i-J?3)y2  +(^2-Oi^5  +(*3-JPiV4  \ 

=  i[(*s— ■«i)(^4— i^a)  — O3— i'i)(^4— *«)}• 

3.  To  find  an  expression  for  the  area  or  surface  of  any  poly- 
gon, regular  or  irregular,  by  means  of  rectangular  co-ordinates 
to  each  of  its  angular  points. 

By  dividing  the  polygon  into  triangles  with  diagonal  lines 
from  the  1st  point  and  summing  them  together  we  obviousiy 

have  the  surface  =  ^(1,2,3)  + a(i,3,4j+  ai,4.5U  &c 

+  A  (i,n —  \^n)  =: 

i  J(x,  —  x^^   V  (r3  — ar^V/,  4-  (a-j  —  J^^V,  ( 

+  2j(«4  •-•^iV/a-f  (^5— ^4Vi4  (a*,  — J*5)y^  J 
&^.  &c.  &c.        .^ 
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or 


■  •  •  ■ 
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or,  which  is  the  same  things 

Hence  the  following  Theorem. 

The  area  or  surface  of  any  polygon  is  equal  to  the  sum  of  the 
products  of  the  oidinates  to  each  point  into  the  difference  of  the 
abscissas  to  the  two  adjacent  points,  or  equal  to  the  sum  of  the 
products  of  the  abscissus  to  each  point  into  the  difiiereliee  of  the 
ordinates  to  the  two  adjacent  points,  the  differences  beihg  uken 
round  the  polygon  in  the  same  direction,  and  the  result  con* 
sidered  positive. 

4.  In  using  the  above  formulae  the  result  will  always  be  posi« 
tive  or  negative  accordingly  as  the  arrangement  of  the  points  is 
taken  in  Uie  directions  her<iunder  represented 


•4^ 


-f 


because  the  triangles  a  (i,  2,  3),  A  (1,  3,  4\  a  (i,^,  ^l&c. 
which  comppse  them  are  all  positive  in  the  former  and  negative 
in  the  latter. 

That  the  expressions  will  give  different  signs  for  the  two  di- 
rections is  very  evident  by  considering  the  polygon  to  ht  seen 
from  the  other  side  of  its  plane  (xy),  tor  then  tne  arraugemcnl 
will  be  inverted  and  the  abscissas  (x)  will  all  appear  with  contrary 
and  the  ordinates  {y)  with  the  same  signs  as  before. 

For  the  triangie  we  must  in  the  same  manner  observe  the  ar- 
rangements for  the  positive  and  for  the  negative  values  of 
^{^9^td)'  Hence  to  preserve  the  proper  signs  in  analytic  opera- 
tions we  must  always  take  the  positive  arrangement,  viz.  to  move 
on  to  the  right  mtk  the  lower  and  retreat  to  the  left  with  the  higher 
points  ;  and  it  will  always  be  necessary  to  take  them  in  the  order 
in  which  they  are  to  be  joined  to  form  the  polygon  — — :  this 
latter  observation  however  cafinot  be  requited  for  the  triangle 
since  there  is  only  one  way  of  joining  its  points.  As  an  illus- 
traiioh  6f  this  last  remark  the  followmg  diagrams  exhibit  four 
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diflferent  pentagons  formed  by  joining  the  same  five  points 
taken  with  diiOferent  arrangements,  and  whose  separate  surfaces 
will  be  properly  represented  by  the  above  general  fornuile 
taking  the  same  succession  of  ordinates. 


5t  Jf 

When  none  of  the  points  can  be  encircled  by  a  triangle  or 
quadrilateral,  &c«  formed  by  joining  three  or  more  of  the  others, 
only  one  polygon  can  be  formed  with  them. 

{•  To  determine  the  area  or  surface  of  a  triangle  by  the  con* 
neclion  of  three  points  in  spac^  by  means  of  three  rectangular 
c<H)nlinates  to  ^ach  point. 

Let  Sj^  s^,  $3  denote  the  sides  which  are  respectively  opposed 
to  the  points  p^,  Pj^*  Pj  (see  fig.  i)  and 

ftSgSj,  cos  Pj  =  Sjj*  +  83*  —  s J* 

.•.  s,2  83^  cos«  p,  =?  4(;5,^  +  S32  —  p/)^, 

each  of  which  equal  values  deducted  from  s^^^s^*  we  get 
$5*83*  sin'  p^  or^  times  tjie  sguare  of  the  area 

=  V  V-iCs^'+s,^— s,T. 
But 

Consequently  4  times  the  square  of  the  area 
Which  expanded  will  be  found  equivalent  to 

+    k*2— «i)'^a   +  (2,—  «2)«i  +  (^i  —  ^a)'^!** 

X  2 
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It  thus  appears  that  the  square  of  the  required  area  rr 

We  therefore  see  by  a  method  purely  analytical  that  the 
square  of  any  surface  is  equal  to  the  sum  of  the  squires  of  ib 
orthographic  projections  on  any  three  rectangular  co-ordinate 
planes.  For  a  (i^  s,  3)  for  x  and  y  is  the  projection  on  any 
plane  parallel  to  the  plane  xy  \  a  (1,  ft,  3)  for  y  and  z  is  thai 
on  a  plane  parallel  to  the  plane  of  t/z,  and  a  ( 1 1  fi,  3)  tor  z  and 
X  the  projection  on  a  plane  parallel  to  the  plane  zx. 

This  elegant  property,  which  has  before  been  established  by 
mathematicians  on  principles  materially  diflfereiU  from  the  above, 
may  be  very  advantageously  employed  in  computing  the  areas 
of  plane  polygonal  surfaces  by  means  of  the  three  co-ordinates 
to  each  angular  point,  since  it  reciuires  merely  the  applicarion 
of  the  foregoing  problems.  It  will  be  observed,  however,  that 
the  ordinates  must  have  as  miny  dependencies  among  them  as 
the  excess  of  the  number  of  sides  or  points  above  3,*  and  con- 
sequently that  the  three  ordinates  to  three  of  the  points  being 
given,  only  two  of  the  ordinates  to  the  residue  will  be  neces- 
sary. 

SOLIDS. 

6.  To  determine  the  solidity  of  a  triangular  prism  when  the 
plane  of  one  end  is  not  perpendicular  but  oblique  to  its  edges. 

In    the  annexed  figure  let  the  upper   end 
p ,  p^  P3  be  that  which  is  oblinue  to  the  edges 
ot  the  prism  p^  d^,  p^  d^,  aha  P3  n^.     Draw 
D^  H  perp.  to  Dg  D3  and  join  p^  d^  aqd  p^  D3. 
Then  the  triangular  base   d^  d^  d^   being  at 
right  angles  with  the  edges  p^  d^,  p^.d^,  and 
Pj  D3,  it  is  perp.  to  the  plane  p^  d^  D3  P3,  and 
conseq.uentjy  d^  h  is  also  perp.  to  the  plane 
pg  D3  ;  and  therefore  Pj  Dj   being  parallel  to 
the  plane  p^  03^  it  follows  that   d^  a  is  equal . 
to  the  perp.  altitude  of  the  pyram  id  whose  vertex 
is  p^  and  base  the  trapezoid  P^  D,.     Conse- 
quently the  solidity  of  this  pyramid  =: 


D.II 

X 

trapezoid 

I  +  PlDj 

•Dj 

D^  H 
3 

£1 

3 

P,  D« 

+ 

Pj"l 

3 

^.    A   0 

B 

n      a 

m 

3 

a 

i"j' 

•  This  will  be  evident  from  a  consideiatiuo  of  llic  note  to  the  i'">- 
bleni  foilo^hig. 
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Also  the  solid  content  of  the  pyramid  whose  vertex  is  p^  and 

base  the  triangle  d  ^  Dg  D,  =  —J — ^  .   ad^  d,  d,. 

3 

These  pyramids  added  together  evidently  compose  the  given 

prism^  whose  solidity  is  therefore  z=. 

P,D,     f  P-  Dg    4-   P,  15,. 

Or  if    P^D,   =:  t/^  and    p^  d,  =  ^,    and    p,  D3  =:  .y,. 

Solidity  =  yi  +  yg-*^^^3   ^  (,^  2^  g)^ 

3 
It  hence  appears  that  the  solidity  of  any  triangular  prism- is 
equal  to  the  product  of  one- third  the  sum  of  its  edges  into  the 
area  of  the  triangular  section  perp.  to  the  said  edges, 

Forif  a  triangular  section  be  drawn  through  any  point  perp, 
to  the  edges,  the  above  result  will  apply  equally  to  both  portions 
on  each  side  of  the  section. 

7.  By  means  of  the  above  the  solidity  of  an  oblique  prism 
whose  section  is  a  polygon  of  any  number  of  sides  may  easily  be 
deduced  by  dividing  it  into  triangular  ones  with  diagonal  planes 
through  each  edge  and  the  first  one.  Thus,  for  instance,  when 
the  ptism  has  four  edges^  we  deduce  its  solidity  = 

-^ ^ 2..  A  (1,2,3)+-^ i ^  •  ^  {3^4»  0 

o  a 

or  =  ?t±|iJ:£4 .  A  (a,  3,4)+ £±±^jL£a .  ,,  (4, ,,  a). 

3  3 

Half  ihe  sum  of  which  gives  the  solidity  symmetrically 

=  -i-^-^ ^.  A  (1,11,3)4-  -2 g? *.  A{«,3.4)  + 

-2— g* ^.  A  (3,4.  04-  -^ ^ ^.  A  (4,1,2). 

8.  As  the  four  points  are  in  the  same  plane 

A  (1, 2, 3)  4-  A  (3, 4,  1)  =  A  (2,  3,  4)  4-  A  (4, 1,  2). 

If  from  each  of  these,  multiplied  by  -^ ^-- — *  ,  the 

3 

two  preceding  values  of  soKdity  be  respectively  taken  away  we 

^^  •  A(t,.2,3J+^  .  A(3,4,  l)=  ^  .  A(2,3,4)  \-  ^  .  A(4,l,2) 

333^ 
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which  may  be  regarded  as  a  condition  of  four  points  being  in 
the  same  plane  with  each  other. 

p.  To  fiDd  the  solidity  bounded  by  planes  passing  thnoii^  foar 
pomts  in  space,  or  to  find  the  solidity  of  any  pyramid  by  mcaai 
of  three  rectangular  co-ordinates  to  each  point* 

Let  Pi  9  P«  9  P3  and  P4  represent  an  or« 
thographic  projection  of  the  four  points 
upon  tne  plane  in  which  the  two  first  or« 
dmates  x  and  y  are  taken,  and  let  the 
ordinates  be  denoted  by  .v^,  y  ^  z^ ;  x«y 

ytjHf  Xa.Xv  *^9  ^4>  y^iand  z^.  Then 
by  the  preceding  together  with  the  first 
problem  we  have  the  oblique  prism  above 

the  triangle  Pj  p,  p,  =;  ^'^^^"^'^  .  a  (1,  ft,  3);  the  prism 
above  the  triangle  P3  P4  Pi  =  ^^  ^'  ^*  "^  '{  .  A  (3, 4,  1) ;  the 
prism  above  the  triangle  p,  p,  p^  =  ^  "t*  ^3  -f  £i  ^  ^  ^^^  ^^  ^^ 

and  that  above  the  triangle  P4  Pj  p«  =  £lilfLi£i,  a  (4, 1,2). 

Now  the  difference  between  the  sum  of  the  prisms  above 
Pi  P»  P3  and  P3P4  Pj  and  the  sum  of  those  above  PtPjp*  and 
P4P,  Pi  will  evidently  give  the  required  solidity  of  the  pyramid, 
that  is  the  r^^uired  solidity  zz 

the  oblique  pnsm  above  p  1  Ps  P3  +  ^A^  oblique  prism  above  p,  P4  Pi 
—  ihe  oblique  prism  above  p,  P3  P4  —  the  oilique  prism  above 

e,P.r.=  5L±MJ3  .^,,.,3)_«.i±^.  ^f.,3,^, 

«  3 

^]A(i,t,3)+  A  {3»  4. »)  —  A  (4,  1,  ») J 

+  j|^(3.4*0+  A(i,2,3)  — A.(«,3,4jJ 
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—  -^  )  A  (4,  1,  2)  +   A  (2,  3,  4)—  A  (3,  4,  l)i 
=  |^f«,3.4)~|   A(8,4,  0+^/^(4,1,2)-^  A(l,2,«). 

Orby  Prob.  i»t  = 

^^(^3— ai)y4  +  (*4-  *3)yj  4-  (^-2— *4)y3^ 
—  -g-](j^4— *3)yi  f  (a^i  —  *4 )y3  +  (ars  —  «i  )y4 
+  '^y'i  —  ^^  )y*  ^  (*«—*!  )y4  +•  (*4— *2  )yi 

—    ^)(*i  — *l  )y3+   («3-*2)yi    +  {Xl—Xs)y^^ 

an  expression  entirely  in  terms  of  theordinates* 

We  have  now  determined  two  formula  for  the  required  so- 
lidity, viz, 

gf   4-gl+gj         .  ..     «    ^>        Xj  -f  ^3  +  3^4  ^3  4-g4+igi 

^ .A(l,2,3) .  A(2,3,4)  h 

.A(3.4,l)-^^i±-^^±-^   A  (4.1,2) 
ai)d5-,^(2^3,4)_^.A(3,4,i)+?^.A(4,l,2)-?iAfi,«,3). 

0  u  u  O 

But  notwithsanding  the  particular  symmetry  and  simplicity 
of  both,  the  latter  is  certainly  preferable  to  the  former,  and, 
it  is  presumed,  will  be  found  better  adapted  for  actual  computa- 
tion when  expressed  in  the  following  form. 

Solidity  =  ^  1 2^(2,3,4). «i-2a(3,  4,  t).Z8 +2  a(4,i, 2).aP3— 

2 A  (1,9,  3);24}- 

For  example.  Suppose  theordinates  to  the  1st  point  =  2,  5 
>nd9;  theordinates  to  the  and  point  =  4,  3,  and  1  ;  those 
to  the  3rd  point  =  7, 1,  and  5 ;  and  those  to  the  4th  =  10, -8, 
>nd6«    In  this  case  the  arrangement  stands  thus : 

Ordtnates.     ist  point  «=  '2,    ^,  and  9 

■   snd  — -  =  4,    3,  and  1 

'  "'        3^^  =  79    i»  and  5 

■  4th  — —  =:  to,  8,  and  6. 
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And  the  following  exhibits  the  whole  calculation  : 

find  point   4.3 
3rd  7.1 

4  th  10.8 

4th  point  10.8,     16 

18t 

2nd 


25      30>22  = 

4.3—24)2  A(4.  J,  2) 


3rd  point  7*1 
4th  10.8 

1st  2.5 

1st  point  2.5 
2nd  .  4,3 
3rd  7.1 


-8 
40^47  = 


.••  2  A(2, 3,  4) .  t?i  =  H-  27  . 9  zr  +  243 

-  2^(3,4,  i),z^  =: —47.  1  :r—    47 
-\-  2A(4,i,2).2j  =z  1  22  .5  =  +  110 

—  2a(i,2»3)-^^  =—   «-6=—    12 

6>94 

49  Solidity. 
In  all  cases  it  will  be  observed  that 

As  the  extension  of  the  Problem  to  any  number  of  points 
may  be  easily  accomplished  by  methods  entirely  similar  to  the 
foregoing,  I  shall  not  at  present  proceed  further  into  the  sub- 
ject. It  is  necessary  however  to  observe,  that  when  there  are 
more  than  four  points  the  solid  may  be  diiferently  formed,  and 
consequently  that  a  description  uf  its  formation  must  be  given 
in  the  Problem. 


ARTICLE  XIX. 


New  Researches  in  Spherical  Trigonometrt. 

Bj  Mr.  T.  S.  Davies,  Bath. 

The  radii  of  the  circles  described  in  and  about  a  spherical  tri- 
angle have  long  since  been  assigned  as  functions  of  the  sides 
and  angles  respectively  of  that  triangle  by  Lagrange  and  others; 
but  the  circles  described  in  and  about  the  ihree  other  triangles 
made  by  producing  the  sides  of  the  original  one  till  they  two  and 
two  intersected  a  second  time,  had  never  been  discussed  till  the 
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subject  was  taken  up  by  Mr*  Lowry  in  the  Mathematical  Re- 
pository  about  fourteen  years  ago.* 

That  elegant  and  inventive  geometer  there  gave  expressions 
for  the  several  inscribed  radii,  and  to  my  own  knowledge  he 
was  in  possession  of  a  ntimber  of  other  curious  properties  which 
he  did  not  there  put  down.  T*he  long  suspension  of  the  Re- 
pository (his  usual  organ  of  publication)  which  took  place 
about  that  time,  and  the  occupation  of  his  mind  in  the  interval 
between  its  suspension  and  renewal,  by  other  subjects,  pre- 
vented his  publication  of  any  of  the  remaining  results  be  had 
obtained. 

In  1825,  Mr.  (now  Dr.)  Luby,  of  Dublin,  published  a  thin 
octavo  on  Trigonometry,  a  work  of  considerable  merit  in  se- 
veral points  of  view.  From  the  Repository  he  transferred  Mr. 
dowry's  values  of  the  radii  inscribed  in  the  supplemental  asso. 
ciated  triangles  ;f  and  it  was  probably  by  this  work,  (Luby*s) 
that  Dr.  Lardner's  attention  was  called  to  these  expressions, 
and  by  which  he  was  led  to  the  values  of  n  and  N  in  terms 
<)f  the  inscribed  and  circumscribing  radii  respectively  of  the 
lour  associated  triangles. j: 

Nothing  more  has,  I  am  pretty  sure,  been  done  by  English 
writers^  as  the  only  two  subsequent  authors,  (Messrs.  Hind§ 
and  Wilson)  the  former  has  merely  given  the  properties  amongst 

*  Math.  Repos*  No.  16.  p.  1—8.  The  folio  wins:  errata,  pointed  out 
to  me  by  Mr.  Lowry  himself  occur  in  that  solutioD,  and  which  this  may 
be  the  proper  place  to  notice. 

Page  6. 

Inequation  (14) /or  tan  -    read  sin   r- 

—  (15) tan  R tan  r. 


. (IC) tan  I sin  j-. 

M  (20)——  sin  J  ■ sin  ^  . 

(In  tlireo  places.) 

t  Vide  Yoong's  Trigonometry,  Sapplement,  for  this  de^iignation. 

X  Lardner's  Trigonometry,  p.  150  and  163, 
^  S  This  gentleman  must  excuse  me  if  I  intimate  to  him  that  a  little 
more  specific  acknowledgment  of  the  sources  of  the  propositions  which 
be  deserves  great  praise  for  being  so  indefatigable  in  coileetiag» 
would  be  much  more  satisfactory  to  the  authors?  of  the  problems  and 
theorems  with  which  his  books  are  enriched.  One  would  think  the 
Ladies'  and  Gentleman's  Diaries,  and  such  other  works  were  un- 
known to  such  compilers  did  we  not  see  good  evidence  of  the  faol  ki 
the  number  of  propositions  which  are  annually  extracted  from  them. 
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hit  exercise!  upon  the  latt  page  of  his  work,  and  the  latter  has 
given  a  demonstration  little  if  at  all  differing  from  the  origioal 
one  by  Dr.  Lardner.  With  respect  to  foreign  works  I  could 
speak  with  less  certainty,  though  still  in  a  style  far  from  ex* 
treme  diffidence.  It  is  not  in  Cagnoli,  nor  in  any  one  of  the 
systematic  writers  on  trigonometry  that  I  have  seen :  neither 
have  I  found  in  such  of  the  foreign  journals  as  I  have  hap- 
pened to  consult,  the  slightest  indication  of  an  imphed 
knowledge  of  these  values.  There  is  one  author,  however, 
whose  work  I  have  never  been  able  to  procure  a  sight  of,— 
viz.  Lhuilier  — who,  it  is  possible  might  enter  upon  these  to- 
pics :  and  I  am  the  more  inclined  to  suspect  that  he  had  from  ■ 
question  in  the  Mathematical  Companion,  No.  XXII.  p.  8091 
that  seems  to  be  taken  from  him,  having  a  relation  not  very  re« 
mote  from  these.*  This  I  think  is  the  only  place  whfere  it  is 
at  all  probable  that  any  anticipation  of  these  results  may  be 
found. 

The  origin  of  all  these  researches  amongst  English  writers  is 
very  clearly  the  paper  cf  Mr.  Lowry,  both  on  account  of  the 
proof  furnished  by  Dr.  Luby's  reference  to  the  Repository,  and 
by  the  following  incident.  Mr.  Lowry  had  employed  a  figure 
in  which  the  angle  and  side  related  to  the  circle  in  the  supple- 
mental triangle  which  he  examined  were  B  and  i.  He  marked  the 
radius  r',  and  took  the  others  related  to  a,  a  and  b,  b  respectively, 
he  marked  r'^  and  r'" :  that  is,  in  reference  to  symmetrical  ar* 
rangement  of  the  letters  denoting  the  angles  and  the  accents 
upon  the  symbols  of  the  radii^  he  had  been  accidentally  led 
by  his  figure  to  interchange  r'  and  r'\  All  the  authors  who 
have  given  demonstrations  of  the  properties  have  made  the  same 
transposition.  This  interchange  could  scarcely  have  been  ac- 
cidental, inasmuch  as  in  that  case  instead  of  one  single  mode 
of  interchange  we  should  have  expected  as  many  varieties  as 
there  were  authors  who  made  them. 

The  following  speculations  are  founded  upon  the  values  of 
the  inscribed  radii  given  by  Mr.  Lowry,  and  the  circumscribed 
by  Dr.  Lardner.  They  form,  however,  but  a  very  small  portion 
of  the  results  to  which  I  have  been  led.  A  few  others,  altogether 
different  from  these  (one  single  result  excepted)  are  given  in  a 
supplement  to  Young's  Trigonometry :  and  a  collection  still 
more  ample  will  probably  be  published  in  another  form  in  the 
course  ot  the  present  year. 

Bath^  Oct.  85,  1832. 

•  The  title  of  the  work  ia  Element  a* Analyse  Giomkrique  et  tTAnmlifSi 
Alg^braique,  etc. 


(     »7i     ) 

Let  r  r,  r^^  r,^f  be  the  radii  of  the  circlet  inicribed  in  the 
four  associated  triangles,  that  of  the  fundamental  one  being  r : 
and  Tf  r„  r,,,  touching  the  sides  a»  6,  c,  in  order»     Then, 

.    .    .     .    r+a— 6   .    c— a — 6 

tan  r    tan  r,,,  ==  sin  $ — b  sin  s — a  zz  sm sm n 

•in* sin' • ( I ) 

9  2  ' 

.    .    >    64-c  — «   .    c-^a—b 

tan  r    tan  r,,  =r  sin  j — a  sin  5 — c  rr  sin sm zz 

//  2  2 

sm'  -  —  sin* (2) 

2  2 

.  . 5    .    .    a  [■  b — c   .     a — b — c 

tan  r    tan  r.  ==  sin  s — b  sm  i  — c  zr  sm sm  -    "    '■     =: 

^  2  2 

.  -  a         .  -  6  — c 
sin    —  —  sm' •••••. (3) 

2  2  ^ 

.    a  +  6  4-  c   .    a-l-A— c 

tan  r^  tan  r,-  =  sm  s  sm  j — a  =  sin  — sm  — =: 

sin*  —  sin*  ^     (4) 

2  8 

.     — ^        .     a  +  c  4-  ft  .    tf  +  c— 6 
tan  r^  tan  r,^,  =:  sm  s  sm  5—6  =  sin ^ sin —  =z 


.  ,  a  +  c         .  2  ft  , 

sin* ""^     ^^ 

.     .     ftl4-  c  -f  a   .    ftlT— a 

;in  f — a  =  sm  -^ sm n 


tan  r„  tan  r,^,  =  sm  *  sin 

sm* sm*  — .  (6) 

22  ^  ^ 

By  adding  (1,  4),  (a,  5).  and  3,  6)  we  get 

•     «^^"ft  •     4^""^  •        1  /     \ 

tan  f  tan  r,,,+tan  t,  tan  r„  =sin*  -jj sin*  -^  =  sin  a  tin  ft  • .  (7) 

Un  r  tan  r^,  4-  tan  r,  tan  r,,,=:  sin*  — ^  —sin*—  =  sin  a  sin  c  .  (8) 

tan r tan r,   +  tan  r,,  tan r,„  =  sin*  -j-  —sin*  -^  =:  sin  *  sin c. . (9) 

Whence  by  adding  (7,  8, 9)  we  get  a  remarkable  formula,  n«, 

y  2 


(     »7«    ) 

ta  inan/-/+tanrlanr/^+tanrtanr//^+tanr/anr,,+tanr^tanr^^,+lanr,jUnf^;,=: 

sin  a  sin  6  4-  sin  a  sin  ^  4-  sin  6  tin  c (io) 

or  the  sum  of  all  ike  rectangles  of  the  tangents  of  ike  four  radii 
is  equal  to  the  sum  oj  all  the  rectangles  of  sines  of  the  sides. 

The  plane  theorem  corresponding  to  this  has  been  already 
proved  by  different  methods  in  the  last  number  of  the  Mathe* 
matica)  Repository  (XXIII).  In  the  discovery  of  that  pro- 
perty itselt,  however.  I  find  I  had  been  preceded  by  Carl 
Jacob!  of  Koningsberg,  in  a  curious  dissertation  on  the  pro- 
perties of  plane  triangles,  published  at  Leipsig  in  i  Ssj.  Of  this 
work  I  shall  add  only  that  a  translation  will  appear  in  the  present 
and  subsequent  number  of  the  Repository.  It  did  not,  however, 
originate  with  Jacobi,  for  he  refers  to  a  little  work  by  Fuer- 
bach^  published  at  Nuremberg,  which  I  have  not  teen,  en- 
titled *'  Eigenschaften  einiger  merkwurdigen  Punch  des  Gerad* 
linigen  Dreicks^  2fc.  1822*  It  is  only  by  accident  that  such 
books  find  their  way  to  this  country,  and  they  can  scarcely 
ever  be  obtained  to  order,  so  that  it  would  be  almost  hopeless 
to  search  for  this  tract,— •though  doubtless  it  contains  a  series  of 
very  curious  and  interesting  properties  of  plane  triangles.  I 
can,  therefore,  hold  out  no  promise  of  being  able  to  give  a  fuller 
account  of  it. 

By  the  property  of  the  polar  triangles,  that  R^  +  r  1=  -  •  etc 

and  cot.  r'  =  tan  r,  sin  a^  =:  sin  a,  etc. 

(Vid.  Young's  Trigonumcry.  Suppt.) 

cot  R'cot  k\^  +  col  r'';  cot  K^,,  =  sin  a'  sin  b' (tO 

cot  r'  cot  r'„  +  cot  R,,  cot  r',,,  zz  sin  a^  sin  c^  •  •  •  •  •  .(ts) 

cpt  r'  cot  r',  +  cot  r',,  cot  r'„^  =:  sin  b'  sin  c' (13) 

or  by  adding  these,  we  have  an  equation  analogous  to  (loj,  and 
equally  curious : — 

cot  r;  cot  R',    +  cot  .t'  cot  b;„  i^.^  ^,^.^  ^,       ^.^  ^,  ^^  ^, 

+  cot  R'  cot  R  ,  +  cot  R     cot  K,  \  , 

+  cot  r',  cot  r',,^  -h  cot  ir^^cot  k\,,  ) 

Pm  (7),  (8),  (9)  «qual  respectively  to  t,„  /,,  and  t, ;  then  we 
have  by  division 


i„         Sin  c 


//    ""  sin  c 


(    »73     ) 


(16) 


.•.  Sin  ^  n  sine  .  -^f 

'-[    

sintf  =  sine  •  -j^j 

*/ 

which  ioserted  in  (7)  give 

sin  tf  sin  &  =  I, ,  s=  sinV  .  --^'- ,  or 

.;^i.^ ^//^ _  (tanr^tanr,,^.f tanrtanf,,)(tanr,,^-f tanyanrtanrj,^   . 
/yv  ^^i'l  ^  ^*n  r,„  +  tan  r,  tan  r,^  ^  ^ ' 

and,  in  like  manner, 

3in*6=  ^^^"  ^  tanr,,,+un  r^an  0(tan  rtan  r,+tanr,^tan  r,„)    ^ 

tan  r  tan  r,/ +  tan  r,  tan  r^^^  **^   ^ 

.  ,  _  (tan  f  tan  r,;  4-  tan  r,  Un  P;^ )  (tan  r  tan  r,„ + tan  ri  tan  r^t 

""  tan  r  tan  r,  +  tan  r/^  tan  Vf,,  ••1*9) 

We  might  instead  of  writing  the  polar  triangles  as  before  change 
the  tan  r,  &c.  into  cot  &/  etc. :  and  change  the  sides  a^  6^  r, 
into  A',  b',  c',  and  a  corresponding  set  of  formula  will  result, 
which  need  not,  however,   oe  set  doivn  in  this  place. 

To  proceed :— ^ 


sin*A  = 


_  4  sin  «  sin  *— a  sin  s — b  sin  s — c 


sin^6  sin'c 


4  tan  r  tan  r,  tan  r,,  tan  f/,, 

"^  '      U  L        *      'J  • 

Sin  0  sin  c 
_  4  tan  r  tan  r,  tan  r^/  tan  r,„ 

//* 
^      4  tan  r  tan  r^  tan  r^,  tan  r,,, 
""  (tan  r  tan  r^  +  tan  r^,  tan  r,fg) 


9  • 


.••cos' A 


.  .       (tanrtanr,+tanr,,tanr,,,')*-4tanrtanr,tanrtanr,,. 

(tan  r  tan  r^+  tan  r,,  tan  r,„)« 


^  tan  r  tan  r,—  tan  r,,  tan  r... 

cosA=:  ± : ^ ^ ^ 

tan  r  tan  r,  +  tan  r„  tan  r,,. 

In  like  manner 


■.(•«). 


tan  r  tan  r^^  +  tan  r,  tan  r 


// 


CO,  c  =  +  tanrunr,,,~tanr,unf^ 
~    tan  r  tan  r,,,  h  tan  r,  tan,. 


(    *74    ) 


Now  there  does  not  at  firtt  sight  seem  to  be  any  reason  why 
we  should  select  one  of  these  signs  rather  than  the  other^  or  in 
other  words  whvthey  should  not  both  be  applicable.  The  truth 
is,  as  in  many  other  algebraic  processes,  that  the  problem  we  have 
solved  is  more  general  than  the  one  proposed,  inasmuch  as  we 
have  obtained  not  only  the  vertical  angle  in  equation  f  ao).  but 
also  its  supplement.  To  ascertain  which  of  the  signs  belongs  to 
the  angle  itself  we  may  proceed  thus  :^ 

By  (I,  4)  we  have 

.  .c       .  „a-b       .  , Q+b  ..•€,. 

tanrtanr,,,— tanr,tanr„z:sin*  -  —sin'  —    — im* +  sm  -  .•(«i) 

S  2  S  z 

Now  sin*-^  =:  |(i— cosa— ^)=:f— -f^^osacosft— |sintf  iini 


sin =  J(i— cosa— 6)=:|— Jcosacosi+Jsintfsini  j^ 


. .{") 


2  cos^  ^  =:  1  —  cos  c. 

2 

Or  inserting  (22)  of  (21)  we  get 

1— cose— 1  + cos  a  cos  i  — cosr-f  cosacosi    , 

cos  c  =:  ±  ,:^  ^  ,:„  A —  :t  7m~im: ••\*3' 


sin  a  sin  b 


sin  a  sin  b 


n  ,  ,  cose  —  cos  a  cos  b 

But  we  know  that  cos  c  =  ; ; — ,     ■ 

sm  a  sm  0 

—       —  cos  c  4-  cos  g  cos  b 
~~  sin  a  sin  6  * 

or  the  sign  —  is  to  be  taken   in  equations  (20) :  that  is  we  have 

tan  r  tan  r,  —  tan  r,,  tan  r,,, 
cos  A  =  —  .  '. : 


tan  r  tan  r,  +  tan  r„  tan  r^,^ 

tan  r  tan  r . .  —  tan  r,  tan  r,, 

cos  B  = ' ^ 

tan  r  tan  r,,  +  tan  r,  tan  r„, 

tan  r  tan  r.,, —  tan  r,  tan  r,, 
cose  =  —  : ^^^— -. 


..-(m) 


From  these  we  have 


tan  r  tan  r,,^  +  tan  r,  tan  r 


// 


1  —  cos  ▲ 

i 
1 4- cos  A 


=  sin«|A  = 
=  cos*  |A  = 


tan  r  tan  r, 


tan  r  tan  r,  +  tan  r,,  tan  r,,. 


tanr^tan  r,,. 


2  -         tan  r  tan  r,+  tan  r,,  tan  r,,,    f 

By  reason  of  which 


(«J) 


tan  r^,  tan  r„, 


J 


(     «76    ) 


Similarly  wc  obtain 
Bin*  \b  = 


tan  r  tan  r 


// 


tan  r  tan  r,,  +  tan  r,  tan  r 


/// 


cos^|b  =: 
tan  I  B  = 

•in«|c  z: 


tan  r,  tan  r 


/// 


tan  r  tan  r,,  +  tan  r,  tan  r,,, 
tan  r  tan  r. 


(86) 


// 


tan  r,  tan  r,,. 


tan  r  tan  r 


/// 


tan  r  tan  r,,,  -f  tan  r^  tan  r. 


cos 


Mc  = 


tan  r^  tan  r,. 


tan*  }c  =: 


tan  r  tan  r,„  +  tan  r,  tan  r^, 
tan  r  tan  r 


(^7) 


tan  r,  tan,. 


If  we  multiply  the  third  equations  of  (tj*  26,  97)  together 
we  shall  have 


tan*  I A  tan'  {  b  tan'  {c  zz 


tan  r       tan  r       tan  r 


tan  r,      tan  r,,     tan  r„. 


,(»8) 


Hence  also  from  the  same  equations^  we  get  by  division 

tan  ^A  _  tan  r 
tan  (b  ""  tan  r. 


// 


(89) 


tan  JA  ^  tan  r/ 

tan  4c  ""  tan  r,„ 

tan  |b  tan  r„ 

tan  |c  tan  r,„. 

Leaving  these  equations  and  the  consequences  which  may  be 
deduced  irom  them  for  awhile»  we  may  K)btain  certain  other 

Sjuantities  frequently  occurring  in  triffometrical  researches,  in 
unctions  of  the  raaii  above  mentioned* 
By  (15)  we  have 


sin  i  +  sin  c       ts„  +  i 


sin  b       tjj, 

— —.»  —    i£L  or    . - 

sin  c        I,,        sin  i  —  sin  c 


•/// 


v/ 


•///      •// 


or 


tan|(64-c)  _  (tanr tan r,„ -f  tan r„tanr,) 4- (tanrtanr,,-^. tanr/anr,,,) 
tan  iijh—c)  "~  (^tanrtanr„,+tanr,,tanf')— (tanrtanr,,+tanr,tanr,„) 

__  tan  r  (tan  r,,,  4-  tan  r,,)  4-  tan  r,  ( tan  r,„  4-  tan  r,^) 

"~  tan  r  (tan  r,,,  +  tan  r„)  —  tan  r,  (tan  r,„— tan  r,,) 

_  (tan  f  4- tan  r,)  (tan  r,„4-  tan  r,,) 

*"  (tan  r— tan  r,)  (tan  r,„— tan  r„) 

sin  (r-r,)  fin  {r,„^r^ 


(     i7«    ) 


tan  |A—  c  ' 


coi(-r+r^-r,^+r,„)-cot(-r+r,+r,,-.r,„) 


Un  |a— ^ 

tan|a-hc 
tan  fa — c 


cos  (r-r^-r,^4r^,^)--co8  (r+04-r,,-f  r^J    ^  ^    . 

cos(-r+r,-.r„+r,„)^cos(-f-'r,+r„+r,„) 

cos  (r-r^+r,,-r^,,)-cot  (r4T^4>r^^-f>r^^) 
co8(-r+r,-r„+r,,,)-cos(-r-r,+f,,+r,„)  j 


We  shall  defer  the  further  consideration  of  the  very  varied 
classes  ot  formulae  where  trigonometrical  functions  of  the  com- 
ponentsof  the  triangles  are  expressed  in  trigonometrical  fane- 
tions  of  the  sums  and  differences  of  the  radii,  till  a  future  part 
ot  this  paper,  and  confine  our  attention  for  the  present  chiefly 
if  not  wholly  to  those  expressions  in  which  only  by  the  sura, 
diiFerences,  products*  &.c.  of  the  tangents  of  the  radii  themselves 
are  concerned.  The  enauiry  is  rich  in  curious  and  interesting 
results,  which  ever  way  it  is  viewed. 

Again,  by  the  common  trigonometrical  formulae  we  have 


.    A  4-  B  +  c 
am = 


.A  B  C..B  C  A..C  A  B        .A.B.C 

+  sm -  COS—  COS  -  +  sin--  cos— cos-  -f  sin  —cos-  cos sm  -  sin  —sin  - 

^8SS  S82  228  9%^ 

A  +  B — C 

Sin  ^  = 

2 

,A  B  C..B  C  A        .C  A  B..     A.B.C 

4.sin  -  COS -cos  -  +  sin  -cos  -cos sin-  cos  :-  cos- +  sin  --  am  -  $m- 

^232222  222  2         22 


sin 


A  —  B  +  C 


(J' 


.A  B  C.B  C  A,.C  A  B.     A.B.C 

+  sin— COS-  COS -—Sin -COS -COS-  ^  Sin -COS -cos -+Mn-  sm-sin- 
^2         2         2  222  2222         2S 

.     —  A  +  B  4-  C  _ 

sm == 

2 

.A  B  C..B  C  A..C  A  B..     A.B.C 

—  Sin -COS— cos  -+sin'  cos --cos -r  +sin-cos  -cos -4- sin -sin  ^  sin.- 
222  222  222  229 


(   ^n   ) 


A  4-  »  -f  c 


\  -co$-r  co«---rTCOs    sm  -  sm 

3 


B 


C.A.B  B.A.C  A.B.^ 

2S2  ^82  839 


C  C.A.B  J^    •     A    •     C     ^^^  A    .     B    .     C 

I  -CQijcos— cos^sin  ^  %\xi  -H-cos^  sm- wn  j-coi -sin  -sin  ^ 

.  A  — B  +  C 
2 
AR         O  G  A.B  B*A.G  A.fi.C 

I  jco»-  cos^+co«-|  sin  ^  s^n  --.cos-  sin  -  im  *  +  co8-  sm  ^  sm  j 

AB  C  0  A  B  B.A.C  A.B.C 

I-C08  -  cos- +  COS -Sin--  «"  •  +  cos-8in  r-sm -j-cos^sin-j  sm  5 

S29  82  2  232  2  a  s 

In  (81)  ancl  (32)  insert  the  values  of  sin  -•,  cos  —    etc. 


>(8«) 


from  {25,  26,  27),  and  we  readily  obtain, 
A  +  B  +  €  _ 


cos 


3* 

|an  ff  tan  x„  tan  t,„^  tan  r  tan  f ^  tan  r^/— tan  r  tan  r^  tan^^  ->  t  an  r  tan  r„  tan  f ^^^ 

or  4ivi4ing    both  nuii^crator  and  deRpminator  by  (tan  r  tan  r, 

tan  f  t^n  O  and  pmting  p  for  resulting  4enoniinaior  gpd  per- 
forming  similar  operations  upon  the  remaining  equations  of  (32) 
we  shall  get 


A+B+c__      —cot 


r-<>cotr.+  co^r,,+cotr,,,^^^^^^^^     ^^^     ^^^^  ^i^ 

2         ""  D  <  ) 

^A+B:-c  _^  cotr-hcotr.+cotr,,--  cotr,,,S^^^.  ..>  .  .^.  .  ^  ....  .  p 

,A-2iiC  ^  cotr+co^r,-^ot^^  M 

2  DC  ^ 

^::A+B+c  _  cotr-cotr,+  cotr,,4-cotf,,, 5 ^^^ ^ ^^^^ ^^ ^^^ ^^^ ^^^  ^^^^ / i 

2       ""  D  (f  3    . 


(     «78     ) 


In  like  manner   for  the  sines  \ce  have  the  following  results, 
first  putting 

\/(tan  r  tan  r^+tan|r,yUn  r,,,)(tan  r  tan  r,,+tanr„/an  r^X^tao  r  tan  r„,+tanr/anrlr^ 

.^  A4-B-f  c  _  — tanr+tanr.+tanr,+tanr,.,      c  )4^ 

«in — —  =: cZL — J^ ^  ,  3tanrunr^anr,^anr,„[ 


sin 


8  D 

A-l-B— c  ^  tan r + tan r^ -f  tan r^^—  tan r„. 


sm 


S 

A— B 


^"•) 


tan  rtan  r^tan  r,/an  r,,, 


I 


8 


4-c        tan  r+tanr,— tanr.,4tanr,,,      S.  ?* 

—  =  ' — 7 — ^'  •  <Unrtanr/anr,;tanr,„C 


<* 


.    -A+B+c      tanr— tanr,  +  tanr,-  +  tan 

sin  -S—  =  '    ; — (' 


v.| 


tan  r  un  r^tan  r,,un,y 


i'. 


By  means  of  (32,  331  34)  we  may  obtain  a  considerable  num- 
ber of  curious  theorems.  I  shall  here  select  from  my  notes 
only  a  very  few  of  those  which  I  have  deduced. 

By  a  common  formula 


€ot'|a  =  - 


cos  8  cos  8 — A 


cos  S  — B  cos  8— C 


A+B+C  -A+B+C 

COS COS    . 

3 3 

A— B  +  C  A-fB  — C 

COS  ■  COS    ■' 

S  2 


,that 


I 

18  by  (J 


«  J    -.  (—  cot  r  -I-  cot  r^-4-  cot  r^^+  cot  r,,/)  (cot  r—  cot  r^ + cot  r^/-4-  cot  f,J , 
^   "^    (cot  r  +  cot  r, — cot  r,^  f  cot  r,^,)  i^cot  r  +  cot  r,+ cot  r,^ — cot  r,„) 

,  ^  t  _  (—cot  r-t-cot  r^  t- cot  r^^+  cot  r^,^)  (cot  r-f  cot r^—cot  r^, 4-  cot  y///^f  /  J 
*   "■  (cot  r— cot  r,  +  cot  r,,  l-  cot  r,„)  (cot  r -h  cot  r,  +  cot  f„  -  cot r,„)[  ^ 

J ,  _  (-*  cot  r+  cot  r^4-  cot  r^^  4-  cot  r^^^  (cot  H-cot  r^  +  cot  r^^ 
""  (cot  r— .  cot  r, + cot  r^,-f-cot  r,,,)  (cot  r  +  cot  r^—  cot  r,,- 


-coc  r,„) 
-t-cotrj 

Denote  now  the  several  cotangents  employed  in  these  equa* 
tions,  thus 

cot  r     zz  —^^^P^  ^^  P/  +  P//  -^  <^Q^P/// 


cot  r  =       <^ot  p-cotp^  -h  cot  p^,  f-  cot  p^^^ 


cot  r^,  = 


_  cotp  +  cot  p, —  cot  p,,  +  cot  p,,,  i 


> . . .  .(36) 


cot  r,„  - 


cot  p  +  cot  p^  4  cot  p,,  —  cot  p,,. 


or^  which  conies  to  the  same  thing, 


(     »79    ) 


cot  f>  =  —  cot 

cot  q,  zz      cot  r  — 


•   t  •! 


(37) 
cotp„=:     cot-  ' —  -     .    --.  -    r  \of 

cotpfffZz     cot 

Hence  also 

cot  p  cot  p,+  cot  P/,cot  p,„-=i 

(— cotr+cot  r^+cotr,,+  cotr,J(cot  r— cotr,+  cotr,^+cotr,„) 

+  (cot  r  +■  cot  f ,—  cot  r„  H-  cotr,,,)  (cot  r  -f-  cot  r,  +  cot  r,, + cot  T,„) 

=  { ;cotr„+cot  r,„)+(cotr-cotr,)}[(cotr,,+cotr,„)-(cotr-cotr,)} 

•*-  {  (cot,/+ coir,) + cotr„-cot  r,,,) }  { (cotr, + cotr„)-(cotr,,-cotr/,,) }  ^  ( 8^ ) 

cot  p  cot  p'+  cot  p„  cot  p,„  =  (cot  r  f  cot  r^,,)^ — (cot  r— cot  r,)* 

+(cotf +cot  r,)«— (cot  r,,— cot  r,„)* 

2:  4  col  f,,  cbt  r;,,  ^:  4  cot  r  cot  r, 

=  4(cot  r  cot  f,  +  cot  r„  cot  f,„) 

Then  wc  baVe 

cot«  ^  =  ^^  ^'  ^^  ^" 
a         cot  p  cot  p,,f 

*  c  cotp,  dbtp,,  .  .      . 

cos*  -  =  : — ^-^^ — ^-^ — — -.  I )ao) 

fi         cot  p  cot  ^„,  +  cot  p,  cot  p,/  ^  •^ 

sin«  ^  n  cot  p  cot  ^,„ 

ft         cot  p  cot  p,,/  4*  cot  p,  cot  p/, 

cot^  *.   -:  cot  p/  cot  p,,, 
ft  cot  p  cut  p,, 

«      A  cot  Py  cot  p.,,  , 

cos«  -    r:  5^4 — -^'^ I, f4o) 

2  cot  p  cot  p,/  -h  cot  p,  cot  p,,,  >  ^^  ^ 

.  -  h  cot  p  cot  p,f 

sin    —  r:    =-- --^ 

9         cot  p  cot  p,,  +  .cot  p,  cot  p,^ 

cot«  --  =:  ^Q^  e//  cot  ^,„ 

8  cot  ^  cot  ^, 

c   ^                              cot  P„  cot  o,„               f  . 

COS*—     ZZ ^ 5W ^1     /     jj 

ft         cot  ^  cot  ^,  -r-  cot  §,,  cot  §//,  ^'  ^^ 

.;««  ^   -  cot  g  cot  g, 

sin*  -*  :s  ■ ^ — 

2         cot  §  cot  ^,  "hcot  §,,  cot  §,,y 

From  these  equations,  compared  with  (9  j,  269  97)  w«  learn 

ABC 

the  remarkable  fact,  thai  whatever  function  -  ,  - ,   r  ^'"^  ^/ 

•^  9        2        9'^ 


(     i8o     ) 


the  tangents  ofr^  r^,  r,^^  ^i„^he  same  Junctions  will  it  tke  com^ 
plenunts  ?/  j  »  -  .  -^  be  of  the  cotangents  of  ^^  §„  §,„  e,„- 

S         v         8 

The  followiDg  equations  'flow  at  once  from  thoae  just  eiti« 
blished : — 


^»c       ^^h  a         tan 

cot*  -  cot*  —  cot^^    —  = 
8  d  a 


tan  4?        tan  g 


....(42) 


tan^^     tan  q,^ 
which  may  be  compared  with  (aS)* 

cos  c^  —  gQ^g^oM///-^cotg//C<>t^/' 
""       cot  g  cot  ^//^  +  cot  f ^,  eot^/ 

,  cot  ^   cot  19..-^ cot  ^y  cot  0.1  {.^\ 

cos  0  1= » — ^-^ — -^^ ^K .(43' 

cotrg  cotf^/+cot  ^,,  cot  q, 

'td^'a  ^   .    <H)tcgcotg,-.CQtg,,cotg,,, 
cotgcotg,4-cotg„cotg,„j 


sm 


(cot  e  cot  g,,,+ cot  g^  cot  g„)« 

sin  i«  =   4  <^ot  g  cotg,<sot  g^  cot  g^,, 

(cot  g  cot  g,,+ cot  g,  cot  g,/,)*.  f  *  ' 

jin^i, ,,, .  4  cot g  cot  g^  cotg^cot  g,^, 


•  • 


• .  .(44) 


(cot  f  cot  {/+  cot  $//COl  5,/,)*. 

tan«c=   4<»«'gcot>g^'eoti;,/cote,,,: 
*"  (cotjcot^;,/— eotj,  ootg,,)* 
laa«j_   4  cot  c  cot  6/ cot  g^^  cot  g^^^  I 
(cot  g'cot  g,> — cot  ^  cot  5^,,)*  1^ 

Un««  =  '4c»tg<wtg/«Hg,,cotg,,,  ^ 
(cot «  cot  g,-cot  g„  cot  e,„)« 


(45) 


Sin 


Again,  by  (33,  84)  ^^  have 

A  4-  B  +  C 


A  H-  B  +  C 

cos  T  t  • 


— tan  r + tan  r,+  tan  r..+  tan*  r 


:i 


// 


n' 


"^  {tan  r tao  r,  lam r,^  tan  r,^,} 


i 


k4«) 


'• ^^ ^^ ^'  {tan  r  tan  r,  tan  f,,tan  r,„ 

— tan  r4-  tan  r  +  tan  r,;4- 1 to  r„,  -.^        ^         ^         ^  J 

-cotr+  cot  r,  i-  tan  r,,+  tan  r,,,  *  /     *  //        ///j 


L. 


(     i8i     ) 
Silt  the  area  of  the  spherical  triangle,  being  e,  we  haite 


cot  -  z: 
9 


cos 


( 


A  +  B  +  C 


--) 

2  / 


Sin 


A  f  B+C 


sin 


A  +  B 


»  J 


cos 


A  +  B 


•  •  •  «  (47  )  • 


And  from  (46,  47)  toe  have  the  spherical  excess  of  the  Junda* 
fnenial  iriangk  in  terms  of  the  four  radii,  viz. 


coti  r= 


V±tanr,,+  tanr,-tanr      .         ^  ^  ,lV*  ^ 

r,,,+cotr,,4-cotr,— cotr     ^  '        //        wj  ^ 

« 

From  this  also  me  may  at  once  derive  a  new  expression  in 
terms  of  the  sides  of  the  triangle^  for  the  spherical  excess,  f^>. 


tan 
cot 


cot 


*  S  -"CQ^cc  J+cosec  #- 

*  (      — sinf-fsin^- 


j-f-cosec^— a+C0sec^-*;6+«O8ec  »_ 


tf-^f-sin  *— i  +  stn 


tec  »~r  j  ; 


,* 


(49) 


{sin  s  sin  ^— tf  sin  j — ^«in  s^-^c} 

vAiiA  is  obtained  by  putting  'for  tan  r,  cotr,  etc.  iheir  values 
n      fsinj 


«m^ 


,  ^tc. 


'W'ith  respect  also  to  ihe  supplemental  triangles,  we  shaM.have 
similar  results.  For  denoting  tbeml>y  e^,  e^^  %,,,  we  have  'by 
simple  reductions 


cot  -<^  =  tan 


tot  -if  =  tan 
cot  -*'*  =  tan 

2 


.2 

'A 

—  B 

+  c 

2 

A 

+  B 

—  C 

^ 


(50)- 


Putting  in  the  second  >fides  of  (50)  ^the  rvalues  furnished  by 
(8^»  3>)  ^^  8^^  ^^  cotangents  of  the^emi*areasi  of. th6. three  tri- 
angles.   We  have  then 


(     i83     ) 

col  —  = 

-Unr-t-taarAtanr^+tanr,,,  ^  ^t„^tanr,tanr„unr,,}* 
— cotr+cotr,-l-cotr,,+cotr,,, 

2 

tanr-tanr.^-tany+tanf,,,     jUnrtanr^tanr^tanr,,,}* 
cot  r  —  cot  r,+ cot  r„  +  cot  r,,,  /        //        /  ^    [ 


cot  ^  = 


W 


cotr+cotr,— cotr,,  +  cotr,,,    ^ 

cot  ^^  = 

s 

"^"^      ^ i-- (^ ^  .  {tan  r  tan  r.  tan  r.ian  f  ,„} 

cotf+cotr,^cotr,,— cotf,,,  ''^        "'^  j 

These  cotangents  then  have  the  same  ratios  as  the  Fractional 
terms  of  their  values  have. 
We  have  already  given  an  expression  for  £  in  terms  of  r,  r^* 

»//j  ^tti  (v'^'  ^*  33")  *"^  ^^  ^^^  hereafter  give  other  remark- 
able expressions  having  a  close  alliance  with  those  already  in- 
troduced into  this  paper.  We  shall  for  the  present  monem 
only  set  down  the  following  equations  relating  to  the  inscribed 
radii,  and  then  pass  to  the  expressions  in  terms  of  the  circum- 
scribing radii  corresponding  with  those  already' laid  down  rela- 
tive to  the  inscribed  ones. 
From  (25,  a6,  «;)  we  have 

cot  I A  cot  ^B  =  tan  t,„  cot  r   ^ 

cot^ACOt^c   =  unr,,  cotr  ( f^g , 

cot  4b  cot^c   =  tanr,    cotr  \ 

From  which 

cot     iACOt     f B  +  cot     JACOt     \c  +  COt    \^Cf^,   \Q   Z= 

(tan  r,,,  +  tan  r^,  +  tan  r,)  cot  r 
cot*  4  a  cot*  ^B  +  cot*  |ACOt«  {c  +  cot*  ^B  cot^fc  =r 
(Un*  r„,  +  tan*  r„  -I-  tan*  r,)  cot*  r 


m  %  ••  ••  •*  •• 


cot*  {a  cot*  {b  4-  cot"  f  Acot*  {c  -h  cot*  |b  cot"  ic  = 
(tan»r,,,  +  tan*  r„  I-  tan*  r,)  cot"  r 


f   183  ) 

In  like  manner  taking  the  reciprocals  of  (5a)  we  shall  have 
a  similar  series 


••  ••  ••  •• 


•  • 


• «  •  • 


>i  Si)' 


•  • 


tan*  |a  tan"  |b  +  tan"  JA  tan"  jc  +  tan'»B  tan"  4c  = 

(cot"  r,,,  4-  cot"  r,,  +  cot"  r,)  tan"  r  j 

The  use  to  which  the  polar  triangle  has  been  applied  is  in- 
variably that  of  enabling  us  to  infer  from  any  established  pro« 
perties  of  the  sides  and  angles  of  a  spherical  triangle,  the  respec- 
tive analogous  properties  when  the  sides  and  angles  are  inter- 
chan^d.  The  property  of  the  radii  of  inscribed  and  circum* 
scribing  circles  established  in  works  on  Trigonometry^  will 
enable  us  to  make  similar  transformations  in  the  formula  which 
involve  their  radii :  and  we  have  already  in  (ii|  is,  13,  14) 
given  one  specimen  of  this  class  of  changes.  We  might  pro- 
ceed in  the  same  manner  to  write  out  all  the  analogies  in  r.  le^, 
»//•  R///  and  p,  p,,  p,^  p,„,  corresponding  to  those  already  given 
in  r,  r„  r,,.r^,,  and  g,  §„  §,„  e.w  A»»  however,  it  is  of  import- 
tance  to  attend  to  the  sign  in  the  case  of  the  value  of  cos  a, 
(in  the  same  manner  that  it  was  with  the  case  of  the  value  of  cos 
A  in  equation  20),  I  shall  proceed  through  a  few  of  the  steps  by 
a  course  analogous  to  that  already  employed  instead  of  deriving 
the  result  by  means  of  the  polar  property. 

&y  the  common  formula 

.     .  4( — cos  S  cos  S— A  cos  S — BCOSS— C 

sin* a  =  '-^ ■  g  „       p^ 

sin^  B  sin'  c 


—       4  cot  R  cot  R^  cot  R,,  cot  R,^^ 
""    (cot  R  cot  R, -f  cot  R,,  cot  R,,,) 


2* 


,  ,     cot  R  cot  R  —  cot  R,,  cot  R.. 

Hence  cos  a  =  (1  -  sm  a')  =  ±  »  ^^f  „   ^^f  J    » 

cot  R  cot  R,-i-COt  R^yCOt  R^,, 

Here  the  same  difficulty  occurs  as  in  (20)  alread]^  consider- 
ed ;  and  by  a  comparison  with  the  value  of  cos.  a  in  terms  of 
A,  B,  c,  we  shall  find  that  -f  is  the  proper  sign.  We  might, 
indeed,  have  inferred  this  also  from  the  polar  triangles,  as  a  in 
one  triangle  is  the  supplement  of  A  in  the  other.  We  thus  get 
the  several  values  of  the  following  quantities  as  calculated 
below. 


(  >»4  ) 


tin 


cos  a   = 


■"  (cot  R  cot  R,  +  cot  R^,  cot  R,„)^ 
cot  R  cot  R^— cot  Ry^  cot  Ry^^ 
cot  R  cot  R,  +  cot  R,y  cot  R,,, 
.  ^.  _   4  cot  R  cot  Ry  cot  Ryy  cot  ti,,, 

"  (cot  R  cot  i^//+  Cot  RyCOt  R/y,)* 
,     cot  R  cot  R,,—  cot  Ry  cot  R,,. 

COS  0  zz 7 — ■ — A.        y"  T'    '  '  V  ' 

cot  R  cot  R,y  +  COt  R,  cot  R,„ 


.         4  cot  R  cot  R^  cot  Ry, 

SlD^  C     Hot    »■!»»»   I      III 


cot  R 


/// 


(cot  R  cot  Ry,^-l-COt  R^  cot  R,^)' 

cot  R  cot  R//y-  cot  il,  cot  Ry^ 

COS  C  IT  ^^^^ ■ — ' — ' ^^ 

cot  R  cot  B,^-fCQt  B/  COi  Ry^ 

And  from  tbete  we  immediately  obtain 


•in*  |tf  zr  - 


cot  R  ,y  cot  R,, 

«»«• — 


cos*  i  fl  = 


tot  B  cot  Ry+  cot  R,^Cot  g^ 

cot  R'  cot  R/^ 

cot  R  cot  Ry4-eol  Ry^  cot  Ryy/ 
cot  R,y  cot  R/^ 


^ 


■p«i»*"i^ 


»in«  16  = 

*  cot  R  cot  R,,+  cot  R,  cot  R,,/ 
^  ,  .  cot  R,  cot  R„s 

tan«  lb  = —^ — -— ^ 

*  ne\f  0    t*r%r    n 


cot  H^  cot  Jt 

cot  R^  cot  ^^^y 

cot  a  cot  By^+  Cot  U,  cot  Ryyy 
cot  R  cot  R.. 


cot  R  cot  R 


// 


$\n^ic=i 


COS*iczz 


COtR/COtRyy 


cot  9,  cot  Byyy  +  cot  ft,  cot  B,y 
cot  R  cot  R 


'*♦■»■ 


'/// 


Un^  jc  :=r 


cot  R  cot  B,yy+COt  By  cot  y^ 
cot  R  cot  R 


I 


v/ 

cot    RyCOtRyy^ 


'{55\ 


(56) 


•  •  • 


•(57)- 


(58)- 


It  is  almost  unnecessaxy  to  remark  th^t  the  values  of  cos  «» 
COS  bp  cosr,  and  all  the  functions  which  depend  in  auiy  way 
upon  tbese^  as  we  have  derived  theiUj  may  be  changed  into  the 
same  forms  as  those  oi  cos  Af  cos  b$  cos  c  and  their  dependent 
expression.     For 

,      cot  R  cot  Ry  —  cot  R,,  cot  R... 

cos  tf  =r  +  ^ a 

cot  R  cot  Ry  +  cot  Byy  cot  tt,,, 


(     >85    ) 
which  divided  by  cot  R  cot  R^  cot  B^/  cot  R,„  bccomci 


costf  =: 


_       tan  R  tantt^—  tanR^^ 


tanR 


/// 


tan  R  tap  ^,  +  taji  r„  tan  r,„ 
And  similarly. 


tap  R  tap  A/ 


c«t  R  cot  H,+cot  R„cot  R„,  "^  tan  R  tttoR,+tan  R„tanR,/, 
cot  R  cot  R^  _  tan  r^^  tan  R/^/^ 

tan  R  tan  r + cot  R^^cot  R,,^ 

t9n  R  tan  r^ 


".  p    -r 


a*ia=: 

"  *^  ~    cotft  cotR,,/  ■"  tan  R„  Un  r,„ 

and  similarly  for  the  corresponding  functions  of  *  and  c,  vhich 
wc  may  consider  $i$  belonging  ip  this  tjiblc  without  actually 
writing  them  down. 

~-(6o) 


cot  R  cot  R,+COt  R,,C0t  B,,^ 
cot  U,^  cot  Ry^^ 
cotft  cot  B,,j 


>{69) 


f oii  Tk       jtan  R 
Again,  tati*  |a  tan*  fJ  tanMc=  .^  •  ^j^^ 


tyai;i 


tanR/// 


tan^a  _  tan  r, 
tan  46  ""  tan  r 
tania 


// 


_  tan  R/ 


tani^ 
tan^ft 


tan  R/^, 
tan  R// 


-  > 


(61), 


tan  ic  tan  R/,/ 

Also,  as  in  {go)  putting  sin  A  sin  t  zz  \>,„t  etc. 


sina 
sin  c 


—  -iii;  hence -; 


sin  B  +  sin  c 


-  "T/// 


+  I^ :  that  is 


T 


// 


Sin  B  —  sin  c 


T///—  T/, 


tan  If  ^  ^  e)  _  (cot  r  -f  cot  ^,)  <cot  P///  ^  gpt  P//) 
tanj(B  — c)  ""  (cot  R  -  cot  R/)  (cot  ^,„ »-  c^t  r„1 

-  »i'*(l^  ^  R/Uin(R///  1^  R//)     ^j^^^  j^ 
"  sin  (Ji  T-  R/)  «io  (  L///  +  R,/) ' 

tan  |(B4- c)  _  cos  (r  4- R/- Ryy-«///)-cos(R-f  R/  f  R//4- R///) 
tan  j(B— c)  ""  cos(R— R/+R/,— R///)-c<58('^— «/^R//+»/fr 
tan  1(0  ^- A)  _  cos(R-fR//-R///-R/)-cos(R4-R/-l-R//+R///  / 

tani(c-A)  ""  001  (R-R//-hR„/— R/)-COS(R-R/y-K/„  I-  R/)  /^ 

tan  4( A+  B>  _  C08CR4-  R///—  ^,-^,,^-^^l^A.^ji^j/.ll/jA 
tani(A-B)  "*"  'cos  (R— R,/,+  R/  -»//-" cos  (R— Ry//-  «/-4-K>/» . 

VOL.    VI.    PART  II.  ^  ^ 


(     i86     ) 


b  +  c            a^t-^c 
,  C08  .  etc. 


By  ihc  expansions  of  sin  — 

m  m 

as  in  (31,  32)  we  did  of  sin -^—  ,etc.  and  inserting  those 

expressions  the  values  of  sin  ja,  sin  ^£,  etc.  we  should  find  the 
values  of  those  functions  of  the  sides  in  terms  of  the  four  cir- 
cumscribing radii :  but  in  virtue  of  the  polar  property  already 
employed  we  obtain  them  by  simple  inspection  as  fast  as  we  can 
write  them  out.  We  shall  therefore  consider  it  unnecessary  10 
put  down  the  work  by  the  process  above  described,  hut  merely 
employ  the  polar  property  in  the  derivation  of  the  following  for- 
mulae.    The  rules  for  this  change  are  :-^ 

1 .  In  all  cases  of  half  sides  or  angles  or  half  sums  of  sides  or 
angles  interchange  the  functions,  sine  and  cosine  in  passing  from 
the  angles  to  the  sides  or  the  contrary. 

a.  Interchange  the  tangents  and  cotangents  in  passing  between 
the  inscribed  and  circumscribed  circle. 

tan*  I A  = 

( —  tan  w «» tan  w^-f-tan  R^^-f-tan  r^^^)  (tan  n— tan  r^4.  tan  n,,+  tan  r,,,) 
(tan  R+tan  R^-tan  r,,+ tan  k,,^)  (tan  r  ±  tan  R^+tam*,,— tan  r^,,) 

tan2»B  =r 

(  — tanK-ftanR^+lanR^^+tana^JftanK-HapR^-tanR^^+taniT^^^)  ^(^3)' 
(tan  tt— tan  K,+tan  R,,+tan  r,,,)  (tan  r  +  tan  R^^-tan  k,^— tan  h,,,) 

tan'ic  =: 

(—tan  R+tan  R^+tan  R^^+tan  r^^^)  (tan  »+tan  R^4-tanB^^-^  tiin  n^,,) 
(tan  K— tan  a^+tan  a^^+tau  r,,/)  (tan  a+ian  R^-^tan  R,^+tan  b„j 

Putting 

tan  p  =z  ~^«P  »  -*■  ^a"  R,H"  tan  n„  4  tan  m,,,  ^ 

4 


tan  p    =  -^^-i:::!— ^i'il"-3//JlI?^'{//- 


tan  p..  r: 


—  ^^"  a  -H  tan  b^  —  tan  k^,  +  tan  r 


// 


/// 


j.  .  •(64)" 


tan  p,,,  = 


—   tana-h  tan  a,  -f-  tan  r..  —  tan 


B 


/// 


r 
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We  have 

tan  K     n  —  tan  p  +  tan  p,  -h  tan  p,,  -f  tan  p,,  ^ 
tan  E^    z=       tan  p  —  tan  p^  -|-  tan  p^,  +  tan  p^,,f 


p,,  +  tan  p,,^^ 
p,,  f  tanp,,,) 


.  .(65) 


tan  «,,  =      tan  p  -h  tan  Py —  tan 
tan  H,„  =      tan  p  +  tan  P/  4-  tan 

Alio, 
tan  p  tan  p,+ tan  p„tanp,,,= 4(tan  a  tan  h,4.  tan  R,,tan  r^,^)  . .  (66) 

Then  we  get 

«  5   —  tan  V,  tan  p^^ 

v// 


tan*  -  = 

2        tan  p  tan  p, 


.  «   c  tan  p.  tan  p.. 

sm^    -  =  . ~ — T-  -  ^-- 

8        tan  p  tan  p„,  +  tau  p^  tan  p. 


>  ••  I 


cos*  —  =z 


tan  p  tan  p 


/// 


tan  p  tan  p,,,-*-  tan  p,  tan  p,, 


• .  (67) 


tan2  -  =  tan  p,  ta!i  7,,, 


tan  p  tan  p 


// 


tan  p^  tan  p,,^ 


sin*    —   r:         — ^  ^ ■ — 

2         tan  p  tan  p,^  +  tan  p,  lan  p,„ 


COS*     —   — 

2 


tan  p  tan  p 


// 


tan  p  lan  p,,  f  tan  p,  tan  p,,,  ^ 


(68) 


tan 


1   "-  —  r 


tan  Vf,  tan  p 


/// 


sin^ 


2 

A 

2 


2     '^   - 


tan  p  tan  p^ 

tan  Vff  tan  p,,, 

tan  p  tan  v,  t  tan  p,,  tan  p,,/ 

,   A  tan  p  tan  p. 

cos'   —  r:  -r — 

2         tan  p  tan  p,  +  tan  p  ,  tan  p,„ 


(69) 


4     n    A    ^      ,  B    .       ,  C  cot  P  cot  P 

tan^  —  tan'  -  tan'  —  -=.  • 


cot  p 


cos  c  '=. 


cot  p,     cot  p,,     cot  P,,/ 
_  tan  p  tan  v,„  —  tan  p^  tan  v„  ' 


(70), 


tan  p  tan  p^,,  +  tan  p,tan  p„ 


cos  B  = 


cos  A  z: 


tan  p  tan  p,,  —  tan  v,  tan  p„ 


1 
\ 


tan  p  tan  p„  +  tan  p,  tan  p^,, 
tan  p  tan  v,  —  tan  p„  tan  p,„ 
tan  p  tan  p,  +  tan  p,^t^in  p^,, 

a  a  s 


^>    ....  (71;. 
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winter:     4  ^a"  ^  ^an  p,  tan  p,/tan  p,,, 

"^  ( tan  p  tan  p,,^  +  tan  p,  tan  p,,)* 
.  g  4  tan  p  tUn  p^  tan  p„  tan  p,^,    . 

""'*  ^  (lati  I*  tan  p,,+ tan  p,  tan  p,,,/  f  ••••(7«/' 

.  ^  4  tan  p  tan  ^,  tan  p,,  tan  p„. 

(tan  p  tan  p,+  tan  p,^  tan  p,,,)* 


tail*  c  =  T 


tan' t  = 


taa'  A  = 


4  tan  p  tan  P,  tan  p^^  tan  p^^^ 
(tan  p  tan  p,,,—  tan  p^  tan  p^,)* 

4  tan  p  tan  p^  tan  p^^  tati  p^^^ 
(tan  p  tan  p,,  +  tanTp/taiTpJ^  | 

4  tan  p  tdn  p^  tan  p^^  tan  p^^^ 
(tan  p  tHii  p,— tan  P,,tart  p„J* 


•  •  • 


•^73^ 


Perhaps  in  conformity  with  the  order  we  have  followed  in  the 
part  of  the  paper  which  has  forined  the  foundation  of  these  Ust 
few  formu^acy  we  should  proceed  to  the  spherical  excess  in 
terms  of  R,  R,,  R,„  R^,, ;  but  this  is  given  very  neatly  in  the 
work  of  Mr.  Young,  by  a  method,  as  there  stated,  for  which  I 
am  indebted  to  my  learned  friend  the  Rev.  H.  F.  C.  Lo^n, 
Professor  of  Mathematics  in  the  Catholic  College  of  Prior. 

Park. 

It  must  be  apparent  that  amongst  the  four  quantities  r,  r^r,,, 
^itn  **  ^^  ■*  amongst  the  four  R,  r,,  r,^  r^,„  some  equation 
ot  condition  must  exist,  inasmuch  as  three  independent  quan- 
tities in  sphero  as  well  as  in  plana ^  are  sufficient  to  determine 
the  triangle.  We  now  proceed  to  investigate  that  relation, 
after  Which  we  shall  shew  the  changes  which  the  foregoing 
equations  sustain  from    giving    to   r  its   value   in    terms  of 


*"/»  ^//»  ^/// ' 


and  to  r  its  value  in  terms  of  R 


*//•  '^//z* 


To  he  continued  in  our  next.^ 


^  ■   ..-  .M. 


•  I  take  the  opportonity  afforded  [me  by  reading  the  proofs  to  an- 
nex one  single  remark  :— 

I  have  since  obtained  a  t>bnisal  of  the  work  of  Lhuilier  alladed  lo 
ia  the  note  upon  the  ftrat  pajce  of  this  paper ;  and  find  that  he  has  not 
in  atay  vav  anticipated  these  resuits.  The  property  in  the  Companion 
and  others  of  like  kind  in  pltmo,  form  the  extent  of  the  researches  la 
this  direction :  vid.  Chapter  6tli  of  his  work.  The  whole  work  is  well 
worthy  of  peruAal  by  every  geometer,  and  more  especially  as  one  of 
its  objecto  is  a  comparison  between  the  geometrical  and  algebraical 
methods  of  investigating  the  properties  of  figures.  .  .    ,^ 

I  may  also  add  that  Dr.  Lardner's  value  of  (iv)  had  been  anticipated 


' 
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ARTICLE    XX. 
On  th£  Dbviatiom  bbtween  Two  Curves. 

(In  Anstifer  to  a  Note  of  Mf.  Woolhousc  inserted  in  the  last 

Repository. J 

By  Mr.  Daviks,  Bath. 

Mt  Deah  Sir,  Bath,  Nov.  7th,  1833. 

I  had  thought  of  letting  Mr.  Woolhouse's  note*  concerning 

my  solution  pass  without  any  remark  from  me,  as  I  am  sure  no 

one  who  gives  the  slightest  attention  to  the  subject  can  fail 

to  perceive  thai  it  is  *'  a  tissue  of  errors/'  such  as  rarelv»  if 

ever  before,  proceeded  from  the  pen  of  a  mathematician  wnose 

talents  and  attainments  had  the  least  claim  to  respectability. 

Had    Mr.  Woolhouse  himself,    indeed,   condescended    to 

'*  scan*'  a  second  time,  before  be  published  those  remarks^ 

I  ani  sure  he  would  have  saved  himself  the  mortification 

which  his  ning  scan  must  have  created  (^ter  he  bad  thus 

committed  himself.    If    he   has  looked  over  his    note  at 

p.  \n  of  the  last  Repository,  with  any  degree  of  attention 

and  candor,  he  cannot  fail  to  have  discovered  bis  mistake, 

and  of  course  you  will  ere  now  have  been  furnished  with  bis 

own  correction ;  and  in  that  case  I  beg  you  to  cancel  this. 

If,  however,  he  should  not  have  done  so,  perhaps  you  will 

be  so  good  as  to  insert  the  following  brief^  remarks.    They 

are  not  intended  to  provoke  further  discussion,  as  I  conceive 

the  subject  cannot  admit  of  any :  nor  are  they  intended  to 

give  pain  to  Mr.  Woolhouse,  as  I  cannot  conceive  him  to 

possess  that  littleness  of  spirit  which  can  be  paind  by  the 

correction  of  an  oversight,  nor  can  be  judge  it  improper  that 

I  should  notice  it  under  the  circumstances  of  tbo  present  case. 

Errare  est  humanum'^^nd  such  mistakes  as  these,  to  which 

we  are  all  alike  liable,  should  teacb  us  to  set  a  humbler  esti-* 

mate  upon  our  own  powers  than  man  in  the  pride  of  bis 

wisdom  IS  apt  to  do ! 

by  M.  Sorlin,  in  the  15th  volnme  of  Gergonne's  Annales  des  Math6- 
matiques,  which  I  had  oYerlooked  in  my  enqairing  into  the  history 
of  this  subject;  as  I  had  likewise  tlie  fact  that  the  distance  betweea 
the  inscribed  aad  circttmscrtbed  centres  in  trrmi  of  the  radii  them- 
telvei  had  been  riven  hy  Sarras  and  Sortin  in  Tomes  XIII.  and  XV* 
of  that  work.  Tiie  final  remark,  page  261,  You ng*s  Trigonometry , 
is  hence  erroneous. 

hathy  Feb,  VJ,  1833. 
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To  bring  the  question  fairly  into  view^  I  shali  recapitulate 
the  circumstances  of  the  problem. 

1.  Two  curves  are  formed,  referred  to  the  same  co-ordinate 
axes,  accordinc^  to  specified  but  different  laws. 

fi.  The  equations  of  these  curves  involve,  of  co  urse,  certain 
variables  and  certain  constants. 

3.  We  are  required  to  assign  the  "  greatest  deviafiorC*  of 
these  curves  from  one  another, 

4.  No  particular  mode  of  determining  the  points  in  one  curve 
which  are  related  to  any  specijied  points  in  the  other  is  given. 

5.  Hence  the  unavoidable  conclusion  xs^  that  the  problem  is 
indeterminate  and  in  its  present  form  does  not  admit  of  a  definite 
solution. 

The  completing  datum  that  I  attached  to  this  imperfect 

J>roblem  to  render  it  capable  of  solution,  was,  that  the  re- 
ated  points  may  be  determined  by  their  having  either  equal 
abscissas,  equal  ordinates,  or  the  third  variable  upon  which 
both  these  were  dependent,  equal,  in  the  two  curves. 
These  are  indeed  only  three  of  the  infinite  number  of  condi- 
tions that  might  have  been  imposed  upon  the  problem  to 
render  it  determinate;  but  siijely  these  were. 9s  legitimate 
as  any  that  coukl  be  proposed.'  Mr«  Woolhouse's  error  lay  in 
supposing  that  the  problem,  as  proposed,  was  complete,  and 
this  has  led  him  to  suppose  that  additional  data  would  be 
superfluous.  They  would  then  indeed  in  all  probability 
have  been  more  than  superfluous,  as  superfluous  data  taken  at 
hazard  must  almost  of  necessity  be  contradictory.  Had  any 
correlation  between  the  points  of  the  two  curves  been  giveu 
my  datum  would  have  been  erroneous,  inasmuch  as  it  could 
not  have  been  consistent  with  that,  except,  indeed,  they 
had  been  identical :  but  this  correlation  was  not  gicen^ 
and  therefore  I  assumed  one  particular  law  of  correlation, 
the  simplest  both  in  a  geometrical  and  analytical  point 
of  view  that  I  could  devise,  and  the  problem  was  still  diOi- 
cult  enough  of  actual  solution 

But  it  is  singular  that  so  obvious  a  fact  should  have  es- 
caped Mr.  Woolhouse's  observation,  as,  that  be  himself  has 
been  also  fixing  a  law  of  correlation  between  the  two  curves, 
— not  less  so  than  I  had  done  before.  If,  therefore,  I  was 
wrong,  could  he  be  right  ?  The  specific  objection  which  he 
brings  against  my  law  is  thus  expressed.  "  Now  these  ob- 
servations are  without  foundation  ;  Jor  when  two  independent 
variables  are  thus  equated  a  relation  is  at  once  fixed  between 
any  point  in  one  curve  and  a  corresponding  point. in  the  other  J' 
I  grant  there  is  that  relation  fixed.  But  if  he  fixes  upon 
such  a  relulion  as  takes  place  when  a  line  joining  a  point 


f 
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ill  each  curve  is  perpendicular  to  both,  does  he  not  depart 
from  bis  own  dogma  of  fixing  no  relation,  as  much  as  I  had 
done  ?  Why  a  line  oblique  to  both  curves  cannot  represent  the 
deviation  of  correlative  points  in  the, two  curves  I  have  got 
to  learn— to  me  it  is  far  from  "  obvtous."  It  is  very  far  from 
"  appearing  to  me  very  clearly"  that  the  only  correct  way  of 
applying  analysis  in  such  a  case  as  this,  is,  to  find  the 
shortest  normal  to  the  two  curves.  Even  if  it  were,  it  still 
violates  Mr,  Woolhouses's  canon,  that  there  should  be  no  taw 
of  correlation  fixed^  and,  therefore,  A^  could  not  be  justified 
in  offering  this  solution. 

The  introduction  of  the  doctrine  of  infinitesimal  devia- 
tions, is  altogether  uncalled  for.  The  problem  made  no 
remark  upon  the  greatest  or  least  of  all  the  ••  minute  devia- 
tions," but  required  the  greatest  deviation  of  all,  supposing 
the  law  of  correlation  given.  Had  the  whole  of  the  devia- 
tions  according  to  one  or  other  assumed  law  of  correlation 
been  actually  minute,  it  was  our  business  to  prove  it,  not  to 
assume  it.  But  Mr.  Woolhouse  cannot  need  to  be  informed 
that  the  normal  deviations  between  two  curves,  if  extended  to  all 
their  component  elements^  are^' though  individually  arbitrary, 
essentially  constant  between  any  ^wo  assigned  curves  rohere  it 
takes  place.  In  all  other  cases  there  is  only  a  specif  number 
of  such  normal  deviations  possible^  and  this  always  at  ^nite 
intervals.  It  would  be  extremely  easy  to  shew  this  by  means 
of  the  general  differential  expressions  for  the  quantities 
involved  :  but  it  might  serve  our  present  purpose  to  take  the 
still  more  popular  view  that  follows. 

The  normal  to  a  curve  is  a  tangent  to  its  involute.  If, 
therefore,  a  line  be  normal  to  two  curves,  it  must  be  a  corn- 
mon  tangent  to  both  these  involutes.  In  this  case,  then, 
where  two  curves  have  throughout  their  whole  course  a 
common  normal,  that  normal  must  be  tangent  to  both  their 
involutes  in  all  possible  positions.  This  can  only  take  place 
when  they  have  the  same  involute:  and  then,  it  needs  no  "  ex- 
traordinary perspicacity"  to  discover  that  the  deviations  must 
ie  constant,  and  hence  admit  neither  a  maximum  nor  a  mini- 
mum,  in  the  proper  mathematical  sense  of  those  terms.  If  the 
two  involutes  be  not  identical,  then  there  will  be  only  as 
many  cases  of  common  normals  to  the  curves  as  there  can  be 
of  common  tangents  to  their  involutes.  If  one  involute 
should  lie  wholly  on  the  concave  side  of  the  other,  then  of 
course  no  common  tangent  could  be  drawn  to  them,  nor 
therefore  could  any  common  normal  to  the  curves  exist. 
Should  the  involutes  be  so  situated  that  they  touch  in  one 
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or  more  points  without  intersecting,  flien  common  normals 
to  the  curves  may  be  drawn,  as  many  in  number  a»  there 
were  of  those  points  of  contact.  The  magnitude  of  the 
deviations  would  of  course  here  depend  upon  the  equations  of 
the  curves  and  the  points  of  the  normals  which  were 
originally  in  contact  with  the  involutes  themselves.  Ejccept 
the  lengths  of  the  evolutes  from  such  origins,  to  all  the 
successive  points  of  common  normalisni  be  equal,  there  will 
be  a  deviation  between  the  curves  themselves :  but  if  this 
should  be  the  case,  there  wilt  be  none.  But  it  is  unnecessary 
to  proceed  further  in  these  details.  It  is  sufficient  for  our 
present  purpose  to  remark  that  the  only  point  in  the  curves 
before  us  where  the  normals  will  be  common  to  both  cunres 
is  at  T  (,fig-  p.  2S)tand  thit  point  is  precisely  thai  where  <*« 
deviation  is  least  of  all,  or  zero!  This  is  unfortunate  for 
Mr.  Wool  house's  doctrine. 

I  should  add,  that  had  Mr.  Woolhouse  attended  to  the 
details  of  the  solution  that  I  have  given,  he  would  liave 
found  a  mistake,  which  I  should  have  felt  obliged  by  hi* 
correcting.  It  is  tbe  assumption  of  two  lines  coinciding, 
which  are  only  parallel.  The  correction  does  not  ap|jeaf  to 
materially  alter  tli©  character  of  the  resulting  formula,  asd 
*as  Mr.  Woolhouse  has  justly  remarked,  *♦  the  «oiutiottio 
numbers  if  not  impracticable  would  be  excessively  tedious. 
Believe  me,  my  dear  Sir, 

Most  faithfully  your's, 

Thomas  St£Fhen6  Datibs. 

P.  S.  I  intended  to  remark  that  in  my  law  of  correlation 
I  have  taken  the  only  quantity  that  can  be  considered  iden- 
tical in  the  two  curves  for  the  bond  of  correlation— the 
an^le  evolved  in  the  Genescs  of  the  two  cycloids.  In  some 
points  of  view  perha|>s,  this  may  therefore,  be  considersd 
the  most  appropriate  one  to  adopt.  1  had  not,  however, 
any  such  consideration  in  view  in  adopting  it.  ConveniefKre 
of  calculatiou  was  my  only  guide — the  coincidence  was 
accidental. 
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ARTICLE  XXL 

Oif  THE  Solution  of  a  Partial  Differential 

Equation. 

By  William  Sutcliffe,  Esq.  A.M. 

(Comwunicaied  by  T.  S.  Daties,  F.R.S.S.  Ij.  &  E.  F.R.A.S.  Ac.) 

tt"*x  d^z 

The  equation  is  ax-  .  ^j;;^  +  iy"  •  5^  =  c«  +  p 

when  p  is  a  known  function  of  xand  y. 

If  2  be  expanded  in  powers  of  y  having  constants  or  func« 
tions  of  «  tor  their  co-efficient8»  and  if  these  co-eRicients  be  in 
iheir  turn  expanded  in  powers  of  ar,  we  shall  obtain 

zz± +  pfL^.XV^+.. 

ajc«  ~  =    . .  -f  »  . p—i ....  p— m+i  . tf  *  ,, a^  x^  y«  +  . - 

Reasoning  on  the  general  terms  we  have  this  conclusion 

is  either  equal  to  zero,  or  to  the  co-efficient  of  some  of  the  terms 
of  p,  or  its  expansion. 

First.  Let  it  be  equal  to  zero  :— We  may  pass  over  the  sup- 
position that  p\^  =  o  ;  and  hence  we  have 

which  establishes  a  relation  between  p  and  q  in  all  the  terms  en. 
tering  into  the  composition  of  2. 

For  the  sake  of  elucidation  we  will  Uke  a  particular  case,  m 
which  the  relation*  of  p  and  q  can  be  so  expressed  as  to 
effect  a  complete  solution  of  the  problem.  Let  m  =  1,  if  -  1, 
and  p  =  3*  +  x%     First  take  the  case  of  the  terras  not  con- 

c  ^m  pa 
taining  P.     In  this  case,  we  have  pa  '\' qb  z=  c  .*.  q  =  —^ 

Therefore  the  general  form  of  these  terms  is. 


jix^  y    b         ox 


\y'^  / 
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Hence  the  form  of  the  sum  of  any  number  of  these  terms 
may  be  represented  thus  : — 

y  ^    T  -~—  ,  where  /  is  arbitrary. 

Kextt  let  the  general  term  be  considered  as  representing  one 
of  the  two  terms  which  form  the  value  of  P.  Here  as  before 
A{pa  +  qb — c)  is  the  co-efficient,  but  we  shall  have  particular 
values  to  assign  to  ^  and  q  instead  of  mere  relations^  and  there- 
fore  the  values  resulting  will  not  include  arbitrary  functions.^ 

Now  p  z:  3X  H-  x^y.  We  will  consider  these  terms  se- 
parately. 

1 .  Let  the  general  term  be  considered  as  representing  that 
term  from  which  proceeds  the  occurrence  of  qx  in  the  proposed 
equation  :  then  as  x  and  y  preserve  their  index,  we  must  put  in 
this  general  term  p  zz  1,  y  =  o,  .'. ,  a^  (a  —  c)  is  the  co-efficient 
of  that  term  in  the  proposed  equation  where  the  powers  of  x 
and  y  are  a*   and  y;  and  hence  ,Aq(<i  —  c)  =  3  and  ^a^  =: 

3      ^ 
a  — c* 

»  2.  Let  the  general  term  be  considered  as  representing  that 
from  which  x-y  is  derived, 

.•.  A=2aud  J— 1;  andhenceoA,(2fl-ti    c)=iand-A,= 1 — 

.-.  zziyb      T  — T-  +  — ^—  X  -f  — -—r .  x'y. 

^«/        'L     *    a  —  c  2a +6  —  c        ^ 

yb 

It  will  be  more  convenient  (o  write  the  result  thus  :  — 


*•_/•  jr 
=  »»»/- 


^  +  — ^  .  X  +  -i, .  xV 

yu  a  C  2a  +  »  C  ^ 


On  trial  it  will  be  found  that  this  answer  is  correct. 
]f  p  had  not  been  composed  of  terms  of  the  form  K  a«^;  it 
might  have   been  reduced  to   that   shape  by  expansion;  or  a 

quantity  q  found  by  trial,  such  that  ax  —    ^  by  -3  —  cq  =  Pi 

in  which  case  ;t  =  y^   F  — -  +  q. 
Bath,  March  10,  1833. 


•  It  would  be,  perhaps,  better,  to  say  that  these  values  need  not  ht 
supposed  to  iuclude  arbitrary  functions,  the  arbitrary  fuDction  beioi^ 
already  introduced.  This,  however,  is  a  difference  rather  in  language 
than  in  fact.  W.  S. 
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ARTICLE  XXII. 

On  thejigure  of  a  homogeneous  mass  of  fluid  revolting  about 
an  axis  with  a  given  uniform  angular  velocity* 

By  the  Rev.  Mr.  Brice  Bronwin. 

Let  a,  6,  c  be  the  rectangular  co-ordinates  of  a  point  attracted 
by  the  mass ;  x,  ;/,  z  those  of  a  point  atiractint;  in   the  mass  ; 
M  the  mass ;  v  the  sum  of  the  particles  divided  by  their  le* 
spective  distances  from  the  origin. 

Then  v  =  /— 7 ^     ■=—   - .     And  it  is 

easy  to  see  that  —  -hgp-f  5^  =  0, 

Let  now  r  be  the  distance  of  the  point  attracted  from  the  ori- 
gin, B  the  angle  which  r  makes  with  the  axis  a  of  revolution,  ts 
the  angle  which  the  plane  of  r  and  a  makes  with  the  plane  of  a 
and  b.  Or  a  zz  r  cos  d,  6  =^  r  sin  d  cos  w,  e  —  r  sin  6  sin  w. 
Let  r',  S',  'a'  be  the  same  as  r,  Q,  t?,  only  that  they  refer  to  the 
point  attracting.  Consequently  x:=ir'  cos  6^,  y = r^  sin  6',  cos  zs^^ 
zz2.r'  sind'  sin«/. 

Substituting  these  values,  we  have 

_    /»J 1-^'  sin  y  dr"  d^  dm' 

""%/  v^r-— 2rr^{co8  9  cos$'+  sin  QsinQ' cos^zjr^— w)  +  r'-} 
The  equation  to  partial  differences  becomes 

a9-         sin  9     00         sm-  9     aw  ar 

ing  cos  d  =  /A ; 

Suppose  the  point  attracted  without  the  mass,  and  we  may 
develope  v  in  a  descendingseries.    Thus,  let  V  =  —  +  -y  -f 

^  4-  &c.     If  we  substitute  this  value  of  v  in  (a),  and  com- 
pare  the  co-efficients  of  the  same  powers  of  r  ;  we  have 

bb  2 
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making  T  —  $i^— 2rr'(co8flcosd'+sin85in0'cos(i!/--w)J+r'*r  ;. 

or  T  =  9**  ^  +  9*   —    *-  ?'  "IT  +  ^^*  •  ^^  "'^y  o'>viousIy  put 

T  for  V  in  f  a),  or  j-'  for  «*  in  (b)  ;  that  is  the  quantities  t  and 
^'  are  subject  to  the  equations  (a)  and  (b)  respectively.  ^ 
Now  9^  =  1.  and  u^  =  mass.     Also 

^  =  cos 6^ cos  S+ sin  6^ cos o^ sin 6^ cos 9+  sin  6^  sin  «K lib  0 sin  v; 
But  if  the  origin  be  the  centre  of  gravity,  we  have  by  the  property 
ofthatcentrc/^r'cosa'dM  '=:J*xd^  -  o,  /*Vsin6'costD'^M= 

iyd^  =z  Of    r^T^  sin  6'  sin  zs^diA  =:  J  zdhA  =  o,      Therefore 
i/  =  o. 

Generally  u^  ::=,  j  f*     dr'   sin  efd&'dzs'q^  tz 

.— - —  /  f'      j'  dufd-^  \  the  integral  taken  from  r'no  to  r'=r'. 
«  +  3/ 

The  remaining  integrals  must  be   taken  from  pi^  =  —  i  to 

/la'  —  +  I,  and  from  t/  =  o  to  tu'  =  86o°« 

If  the  point  attracted  be  within  the  mass  attracting,  we  must 

make  v  =  t;^  +  r»'  +  »**w^  +  &c. ;  where  i;*  is  aUo  subject  to 

\'  r 

the  equation  (b).     In   this  case  i  zz  q^  —  ,  -j-y'  itt  + 

j»         4-  &c  ^,  y',  &c.  the  same  as  before.    Here 

What  precedes  is  to  be  found  in  the  Mechanique  Celeste : 
but  as  that  work  is  scarce,  and  may  not  be  in  the  hands  of  every 
reader  who  may  wish  to  understand  this  paper,  I  have  judged  it 
best  to  supply  all  that  is  requisite  to  make  the  subject  intelligi- 
ble without  any  reference  to  that  author. 

In  order  to  determine  the  form  of  r'  we  must  have  recourse 
to  the  principles  of  Hydronamics. 

The  co-ordinates  of  a  particle  of  the  fluid  being  as  before,  ex- 

cept  that  y  and  z  arc  now  supposed  fixed  in  space ;  -r-  ,   ^^  , 

dx      dy 
rfv 
^   will  be  the  forces  which  act  on  it  arising  from  the  mutual 
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itttaction  of  the  particles,  and  tending  to  augment  the  co-ordi* 
nates.  If  p  be  the  pressure,  the  welUknown  equations  oi  the 
moil&n  of  the  particle  are 

.  •     c(v        dp       (Px  _  dv       dp       d^y   _    , 

dx~  3i~J?""®'    dy~dy^dF''^* 

dyr        dp         (^z^  _ 

dz   ^dl~dt^    ■"  ^* 

Now  let  the  particle  be  supposed  to  move  in  a  circle,  the 
plane  of    which   is   perpendicular    to  the  axis  of    rotation ; 

/=:  (y'  -4-  2*)*  =  rad.  of  the  circle  ;  n  the  velocity  of  rotation 
to  rad.  unity.    Then  y  =  /cos  nt,  z  zzf  tin  ni,  x  zz  ^  constant ; 

d^y  d^z 

^  =  —  ny  cos  w/  =:  ~  n»y,  ^  =  —  »2/sin  w/  =  —  nH : 

and  our  equations  became 

rfv        dp  dv       dp  ^     ^  dv       dp   ,     . 

These  are  the  partial  differentials  relative  to  x,  y^  andz  of  one 
only  integral  equation,  viz^ 

y—p  +  in^  (2f^  +  2«)  =  A  ;  or 
V  +  |»«r«8in«  d  zr  ^  +  A. 

This  v^ill  appear  by  integrating  them  separately,  and  deter- 
mining the  arbitrary  functions  ^(y,  z),  (pi  (;r,  z\  (p^  (x,y)  which 
enter  into  their  integrals  ;  or  by  multiplying  them  by  dx,  dy^  dz 
respectively,  adding  the  results,  and  integrating.  The  pre- 
ceding equation  therefore  confines  the  particle  to  the  supposed 
motion,  and  contains  all  the  conditions  of  equilibrium.  At  the 
surface  ^  =  o ;  therefore 

V  -h  ^aV8in*0=  a. 

This  involves  the  equation  to  the  surface.  When  d  zzot 
v=:a  :  consequently  a  is  the  value  of  v  at  the  pole.  From  this 
equation  we  determine  the  value  of  r  for  any  point  at  the  sur- 
.  face  of  the  mass.  The  equation  employed  by  La  Place  for  this 
purpose  renders  the  solution  more  easy  ;  and  is  certainly  a  true 
one,  and  an  ingenious  contrivance :  but  it  is  surperfluous,  and 
the  use  of  it  in  this  case  not  scientific.  Let  r  zz  a  {t  -{-  ay)^ 
putting  a  for  the  semi-axis,  and  a  being  a  quantity  of  the  order 
«*,  or  of  the  ellipticity. 
Neglecting  the  second  power  of  the  ellipticity, 

M®  I*'  M*  M  u^         u^  ^ 
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♦   i 

Putting  thii  value  of  v  in  the  equation  of  equilibrium,   we  find    *  j] 
—  ay  =  ^^  +  ^-    f  &c    -h A  4-  ^»fl*sia*e.     • 

Bui  j/7»a»  gin^  Q  =  J«  V  +  i/iV-  (i  —  cos'  flj.  >^ 

The  two  terms  on  the  right  side  of  the  last  equation  are  now       | 

subjected  to  satisfy  equation  (b\  the  first  in  the  case  of  t  -  o*      ) 
the  second  in  the  case  of  i  =  2.     I'o  abridge  let  ^ 

-  -  A  +  4/1'tt*  zz  B.     Then 

-^ = li  IS + r^  +  ^'-  »■  i"-' -»'(* -'*^>  ( +  ^- 

Now  r  is  the  same  function  of  0  and  w  which  r'  is*of  B'  and 
«/ ;  and  u'  the  same  function  also  of  the  former  as  u^'  is  of  the 
latter.     And  their  constant  co-efficients  in  each  case  are  the      « 
same :  the  change  in  r  and  «'  from  one  point  of  the  surface  to     • 
another  depending  on  the  change  of  0  and  -a,  and  not  at  all  upon 
the  CO  efficients. 

We  must  now  step  aside  to  ffive  an  important  Theorem  from 
La  Place.  ^  H  V 

Let  X* ,  y^'  be  two  functions  of  B  and  w  which  satisfy  (b\ 
Then  integrating  from  ptzi—  1  topc=:+],  and  ironi  w  =  0 
to  «r  =  360® : 

• — — -i  dfidzf  by  (b).     Integrating  relative  to  ft, 

X   p(^  ■"  ^')  J""s  ^'^^    '^'^^  ^"^^  first  terms  arc  nothmgat 

the  limits  of  the  integral,  which  therefore  reduces  to  its  last  term 
Integrating  relative  to  cr, 

A  ^  ^-  =  y'   ^  -X'   ^1  +/a'  ^d«.     The  quan. 
titles  yS    w^  »  ^^   /-  »  are  the  same  at  both  limits,  which 


r 
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'.    reduces  the  integral  to  the  last  term.    Tlicrefore  again  Jby  (uV 


lit     {-  t)    /*        , 

~    T^~~, — r  /  **  v''J/xcfw,  which  is  impossible  as  long  as  2'  is 
*(«  +  1)  t'  ** 

different  from  i,  unless  /x'  y^'d^idzj'  —  o. 

Substituting  for  r^n  w'   =:    .-^r —  I f^^'^'^  (f  d^'d'^s'  we  may 

by  virtue  of  the  theorem  just  demonstrated,  leave  out  all  term* 
in  the  value  of  r''-«^  which  are  not  of  the  order  i, 

.-.  a''  =  an^f\y'q^dfi'd'm'-  ^  f\^y  dixdis/. 

But  in  the  case  of  i  =  t,  we  shall  have 

u<  =  ^ /•*  5  tt*'  f  i/i^a»  (i  — /■)  I  qWd^'. 

We  now  want  the  development  of  y' .  Let  f  cos  n(w'  —  tr) 
be  its  general  term.  Substituting  this  for  ^'  or  »^  in  (b),  and 
dividing  by  cos  n  (^  —  tj);  we  find  the  equation  to  ordinary 
differentials 

Developing  a  few  terms  of  the  radical  t^  we  find  S  of  the 

n 

form  (1  — /)«" .  {a^<~"  +  aV*"*^  +  &c-j*     Putting  this  in 
the  preceding  equation,  we  have 

^  '       C^  a(ai  —  1) 

(t— b)  (t— a— I)  (t-B—  a)(t-ii-3)   ,_,_«_  o,c' 

2.  4(,2i  — i)(ai- 8) 
But  C  is  the  same  function  of  ^'  as  of  ^. 

Therefore 


A  =  r(i-.^^) 


•  r  a(2«— 1)        '^  s 

Instead  of  ff  therefore  we  will  write  yf 'o,  where  y  ii  a  constant 
to  be  determined. 


lA^ 
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M 

To  iind.T'^  Icti  —  «  be  even  ;  and  suppose  ;i  zz  o,  /«'  i:  o: 
which  Civesytb    =:  7 A^^ — ,,    .  ^   ^ — ^ — , — ^;. -^  = 

y{t-3.g>^>.*  (t'--n— I) .  1.3.5 (t+«  — t)F 

•    .«  {i.3-5---("— 1)}- 
If  i  —  »  be  odd,  preserving  only  the  first  powers  of  ft  and  /; 

^f /  ^        ' y/iM^{i>tt.3...>(t  — ff)}g 

2  .  4  . . .  (i  —  «  —  1) .  (21—  i)at  —  3} . . .  .(t  -f  n  {-  2)]' 

{i.3.5....(,2i— i)P 
Neglecting  the  powers  of  ^  and  //above  the  first 

T={r«-Brr'cos(t!j'-4ff}+/»}~*+rr'/£/*^{r«-2rr'cos(w'-«x)+r«j~' 
Developing  the  radicals,  the  coefficient  of 

'ij^j  cos  n(tff'  —  w)  in  the  first  is 

s>  .  t  >3  .  5..  .(t  -h  »  —  ')'  t  *  3  «5  "  »'^<' — «  —  i ) 
2  •  4  •  6  • . .  (t  -f  ») -  fi  •  4  •  6  • .  •  .(t  —  n) 

That  of  -j^^  fifjL^  cos  a  (bt'  —  w)  in  the  second  is 

2  ,  1.  3. 5. >..(»'  4-  «)  .  t »  3>5 (»'  —  ») 

8  .4.6..  ..(t  -f  n —  1) .  2  ,4  .6....(t  — u  —  I)  ■ 
Comparing  these  values  of  ySS^  vrith  the  foitner, 

V     »*«-3 — »     -^      («  +  i)(»  +  «) («+«)* 

both  cases. 

But  when  a  =1  o,  we  must  make  y  =  f  l-lili-^-LlifiLzl^V. 

V     1  .  2  . 3  •  •  •  .s    / 

We    are    now    prepared    to    solve    the    equation    n'  ^ 

—  I      u^'  g*  dfi'dts^.     The  general   term  of  ^  is 

yf f '  COS  «(«/  —  «t)  =:  yf  cos  iits/f  cos  nw  +  yS^  sin  atff'C  sin  «». 
And   as  u'  is  the  same  function   of  Q  and  ts  with  ^  ^  u^  zz 

B*  S  cosnzfi-c  Csinat^.     Alsou'*=:fi  C^cos.ji«K-^c  C'sinav. 

These  are  the  general  terms  of  a'  and  a*' ;  and  these  are  the 
only  terms  of  a''  and  q^  that  multiplied  together  give  any  thing 


a 

M 
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in  the  integral.     For  terms  involving  $xn  pvT\  cos  ^rr'  vaniah 
between  the  limits.     Substituting  these  we  have  by  coinpariscm 

»*  ^  »  izr  «/<^' Vm  •  =  «>.  c  -  c  ^  y  /V'**i'  =  o.    I  p 

the  case  of  n  r:  p  the  coefficient  o(  the  last  teiip  must  be.  multi- 
plied by  «•  •  - 

From  the  formulae  preceding    we  sh^U   6^(1  y  fQ'^dfi'  zz 

|»  -^f  -»    r't  &c.  respectively .  whatever  be  «.     And  as  those 
5      7      g      II  '^ 

formula  observe  regular  laws,  we  may  be  sure  th^t  the  gcner«jl 
value  of  the  integral  is  -r-—:  •     We  ^herjcfpre   h^ve  gener4!ly 

n  ft  —.  .    — -J  =  o.      If  we  neglect  the  elhpticity  of 

M  =:  ^a^TT.     Consequently   b  [  i r-^ — j  =  o.     As  long 

as  i  is  equal  or  greater  than  2»  the  factor  i  -^  "^ —   cannot 

21+1 

be  zero.     Therefore  b    =:  o. 

We  may  make  M  =  4  a^jr  (i  •+-  ^),    ^  being  an  a^irni^fiye 

3 

quantity ;  for  it  is  impossible  to  suppose  the  equatorial  diameter 

less  than  the  polar.     But  this  value  of  m  would  render  the 

equation  still  more  imposfib^^e  unless  b  =  o.  It  may  be  re- 
marked tba^  La  Place's  methpd  of  determinip^  the  integral 
/  C^^d/J  is  not  legitimate.    We  might  as  justly  determine  it  from 

the  equation  b  (i  —  3  y  f^'^df/)  =  Ot    for  this  is  the  very 

n  4 

eqxs^ion  frQfn  which  tha^  author  delef mines  it.  ijif  rjssult  is 
right,  but  that  is  purely  accidental ;  and  is  owing  to  the  peculiar 
form  he  has  assumed  for  r'^  which  makes  his  equaiscfti  some- 
what diSerer^  from  the  above.     The  factor  b    being  zero,  it 

does  not  follow  that  the  other  factor  is  so. 

From  what  has  just  been  proved  it  appears  that  »*,  »%  u?^  8lc. 
are  all  nothing;  as  also  are  all  the  terms  of  u'^  except  the  first. 
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B     being  the  co-efficient  of  --  —  /^^    that    term    givet    us 
B    —  ^—  B    =  ' • — •  or  neglecting  the  second  power  of 

the  ellipticity,  ^  b"  =  -^    «V,  and  b^  z:  2  ««a\ 

u9       w*         tt* 
Hence v=  —  -|-—  +  -r  +  &c.  becomes 

the  ellipticity,  as  we  shall  presently  see. 

2        \a         /     6       _ 


B» 


For  f  =  fl(i  +  ay)  n  a  + 


Ma 


4(1  +i|lsin«d)=:a(i  +  tfsin«0);  and  e  =  i|  ^ . 
i6  IT  '         ^  '  10  ir 

It  appears  therefore  that  the  figure  of  the  fluid  mass  is  that  of 
the  ellipsoid  of  revolution. 

To  nnd  the  value  of  V  for  a  point  interior  o(  the  mass;  we 
may  divide  that  mass  into  three  portions — first  the  protuberant 
matter,  the  thickness  of  which  is  aay^ — next  the  spherical 
shelly  the  thickness  of  which  is  £f  —  r — and  lastly  the  sphere,  of 
which  the  radius  is  r. 

/^  dr' 

-t=r  f  dr^dfi'dw^g*  n  -i^  /  ay'q*  d^'dzi\    But   relative 
to  this  matterii^  =  a'"^^  ay^q^  d/dw^.    Consequently  «'  r 

v\  V*,  &c.  r:  o. 

Relative  to  the  shell »«  =  — L^^-i^^—  ^)J^i*^^'^^» 
and  »•  =  aaSr  —  2r*ir,  ©*  t;%  &c.  =  o. 

For  the  sphere,  our  first  formulae  gives  v  =  —  =  -  f*»« 
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Therefore  relative  to  the  whole  mats 

«         3  (3  V3  /5       * 

tftf*ir(i  4-  ie)—  5-  —  (-  — #*')  ^^\  ^^^'    Thisiithcvery 
3  t3       ^8  '  S   J 

same  as  the  value  of  v  for  a  spheroid  similar  and  concentric 

with  the  whole,  passing  through  the  point  attracted. 

If  we  wish  to  take  account  of  the  square  of  .the  ellipticityi 

we  must  make  r  -^  a{i  +  ay  -f  «*«)•     Then  by  substitution  in 

the  equation  of  equilibrium 

—  (ay  +  a*r  +  ««y)z=  V  +  ^  +  &c.  +  1  ««f«sin«e-A4- -; 
a  ^'      r*        f^  a  a 

-^  •*£  =  -  ay  —  ^  «y  4-  ^  +  n^a^my  sin'fl  —  d  ;    where 

D  is  the  value  of  -^  at  the  pole^  and  where  such  quantities 

have  been  left  out  as  destroy  one  another  by  virtue  of  former 
equations. 

-«•«  =   -^sin*fl+aV€sin*d— 2!?!«sin«0+  2j_i>. 

I 

a*r  zz  "^  sin*8  +  -^    V  ~^  "~  ^\     Conseuqently 

«V=:  ^€«sin*(/+   4-  r-'~»0- 

We  must  form  the  functions  under  the  integral  sign  into  the 
orders  1  =:  o,  2,  4,  so  as  to  make  them  satisfy  (b).    Then 

=  d!j^  jl  e«sin«G'+  8e»sin*fl^+  -^W?*rf#^'^«^ 

\^       ^  7  85/r 

=  (*-B*   +  i  irfl^^O  (cos*9—  ^-cos«a  +  J.).      Therefore 

by  comparison  with  the  like  coefficient  of  u* ;  we  have  b    = 
2VaV»    And  hence 

M*  =  awaV(cos*0—  --  cos^d-f  -2-). 
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In  like  manner  we  find  a  «*  =  a\  /"^  («V+ •«*y'*)^4/jt'rfw'= 

Adding  this  to  the  vklue  of  «*  before  lottAd,  and  taking  into 

...        ^     a* 
account  in  that  value  the  eilipticity  in  —  *;    we    have  for   the. 

M 
.•  .  >    ^ 

c6k4^«d  CO^^cAeHI  ft^  =:  ^  «W'  +  ^  »«V«;  nnd  therefore 

•        4  35 

4  35  ^  ^3  ^ 

rrifl^i+fiil.  —  i«*)sin«a+  3.  |.«8in*5,^  .     The 

value  of  f  for  tne  elhYsoid  of  revolution  il 

r  =:  ail  4-  f<f  —  ^«^  sin^O  +  ^e*«n*^ .    The  coAipari- 

son  oT  these  values  of  r  gives  €:=i-7i  —  +  -^(-^1   —  • 
Afterwards  we  find 

(-^ pt*  -I-  pt^j  srfl^^*  p  .    This  agrees  exactly 

to  the  ellipsoid  of  revolutiorr. 

We  might  in  exactly  the  same  way  take  account  of  higher 

powers  of  the  eilipticity.     And  if  we  preservefl  -^   —  and    its 

powers  in  the  values  of  r  and  v  insteacl  of  introducing  t^  we 
should  have  the  co-*iefficTent  of  the  second  term  of  r  expressed 
by  a  function  of  this  [quantity.  And  equalling  this  to  the  func- 
tion of  t  by  which  the  same  co-efficient  is  expressed,  we  should 
determine  all  the  valdes  of  t^  or  all  the^olutiohs  which  the  pro- 
blem admits  of.  And  thus  our  solution  is  as  complete  as  it  can 
be  by  series. 

We  may  also^^hen  the  point  attacted  is  within  the  miss,  take 
account  ot  terms  involving  ^%  tf%  &c.,  from  the  values  of -**,  h\ 
&c. 

The  figure  of  the  mass  has  been  found  from  the  equation  of 
equilibrium  at  the  surface  only.  That  equation  thercfoie  suf- 
fices alone  for  the  conditions  of  equilibrium.     Examining  this 
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equation  a  little ;  since  •**  ^  is  the  liAte    of  gravity,    and 

nV  sin^9  the  centrifugal  fcffCt  ah  a  pdt1?icle  tending  along  the 

radius  r :  it  follows  flhit  v  +  *  ^V*  srn*9  is  the  weight  of  a 

whole  column  of  fkid  from  the  surface  to  the  centre,  taken 
wich^  '^OYTtr^ry  «fgn«  ih  ^y  plac«,  the  laitude  of  wluch  is 9. 

Arid  Ah 'the  'stfme  *thit!g  Vi^h  Vfegard  to  a  colnnm  oti  the  axis. 

The  equation  V  H — ««r*sin^  =  a  therefdte  ilitplies  'that  ilhe 

weight  of  a  column  every  where,  taken  frMi^fric  shftfsfce  %6<the 

centre,  is  the  same.     The  equation  v — p  +  '-^V  sia'd  r::  ^a 

implies  exactly  the  same  thing.  For  v  +  *  *«*^'  «n*  ?  is  mi- 
nus the  weight  of  a  column  up  to  the  particle  toivhich  ?t  sipper- 
tains,  and  p  is  the  weight  of  the  superinciffnbent  column.  Bxii 
as  the  integration  by  which  this  last  equation  was  Yoand  m^  be 
supposed  to  be  taken  in  any  directions  whslt^ver,  it  implies  that 
the  pressure  on  a  point  anv  where  taken  in  the  mass  is  the  safi^e 
in  ail  directions,  which  mdeed  necessarily  fofloWs  from  tlie 
equal  weight  of  the  columns. 

The  differential  of  the  former  equation,  or  (fv  +  it%rfy  ^zdz) 
=S:^  linplies  thslt  the'resultaht  of  the  forces  centripetal  atid  ccn- 
trtftigal  is  'perpendicular  to  the  surface,  sis  may  be  very  tasJly 
iftade  apparent.  It  is  the  resultant  multiplied  by  the  element 
of  its  direction,  or  by  the  differential  equation  of  the  surface. 
II  we  make  p  constant  in  thcsecond  equation, and  differentijite; 
the 'resuhirtg  equation  implies  the  same  thing  with  regard  to  the 
surface  of  equal  pressure.  And  this  surface  is  similar  to  the 
outer  surface,  as  will  appear  from  the  integral  equation.  For 
^4-  A  is  the  value  df  A  for  the'mass  included  within  this  sur- 
ftice,  dnd  the  value  of  v  rs  ihat  which  belongs  to  this  mass  only ; 
the  shell  above  it  having  been  proved  to  exercise  no  influence 
upon  it  otherwise  than  by  pressure.  This  may  also  be  made 
apparent  by  putting'for  V  and  r  their  values,  for  the  result  will 
be  p  zi  a  constant. 
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ARTICLE  XXIII. 
On  the  Arbelon. 
By  Mr.  Da  VIES,  Bath. 

(Lotududed from  pa^e  214.^ 

III.  Let  any  two  circles  ghe,  rht  touch  the  Arbelon  Aed 
in  E,  G,  and  R,  t  respectively,  and  each  other  in  h.  Let  A,  p  be 
the  two  centres^  and  draw  the  line  ap  to  meet  the  radical  axis 
of  the  Arbelon  in  f«* 

1.  Then  by  the 
common  properties  of 
the  radical  axis  and  of 
the  poles  of  similitude, 
the  line  ap  is  harmo- 
nically divided  in  the 
points  F  and  h,  and 
FH  =  HB.  With  cen- 
tre F  and  radius  fb 
describe  a  circle:  it 
will  touch  the  circles 
RHT»  EHG  in  the 
point  H. 

s.  Again,  if  the  line 
BH  be  drawn ;  and  cut 
the  two  circles  in  s  and 

o  respectively,  and  the  radii  *a»  po  be  drawn,  these  will  be  per- 
pendicular to  BC.  For,  since  h  is  the  pole  of  similitude  of  the 
circles  whose  centres  are  H  and  f  the  arcs  cut  off  by  ah  are 
similar,  and  therefore  they  subtend  equal  angles  bfh,  has- 
It  hence  follows  that  as  is  parallel  to  be,  or  perpendicular  to 
BC.  In  the  same  way  it  will  appear  that  Po  is  also  perpendi- 
cular to  EC. 

3.  Also,  since  ap  is  harmonically  divided  in  h  and  f,  and 
lines  are  drawn  from  the  points  of  section  to  a  point  b,  one  of 
which,  BF,  is  parallel  to  am,  the  intercepted  portion  ak  of  this 

*  Two  other  cases  besides  this  are  given  by  Pappus ;  but  as  ikt 
figures  are  extremely  easy  to  construct,  and  would  if  drawn  soii- 
ciently  large  to  be  qnite  clear,  require  more  room  than  could  be  o*ii- 
veniently  commanded  on  an  octavo  page,  it  is  thought  better  to  omit 
them  altogether.  The  point  D  is  in  both  cases  in  the  prolongation  of 
BC,  and  these  cases  are  separately  formed  by  drawing  the  circle  whose 
centre  is  p  so  as  to  be  touched  by  the  Arbelon  internally  and  exter- 
nally respectively. 
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line  is  bisected  in  ••     Hence   since  as  is  the  radius,  AK  is 
equal  to  the  diameter  of  the  circle  egh. 

4.  Further,  by  the  similar  triangles  furnished  by  the  figure 
as  already  constructed,  we  have 

AK  (=  AM  4-  9AS)  :  PN  : :  KB  :  Pfi  : :  AF  :  FP  ::  ah  :  HP. 

IV.  We  shall  now  proceed  to  a  demonstration  of  those  cele- 
brated properties  of  this  figure,  which  excited  so  much  interest 
amonff  the  ancient  geometers. 

u  Let  the  circle  egh  touch  bc.    Then  it  will  follow  from 

what  has  been  just  shewn, 
that 

PN  :  3AH  : :  PH  :  ah, 

and  hence 

PN  =  3PH. 

Describe  another  circle 
touching  BHT  in  1,  and 
let  X  be  its  centre :  and 
draw  Bx  meeting  pn  in 
T,  and  xz  perpendicular 
toBC*     Then 


xz  :  NP  +  PY  (=  NP  +  aPi)  : :  XI  :  PI, 

xa  :5Pi::  xi  :  pi, 

xz  =5  .  PI- 


that  is 

or 

Proceeding  in  the  same  way  we  find  the  distance  of  the  centre 

of  the  nth  circle  from  bc  equal  to  211  —  t  times  the  radms  of 

that  circle.     Papp.  iv.  i8« 

s.  Let  the  first  circle  be  described  upon  bc  as  a  diameter. 
Here  am  vanishes,  or  a  coincides  with  M,  and  our  proportion 
becomes  simply 

2AS  :  PN  : :  AH  :  HP,  or 

PN   =  flPH. 

That  is,  the  distance  of  p 
from  BC  is  equal  to  the  dia- 
meter of  the  circle  itself,  or 
to  twice  its  radius. 
Again, 

xz  :  MP  -4-  PY  ::  xi  :  pi, 

becomes 


t  By  the  second  and  third  cases  of  the  proposiaon,  it « ill  readily 
follow  that  the  circles  may  bc  fiarricd  down  the  part  rdh,  and  likewise 
down  HOT. 
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xa  :  21IP  ::  XI  :  PI,  or 

XZ  zz  4P1, 

Thaf  is,  to  twice  the  diameter  of  the  ci^^cle  whose  ccDrte  i^  X. 

In  like  manner, 'the  distance  of  the  nth  centre  from  Bc  is  « 
times  the  diameter,  or   sn 
times  the  radius  of  the  sth 
circle.     Papp.  iv«  16. 

3.   By  referring  to   page 

213,  of  the  last  number  of 
the  Repository,  we  readily 
get  (changing  to  the  notation- 
of  that  page), 

2AF  .  BC  z:   DV*  =.   DF  .  CV. 

If,  therefore,  bc  =  «  cv  (»  =:  inle^er\  the  diameter  of  the 
first  circle  inscribed  in  the  segments  of  the  -A  rbelon  made  by 
DV,  will  be  the  same,  or  «th  part  of  their  perpendicular  dis- 
tances from  BC.     Papp.  iv.  t6. 

It  will  follow  from  this,  that  when  ce  is  an  integral  multiple 
of  cv,  the  circles  being  described  on  the  side  of  the  circle 
whose  centre  is  a  lying  towards  c  D,  then  the  rath  of  these  circlei 
will  have  cd  for  a  diameter. 


It  will  also  follow  that  if 


be  integral,  then  the  circli: 


whose  numerical  order  is  »'"■  ■"  ■  will  touch  the  line  3c. 

2 

'  SchoL  The  reader  who  is  fanailiar  with  the  works  of  the  an- 
cient geometers,  will  recognise  in  ^his  latter  part,  the  substance 
of  the  14 — 18th  propositions  of  the  fourth  book  of  pappus. 
The  subject  is  also  treated  very  elegantly  by  the  late  lamented 
Professor  Leslie,  in  the  second  book  ol  his  Geometrical  Ana- 
lysis. The  method  here  pursued  differs  in  some  respects  from 
both  those  authors  i  whilst  in  others  there  is  411  almost  perfr.ct 
identity  between  all  three. 

In  9  future  paper  I  purpose  to  giv^  $1  rooire  g^ner^l  tbeoresa 
which  shall  contain  this  as  a  particular  case,  aa4  which  at  the 
same  time  opens  the  road  to  a  totally  new  series  of  properties  of 
the  figure. 
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ARTICLE  XXIV. 

On  the  Power  of  Machines. 
By  Mr.  W,  Marrat,  LiverpooL 

I.  The  doctrine  of  the  equilibrium  and  power  of  machines, 
is  at  once  the  most  difficult  and  most  useful  branch  of  mecha- 
nics ;  and  it  is  well  known  that  persons  who  have  not  studied 
this  subject  with  attention,  have  very  imperfect  ideas  on  the 
general  effects  which  machinery  produces. 

No  mass  or  parcel  of  matter  can  give  motion  to  itself ;  it 
ahvays  requires  some  external  agent  to  put  matter  in  motion ; 
it  must  be  pushed  or  drawn  by  some  external  force ;  and  to 
continue  rhe  motion  which  a  body  has  already  acquired,  fresh 
impulses  must  be  added  at  short  but  stated  intervals. 

The  force  which  any  agent  expends  in  giving  motion  to' a 
machine^  is  necessarily  limiied ;  thus,  when  a  horse  draws  a 
body  by  means.of  a  machine  along  a  plane,  he  loses  a  part  of  his 
whole  strength,  or  power  of  action,  in  endeavouring  to  give 
motion  to  the  body ;  and  if  on  account  of  its  weight,  together 
with  the  obstacles  arising  from  friction,  &c.,  he  cannot  over- 
come the  resistance  which  it  opposes,  no  motion  will  be  pro- 
duced, and  this  arises  from  the  limited  power  of  the  horse» 
When  the  body  moves,  it  is  easily  perceived  that  the  absolute 
force  of  the  horse  is  employed  in  three  different  portions.  The 
first  is  that  portion  which  is  required  to  give  himself  motion  ; 
the  second  is  expended  in  overcoming  friction  and  other  resist* 
ances ;  and  the  third  is  that  portion  which  is  employed  to  move 
the  bodv  itself. 

9.  This  last  is  what  is  called  the  moving  force,  and  it  is  mea- 
sured by  the  product  of  the  mass  moved,  or  the  body,  into  the 
velocity  with  which  it  is  moved.  It  is  the  same  for  every  other 
kind  of  agent,  and  we  may  consider  every  moving  force  as 
having  for  its  elements,  or  for  its  factors,  the  weight  of  the 
body,  and  the  velocity  with  which  it  moves.  We  have  always 
a  fixed  and  determinate  moving  force,  which  we  are  to  employ 
in  order  to  overcome  a  certain  determinate  resistance,  or,  which 
is  the  same,  to  move  a  given  weight.  Thus  in  machines  which 
move  weights  by  a  uniform  motion,  ihe  effect  produced  is  mea- 
sured by  the  product  of  the  weight  moved  by  its  velocity ;  also 
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the  effect  of  the  moving  force  is  measured^  by  the  velocity  of 
the  power,  into  the  power  itself;  that  is,  if  p  denote  the  power, 

V  its  velocity,  w  the  weight,  and  v  its  velocity,  we  shall  in  all 
cases  have  pr  =:  wv ;  and  hence  it  follows  that,  the  moving 
force  always  remains  the  rame,  whatever  means  we  make  use  of 
to  give  it  effect.  If  it  be  allowed  that  a  man  can  act  with  a  force 
or  power  oi  ^olbs.,  and  with  a  velocity  of  g  feet  per  second ;  then 
P  and  V  are  constant  quantities,  and  50  X  3  =:  w  x  V ;  if,  there- 
fore, the  weight  w  which  we  are  desirous  to  move,  be  great,  its 
velocity  must  be  slow,  if  the  weight  w  be  small,  its  velocity  will 
be  great.     If  the  weight  w  be  150  lbs.,  its  velocity 

V  =  •!—  zi-S d.  will  be  at  the  rate  of  one  foot  in  a  second 

w        ^[50     ' 

of  time ;  if  the  weight  w  be  3lbs.,  its  velocity  will  be  go  feet, 
per  second  ;  whence  it  is  plain  that  the  velocity  and  weight  may 
be  varied  in  any  manner  we  please,  within  certain  given  limits. 
It  is  to  no  purpose,  then,  that,  with  a  view  to  augment  the 
force,  we  multiply  levers,  or  wheels,  or  screws,  or  pulleys,  for 
none  of  these  instruments  have  any  power  of  action  in  them- 
selves ;  they  only  act  with  the  force  transmitted  to  them»  and  a 
considerable  portion  of  the  moving  force  is  destroyed  by  them, 
by  the  friction  which  they  oppose  to  its  action.  The  use  of 
machines,  then,  is  only  to  modify  the  forces*  we  can  make 
use  of  in  transporting  weights  from  one  place  to  another,  or  In 
raising  large  masses  to  given  altitudes.  Hence  also  it  follows 
that  if  we  wish  to  augment  the  load,  we  must  diminish  the  velo- 
city in  the  same  ratio — if  we  would  increase  the  velocity,  we 
must  diminish  ihe  weight  to  be  moved. 

3.  In  machines,  where  an  equilibrium  only  is  required,  the 
situation  of  the  forces  has  a  great  effect  upon  their  intensity ; 
but  as  the  greater  number  of  machines  are  destined  to  move  heavy 
bodies,  the  moving  forces  cannot  be  varied,  for  the  velocity 
must  be  diminished  if  the  weight  be  increased,  or  the  body  must 
be  diminished  if  the  velocity  be  increased. 

4.  Let  a  weight  of  one  pound  be  applied  at  the  extremity  of 
one  arm  of  a  lever  which  is  ten  feet  long,  it  will  be  in  equili- 
brio  with  a  weight  of  10  lbs.  at  the  extremity  of  the  other  arm, 
which  is  one  foot  long ;  but  if  the  lever  be  put  in  motion^  and 
the  less  weight  be  called  the  power,  and  it  be  made  to  move  with 
a  velocity  sufficient  to  carry  it  through  a  space  of  one  foot  in  a 
second,  the  ten  pounds  weight  will  be  moved  through  a  space  of 
only  one-tenth  of  a  foot  in  a  second :  for  the  velocities  of  the 
two  weights  are  as  the  like  arcs  which  they  describe,  and  these 
are  again  as  the  arms  of  the  lever.    The  use,  then  of  machines. 
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i>»  to  transmit,  according  to  a  certain  law,  a  given  moving  force 
to  a  weight  required  to  be  moved.  The  machine  offers  us  gteat 
facility,  for  by  it  we  can  either  augment  the  weight,  or  increase 
the  velocity,  and  the  facility  of  means  thus  offered  is  of  the 
greatest  importance  ;  for  if  we  are  desirous  of  moving  a  consi* 
derable  weight,  and  have  sufficient  time  for  the  purpose,  or  if  we 
wish  to  raise  a  small  weight  with  a  considerable  velocity,  either 
of  these  purposes  can  easily  be  effected  by  the  intervention  of  a 
machine ;  but  to  attempt  to  move  a  large  weight  with  a  great 
velocity,  by  a  limited  power,  either  with  or  without  the  aid  of 
machinery,  is  evidently  impossible.  It  is  manifest  then,  that 
in  all  sorts  of  machinery,  what  is  gained  on  one  side  is  lost  on 
the  other,  or  what  is  gained  in  power  is  lost  in  velocity,  or  in 
time. 

^  In  the  construction  of  machines,  the  less  complicated  they 
are,  the  better  they  will  answer  any  destined  purpose.  Friction 
and  every  other  kind  of  resisunce  should  be  avoided  as  much  as 
possible.  The  most  perfect  machine  is  that  in  which  the  Ibrce 
is  transmitted  to  the  weight  to  be  moved  with  the  least  possible 
waste  of  power ;  and  this  is  all  that,  in  reality,  can  be  enected ; 
we  must  endeavour  then  to  diminish  all  waste  of  power,  for 
every  other  advantage  which  men  attribute  to  machines,  is 
founded  io  ignorance,  and  in  practice  will  be  found  to  be  merely 
an  illusion, 

6*  In  the  choice  of  machines  we  ought  to  select  such  as  are 
suitable  to  tb^  effect  required  to  be  produced;  thus,  when  a 
heavy  body  is  to  be  rolled  along  the  ground,  we  may  employ  a 
lever,  as  the  most  suitable  instrument  for  that  purpose ;  but  when 
water  is  to  be  drawn  from  a  well,  or  stones  to  the  top  of  a 
buildings  we  should  make  use  of  a  wheel  and  axle,  or,  which  is 
the  same,  of  a  crank  and  axle.  It  is  sometimes  difficult  to  de- 
termine what  sort  of  machine  would  be  most  suitable  to  effect  a 
given  purpose,  but  the  experienced  engineer,  who  is  well  versed 
in  the  theory  oi  mechanics,  will  seldom  err  in  the  choice  he  may 
make,  while  the  practical  man,  if  ignorant  of  the  theory,  will  be 
just  as  liable  lo  be  wrong  as  righc. 

7«  When  we  know  the  resistance  that  is  to  be  overcome,  we 
can  easily  determine  the  force  that  will  be  necessary  to  produce 
an  equilibriuita,  anpl  consequently  the  power  that  will  be  required 
to  produce  motion.  Having  calculated  the  power  that  will  be 
necessary  for  the  equilibrium  of  a  machine,  3ctually  at  rest,  but 
in  a  state  just  bordering  on  motion,  we  have  then  only  to  aug« 
ment  the  power.  The  motion  thus  generated  will  gradually  in* 
crease,  and  the  acceleration  will  continue  so  long  as  the  power 
is  greater  than  the  resistance ;  but  if  the  power  diminish,  or  if 

dds 
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the  power  remaining  the  same,  the  resistance  increases,  the  ac- 
celeration will  diminish;  and  when  the  power  and  resistance 
have  acquired  values  simply  requisite  to  produce  an  equilibrium» 
the  motion  will  beconte  uniform: — the  uniform  motion  will 
continue  in  consequence  of  the  inertia  of  the  matter  moved, 
and  the  power  will  be  sufficient  to  overcome  the  accumulating 
resistance  continually  opposed  to  it. 

8.  Machines  moved  by  water,  show,  in  a  very  sensible  man- 
ner, how,  when  the  force  diminishes,  the  motion  of  the  machine 
approximates  towards  a  uniform  motion.  Let  a  current  of  water 
strike  against  the  float-boards  of  a  water  wheel,  at  rest; 
at  first  the  water  strikes  against  the  float-board  with  its  whole 
force,  but  as  soon  as  the  wheel  begins  to  move,  the  pressure  of 
the  water  against  the  float-board  gradually  decreases,  and  if  the 
wheel  could  acquire  the  same  velocity  as  the  current,  all  acce* 
ieration  would  cease.  This  circumstance,  however,  never  ac- 
tually takes  place ;  because,  if  the  wheel  and  the  water  were  to 
move  with  the  same  velocity,  the  water  would  not  act  upon  the 
float-boards  with  any  force  ;  they  continue  however,  for  some 
time  to  approximate  towards  an  equality,  and  the  example  is 
properlv  chosen  to  shew  how  the  motion  of  the  wheel  at  first  is 
graaually  accelerated,  and  how  its  motion  afterwards  becomes 
nearly  uniform.  It  may  be  proper  to  observe,  that  strictly 
speaking,  no  machine  ever  acquires  a  uniform  motion  in  any 
finite  time ;  like  the  asymptote  to  a  curve,  it  continually  ap- 
proaches it,  and  arrives  so  near,  that  no  difference  can  be  dis* 
tinguished  by  our  senses,  but  the  actual  state  of  uniformity 
never  takes  place, 

9.  In  the  following  articles  I  shall  make  use  of  the  principle 
of  D'Alembert,  as  explained  and  illustrated  by  Bossut, 
and  the  more  especially,  because  this  method  is  not  only  more 
lucid,  and  more  general,  but  more  suitable  to  the  purpose,  than 
any  other  method  with  which  I  am  acquainted. 

10.  Let  P  and  w  act  at  the  extremities  of  a  lever,  the  arms  of 
which  are  denoted  by  r,  r^,  there  will  be  an  equilibrium  when 
pr  =:  wr',  but  if  pr  be  greater  than  wr',  p  will  preponderate, 
and  the  lever  will  turn  on  its  fulcrum.  Put  the  velocity  of  p  z::  v, 

vr' 
that  of  w  =  V ;  then  v  :  V   :  i  r^  :  r,  and  v  =  — =  velocity 

of  p.     Now  if  p  and  w  were  at  liberty  to  tail  freely,  the  velocity 
of  each  would  be  =  ^ :  the  velocity  lost  by  p,  will,  therefore, 

be  expressed. by  ^  —  — and  the  velocity  gained  by  w  will  be 
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g  +  yi  their  momenu  mutt  be  equal,  conceqoently 

Because  /  =  — wc  have  /  =— (  —7 -5=) 

V  ^  V  Pr  r  —  wr  V 

where  s  is  given. 

II.  Since  w,  p,  and  r^  may  remain  constant,  while  r  is  vari- 
able»  a  value  of  r  may  be  found  that  will  give  the  time  a  mi- 
nimum, or  the  angular  velocity  a  maximum.  Making  r  variable 
in  the  above  expression  for  v,  taking  the  difiTerential,  and  re- 

wr'  ~f"  f 
ducing,  we  have   r  =  — l/(pw  +  w^).     When   the 

power  and  weight  are  equal,  or  p  =  w,  r  =  r'  (i  +  y^  2)  c: 

2.  41 4ft  r^,  or,  f  =  —  r'  nearly*. 

5 

18.  If  the  power  p  be  given,  and  we  wish  to  find  the  weight 

w  so  that  the  work  done  may  be  the  greatest ;  in  this  case  the 

momentum  w  X      ^     jg  must  be  a  maximum.    Making 

w  variable;  and  differentiating  this  expression,  by  reduction,  we 


have  w  =  ^[y    (j74+  7^)  — p^)  i  ^^^  ^^^^  ^^^ 


arms  r 


^A 


and  r^  arc  equal,  w  =  p  (v^2  — i)  =  •  414s  p  z:  -^  p  nearly; 
that  is,  the  arms  being  equals  when  the  most  work  is  done,  the 
weight  is-^ihsof  the  power. 

If  two  unequal  weights  p  and  w  be  connected  to  the  ends  of 
a  string,  which  passes    over  a  fixed  pulley; 
let  it  be  required  to  determine    the    circum- 
stances of  the  motion  of  the  bodies. 

Let  us  suppose  that  the  two  bodies,  p,  w,  if 
they  had  been  at  liberty  to  fall  freely,  would 
have  fallen  through  the  equal  spaces  pn,  kw  ; 
in  the  first  moment  of  time,  but  that  in  conse- 
quence of  their  mutual  reaction,  p  has  only  de-  y^^ 
scended  through  pm,  while  w  has  ascended  | 
through  WH  =  PM.    It  is  manifest  that  mN  will  kg^ 

express  the  velocity  lost  by  p,  and  that  kh  will     ^l 
denote  the  velocity  gained  by  w,  in  the  same  vf 


H' 
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time.  Now  the  motion  Idgi  by  p  is  eqoal  to  the  motion  gidned 
by  w#  in  consequence  of  which,  we  shall  have  p.  mn  =  w. 
KH*  But  the  small  spaces  Pft^  pm,  WR»  mti  through  in  conse- 
quence of  the  accelerative  forces  acting  on  the  bodies  p  and  w« 
may  be  regarded  as  the  expressions  of  these  forces ;  putting 
therefore,  g  for  the  force  of  gravity  =  PK,/for  the  actual  force 
PM,  or  WH,  the  above  equation  will  become  p  (g  — 'J)  =  w 

(g  +/) ;    whence/  =  g.  ^^^ ....(a) 

14.  To  find  w  when  the  work  done  is  the  greatest,  we  have, 

since  the  force  is  as  the  velocity,  — ^-; for  the  momentum 

^      p  +  w 

of  w;  whence  differentiating  with  w  variable,  we  find  w  =  p 
(v^S  — - 1)  =  -^  p,  as  in  art.  la. 

15.  If  an  agent  be  applied  to  a  machine,  as  a  man,  a  horse, 
&€.,  the  whole  force  ot  the  agent  is  not  expended  in  giving  mo- 
tion to  the  machine ;  a  part  is  consumed  in  giving  motion  to  it« 
self,  the  other  part  is  expended  in  giving  motion  to  the  machine. 
Let  g  be  the  force  of  mvity,  y  tlie  force  required  to  move  tbe 
machine,  p  the  whole  torce  with  which  the  agent  is  capable  of 
acting,  w  the  resistance  which  the  machine  opposes  to  the  agent; 
«-lhe  force  required  from  tbe  agent  to  move  the  machine,  will 
be  denoted  hyp  {g — /);    but   by  the  equation  {o)J^gm 


p —  W 

■  11 


p8  p^ 


a  0*  pvv 
;  whence,  by  substitution  p  {g-^J)  =     \.       •    The  re^ 

p8  

maining  force  of  the  agent  is  expressed  by  p  x/=r  g  x 

p  *+   w 

16.  The  tension  of  the  part  of  the  cord  from  which  p  is  sus- 

fi^  Pw 
pended  is  expressed  by  p  (^  — /)  =:    -^- — ,  and  that  from 

which  w  is  suspended  is  =:  w  (#  +  /)  =     ^  ^^ ;    hence  the 

P  +  w 

tensions  are  equal,  and  the  pressure  upon  the  axle  of  tbe  pulley 
is  equal  to  their  sum  =:  ^^         ;  hence  also,  we  may  perceive, 

that  when  the  bodies  are  in  motion,  the  pressure  on  the  axle  it 
less  than  when  the  bodies  are  at  rest:  for  when  the  bodies  are  at 
rest  the  pressure  on  the  axle  is  p  +  W,  a  given  quantity  ;  but 
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when  the  bodiei  are  in  motion  p  must  be  greater  than  w,  or  else 
w  greater  than  p.  Now  the  rectangle  of  PW  is  the  greatest 
when  p  =:  w,  consequently  when  p  and  w  are  unequal  the 
rectangle  is  less,  and  so  also  is  the  pressure  on  the  axle*     Let 

P  =  «lbs,  and  w  =  lib,  then  ^  "^^^^  =  |  -  «|,  is  the  pres- 
sure on  the  axle  when  these  bodies  are  in  motion,  but  2  +  I  = 
gibs  is  the  pressure  when  the  bodies  are  supposed  to  be  at  rest* 

17*  Let  V  be  the  last  acquired  velocity  of  a  body  after  having 
fallen  through  a  given  space,  and  let  v  be  the  velocity  of  p,  or 
w, after  having  moved  through  the  same  space;  then, because 
the  spaces  are  the  same,  the  forces  will  be  as  the  squares  of  the 

velpcities ;  that  is,  v"  :  r*  :  :  g  :  /  :  :  ^  :  S-SLZLyD    .    . 

p  +  w  :  p — w;  consequently,  pc^  +  wc*  =  pv'  — wv^. 
Hence  it  is  plain  that  the  principle  of  living  forces^  or  th© 
^  Conservatio  virium  vivarum"  as  it  was  denominated  by  John 
Bernouilli,  takes  place  in  bodies  subject  to  accelerating  forces, 
in  the  same  manner  as  in  the  shock  of  bodies  perfectly  elastic. 
It  takes  place  also  in  many  other  cases,  and  is  at  bottom  only  a 
secondary  consequence  from  the  general  principles  of  the  com- 
munication of  motion* 

]8.  In  (art*  ig.)  the  inertia  of  the  pulley  has  beqn  neglected,  . 
in  the  following  solution,  the  inertia  is  taken  into  consideration* 
In  this  case  the  momentum  lost  by  the  power  p,  in  turning  the 
pulley  about  its  axis,  is  equal  to  the  sum  of  the  momenta  gained 
by  the  weight  w,  and  the  mass  of  the  pulley  about  its  centre. 

Let  s  denote  the  sum  of  the  products  of  each  particle  of  the 
pulley  by  the  squares  of  their  distances  from  the  centre*  The 
momentum  lost  by  p  will  evidently  be  denoted  by  pr  {g  — y)  j 
the  momentum  gained  by  w  will  be  denoted  by  wr  \g  ■\-f\ 

that  of  the  pulley  by  ^,  (because  every  point  in  the  circumfe- 

rence  of  the  pulley  moves  with  the  same  velocity  sis  P  or  w) ; 

sf 
whence,  pr  {g  —/)  =  wr  (^  +  /)  +  ^and  by.  reducing  the 


Pf « -^  wr^ 


equation  we  find/  =:  g.  f^^y^^j^^*    Calling  this  force  f, 

we  have  tne  space  J  =?^  p  t\  and  v  =  stgft. 

IQ.  The  tension    of   the    cord   to    which    P    is    attached 
::z  {g^-ff  becomes,  by  substituting  for/ its  value  found  above 
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t 

j?p  i  ft  wr^  *i~  s^ 

=  *  „*- s — ^  ;  also  the  tension  of  the  cord  to  which  w  it 

pr«  +  wr«  +  s 

attachea  =  w  Or  +  /  )t  becomes      „  ) r— ; —  ;    therefore, 

the  pressure  on  the  axle  is  the  sum  of  these  tensions,  and  if  to 
this  sum  we  add  the  weight  of  the  pulley,  we  shall  have  the 
total  pressure  which  the  axle  has  to  sustain. 

so.  When  the  friction  is  to  be  considered,  let  the  axle  of  the 
pulley  be  denoted  by  a,  and  let  the  ratio  of  the  friction  to  the 
pressure  be  as  n  :  i.  The  momentum  lost  by  the  power  p,  in 
moving  the  pulley  about  its  axle,  is  equal  to  the  sum  of  the  mo- 
menta gained  by  w,  of  that  gained  by  the  pulley,  and  of  that 
gained  oy  the  friction. .  Now  the  momentum  lost  by  p  is  ex- 
pressed by  Pr  (g  — /) ;  that  gained  by  w  is  expressed  by  wr 

{g  +/^)'t  that  of  the  pulley,  by^  ;   and  since  the  tension  of 

each  part  of  the  cord  to  which  p  and  w  are  fastened  is  denoted 
by  P  (^  — /)  and  w  (^  +  /),  the  sum  of  which  expresses  the 
pressure  on  the  axle,  the  momentum  of  the  friction,  with  respect 

to  this  axle,  will  be  expressed  by  na  (p  [g  — /)  -f-  w  {g  +J')\\ 

/s 
therefore  ?r  (g  —jf)  =wr  (g  +/)-+- ^y¥  naL?  (g  — /)  + 

W  (g  +/)j9  and  from  this  equation  we  find/=: 

g(pr»-  wr^-  narP-  narvr)  ^    j,  ^^.^  ^^^^^  ^ 

pr^  +  wr*  —  nar?  +  war  w  +  s  ^ 

we  have  the  space  s  =z  ^f/%  and  the  velocity  v  =r  agfi. 

.The  solution  of  this  case  by  Bossut  is  incorrect.  He  sup- 
poses  that  the  tension  of  each  string,  when  the  bodies  are  in  mci- 
tion,  is  the  same,  and  that  the  pressure  on  the  axle  is  equal  to 
twice  the  tension  of  the  string  from  which  P  is  suspended,  which 
is  not  true;  see  Whewell's  Dynamics, 
p.  269. 

21.  Let  the  power  p  draw  the 
weigrht  w  along  the  incHned  plane  ab, 
by  means  of  a  cord  passing  over  the 
pulley  at  b  ;  when  the  direction  of  the 
end  is  parallel  to  the  planeAB,  let  it  be 
required  to  determine  the  circumstan- 
ces of  the  motions  of  p  and  w^  when  the  inertia  of  the  puHey 
is  taken  into  the  account. 
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Put  the  altitude  of  the  plane  BC  ==  A,  AB  =  /;  then,  pr  (^— /) 
is  the  momentum  lost  by  P  ;  and  wr  (  ^  +  y  1  is  the  momen- 
tum gained  by  w ;  also,  ^  is  the  momentum  gained  by  the  pul- 
ley ;  whence  Pr  (g  — /)  =  wrf^   +  /)  +  ^,  and/  = 

/  (pr«  +  wr«  +  5)'     ^^"""2  ^^'*  ^'''''^  ^'  "^^  ^^""^  '  =  ^'^  • 
and  17  =  2giet. 

82.  The  tension  of  bp  =:  p  (g — y) 

_    pg(/WRg  + Awr*+/s)  .  _    , . 

^        /  (pr*  +  wr«  +8)  ^  ^ 

and  the  tension  of  the  string  bw  =:  w  f -p  +/) 
-  w^(/pr*  4-*Pr*  +  As) 

But  the  tension  of  p  is  in  the  direction  Bc»  and  that  of  wr,  is 
in  the  direction  ab  ;  to  determine,  therefore,  the  pressure  which 
these  two  forces  exercise  on  the  axle  of  the  pulley,  let  these 
forces  be  denoted  by  em  and  Bn  ;  the  diagonal  Br  of  the  paral- 
lelogram nrmB,  will  be  the  pressure  on  the  axle  of  the  pulley; 
put  the  angle  nBm  =  6,  then  the  pressure  on  the  axle  of  the 
pulley  will  be  equal  to  the  sum  of  the  above  found  tensions,  or 


{(*)+(^)}x4 


sin.d 


The  pressure  of  w  against  ab,  is  the  same 


sm  i  6' 

as  if  w  were  at  rest. 

a  3.  Let  p  and  w  be  attached  to  the 
ends  of  two  cords  passing  over  a  wheel 
and  axle,  as  in  the  annexed  diagram, 
and  let  p  draw  up  w ;  it  is  required  to 
determine  the  circumstances  oi  the  mo- 
tions of  p  and  w,  taking  into  the  account 
the  inertia  both  of  the  wheel  and  axle. 
Since  the  wheel  and  axle,  although 
they  move  together,  cannot  be  in  the 
same  plane,  each  has  its  own  particulai 
mass;  let  the  sum  of  the  products  of 
the  particles  in  each  mass  multiplied  by 
ihe  squares  of  their  distances  from  the  centre,  be  denoted  by  s 

VOL.  VI.  PART  II.  e  c 
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s»  let  also  R  and  r,  denote  the  radii  of  the  wheel  and  axle^y  and 
f  the  forces  which  accelerate  p  and  w  respectively  ;  theny  : 
f'ziR  :  r,  or  rf  —  Rf^. 

The  momentum  lost  by  p  is  =  pr  (g  — y ),  the  momentum 
gained  by  w  is  z=  wr  ig  +  f)i  the  momentum  gained  by  the 

wheel  =  —;  the  momentum  gained  by  the  axle  =  ^; 

hence,  as  in  the  preceding  articles  we  have  PR  (g  -^f)  '=-  wr 

sf      sf 
(g  +/)  +  —  •*-  '^  f  consequently,  since  rfzzRfvic  shall  have 

^(pr2  — wRr)    ^  ^^j^_      ^(PRr  — wr^) 
^         PR* -f  wr*-4-s  +  ^  '        •^  ""  PR*  +  wr*  4-  S+-J* 

Hence  we  have  the  ratio  of  the  accelerating  forces  f»f\  to  the 
force  of  gravity,  and  the  velocity,  space  and  time  may  be  found 
as  in  the  preceding  articles. 

24.  The  tension  ol  the  cord  BP.n  p  [g  — /) 

gvivir^-^-  WRr+  8  +  j)  ,  , 


*  •  •  •  • 


PR*  +  wr*  +  s  +  5 

if     sf 
tension  of  cw  =  w  (g  +/)  +    —  +   ^— 

gvr  (pn*  4-  PR  -4-  s  4-  *)  +  (s  4-  5)  /J'  (pR  —  wr)         ,  , 

pa«  4-  wr*  +  fi-i-  J  ^  ' 

The  pressure  on  the  axle,  arising  from  the  weights  p  and  w»  ii 
equal  to  the  sum  of  the  above  ten* 
sions  z=  (d)  -f  («);    The  expressions 
found  for  the   tension  of  w  {€)  by 
Bossut,  is  incorrect. 

95.  Let  p  moving  down  the  in- 
clined plane  cb,  ^raw  w  up  the  plane 
AC  ;  to  determine  the  circumstances 
of  the  motion  of  the  bodies,  when 
the  string  passing  over  the  pulley  C,  acts  in  directions  parallel 
to  Ch,  c A.     Put  BC  =  m,  AC  =  M^and  cd:^  a;  we  shall  have 


C^-/) =»(?+/)' 


-.       /pn  —  wm\ 
whence, /  =  (  ■ ). 


By  substitutiiig  this  value  ofy,  we  shall  easily  obtain  expressions 
for  the  velocity,  space  and  time,  by  the  common  theorems. 
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26.  Let  it  be  required  to  ascertain  the  length  of  aC»  when  p 
will  draw  w  along  AC,  in  the  least  time  possible. 

•-      ,.  ,  sa  fvn  —  Yrm\  . 

In  this  case  we  have  5  =:  «  =r  ^i—  1  — ^-j I  x  >f/",  or  fi  zz 

m  \pw  "Y  yrnj       ^    * 

— ^ 'i  but   when   any   quantity   is   a   maximum^   its 


pn  —  v/m 


square  is  a  maximum  also,  taking,  therefore,  the  differentials* 

making  n  variable,  we  have  pn  =!:  2Wm,  or  p    :  ew  :  :  n»  :  fi« 

In  Art.  25,  if  the  inertia  of  the  pulley  is  to  be  considered, 

putting  the  radius  of  the  pulley  1=  r,  and  the  rest  as  before; 

we  shall  have  p^^?  — /^  j  z:  w  [^  "*"/)  +^-   whence,/ 

gar{nv — ?»w)         „«•  ,  .t         , .  , 

=:   — 2 . . ,     I  his  case  has  not  been  hitherto  con- 

mnr  (^p  +  w)  +  mns 

•'. 

sidered  by  any  of  the  writers  on  mechanical  philosophy;  it 
would  not  be  an  easy  matter  to  find  the  force  (jT)  of  accelera- 
tion on  the  two  planes,  when  the  inertia  of  the  pulley  is  taken 
into  the  account,  by  the  common  method  made  use  of  by 
writers  on  this  subject. 

a/.  Let  BCD  be  the  section  of  a  cylinder,  round  which  a 
string  ECDB  passes,  one  end  of  which  is  fastened  at  £  ;  when 
the  part  of  the  string  £C  is  vertical,  and  the  cylinder  is  leit  to 
descend  by  unrolling,  it  is  lequired  to  determine  the  circum- 
stances of  the  motion  of  the  cylinder. 

Because  eg  is  vertical,  the  string  reacts  in 
the  direction  Ce,  parallel  to  the  action  of 
gravity,  and  turns  the  cylinder  round  its  axis; 
hence  the  centre  of  gravity  descends  verti- 
cally, and  the  part  of  the  string  EC,  will 
preserve  its  vertical  position;  draw  the  hori- 
zontal radius  cp,  then  since  CE  =  ap,  the 
velocity  with  which  the  point  c  revolves  will  be  the  same  as 
the  velocity  of  the  cenire  of  gravity  p.  Let  pn  denote  the 
space  through  which  the  centre  of  gravity  P  would  descend  if  at 
liberty  to  fall  freely,  pm  the  space  through  which  p  descends 
when  retarded  by  the  reaction  of  the  string.  Call  the  natural 
force  of  gravity  pn,^;  the  accelerating  iorce  pm,/=  r,  the 
force  of  rotation  ot  the  point  c  ;  also  put  the  radius  pc  =  r, 
the  weight  of  the  cylinder  =  p,  and  let  s  denote  the  same  as  in 
the  preceding  articles.  I^hc  motion  lost,  by  p  :::  p  (^  —  /) 
which  also  represents  the  tension  of  the  string  ;  and  since  the 
tension  of  the  string  is  the  same  in  the  directions  ec  and  ce, 

ee  2 
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we  may  conceive  that  the  force  p  {g  — /)  reacts  in  the  direction 
CE9  and  that  it  is  caused  in  consequence  of  the  rotatory  motion  of 
the  cylinder  about  its  axis.  The  momentum  then,  of  p  (g  ..  f] 
with  respect  to  the  point  p,  is  equal  to  the  momentum  of  rela- 
tion of  the  cylinder;  hence  pr  (g  — /)  =  "^t  andy 


which  gives  the  relation  of  the  accelerative  force 


to  the  force  of  gravity  g,  and  shews  that  the  motion  of  the 
cylinder  is  uniformly  accelerated.     By  substituting  the  value  of  ^ 
./,  we  have  v  z=  2gjt^  and  #  =  gff^^ 
The  tension  of  the  string  =  P  (^  '^f)y  "  ^I'so 


r*  p  +  s 


.-.•(/) 


In  the  cylinder  s  z=  |  r'  p ;  therefore, 

gf^  p 


gr^  P 


r^p^s 


r-  p 


ifT-i*' 


In  the  sphere  •  =  f  i^  p  ;  thereforet 

p  +  8  "*  r*  p  +  f  r*p       7  •* 

The  tension  of  the  string  in  the  cylinder  1=  ^  p ;  in  the  globe 
=  4  P. 

fi8.  If  the  string  instead  of  being  fastened  at  e,  passes  over  a 
pulley,  with  a  weight  w  hanging  from  its  extremity  w  ;  let  it  be 
required  to  find  expressions  for  the  accelerative  forces  of  p  and  w. 
Let  WR  =:  PN  denote  the  force  ot  gra* 
vity  =  g,    WH,   PM,  the  spaces    really 
passed  over  by  the  moving  forces,  =:y*and 
/ ' ;  also  let  P  denote  the  force  of  rotation 
about  the  point  c.    The  motion  lost  by 
w,  which  may  be  considered  as  acting  in 
the  direction  cE»  and  at  the  point  p,  is  z= 
HK9  that  of  P  is  =:  M N,  whence  we  have 
evidently   w*  hk    =    P.  MN,   that  is   "W 

{g-/)=P{g  — /O . . .  .(Aj-    The  mo- 

mentum  of  the  weight  w  with  respect  to 

the  centre  P,  is  equal  to  the  momentum  gained  by  the  cylinder 

in  turning  about  its  axis,  passing  through  p  ;  that  is,  w  (g  ^J) 

SP 

=   -- {iy    Also,  if  the  point  p  were  fixed,  we  should  have 
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/n  F^  but  because  while  the  point  c  falls  through  the  space/, 
the  weight  w  falls  through  the  spaecy^  the  force  F  will  evi- 
dently be  equal  to  the  sum  oiJ'2LndJ\  that  is  F  -zif^f . ,  •  (A). 
From  the  equations  (A)  [i)  (&),  we  easily  obtain, 

f  =  ^  ^ 7^ i — r  •••(/)  =  force  accelerating  w 

•^  PW  r*  +  (P  +  w)  s  ^  ^  * 

^  _  g(p  Wf *  4-  (P  —  W)  8) 

J  —     ^ «   .    /^   .   ^  V   -**  •(»w)z=force  accelerating  p 

p  wr*  +  (P  +  w)  s        ^    ^  ^ 

F  =:   y~-7 — ; -—•  •  •  (w)  =  force  of  rotation  about  c. 

pwr*  +  (p  +  w)  s        ^  ^ 

From  these  formulae  we  may  perceive  that  in  the  equation  (/) 

PS 

if  we  have  PWr*  =  (p  —  w)  s,  we  shall  have  w  = — ;--— , 

^  ^  pr*  +s' 

which  being  substituted  for  w  in  the  numerator  of  the  above 
formula,  gives/  i=  o ;  consequently,  in  this  case,  w  neither 
ascends  nor  descends,  and  the  problem  if  the  game  as  when  s 
was  fastened,  as  in  Art*  07* 

If  (p  —  w)  8  be  greater  than  p  w  r*.  or  if  w  be  less  than 


PS 


--J ,  the  weight  W  instead  of  descending  will  rise,  be- 
cause, in  this  case,  the  value  of  /  becomes  negative.     If  ws 

o    s 
be  greater  than  P  wr*  +  P  8  ;  or  w  be  greater  than -* 


8  —  Pf »  • 


the  cylinder  will  rise^  instead  of  descending,  because  in  this 
case  the  value  of/  becomes  negative. 

2g.  Because  the  tension  of  the  string  is  every  where  equals 
it  is  equal  to  the  motion  lost  by  W,  or  equal  to  w  (g  — /);  and 
this  gives  the  tension 

—  ^  g  P'  W  ^ 

■"  P  W  r*  +  (p  +  w)  s* 

In  the  cylinder  s  =  ^  r*  p   and 

ct  (aW  —  P) 
force  accelerating  W,  or/  = — ?,   ,         t 

3       • 

force  accelerating  p,  or/'  =      ^  ^  p, 

force  accelerating  c,  or  F  =     ^  ■ 

3  "^  •  P 

-  2  P  w 

tension  of  the  string  =  ovT+Ip' 
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Other  deductions  from  the  general  theorems  may  easily  be 
effected. 

30.  Suppose  the  cylinder  to  descend,  by  the  unfolding  of  tbc 
string  down  an  inclined  plane,  the  accelerating  force  will  be 
diminished  in  the  proportion  of  the  height  of  the  plane  to  its 
length ;  hence  the  force  which  accelerates  a  cylinder  on  an 

inclined  plane  =:  •  x  t»  that  which  accelerates  a  globeiz-  X  j. 

If  the  string  be  removed,  and  the  friction  between  the  body  and 
plane  be  just  sufficient  to  produce  the  same  rotatory  motion,  the 
same  effect  will  be  produced,  and  the  force  with  which  a 
cylinder  slides  down  an  inclined  plane  will  be  to  the  force  with 

k  Q  ft 

which  it  rolls  down,  as  jio  *  X  j»  or  as   3  to  9;    and  in  tbc 

sphere,  the  forces  of  sliding  and  rolling  will  be  as  7  to  j. 
Ther«  is  then  only  a  certain  particular  angle  of  elevation  oi  tbc 
plane,  suitable  for  the  purpose  of  making  the  bodies  roll,  in  the 
manner  described  ;  for  with  a  less  angle  the  bodies  would  not 
move,  with  a  greater  they  would  partly  roll  and  partly  slide,  and 
the  circumstances  of  their  motion  could  not  be  easily  ascer- 
tained.  When  the  bodies  and  the  plane  are  both  perfectly 
smooth,  the  bodies  would  slide  under  all  circumstances.  Ik 
this  manner  the  ratio  of  the  friction  of  bodies  to  their  pressure 
may  be  determined,  not  indeed,  a  priori,  but  always  by  the  con- 
ditions  of  the  circumstances  under  consideration. 

31.  Let  it  be  required  to  determine  the  motion  of  two  weights 
acted  upon  by  a  combination  of  wheels  and  axles. 

In  this  case  we  shall  have,  PR  {g — /) 

=  wr(g+/)  +^+   ?1^  +  ^..,. 

which  gives 

/•_    gCfR  — wr) 

PR  +  wr  +  ^  +  p,4.-^,... 

and  from  this  expression  of  the  force  being  given,  whatever  else 
may  be  required  is  easily  determined,  as  in  the  preceding  cases. 
The  above  general  principle  may  be  applied  to  the  solution  of 
many  other  problems  in  mechanics,  but  enough  has  been  given 
to  shew  how  it  may  be  adapted  to  other  similar  cases. 
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ARTICLE  XXV. 

To  the  EdiioT  of  the  Mafiemaiicat  Repesttoty. 

My  dear  Sir^ 

In  replying  to  Mr.  Daviet  I  shall  be  as  brief  as  possible,  as 
the  subject  is  oqe  of  very  little  importance^  and»  in  an  intellectual 
point  of  view,  of  too  common  a  nature  to  interest  your  readers. 
When  lavailed  myself  of  theopportuniiy  of  noticing  the  erroneous 
principle  involvea  in  Mr.  D's  solution,  which  accidentally  oc« 
curred  to  me,  I  did  so  with  that  view  to  conciseness,  which 
the  useful  appropriation  of  your  pages  demands,  and,  conscious 
that  my  remarks  would  be  found  sufficiently  comprehensive^  I 
certainly  did  not  expect  any  thing  in  the  shape  of  a  reply  from 
Mr*  D.  unless  it  might  be  a  candid  acknowledgement  of  the 
justness  of  my  objections.  My  object  was  far  from  that  of 
creating  any  unnecessary  or  unprofitable  discussion.  It  is  of 
very  little  concern  to  me  whether  or  not  I  gain  the  conviction 
ot  Mr*  D.y  although  I  should  be.  sorry,  from  any  want  of  ex* 
plicitness,  to  allow  my  limited  remarks  to  be  in  the  least  degree 
mystified  by  the  very  superficial  observations  set  forth  in  his 
**  Article"  •*  On  the  deviation  between  two  curve  lines.'*  In» 
stead  then  of  ofiFering  any  allusion  to  his  spun-out  remarks  on 
the  subject  of  correlative  points,  it  will  be  enough  for  my  pur- 
pose merely  to  repeat  what  I  conceive  to  be  the  precise  meaning 
which  is  generally  attached  to  the  deviation  of  one  curve  from 
that  of  another,  to  which  it  roughly  approximates. 

That  the  deviation  between  the  two  curves  cannot  be  con* 
sistently  measured  by  the  distance  between  two  of  their  points 
assumed  in  an  arbitrary  manner,  or,  which  is  the  same  thing  in 
an  analytical  sense,  by  an  arbitrary  condition,  or  by  a  voluntary 
selection  of  an  independent  variable  to  be  equated  between  the 
two  curves. 

That  the  usual  acceptation,  and  that  which  always  ought  to 
be  understood,  of  the  term  deviation  as  applied  to  two  approxi- 
mate curve  lines,  is  definite ;  that  one  of  the  curves  must  be  re- 
cognised as  the  standard,  and  that  by  the  deviation  of  the  other 
curve  from  it  at  any  point  we  naturally  understand  its  devia- 
tion or  distance  to  the  right  or  left,  which  is  represented  by  the 
perpendicular  drawn  to  the  standard  curve.  That  when  this 
deviation  attains  its  greatest  or  least  value,  this  line,  which  repre- 
sents it,  will  be  perpendicular  to  the  deviating  as  well  as  the 
standard  curve,  or  a  common  normal  to  both  curves. 
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Such  are  tny  ideal  on  this  subject  which  are  quite  intelligible 
to  myself,  and  luch  the  **  tissue  of  errors*'  so  repugnant  to  the 
views  of  Mr«  Davies  ;  and  I  may  now  very  safely  indeed  leave 
them  to  the  calm  decision  of  your  readers. 

It  may  be  worth  while  to  take  this  opportunity  of  noticing 
another  circumstance  connected  with  Mr.  D's  solution.  This 
is  in  fact  called  for  by  the  strange  discovery  which  he  states  at 
the  termination  of  his  letter  in  the  following  words : — ^"It  is 
sufficient  for  our  present  purpose  to  remark  that  the  only  poiat 
in  the  curves  before  us  where  the  normals  will  be  common  Co 
both  curves  is  at  T*  (fig.  p.  &8)  and  this  point  is  precisdy 
that  where  the  deviation  ts  least  of  all^  or  Zero  !**  and  he  addi, 
••  This  is  unfortunate  for  Mr.  Woolhouse*s  doctrine.** 

Now  Sir,  before  Mr.  Davies  indulged  his  feelings  with  this 
list  exclamation^  it  certainly  behoved  him  to  inform  himself  of 
the  real  cause  of  this  seeming  peculiarity.  Had  Mr.  D.  con* 
fined  his  attention  to  this  point  instead  of  giving  way  to  the 
unnecessary  remarks  at  the  commencement  of  his  letter,  he  would 
have  learnt  that  his  solution  was  altogether  incorrect,  and 
most  probably  would  have  been  silent  on  the  subject.  Tbe 
fact  of  the  non-existence  of  a  common  normal  line  indicative  of 
the  greatest  deviation,  is  a  necessary  consequence  ot  the  coodi' 
tions  on  which  he  has  proceeded  in  his  solution,  the  incon* 
sistency  of  which  will  at  once  appear  on  correcting  and  com- 
pleting his  figure  by  the  addition  of  the  other  cycloidal  cheek  of 
the  pendulum.    Thus,  as  in  tbe  diagram  annexed,  the  cycloid 


rm^  will  extend  beyond  the  outline  Tm  of  the  rim,  and  tbe 
points  m,  m^  will  not  coincide  as  Mr,  D.  has  improperly  ^ 
sumed  in  his  figure ;   because  we  must  have 

Bm  =  BK  4*  Km  ^z  9  r  +  a 

Bm'  =  «(i  bt)   =  «(r  +  |o) 
and  consequently  nm'  7  Bm,  the  difference  t)eing 


mM 
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'  =  (1-) 


By  adding^  therefore,  the  remainder  of  the  figure,  the  two  pairs 
of  cheeks  Tm,  tsu,  and  Tm\  mfv^  will  be  entirely  dislocated, 
the  extreme  points  u»  v,  being  separated  by  the  double  of  this 
distance  min\  It  is  also  very  obvious  that  the  deviation  of  the 
two  involute  curves  Tiiu,  Tn^v,  described  by  the  pendulum  is 
least  of  all  and  Zero  at  t,  where  a  common  normal  has  place, 
and  that  it  increases  all  the  way  from  this  point,  and  attains  its 
greatest  y^Xnt  at  the  points  u,  v,  where  a  common  normal  Hne 
again  takes  place.  Your  readers  cannot  fail  to  perceive  how 
very  *'  fortunate"  these  circumstances  are  for  my  doctrine^  and 
how  extremely  ••  unfortunate**  for  the  whole  of  Mr.  D's  solu- 
tion ;  and  I  am  sure  they  will  be  possessed  of  that  liberality 
which  will  fairly  estimate  the  motive  that  at  first  induced  me  to 
attract  their  attention  to  this  subject.  The  object  of  my  notice 
was  not  the  question,  nor  the  solution,  but  only  the  arbitrary 
and  unwarranted  principle  which  Mr.  Davies  bad  employed ; 
and  I  trust  that  I  have  now  said  quite  enough  for  the  accom- 
plishent  of  my  original  intention,  in  guarding  such  persons,  as 
might  be  too  eas^  of  assent,  from  the  blind  adoption  of  the  same 
erroneous  principle,  for  other  deviations,  on  subjects  of  more 
interest  and  importance. 

Tour's  obediently, 

W.  S.  B.  WOOLHOUSB. 

Nautical  Almanac  Office^ 
Somerstt  IlousCy  Sept  9, 1833« 
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ARTICLE  L 

PascaVs  Conies* 

Communicaied  by  Mr.  Thomas  Stephens  Da  vies,  Bath. 

PreKminary  Note.  Is  it  not  a  little  astonishing  that  two 
works,  which  extended  the  methods  of  enquiry  into  the  Conie 
Sectioni,  so  much  beyond  the  boundaries  marked  out  by  ApoI«> 
lonius  and  Archimedes — works  written  less  than  two  centuries 
ago,  and  amidst  the  glorious  career  of  science  waking  with 
mil  the  freshness  of  giant  strength — and  written,  too,  by 
men  no  less  celebrated  than  Desargues  and  Pascal, — should 
be  utterly  lost !  vet  so  it  is.  We  can  attribute  this  only  to 
the  neglect  which  resulted  from  men's  minds  being  all  at 
QDce  tamed  into  another  direction^  perhaps  very  naturally, 
by  the  splendid  hopes,  created  by  the  discovery  of  the  new 
calculus,  and  the  absorbing  devotion  which  it  claimed  from 
the  master  spirits  of  the  following  ages.  Be  this  cause  whatever 
it  may,  the  only  wrecks  that  remam*bf^t1i6se  works,  are  con- 
tained in  a  printed  fragment  of  Pascal's  (1640),  which  occupies 
four  very  open  octavo  pages,  and  a  letter  of  about  the  same 
length  from  Leibnitz  to  Pascal's  nephew  and  executor,  (1676). 
That  the  works  enumerated  in  the  letter  ot  Leibnitz  were 
ever  printed  may  be  reasonably  doubted,  when  we  consider 
that  the  editor  of  his  works,  Abbb  Bossu,  in  1779,  thus  ex- 
presses himself:  <*  J'tft  icrit  ei  fait  icrire  de  tons  cdtes  pour  me 
procurer  ces  ouvrages  de  Pascal  doni  parle  Leibnitz;  matt 
jusqu*d  prSseni  mes  recherches  d  ce  sujet  ont  Hi  presque  inutiles^ 
Besides,  the  date  of  the  letter,  1676,  just  upon  the  return  of 
Leibnitz  from  his  famous  English  excursion,  naturally  leads  us 
to  suppose  that  his  mind  was  full  of  that  new  doctrine  which  has 
proved  the  foundation  of  his  celebrity:  and  that  in  such  a 
mood,  high  as  his  veneration  of  Pascal  might  be,  he  would  be 
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flad  to  escape  from  all  other  considerations  than  that  of  hit 
)ilferentia]  Calculus.  The  MSS,  it  is  true,  might  yet  be  in 
existence;  but  this  is  ^isr^/y  possible:  the  interest  which  the 
French  mathematiciaDS  take  in  this  enquiry  has  doubtless  led 
them  to  search  every  library  both  likely  and  unlikely  that  has 
fallen  in  their  way. 

Lahire,   whose  Conies  were  published  in  i673»  1678,  and 
1685,  was  entirely  .unacquainted  with  both  these  writings,  as 
he  has  not  alluded   to  them  in  any  way,  nor  do  his  enquiriet 
or  his  language  indicate  the  slightest  influence  upon  bis  method, 
such  as  must  have  been   created  by  them,  had   he  ever  seen 
them.     It  is  not,  however,  my  present  intention  to  enter  upon 
the  history  of  the  Geometry  of  Transversals,  though  in  reference 
to  some  future  time,  I  do  contemplate  a  complete  history  of 
this  branch  of  science  in  common  with  other  branches  of  pure 
Mathematics,  and  such  of  their  applications  as  have  had  any 
valuable   influence  upon    the   progress  of  Natural  Philosophy. 
Suffice  it  to  say  at  present,  that  the  method  of  transversals  is 
one  of  the  most  powerful  methods  of  investigating  the  proper* 
ties  of  the  conic  sections  that  has  ever  been  devised,  often  su- 
perior to  the  analytical  geometry  in  its  most  improved  state, 
and  scarcely  ever  inferior  to  it  as  an  instrument  of  iavestigatiofl) 
whilst   for  all   practical  purposes^  especially  of  a  descriptive 
kind,  it  is  incalculably  preferable.     One  of  its  most  extensive 
properties  is  to  be  found  in  the  printed  Tract  of  Pascal,  audit 
quoted  from  Desargucs*    Indeea«  that  one  theorem  followed  ool 
will  furnish  demontfrations  of  almost  every  property  that  is  yet 
known,    (and  thai  perhaps  can  be  known)    concerning  Hncs 
of  the  second  order^  which  do  not  involve  considerations  008* 
cerning  curvature.     However  the  details  of  these  propoaitioss 
are  lost :  and  we  can  only  judge  of  them  from  the  following 
firagments*     They  are  found  in  the  complete  editions  of  Pascal's 
works  of  1779  and  i8>9:  and  though  easy  enough  to  obtaini 
they  are  yet  to  be  obtained  only  by  procuring  his  whole  woib, 
one  volume  alone  of  which  out  of  five  are  upon  mathematical  sub* 
jects,  and  even  those  subjects  scarcely  calculated  to  gratify  the 
general  tasie  of  mathematicians  in  the  present  day.    It  is  then,  J 
conceive,  doing  service  to  geometers  of  a  less  antiquaxian  cut 
to  occasionally  reprint  such  tracts  as  these,  which,  however  in* 
teresting  in  themselves,  unless  thus  presented,  would  scarcely  be 
sought  for  in  the  places  to  which  circumstances  had  nataratiy 
consigned  them. 

Baik^  Sept.  1809.  T.  &  D. 
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DfiP.  I.  When  several  right  lines  converge  to  a  point,  or 
•re  all  parallel  to  one  another,  they  are  said  to  be  of  the  same 
orders  and  the  number  of  these  lines  is  called  iht  order  of 
these  lines. 

Def.  II.  By  the  word  conic  section,  I  mean  the  circum- 
ference of  the  circle,  the  rectilineal  angle,  the  ellipse,  the  hyper- 
bola, and  the  parabola ;  accordingly  as  the  cone  is  cut  parallel  to  its 
base,  or  by  its  summit,  or  in  the  three  other  directions  which  pro- 
duce the  ellipse,  the  hyperbola  or  the  parabola,  and  gives  in  its 
surface  the  circumference  of  a  circle,  or  an  angle,  or  the  ellipse, 
or  the  hyperbola,  or  the  parabola. 

DfiF.  III.    By  the  word  line  I  mean  the  right  line. 

Lemma  i. 

If  in  the  plane  MS  a  are  drawn  two  lines  mKj  mv  and  from 
the  point  s  be  drawn  two  lines  SK,  sv ;  and  that  k  be  the  intcr- 


•ection  of  MK,  SKj  v  that  of  MV,  sv ;  A  that  of  ma,  sa; 
M' that  of  mv,  sk  :  and  that  through  two  of  the  four  points 
A,  K,  pt,  V  which  are  not  in  the  same  line  with  the  points  M,  s, 
as,  for  instance,  k,  v,  pass  the  circumference  of  a  circle  cutting 
the  lines  M  v,  MP,  sv,  SK  in  the  points  o,  p,  Q,  N  :  theiTl  say 
that  the  lines  MS,  no,  pg  are  of  the  same  order. 

Lemma  ii. 

If  by  the  fame  line  pass  several  plafie«,  which  ar«  cut  by 
another  plane,  the  lines  of  section  of  these  planes  are  of  the  same 
order  with  the  line  by  which  the  said  pknes  pass. 

Lemma  hi. 

The  two  foregoing  lemmas  and  some  simple  corollaries  being 
admitted,  we  may  demonstrate  that  the  same  things  being  ^up* 
posed  as  in  the  first  lemma,  if  by  the  points  k,  v  pass  any 
conic  section  which  cuts  the  four  lines  mk,  mv,  sr,  sv  intbe 
points  p,  o,  N,  Q ;  the  lines  ms,  no,  p%  arc  of  the  same  order« 
This  will  be  our  third  lemma. 

«  1 
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Then  from  these  three  lemmas  and  their  more  obvious  con- 
sequences  we  may  derive  the  elements  of  a  complete  system  o( 
conies ;  such  as  the  properties  of  diameters  and  their  ordinatet, 
of  tangents,  &c.  the  restitution  of  the  cone  upon  alt  the  data, 
the  description  of  conic  sections  by  points,  &c. 

In  doing  this  we  may  state  the  properties  upon  which  vre 
touch  in  a  manner  more  general  than  is  commonly  done.  For 
instance,  this:  it  in  the  plane  msq  in  the  section  of  a  cone, 
PKv,  are  drawn  the  lines  ak,  av,  meeting  the  section  in  the 
points  p,  K,  Q,  v;  and  that  from  two  of  these  four  points  which 
are  not  in  the  same  line  with  a,  as  k,  v,  and  by  the  two  points 
N ,  o,  taken  in  the  circumference  of  thesection  be  drawn  four  linet 
KN,  KG,  VN,  vo  cutting  the  lines  av,  ap  in  the  points  L,  Mi 
T,  8  ;  I  say  that  the  ratio  compounded  of  the  ratios  of  the  line 
PM  to  the  line  ma,  and  of  the  line  as  to  the  line  8Q,  is  the 
same  with  the  ratio  compounded  of  the  ratios  of  the  line  PL  to 
the  line  la,  and  of  the  line  at  to  tq. 

We  may  shew  also,  that  if  there  be  three  lines  de,  dg,  db 
which  cut  the  lines  ap,  ar  in  the  points  F,  o,  H,  c,  y,  B  ;  and 
that  in  the  line  dc  there  be  determined  the  point  e:  the  ratio 
compounded  of  the  ratios  of  the  rectangle  isf,  pc,  to  the  rect- 
angle  EC,  Cy,  and  of  the  line  Ay  to  the  hne  ag,  is  the  same  i^ith 
the  ratio  compounded  of  the  ratios  of  the  rectangle  £f,  en  to  the 
rctangle  ec,  cb  and  of  the  line  ab  to  the  lice  ah  :  and  that  it  is 
also  the.same  with  the  ratio  of  the  rectangle  of  the  lines  fk,  fd  to 
the  rectangle  of  the  lines  C£,  CD*  And  thence,  if  by  the  points 
X,  D  a  conic  section  be  made  to  pass  which  cuts  the  lines  ah, 
AB,  in  the  points  P^  K,  jr,  >{/ ;  the  ratio  compounded  of  the 
ratios  of  the  rectangle  of  ef,  fc,  to  the  rectangle  oi  ec,  Cy, 
and  of  yA  to  ao,  will  be  the  same  as  that  compounded  of  the 
ratios  of  the  rectangle  kf,  fp  to  that  of  c&,  a^^  and  of  the 
rectangle  of  the  lines  AR,  a>^  to  that  of  the  lines  ak,  ap. 

We  may  shew  also  that  if  four  lines  ac,  af,  eh,  el  inter* 
sect  one  another  in  the 
points  N,  F,  M,  o,  and 
that  a  conic  section  cuts 
the  said  lines  in  the  points 

C,  B,    F,    D,  H,  G,   L,  K: 

the  ratio  compounded  of 
the  ratios  of  the  rectan* 
gle  MC,  MB  to  the  rect* 
PF,  PD,  and  of  the  rect- 
angle oi  the  lines  ad,  ap 
to  that  of  AB,  AC,  is  the 
the  same  as  the  ratio  com- 
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pounded  of  the  ratios  of  the  rectangle  ML,  mk  to  that  of  rH« 
PG*  and  of  the  rectangle  eh,  eg  to  that  of  £k,  el. 

We  may  also  demonstrate  (fig.  i.)  the  following  property, 
the  author  of  which  is  M.  Desarguet,  of  Lyons,  one  of  the 
greatest  men  of  our  time,  and  most  profoundly  versed  in  ma« 
thematics,  and  amongst  other  branches  in  conies,  of  which  his 
writings  afford  ample  testimony  to  those  who  are  able  to  com* 

{irehend  them.  I  must  candidly  acknowledge  that  I  owe  the 
ittle  I  have  discovered  upon  this  matter  to  his  writings,  and 
that  I- have  attempted  to  imitate  as  far  as  I  could  his  method  of 
investigation  upon  this  subject  ^which  he  has  treated  without 
employing  the  triangle  passing  by  the  axis)  in  discussing  ge- 
nerally all  the  sections  ot  the  cone.  The  singular  property  in 
question  is  this :  If  in  the  plane  msq  there  be  a  conic  section 
PVQ  in  the  circumference  ot  which  having  taken  the  four 
points  K,  N,  o,  V,  having  drawn  the  four  lipes  kn,  ko,  vk« 
VO»  so  that  by  any  one  of  the  four  points  there  shall  not  past 
more  than  two  straight  lines,  and  that  another  line  be  drawn  to 
meet  the  section  in  k,  4^,  and  the  lines  kn,  kg,  vn,  yo  in  the 
points  X,  Y,  z,  d;  I  say  that  as  the  rectangle  of  ZR,  Zv}'  is 
to  that  of  Sr^  ^,  so  is  the  rectangle  of  XR,  Rx)/  to  that  of  tr, 
Y>|/. 

We  may  further  shew  that  if  in  the  plane  of  the  hyperbola 
or  of  the  ellipse,  or  of  the  circle, 
AGTE,  of  which  the  centre  is  c 
we  draw  the  line  ab  touching 
the  section  at  a,  and  that  having 
drawn  the  diameter  at  we  take 
the  straight  line  ab  the  square 
of  which  is  equal  to  one  fourth 
of  the  rectansle  of  the  figure*, 
and  that  we  draw  CB :  then  any 
line  as  de  being  drawn  parallel  to 
AB  cutting  the  section  in  e  and 
the  lines  ac,  cb  in  d,  f  :  if  the 
section  aoe  is  an  ellipse  or  a  cir- 
cle the  sum  of  the  squares  of  the  lines  be,  DP  will  be  equal 
to  the  square  of  ab  ;  and  in  the  hyperbola  the  difference  of  the 
squares  of  0£,  bp  will  be  equal  to  the  square  of  ab. 

We  may  deduce  also  some  problems ;  for  instance,  Jrom  a 
given  paint  to  draw  a  straight  line  touching  a  given  conic 
section. 


*  The  product  of  tbe   diameter  by  its  parameter.    French  Editor 


(     6     ) 

Tcfindiw§  conj^gnte  diameters  xtfith  a  gitfen  incUnsHim* 
To  Jind  two  diameters  with  a  given  inclis^ation  and  in « 
given  ratio. 
I  have  leveni  other  problems  and  theorems,  and  several  de- 
ductions from  those  already  given ;  but  the  diffidence  which 
mj  little  experience  and  capacity  create,  irill  not  allow  roc  to 
proceed  further  till  this  has  undergone  the  scrutiny  oi  leaned 
men  (who  would  greatly  oblige  me  by  taking  the  trouble); 
Hfcer  whichy  should  they  judge  that  the  enquiry  deserves  to  be 
Continued,  I  shall  attempt  to  proceed  as  Ear  as  God  shall  eoaiiie 
me  to  do. 


letter  of  lA.  Leibnitz  io  H.  Perieb,  {Nephev>  of  PascalJ, 

Sia,*-I  am  extremely  obliged  by  your  commumcating  the 
manuscripts*  of  the  late  M-  Pascal,  concerning  conies,  Fcr 
besides  the  mark  of  your  good  will  which  I  esteem  very  highly, 
jrou  have  afforded  me  the  means  of  profiting  by  the  perusal 
of  the  mediutions  of  one  of  the  finest  minds  of  the  present  age: 
though  I  wish  I  could  have  read  them  with  a  little  more  appli- 
catian ;  but  the  great  number  of  distractions  which  do  not 
allow  me  to  dispose  entirely  of  my  own  time,  have  prevented 
me.  However,  I  think  I  have  read  them  so  as  to  be  able  to 
answer  your  enquiry,  and  to  say  that  1  think  them  sufEcienily 
complete  and  finished  for  publication  ;  and  in  order  that  you 
may  judge  whether  I  speak  with  iouodatlon,  I  make  a  list  of  the 
pieces  of  which  they  are  composed,  and  of  the  manner  in  which 
1  think  they  should  be  arranged. 

I.     It  is  necessary  to  begin  with  the  piece  of  which  the  title 

is  Generatio  coni  sectionum  iangentium  et  secantium^  seupnh 

jectio  peripheria,  tangentium^  et  secantium  cireuH,  in  yuU^f" 

eunque  oculi^  plant  ac  tabelios  posiiionibtts:  for  this  is  tbe 

foundation  of  all  the  rest. 

IL  After  having  explained  the  ^neration  of  tbe  sectioai 
of  the  cone,  toade  optically  by  the  projection  of  a  circle  upon 
a  plane  which  cots  the  cone  of  jnays.  he  explains  the  singular 
properties  of  a.  ceitain  figure  composed  oi  six  right  lines, 
which  be  calls  hexjagramme  nysiique.    I  bave  put  before  it 


•  T  hate  written,  and  caused  to  be  written  in  atl  directions  to  pro- 
<}are  the  works  of  which  Leibaiits  speaks,  bat  hitherti)  my  search  bsi 
been  altogether  useless.— FreiicA  hdilor. 
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these  words,  de  hexagratnmo  mystico  et  conico.  One  pan  of 
this  piece  is  found  repeated,  and  inserted  word  for  word,  in 
another,  namely,  the  definitions,  (with  their  corollaries);  and 
the  propositions,  (but  without  their  demonstrations),  which 
are  found  repeated  in  the^Treatisc  de  loco  soltdo^  wil\  supply  the 
deficiency  of  some  that  are  wanting  in  this,  de  hexagrammo.^ 

III.  The  third  treatise  should  be,  according  to  my  view, 
that  which  bears  this  inscription :  De  ^uatuor  ta/tgentibus^  ei 
rectis  punctcn  tactuum  Jungentibus^  und^  rectarum  harmonic^ 
sectatum  et  diameirorum  proprietates  oriuntur.  For  it  is  here 
that  the  use  of  the  hexagram  appears,  and  that  the  properties 
of  centres  and  diameters  of  come  sections  are  explained.  I  think 
there  is  nothing  deficient. 

IV.  The  fourth  treatise  is :  de proportionibus  segmentorum 
Mtcaniium  et  tangentiumm  For  the  fundametal  properties  of 
conic  sections  which  depend  upon  the  knowledge  of  the  centres 
and  of  the  diameters,  being  explained  in  the  preceding  treatise,  he 
judged  it  advisable  to  deduce  some  of  the  fine  properties  universally 
KBOwn,  concerning  the  proportions  of  straight  lines  drawn  ia 
a  conic  section  :  and  it  is  upon  this  which  depends  all  we  can 
state  concerning  ordinates.  I  have  put  before  this  treatise  a 
sheet  bearing  for  title,  these  words  de  correspondentibus  dia^ 
meiroTum^  of  which  the  third  page  treats  de  summd  ei  differenm 
tid  laieruwi  seufocie. 

V.  The  fifth  treatise  i$:  de  tactionibus  conicis^  that  is  to 
say,  (in  order  that  the  the  title  may  have  no  ambiguity),  de 
punctis  et  rectis  quas  sectio  conica  attingit ;  but  I  have  not 
found  all  the  figures* 

VI.  The  sixth  will  be  de  loco  solido:  I  have  given  this 
title  to  it  because  there  is  not  one.  It  is  upon  this  subject  that 
M.  M.  Descartes  and  Fermat  laboured,  when  they  gave  the 
composition   of  a  solid  locus  each  in  his  own  way,  a  hint  of 


♦  The  expression  itself  is  not  very  clear,  bnt  it  is  easy  to  gue.^s  at 
its  meaning:  viz.  that  the  propositions  whioh  were' found  in  the 
Treatise  fie  loco  solido  besides  those  which  were  repeated  from  the 
first  Treatise,  de  hexagrammOf  would  supply  the  want  of  some  which 
seemed  to  be  deficient  in  it.  The  Preach  is—*'  et  les  proposiMons 
(mais  sans  les  demonstrations)  que  se  trouvent  r^pet^es  dans  le  Trai(6 
de  Uco  solido^  suppUeront  au  d6faut  des  quelques-uns  qui  manquet 
dans  celui-ci  dt  hexagrammo.*' 
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Pappas  having  ^iven  rise  to  the  diicussion.  But  I  think  that 
M.  rascal  has  wished  to  give  this  treatise  separately,  or  at  least 
of  communicating  it  to  his  friends,  because  he  has  reueated 
many  of  the  things  of  the  second  treatise,  word  for  word,  and 
some  even  more  at  length.  On  this  account  he  commences  by: 
definiiiones  excerptm  ex  conicis^  that  is  from  the  second  treatise 
already  referred  to,  where  he  explains  what  he  means  by  the 
words  hexagrammum  mysticum^  conicum^  fcc.  We  may  judge 
from  this  that  the  firsts  the  second,  the  third,  and  perhaps 
the  fifth  ougl it  to  compose  the  conies;  and  this  word  is  found 
also  on  the  back  of  the  first  treatise.  The  large  figures  apper- 
tain to  the  sixth  treatise. 

I  have  put  together  some  fragments.  There  is  one  paper  of 
which  the  title  is  Essais  des  Coniques ;  and  as  there  are  two 
copies  altogether  alike.  I  hope  you  will  allow  me,  Sir,  to 
keep  one  of  them.  There  is  a  fragment,  de  restitutUmecotn: 
viz.  the  diameters  being  given^  to  find  the  conic  sections. 
This  discourse  appears  to  be  complete*  and  has  figures.  There 
is  also  another  fragment,  at  the  commencement  of  which  if 
found  these  words,  magnum  problema ;  and  I  think  that  this 
is  what  it  comprises :  data  puncta  in  sublimit  et  solido  conico 
ex  eo  description  solidum  ita  secare  ut  exhtbeat  seetionem  c«- 
nicam  dates  similem :  but  this  is  not  put  distinctly. 

There  are  some  problems  upon  another  sheet  which  are  with 
them*  but  the  first  is  wanting ;  I  should  think  they  might  foiv 
an  appendix,  but  the  body  of  the  work  composed  of  the  ii< 
first  treatises  appear  to  me  very  neat  and  perfect. 

I  conclude,  then,  that  this  work  is  in  a  state  to  be  printed, 
and  it  will  not  be  asked  whether  it  deserves  it  or  not.  I  think, 
also,  that  it  will  not  be  well  to  delay  it  long,  because  I  lee 
treatises  appearing  which  have  some  relation  to  onepartof  this^ 
On  which  account,  I  think  it  will  be  well  to  give  it  without 
delay,  before  it  shall  have  lost  the  grace  ot  novelty. 


I  am.  Sir,  your  very  obedient  servant, 

LsiBNlTZt 

Paris f  Aug.  30, 1676. 
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ARTICLE  IL 

A  DEMONSTRATION  OP  LAWSON'S  GEOMETRI- 
CAL THEOREMS: 

By  the  late  Rev.  Charles  Wildbore. 

From  the  Memoirs  of  the  Literary  and  Philosophical  Society 
of  Manchester.    VoL  11.  Second  Series. 

The  author  at  page  1.8,  of  his  Pamphlet  on  the  Analysis  of 
the  Antients,  very  justly  observes,  that  in  the  resolution  of 
problems  there  is  often  need  of  a  previous  preparation,  a 
kind  of  mental  contrivance  and  construction,  in  order  to 
form  a  connexion  between  the  data  and  qucesita*  And  I 
would  not  have  it  concealed  that  herein  consists  the  great 
difficulty  of  this  branch  of  science.  Nor  do  I  know  any 
advice  so  proper  to  give  the  admirers  of  these  rational  amuse- 
ments, as  to  endeavour  to  attain  a  facility  of  investigating 
or  inventing  one  geometrical  property  from  another.  It  is 
for  their  assistance  herein,  and  not  from  any  supposed  ex* 
cellence  of  the  solutions  above  (though  most  of  them  are 
different  from  those  of  the  original  authors  themselves,)  that 
I  have  laken  the  trouble  to  run  through,  and  investigate 
the  do  Theorems.  I  believe  I  may  safely  say  that  any 
person  that  will  take  the  trouble  to  follow  me  herein,  will 
find  it  worth  his  while,  and  may  in  a  short  time,  from 
hence  find  out  many  times  this  number  of  theorems  of  like 
nature,  and  equally  curious  with  these.     And  as  this  may 

Fossibly  fail  into  the  hands  of  some  more  learned  readers^ 
would  wish  them  to  think,  whether  or  no  this  may  not 
possibly  be  a  specimen  of  a  method  of  investigation  similar 
to  that  of  the  Ancients,  which  has  been  a  desideratum  ever 
since  the  Saracens  burnt  the  library  at  Alexandria  in  Egypt. 

Diagram  L 

Draw  ED  the  perpendicular  of  the  isosceles  triangle  beg, 
and  AH  through  the  vertex,  parallel  to  the  base;  from  any 
point  A  in  which,  draw  lines  through  the  extremes  of  the 
base  and  perpendicular,  viz.  ac,  ab,  ad;  and  through  b, 
the  extreme  of  the  perpendicular,  a  line  ad  libitum^  cutting 
AB  in  F,  AC  in  n,  ah  in  h  ;  and  bisect  dh  in  n.  Then  be* 
cause  the  triangles  ncc,  agh  are  similar,  dc  :  ah  ::  du 
:  GH  ;    and  because  ntp,  afh  are  similar,  bb  =:  dc  :  ah 

VOL.   Tl.    FART  III.  ^ 


f  • 
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FD  :  FH«    Therefore  by  equality  of  ratios  dG  :  gh  ::  pd  : 
FU.     Whkh  is  the  third  Proposiiion. 

Join  BF»  BO  cutting  bg  in  k  and  /,  through  g  draw  Gt  ||  to 
BH  cutting  BB  in  a  and  bf  in  i ;  then  by  reason  of  the  paralkl 
lines*  AH  :  BH  : :  bj>  :  Di  : :  oc  :  o/»  and  because  bd  =  dc, 
•%  nib  =  d/i  consequently  ed  bisects  the  2L  fbg,  and  ef  :  sa 

FD  :  DG«     Which  is  the  fifth  Proposition. 

Let  fall  Fffi  perp.  to  bd  produced ;  then  because  fd  :  do 
:.:  FM  :  oh»  therefore  Dm  :  do  ::  xmt  ep,  and  fb  :  bg  :t 
FD  :  DO  ::  fb  ;  Bf\  Therefore  if  in  any  line  Emo»  betaken 
two  points  D,  B  such,  that  Dm  :  do  ; :  £m :  bo,  and  mr,  og 
be  drawn  perp«  to  Bm.  and  through  the  point  d,  be  drawn 
any  line  to  meet  mF»  og  in  f  and  o,  and  bf^  bo  be  joined  { 
Ihen  FB  :  BG  ::  fd  ;  j^q^  andFB  :  eg  ::  fb  :  bs«  Which  is 
the  sixth  Proposition. 

Since  Gt  is  bisected  by  the  perp,  do,  *%  Dt  =  dg  ;  and 
because  Z.  dbh  is  right*  >*•  fin  is  equal  to  nn,  and  parallel 
to  ID  ;  because  to  is  parallel  to  eh,  therefore  the  lines  fGi 
FH  are  similarly  divided  in  the  points  d  and  «r,  or  fa  ;  'H 
t :  FD  :  FG»    Which  is  the  first  Proposition. 

On  the  centre  n^  describe  the  semicircle  dbh,  join  FSf 
cutting  the  circle  again  in  A,  erect  og  perp.  to  fh,  cutting 
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PROP.  I. 

If  a  right  line  ab  be  bisected  in  e,  and  two  points  c  and  o  lakei 
therein  such  that  ac  :  cb  : :  ad  :  db  ;  then  I  say  the  rectangle  dce:: 
the  rectangle  acb. 

The  converse  of  this  proposition  is  also  true,  which  is  this. 

If  a  right  line  ab  be  bisected  in  e,  and  two  points  c  and  o  taken 
therein  such  that  dcb  =  acb  ;  then  I  say  ac  :  cb  : :  ad  :  db. 

Prop.  IL  If  in  ab  the  diameter  of  a  circle  two  points  c  and  d  be 
assamed  such  that  ac  :  cb  ::  ad  :  db,  and  from  d  an  indefinite  per- 

{>endicalar  to  the  same  diameter  as  ld  be  erected,  and  through  c  any 
ine  be  drawn  to  cat  the  same  in  e,  and  the  circle  in  f  and  c  ;  I  ss/ 
Fc  :  CO  :;  fe:  EG.  ^ 
The  converse  of  this  proposition  fs  also  tnte,  which  is  this. 
If  any  right  line  as  ld  be  drawn  perpendicular  to  the  diameter  Ai 
of  any  circle  and  meets  the  same  in  p,  and  if  from  a  point  in  the 
same  diameter,  as  c,  any  line  be  drawn  to  meet  the  same  perpendi- 
cular in  E,  and  the  circle  in  rand  o,  so  that  PC  :  cg  : :  pe  :  eg  ;  I snj 
that  AC  :  cb  ::  AD  :  db 

Piiop.  III.  Let  there  be  a  trianj^le  abc,  whose  base  BC  is  bisected 
iii  py  and  tlirough  the  vertex  a  a  line  ae  be  drawn  parallel  to  nc  aiid 
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TK  mg,  and  the  circle  in  t  ;  then  since  ra  :  ro  : :  vh  s  rn, 
therefore  by  division,  fg  2  fd  : :  oh  :  dh  =:  un^  and  fo  :  oh 
:  2  DO  :  ofif  or  dg  .  oh  =:  fg  •  on,  but  do  •  GH  =  to*  ;  con* 
aeqnently  the  points  r,  t,  n  are  in  a  semicircle,  and  jtt  a 
tangent  to  the  circle  deh.  H^hieh  t>  thejijiienth  ProposUioiu 
Produce  ro»  ho  till  they  cut  the  circle  again  in  h',  %\  and 
TO  to  T^;  join  ft',  wbicb  must  be  equal  to  ft»  and  join  ek'i 
cutting  FH  in/;  then  because  the  angle  h%kf  =:  hz^hft  ^nd 
%htf  s  sA^s^  tberefore  hfhEf  =:  %z'h^  Ae'  z:  A'e,  A^s^  ss  Ae» 
also  because  Agr  z:  A^gk^^  •-•  oA  =:  gA^  ge  =:  Qvifi  but  ot 
s  6T^  tberefore  ee^  as  also  AA^  is  parallel  to  tt'i  and 
because  fAe  is  a  right  line,  •*•  pA^E^is  a  right  line  and 
the  tiianglea  toe,  t^ge^  equal  and  similar,  and  therefore 

f^c^  g^E^o  are  so ;  consequently  the  angle  Eog  =  wfogf  ss 
Ggy  and  gE  :  A^  : :  eg  :  gA  =  oh'  ::  e/:  A9  : ;  es^  :  AV 
::  FB  :  fh.  Hence  if  in  dh  the  diameter  of  a  circle,  two 
points  F  and  o  be  assumed,  such  that  fd  :  fh  : :  do  :  oh, 
and  from  o  an  indefinite  perp.  be  erected,  and  through  r 
any  line  be  drawn  to  cut  tlie  same  in  ;,  and  the  circle  in  A 
aitd  E,  then  fA  2  fs  : :  Ag  :  gE.  Which  is  the  second  Pro^ 
postthn* 

Also  Kr  !  fA'  2:  io  :  oA'  =:  oK*     Which  is  the  fourth 
ProposiHon. 


any  Une  drawn  throagb  d  to  mest  ab,  ac,  ab  in  f,  o,  H ;  then  I  say  an 
:  OF  : :  OH  s  hp. 

Peop.  IV.  If  in  AB  the  diaoseter  of  a  cirdo  two  points  c  and  d  bo 
taken  snob  that  Ae  :  cb  : :  ad  :  db,  and  through  the  point  d  any  line 
be  drawn  to  meet  the  eirole  in  b  and  f,  and  cb,  cf  be  Johied ;  then  I 
say  EC  :  cf  ::  edidf. 

Prop.  v.  It  the  base  bc  of  a  triangle  be  biseoted  in  n,  and  throngb 
the  vertex  a  a  parallel  thereto  be  drawn,  and  from  D  a  perpendfoauur 
io  BC  be  drawn  to  meet  the  parallel  in  B,  and  thron^h  D  any  Hne  be 
drawn  to  meet  ab,  ac  in  f  and  o,  and  ep,  bg  be  joined;  tiiea  I  say 
BP  :  BO  : :  pd  :  do. 

Paop*  VI*  If  in  the  line  ab  be  taken  two  points  c  and  n  aneh  that 
AC:CB  ::  ad  :  db,  and  ab,  bf  be  drawn  perpendicular  to  ab  and 
tlifoagh  the  point  c  be  drawn  any  Hne  to  meet  ab,  bp  in  o  and  n^  and 
DC,  DH  be  jomed  ;  then  I  say  that  dg  :  dh  : :  oc  :  ch« 

Prop.  vll.  If  in  tbe  diameter  of  a  circle  ab  be  taken  any  point  e, 
and  CDB  be  drawn  meeting  the  circle  in  d  and  e,  and  dp  be  perpendl** 
onlar  to  ab  meeting  it  in  p»  and  the  circle  again  in  G,  and  bo  be  Jc^eil 
meeting  ab  in  h  ;  I  gay  that  ac  x  CB  : :  ah  :  hb« 

Also  as  the  oonperse,  that  if  in  the  diameter  ab  two  points  be  taken 
as  c  and  h  such  that  ac  :  cb  : :  ah  :  hb,  and  from  tbe  points  c  and  r 
two  lines  ce,  hb  be  inflected  to  any  point  of  the  circumference  b  meet* 
kig  the  same  again  in  d  and  o  ;  when  dg  is  drawn,  it  will  be  perpen- 
dicular to  AB. 

Prop*  YIII.    If  in  the  diameter  of  a  circle  ab  two  points  o  and  ip 
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Also  if  fn  the  diameter  ot  n  circle,  any  point  f  be  taken, 
and  fAe  be  drawn  meeting  the  circle  in  ft  and  e,  and  fty  be 
perpendicular  to  dh  meeting  it  in  7,  and  tbe  circle  agaia  m 
A' and  Eft'  be  joined  meeting  dh  in  o ;  then  fd  :  fh  ::  do 
:  OH.     fVhich  is  the  seventh  Proposition. 

Again,  if  in  the  diameter  of  a  circle  dh,  two  pointeF.ft 
be  taken  such  that  fp  :  fh  : :  dg  :  gh,  and  from  the  pmott 
r  and  o,  be  inflected  to  any  point  of  the  circumference  e, 
two  lines  fe,  ge  meeting  the  same  again  ft  and  h\  Then  fu 
:  FE  : :  gA'  :  EG.     ^AicA  is  the  eighth^  Proposition. 

Perpendicular  to  fe,  draw  Ee,  cutting  the  diameter  inc, 
and  the  circle  in  c;  then  the  angle  ecf  =  fb/=  Fflro,  and 
A^£F  =  ft'B'B  =  fe/;  .•.  A'e  i»  parallel  to  fh,  and  f^=: 
fA'  :  FE  : :  gA'  :  eg  t:  ce  :  ec.  Which  is  the  ninth  Pr^ 
position. 

Diagram  IL 

Perpendicular  to  n  tbe  centre,  or  any  other  point  of  the 
diameter  dh,  erect  iKp,  and  make  the  /.  ^f«  =  feo  ;  then 
TtpnziQBe;  produce  F(p  till  it  meets  E6  inm;  then?F«  = 
ftdft'  =:  AttF ;  therefore  fwi  is  parallel  to  fte,  and  ft^Q  lo^y* 
pA  :  FE  : :  am  :  Em.    ^AfcA  is  Proposition  Unth,  part  1st. 


be  taken  such  that  ac  :  or  : :  ah  :  hb,  and  from  the  poiDta  c  and  B^ 
inflected  to  any  point  of  the  circumference  b  two  lines  CE,  hb  meetiii|^ 
the  same  airain  in  v  and  o  ;  I  say  that  rc  :  cd  ::  eh  :  ho. 

Prop.  IX.  If  in  ab  the  diameter  of  a  circle  be  taken  any  point  c, 
and  CD  be  drawn  meeting:  the  circumference  in  n  and  b»  and  from  the 
point  D  be  drawn  df  perpendicular  to  cd,  which  meets  the  diameter 
AB  iu  p  and  the  circumference  in  G,  then  I  say  that  dc  :  cb  :  dp  :  pb« 

Prop.  X.  If  in  ab  tlie  diameter  of  a  circle  two  points  c  and  D  be 
taken  such  that  ac  :  cb  : :  ad  :  db,  and  through  tbe  centre  b  a  peipet- 
dicular  to  a  b  be  drawn,  and  from  c  a  line  be  drawn  to  meet  the  saine 
in  F,  and  if  through  d  any  line  do  be  drawn  to  meet  the  circle  in  0  sod 
H,  and  from  the  point  o  be  drawn  gk  on  the  same  side  of  do  as  f  is  of 
the  diameter  ab  to  make  the  angle  dgk  equal  to  the  angle  cfb,  and  let 
the  line*  gk  meet  the  circle  in  l  and  tiie  line  cf  in  m  ;  then  I  say  tbst 
CM  :  ML  ::  OD  :  DH. 

Prop.  XI.  If  from  any  point  c  in  the  diameter  of  a  drcle  pro^ 
daced  a  perpendicular  be  raised  and  from  any  point  d  in  the  same  a  liae 
be  drawn  to  cut  the  circle  in  b  and  f  ;  then  I  say  the  rectaogle  bdf  vt 
equal  to  the  rectaogle  acb  together  with  tbe  square  of  cd. 

Prop.  XII.  If  from  any  point  c  in  the  diameter  of  a  circle  pro- 
daeed  a  perpendicular  be  raised  and  thereon  cd  be  taken  whose 
square  is  equal  the  rectangle  acb,  and  cb  be  put  equal  cd,  and  frem 
any  point  in  de  as  h  a  line  be  drawn  to  cut  the  circle  in  p  and  0 ;  thea 
I  say  twice  the  rectangle  fhg  is  equal  to  tbe  sum  of  the  squares  of  hd 
and  HF.. 


Also  if  through  the  point  h,  icny  line  Al  be  drawn  to  the 
circle,  and  at  o  the  ^  gGM  $e  made  equal  to  lAe»  the 
points  M,  Q,g9  h  are  in  a  dircle^  therefore  the  angle  AMgzs 
the  supplement  of  &6g,  and  consequently  of  Ae^e;  therefore 
Ale^Am^,  Mg  parallel  to  ts,  and  Am  s  ml  ::  A^  :gK  :r 
oif  :  EG  : :  fA  :  y£.     Which  U  Proposition  i^nth^  pari  9d. 

At  F  erect  a  perpendicular  to  fh,  produce  hA  till  it  meets 
it  in  iy  and  join  bA  ;  then  the  Z.  dAh  being  rights  f>  ^«  h,  d 
are  in  a  circle;  therefore  nh  .  hB  :^  wn  .  dh  =  fh'—  fd  x 
VM  =  ud*  ^  H^  •  Bh;  .•.  n3  .  M  =  H^ —  fh'  -f  vd  •  fh  =r 
wS*  4*  fb  •  FH     Which  is  the  eleventh  Proposition^ 

If  Frf'  =  Fa  =7  F?  =  FT,  then  Sa  =  Fj4"  f^,  W  =r  F7  — f^« 
^•■-Ha<P=  «F9*  +  «f3*  =  s^9*  =2FD  .  FH4-SF3*=:9Ha.^A« 
Hence  if  from  any  point  f  in  the  diam.  of  a  circle  produced, 
a  perpendicular  be  raised,  and  thereon  f^d  be  taken  whose 
square  is  equal  to  the  rectangle  dfh,  and  Fa  be  put  equal 
to  T^d  and  from  any  point  in  ^da  as  d  a  line  be  drawn  to  cut 
the  circle  in  any  two  points  as  A  and  h,  then  twice  the  rect- 
angle A^H  is  equal  to  the  sum  of  the  squares  of  yd  and  ^a« 
Which  is  the  twelfth;  Proposition^ 

If  Ss  be  drawn  through  q  cutting  the  circle  in  r  and  ^,  then 
the  rectangle  =  rBs  =  AaH  =  ( by  the  last)  Bq\  Which  is  the 
thirteenth  Proposition. 


Prop.  XIII.  If  in  a b  the  diameter  of  a  circle  two  points  c  and  d 
be  40  taken  that,  c  being  without,  and  D  either  within  or  without  the 
circle,  the  square  of  cd  be  equal  to  the  rectangle  acb,  and  from  c  a 
perpendicular  to  ab  erected,  and  any  line  drawn  through  d  to  cut  the 
same  in  o  and  the  circle  in  b  and  F ;  then  I  saj  the  square  of  on  will  bo 
equal  to  the  rectangle  bgf. 

The  converse  is  also  true  whieh  is  this. 

If  G€  be  perpendicular  to  ab  the  diameter  of  a  circle  and  meets  it 
without  the  circle  in  c,  and  if  from  g  a  line  be  drawn  to  cut  the  circle 
in  B  and  f,  and  the  diameter  cither  within  or  without  in  D,  and  tlie 
square  of  uD  he  equal  to  the  rectangle  eof  ;  then  I  say  the  square  of  cd 
will  be  equal  to  the  rectangle  acb. 

Prop.  XIV.  Things  remaining  as  in  the  last  proposition,  if  the 
perpendiculars  Eg  and  fh  be  demitted ;  then  I  say  that  the  rectangle 
^CH  is  equal  to  the  square  of  CD. 

Prop.  XY.  If  from  c  any  point  in  the  diameter  of  a  circle  ab  pro- 
duced a  tangent  be  drawn,  and  from  the  point  of  contact  o  a  perpen- 
dicular  to  the  diameter  de  bo  demitted ;  then  I  say  that  ac  :  cb  h 
AE  :  eb. 

Or  conversely  thus : 

If  in  AB  the  diameter  of  a  circle  be  taken  two  points  c  and  e  such 
tiiat  AC  :  CB  : :  ae  :  eb,  and  from  B  a  perpendicular  ed  raised,  and  en 
drawn ;  then  I  say  cd  touches  the  circle  in  d. 

Or  thus : 

If  in  AB  the  diameter  of  a  circle  produced  a  point  c  be  taken,  and 
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Let  fall  the  perpendicular  sw^  fo,  then  fv  :  r^  ::  2r :  ^  :: 
(by  the  last)  ^  ihs  ii  vq\  fip  ;  therefore  the  rectangle  cf» 
=:  tq\     Which  is  the  fourteenth  Proposition. 

Tnrough  the  points  h  and  t  describe  a  circle  cutting  hp, 
7F  produced  in  x  and  y,  then  the  angle  dtf  =  dht  =xyr; 
consequently  i^y  is  parallel  to  dt.  If  therefore  sh  beany 
ehord  in  a  circle,  and  yr  another,  cutting  the  former  in  f, 
9y  being  joined,  from  t  draw  td  parallel  to  xy  to  meetxa 
in  D,  then  the  rectangle  htd  =  ft\     Which  is  the  sixteenA 

Proposition^ 

Join  TH,  T^H  and  from  T^  set  off  t'b  so  that  Tx'^^thc 
rectangle  ht'b,  and  let  te  be  any  line  cutting  t'a  in  a,  tnd 
the  circle  again  in  e'  and  from  e'  let  a  parallel  to  tt'  be  drawa 
to  meet  t^h  in  y,  then  (by  the  last)  ab'*  =:  Ay  .  ah  and  the 
AS  A7S^  AHR^  and  consei^ently  at^t  similar,  aaalso  sfny, 
t'he',  therefore  as  ae'*=s  Ay  .  ah  :  at'*  t:  e'h*:tt^; 
butya  :  e'h  ::  e'h  :  t'h,  .•.  k'h'  =:yH  .  th  :  tt^  =  t'b  .  Vh 
; :  yH  3  t'b;  consequently  h  A  .  Ay  :  at,«  ::  yM  :  t'b.  W^^ 
is  the  seventeenth  Proposition, 

Let  nh  cut  tt'  in  i,  then  gm  :  tr  ::  tr  :  dm  and  on 
:tH  ::  Ah  :  Dia  therefore  TH*=iH  .Ah.  Which  is  ike 
eighteenth  Proposition. 

Or  describing  the  semicircle  that  passes  through  f,  t,  % 


Ifierefrom  a  tangent  as  cd  be  drawn,  and  in  the  diameter  a  point  sbft 
taken  such  that  ac  :  cb  : :  ae  :  bb  ;  then  I  say  ed  being  drawn  will  be 
perpendicular  to  the  diameter  ab. 

Peop.  XYI.  Let  ab  be  any  chord  in  a  circle  and  CD  another  cut- 
ting the  former  in  b,  cb  being  joined,  from  d  draw  df  parallel  to 
cb  to  meet  ab  in  f  ;  I  say  that  the  rectangle  aef  is  equal  to  toe  square 

of  DB. 

Peop.  XVII.  If  ABC  be  a  triangle  inscribed  in  a  cirde  whose  side* 
CA  and  CB  are  equal,  and  the  rectangle  cbd  equal  to  the  square  of  ab, 
and  Irt  ae  be  any  line  cutting  cb  in  f  and  the  circle  again  in  e,  and  frni 
E  let  a  parallel  to  A b  be  drawn  to  meet  cb  in  o ;  then  I  say  thai  tie 
rectangle  CFO  :  bf*  ::  cg  :  bd. 

Peof .  XVIII.  Let  ABC  be  a  triangle  inscribed  in  a  circle,  whoseside* 
ab  and  ac  are  equal,  and  from  a  any  line  be  drawn  meeting  the  eirde 
again  in  d  and  bc  in  £ ;  I  say  that  the  rectangle  dae  is  eqaal  to  ti^ 
square  of  A  B. 

Peop.  XIX.  Things  remaining  as  in  the  last  proposition*  if  ^^ 
touehing  the  circle  in  a  a^d  c  be  drawn  to  meet  in  f,  and  fd  be  draws 
cutting  BC  in  o ;  I  say  that  the  rectangle  bco  is  equal  to  the  sqnw 
of  CE. 

Peop*  XX.  Let  abc  be  a  triangle  inscribed  in  a  circle  whose  sidei 
AB  and  AC  are  equal,  and  let  ad  be  parallel  to  bc,  and  taking  anj  poist 
therein  d  let  the  rectangle  under  ad  and  p  be  equal  to  the  square  of  a^ 
or  AC,  and  from  the  points  a  and  d  let  the  lines  ae,  de  be  inflected  to 
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cutting  FB  in  ^  we  have  rn  :  ft  ::  ft  :  fo,  and  fo  :  vg 
:  J  F< :  f«;  .-.  ft*  =  rg  .  rt.     Which  is  Proposition  18« 

Join  rf  I  cutting  tt'  in  a,  dr  touching  the  circle  in  r  be- 
ing  first  drawn,  then  Fd  =  dr  the  angle  cIft  sr  ftt',  the 
triangles  prfT,  tft^  equiangular,  and  Fd:  ft  ::  ft:  it'; 
therefore  Frf .  tt^=:  fo  .  f/i=  fg .  fI  and  Fd  :  f^  : :  Fg  :  tt' 
S;  ^g'^gtf  zg.  TT'=Fg.gi=5(becaus$e  t,  I,  t',  r  areina 
circle)  Tg  .  gr's,  rg  .  (tt'  —  Tg),  consequently  zg .  tt'  + 
Tg*  =:  Tg .  TT'  and  Tg«  =  tt'  .  ts.  fVhfch  is  the  nineteenth 
Proposition. 

If  the  line  fo  be  taken  of  any  length,  go  that  the  rect* 
angle  under  fo  and  a  given  line  f  may  be  equal  to  ft*  and 
ot  cut  tt'  in  z\  then  ft*  r:  fo  .  f  =  (by  the  I8th;  Fa  •  wi^ 
bence  fo:  f/  ::  Fg  :  p  ::  a'g  :  gl;  therefore  p  .  s'g  ss 
Fg  .  g<  =  Tg  .  gT'.     Which  is  the  twentieth  Proposition. 

Let  E\  perpendicular  to  he  meet  qt  produced  in  A,  then 
because  the  zs  Xeh,  xcnare  right,  X,  e,  n^  6  are  in  a  circle 
whose  diameter  is  xn,  therefore  the  angle  xhe  s  xge  =5 
gee'  =  Z  GE'£  =  |AaE,  therefore  Xn  bisects  the  angle inE»  and 
because  nh  =  ns,  therefore  ht  =  ta  is  perpendicular  to  nx^ 
therefore  the  same  circle  passes  through  A,  and  AX  r:  eX  is 
perpendicular  to  hn,  and  og  .  gX  =  Ag  « gs  =  Tg  •  gT^,  add 
Qg^  and  Gg .  ox  =  Tg  .  gT'  4-  «g*  =  tg*.  FFAicA  i*  Propo- 
sition ^ist.  both  cases. 


any  point  e  in  the  circle,  meeting  bc  in  f  and  o  ;  I  say  the  rectangle 
under  fo  and  f  =:  the  rectangle  bfc. 

Prof.  XXI.  If  in  ab  the  diameter  of  a  circle  be  taken  two  points 
c  and  D  such  that  ac  :  cb  : :  ad  :  db,  and  D  be  within  the  circle,  and 
DB  be  perpendicular  to  ab  meetin]^  the  circle  in  B  and  f,  and  if  throuf^h 
c  any  line  be  drawn  meeting  the  circle  in  o  and  h,  and  the  line  db  in 
E,  and  OL  touch  the  circle  in  o,  and  meet  db  in  l  ;  then  I  say  the  rect* 
aa^e  ldk  is  eqaal  to  the  sqoare  of  de. 

Prop.  XXII.  If  in  ab  the  diameter  of  a  citcle  be  taken  two  points 
c  and  D  such  that  ac  :  cb  : :  ad  :  db,  and  d  be  without  the  circle, 
and  de  be  perpendicular  to  ab,  and  through  c  be  drawn  any  line  meet- 
ing Uie  circle  in  g  and  h,  and  the  line  db  in  k,  and  gl  touch  the  circle 
ia  o,  and  meet  db  in  l  ;  then  I  say  the  rectangle  ldk  Is  equal  to  the 
rectangle  adb. 

Prop.  XX ill.  If  ab  be  the  diameter  of  a  circle  and  cd  perpen- 
dicular thereto  meeting  it  in  c,  and  from  the  points  a  and  b  be  inflected 
ae,  be  to  any  point  b  in  the  circumference,  meeting  cd  in  f  and  o  ;  I 
Bay  the  rectangle  gcf  is  equal  to  the  rectangle  acb. 

Prop.  XXIV.  In  ab  the  diameter  of  a  circle  let  two  points  c  and 
D  be  taken  such  that  ac  :  cb  : :  ad  :  db,  and  the  point  d  bo  within  the 
circle,  and  de  be  perpendicular  to  ab,  meeting  the  circumference  in  b 
and  f,  and  let  through  c  any  line  be  drawn  meeting  the  same  in  o  and 
a,  and  from  the  points  g  and  n  let  gn,  hn  bc  inflected  to  any  point  in 
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Diagram  III. 

Through  V  draw  sk  cutting  the  perpendicular  through 
r  in  K,  and  produce  eX  till  it  cuts  it  iu  l^  then  the  trianglei 
%hf%\  ihfK,  oWg^  are  similar  as  also  gA^,  and  the  poiote  g, 
h;\t  £  are  in  a  circle,  the  triangle  XgE»  anl  consqu^Dtly /pb 
IS  similar  to  hgG^  and  consequently  to  fA^k^  therefore  vr  : 
nV  : :  FE  :  f/  and  fk  •  f/  z=  fA''  •  fb  =  FO  •  fu.  Whick  is 
the  tvsenty'second  Proposition. 

Produce  Ad  to  7,  then  by  similar  triangles  fo  :  fv  : :  r) 
:  FH*     Which  is  the  twenty  •third  Proposition, 

From  h  and  £  to  any  point  n  in  the  circle,  let  lines  be  in- 
flected cutting  gX  in  k  and  x*»  then  because  the  angle  £nA  = 
££'&=  Loh  the  points  A,  l,  n,  g  are  in  a  circle,  consequently 
'Lk  ,  kGiz.kh  •  k^  ziTk  .  ix'rr  tg*—  at*;  therefore  tg^  = 
Gifc*  •+-  L*  .  G*=  LG  .  G^.     Which  is  tha  24/A  Proposition. 

Since  (by  the  first).  f«  :  fh  ::  fd  :  fg  : ;  f/i  :  h»  ::  rD 
:  DC  : :  fw—  fd  :  h«^-  dg  or  f«  i  nn  ; :  h»  ;  g««  t^hiA 
is  the  twenty-fftk  Proposition. 

Produce  ut,  et^  till  they  cut  the  perpendicular  in  a  tod 
F;  then  the  z.  tf  A  zzPft'  and  the  angle  atf  madcwilb 
the  tangent  is  equal  to  the  angle  tt^'e  in  the  segment  2 
aFe,  therefore  the  triangles  atf,  fFt^  are  similar,  there- 
fore fF  :  ft'=^  ft  : :  ft  :  f  a,  and  fF  .  F  A  =  fo  ,  th. 
Which  i>  the  twenty-sixth  Proposition. 


the  same  N,  and  let  them  meet  de  in  m  and  l;  I  say  the  reel 
I.DM  is  equal  to  the  square  of  de. 

Prop.  XXV.  Let  ap  be  the  diameter  of  a  circle  «nd  cd  perpen- 
dicular to  the  same  meeting  the  circnnifereDcein  c  and  d,  and  let  e be 
the  centre,  and  from  c  and  d  let  cf,  df  be  inflected  to  any  point  F  in  tlie 
circumference  meeting  the  diameter  ab  in  g  and  u  ;  I  say  the  rectai>|l« 
GEn  is  eqiial  to  the  square  of  the  radius  ae. 

Prop.  XXVI.  In  ab  the  diameter  of  a  circle  let  two  points  cud 
D  be  taken  such  that  ac  ;  cb  ; :  ad  :  db,  and  let  D  be  without  the  cir- 
cle, and  DE  perpendicular  to  bd,  through  the  point  c  let  any  lioebe 
drawn  meeting  the  circumference  in  f  and  g,  and  from  the  points  r 
and  G  let  fh  and  gh  be  inflected  to  any  point  h  in  the  cireumfereace 
meeting  de  in  K  and  L ;  I  say  the  rectangle  kdl  is  equal  to  the  rect- 
angle AEVB. 

Prop.  XXVII.  In  ab  the  diameter  of  a  circle  Irt  be  taken  tbe 
point  c,  and  cd  be  perpendicular  to  ab,  meeting  the  circumference  is 
D  and  N,  in  CD  let  be  taken  two  points  v.  and  F  on  the  same  side  of  c 
with  D  such  that  the  rectangle  ecf  may  be  equal  to  the  square  of 
CD,  and  from  the  points  E  and  F  let  eg,  fg  be  inflected  to  any  point 
G  in  the  circumference,  meeting  the  same  in  H  and  K,  and  let  bk 
ivhcn  drawn  meet  the  diameter  ab  in  L;  then  1  say  that  al  :  lb  ::  ic 
;  CB. 

Prop.  XXVllI.    In  ab  the  diameter  of  a  circle  produced  let  be 
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The  98th  is  the  converse  of  this»  Vit.  it  tF  .  f  A=^fb  . 
FH  then  DG  :  CH  ::  pd  :  fh.     And  the  S7th  of  the  94th. 

If  Fa  =2  FT  and  aE^  ah  be  drawn  cutting  the  circle  in  p  and 
o,  then  &ince  fA  :  fo  ::  ra:  fe,  the  triangles  that,  tat  Aft 
equiangular,  therefore  the  z.  fha:n  fat,  also  ao  :  ap  ::  at 
:  ah:  therefore  the  triangles  nop,  //Ae  areequiangular^  2.  dop 
=£  tf Ae  ;  .•.  opt  =r  fAo  =  fat ;  .\  op  is  parallel  to  ap.  flFlkicft 
i#  Proposition  99th. 

The  3oth  is  very  evident  from  the  printed  figure,  for  dinei^ 
AE  .  AFzrr  AB^=  AC  •  AD,  the  points  c»  d,  e,  f  are  in  a  cir^ 
cle,  therefore  the  external  angle  ace  =:£Fd  and  =2  bHo; 
.%  BFD  being=  dhq,  oh  is  parallel  to  ab.  Take  Ff'=i  r/, 
then  f/'  .  FK  =ft'  =  fd  .  fh=:  F9  .  fn.  two  lines  fk',  KHf 
being  inflected  to  any  point  n'  in  the  circle  cutting  it  in  q 
and  T^  draw  Iq  cutting  the  circle  again  in  T,then  the  points 
/',  K,  7>  N  are  in  a  circle  because  f/'  .  fk:=  P9  .  fn',  there* 
fore  the  angle  f^7  =  fn'k=9TT'  consequently  ttMs  parallel 
to  FK.  Hence  if  et  touch  a  circle  in  t,  and  any  line  i't  be 
drawn,  and  therein  be  taken  two  points  P  and  k  on  the  same 
side  of  F  such  that  the  rectangle  I'yk  may  be  equal  to  the 
square  of  ft^  and  from  f  any  line  be  drawn  to  meet  the 
circle  in  7  and  n',  and  I'q,  kn  be  drawn  meeting  the  circle 
again  in  t  and  t  ,  tt'  being  drawn  will  be  parallel  to  Vr. 
frhich  is  proposition  Slit. 

(The  39d  is  evident  from  the  printed  figure,  because  fa 
X  AG=  DA  •  ACg  F,  DG»  c  are  in  a  circle;  therefore  z. fca  rx 


taken  the  point  c,  and  en  be  perpendicalar  to  ab.  and  therein  be  taken 
two  points  B  and  f  on  different  sides  of  c  sach  that  the  rectangle  BCF 
may  be  equal  to  the  rectangle  acb,  and  from  the  points  e  and  f  let  so, 
FG  be  inflected  to  any  point  o  in  the  circle,  meeting  the  same  in  H  and 
Kt  and  let  hk  when  dramn  meet  the  diameter  ab  in  l;  then  I  say  that 
Afr  :  LB  ::  AC  :  cb. 

Prop.  XXIX.  Let  ab  touch  a  circle  in  b,  and  any  line  ae  be  drawn 
equal  to  ab,  and  likewise  from  a  let  any  line  he  drawn  to  cat  the  circle 
10  c  and  D,  and  let  ec,  ed  be  drawn  meeting  the  circle  again  in  F  and 
G  ;  then  fg  bHng  drawn  will  be  parallel  to  ae. 

Prop.  XXX.  Let  ab  toach  a  circle  in  b,  and  therein  be  taken  two 
points  E  and  F  on  the  same  side  of  a  snch  that  the  rectangle  eaf  may 
be  equal  to  the  square  of  ab,  and  from  a  let  any  line  be  drawn  meeting 
the  circle  in  c  and  n.  and  ec,  fd  be  drawn  n^eeting  the  circle  again  in 
G  and  H  ,  then  gh  being  drawn  will  be  parallel  to  ab. 

Prop.  XXXI.  Let  ab  touch  a  circle  in  b,  and  any  line  ae  he 
drawn  and  therein  bo  taken  two  points  e  and  F  on  the  same  side  of  a 
such  that  the  rectangle  eaf  may  be  equal  to  tho  square  of  ab,  and 
from  A  any  line  be  drawn  to  meet  the  circle  in  c  and  d,  and  ec,  fd  be 
drawn  meeting  the  circle  again  in  a  and  h  ;  ah  bciii;;  drawn  will  be 
parallel  to  ae. 

pRep.  XXXI f.    Through  any  point  a  within  a  circle  let  a  line  be 
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SCA  rr  DKH,  and  kh  parallel  to  bg.)  If  r  be  takeB  so  that 
RK  .  k/^  =  the  square  of  a  tangent  to  the  circle  from  k.  then 
ii»  l\  t\  n'  are  in  a  circle;  through  k  draw  K9  cutting  the 
circle  again  in  s,  then  r,  T,,  9,  s  are  in  a  circle,  and  Z.79K 
=  Viis^  but  VqK:=2  sqT-rz  TT>,  therefore  l^us  =:  tt'«  and 
H,  *,  t'  are  in  a  right  line.  Hence  if  from  the  extremes  of 
FK  two  lines  be  drawn  to  touch  a  circle,  and  in  fk  let  a 
point  P  be  taken  on  the  same  side  of  f  with  k  such  that  the 
rectangle  kf/^  may  be  equal  to  the  square  of  ft  the  tangent 
from  F,  and  also  ni  fk  another  point  k  on  the  same  nideof  k 
■with  /%  such  that  the  rectangle  I^ku  may  be  equal  to  the 
square  of  a  tangent  from  R  to  the  circle,  and  through  r  any 
line  be  drawn  meeting  the  circle  in  9  and  n'',  and  K9,  kn  be 
drawn  meeting  the  circle  again  in  s  and  t',  then  the  points 
5,  t',  r,  are  in  a  right  line*  Which  is  the  thirty  fifth  Prop(h 
sition. 

Diagram  IV. 

In  the  preceding  Diagrams  it  is  shewn  that  c^h  .  ek  which 
is  the  square  of  a  tangent  from  ^  to  the  circle  is  =:  f^'  +  pd 
.  FH  (Prop.  11.)  =  ra*  +  Fa  .  Fy  (Prop.  S3,)  =  f^  x  ^y;  also 
ya  •  yF  =yA  .  yD  (because  in  the  preceding  Diagrams,  r,  ^ 
ht  D  are  in  a  circle]  sz  the  square  of  a  tangent  from  y  to  the 
circle;  therefore  ^y  x  (f^  +  Fy)=:7y«=:  the  sum  of  their 
squares.  Hence  we  have  a  ready  K^ay  oi  finding  two  such 
points  a,  y  in  the  perpendicular  that  cV  niay  equal  the  sum 


drawn  meeting  it  in  b  and  e,  and  therein  two  points  P  and  g  be  takei 
SQch  on  different  sides  of  A  that  tlie  rectangle  fac  may  be  equal  to  ti)c 
rectangle  bab,  and  through  a  any  line  be  drawn  meeting  the  circle  in 
c  and  o,  and  re,  gd  being  drawn  to  meet  the  circle  again  in  u  and  k  ; 
then  HK  being  drawn  will  be  parallel  to  ab. 

Phop.  XX\Ili.  Let  An  be  a  line  without  a  circle  and  from  a  and 
B  two  lines  be  drawn  to  touch  the  circle  in  c  and  u,  and  let  tbe|sq<iareof 
ad  be  equal  to  the  sum  uf  the  squares  of  ac  and  bd  and  from  a  aii.>  line 
ho  drawn  to  meet  the  circle  in  £  and  F,  and  be,  bf  i»e  drawn  meeung 
the  circle  again  in  G  and  H  ;  the  points  a,  g,  h,  will  be  in  a  right  lioe. 

Prop.  XXXIV.  Lot  ab  meet  a  circle  in  c  and  d,  and  a  be  withoat 
and  B  within  the  same,  and  lot  the  rectangle  cad  be  equal  tutfae 
square  of  ab  together  with  the  rectangle  cbd,  and  through  a  auy  hoe 
be  drawn  meeting  the  circle  in  b  and  f,  and  be,  bf  be  dra'wn  meet- 
ing the  circle  again  in  o  and  h  ;  then  the  points  a,  g,  h,  are  in  a  riglit 
line. 

Prop.  XXXV.  From  the  extremes  of  ab  let  two  lines  ac,  bd  be 
drawn  to  touch  a  circle  in  c  and  i),  and  in  ab  let  a  point  b  be  taken  on 
the  same  side  of  a  with  b  such  that  the  rectangle  bak  mty  be  eqiml 
to  the  square  of  ac,  and  al.so  in  au  another  point  f  on  the  same  side 
01  B  with  K  such  that  the  rectangle  ebf  may   be  equal  to  the  square 
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of  the  squires  of  thetangents  from  these  points  to  the  circle. 
Let  ^9  7  in  Diagram  4»  be  two  such  points,  and  from  y,  let  a 
line  be  drawn  meeting  the  circle  in  any  two  points  E^and  h^, 
then  ^H^  ^£^  being  drawn  meeting  the  ciicle  again  in  h  and  i>\ 
because  ch  •  cA  =  cr' .  ly  =  ^d  .  ^e  ;  therefore  f,  A,  h^  y  are 
in  a  circle,  as  also  f,  d',  e'.  y ;  therefore  the  z.  FyH  zzhu^f = JAf, 
therefore  ^,A,  D^  f  are  in  a  circle, and  Z.^D'A=:5rAiz^HV,also 
FoVzrFrA;  Consequently  the  three  angles  ^jd  A,  ^d^f,  yo'F 
at  the  point  d''  being  respectively  equal  to  2fA,  Mf,  f^A, 
tbo^eof  the  triangle  f^A,  their  sum  must  be  equal  to  two 
right  angles,  and  consequently  y,  n^,  A  are  in  a  right  line. 
lVh>rh  is  the  thirty-third  Propositioru 

Also  because  So^hzz:  (5FA=yD'B''^=yFE';  therefore  fA« 
fe'  make  =  angles  with  ^  and  ee""  is  perpendicular  to  the 
diameter  DH,  and  parallel  to  tt^;  draw  fd^  cutting  xx'in 
G^  and  the  circle  in  N,  then  fd^  .  fn=ft*=  fg*  +  gt*  =3^ 
FG*  +  gg'*  4-  tg'  .  G^T^  =  FG^'  +  d'o'  .  G^N.  Therefore 
TT^  is  the  locus  of  all  points  G^  dividing  lines  intercepted 
between  f  and  the  periphery  so  that  fd'  .  fn  =r  g''f*  +  d'g^ 
•  G^K.  From  £  and  h  through  g^  draw  lines  meeting  the  cir* 
cle  again  in  s  and  r,  and  describe  us  in  the  3d  Diagram,  the 
circle  ft«t^  cutting  fn  in  /.  Then  because  fg''  .  o  /  —  tg^ 
.  g^'t',  and  this  equal  SG^.  g'e  =  Ag'.  g'r,  therefore  the  points 
F, /,  8,   E  are  in  a  circle,  and  the  angle  f/e^^fse.    Also 

d'g'  .  G^'N    4-  F(/*  =  (TG'  .  gV)  g7  .  FG'  +  FG^*  =  Fo'  •  tl 

=r  FD'' .  FN  =  fA  .  FE,  therefore  i,  g\  /,  e  are  in  a  circle,  con- 
nequentiy  the  ans[le  e&Rzzesr,  and  the  sum  of  the  angles 
£&R,  f/e'  is  equal  to  two  right  ones,  therefore  the  sum  of  their 
equals  esr,  esf  must  be  equal  to  two  right,  and  f,  Sj  r  in  a 
right  line.     IVhich  is  the  thirty^/ourth  Proposition^ 


of  BU,  and  throi]g:h  a  any  line  be  drawn  meeting  the  circle  in  g  and  ti, 
andBtt,  BH  be  drawn  nieetiutc  the  circle  again  in  KaiidL;  then  the 
points  L,  K,  F,  are  in  a  right  line. 

Phop.  XXXVI.  If  from  a  the  vertex  of  a  triangle  abc  be  drawn^AP 
to  any  point  d  in  the  base,  and  de  be  drawn  parallel  to  ac,  and  df  to 
AB  ;  I  say  the  sum  of  the  rectangles  bab,  caf  will  be  equal  to  the  square 
of  ad  together  with  the  rectangle  bdc. 

Pitop.  XXXVIl.  Let  A  and  b  be  two  points  in  the  diameter  of  a 
circle  whose  centre  is  c,  and  let  the  rectangle  acb  be  equal  to  the 
square  of  the  semidiameter;  bisect  ABin  D,  and  raise  the  peipendicular 
DM  ;  from  the  point  a  draw  af  to  any  point  f  in  the  circumference,  and 
FE  perpendicular  to  dm  ;  then  I  say  that  the  square  of  af  is  equal  to 
twice  the  rectangle  contained  by  ac  and  fe. 

Prop.  XXXVIII.  If  any  regular  figure  be  circumscribed  about  a 
circle,  and  from  any  point  within  the  figure  there  be  drawn  perpen- 
dientars  to  all  Ihe  sides  of  the  figure  ;  the  sum  of  the  perpendiculars 

•y  a 
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Diagram  V. 

To  any  point  ,^  in  tt'  from  the  centre  n  draw  g'n,  perpen- 
dicular to  which  through  g^  draw  ba  cutting  the  two  tangents 
in  a  and  b ;  then  the  angles  at  t  and  g^  being  right,  the  points 
g,  a,  T,  n  are  in  a  circle,  and  the  angle  nagrzz  nrg^  :=:  n'fff ; 
again  the  angles  at  g^  and  t'  being  right,  the  points/, t', 
A,  n  are  in  a  circle,  and  the  z^nbg^  zzznr^g^^  consequently 
nbg'^iz  nag^,  and  ng^  bisects  both  ab  and  the  chord  of  the  circle. 
Which  is  the  forty-second  Proposition^ 

Let  fall  Tc  perpendicular  to  r^n  then  by  similar  triangles 
tg=;|tt'  :  T^n  ::  T^'c  :  tt',  therefore  r'n  •  t'c  =  |tt'*. 
Which  is  the  forty-third  Proposition. 

If  any  diameter  ab  be  drawn  to  this  circle,  and  ta,  t'b  be 
drawn  intersecting  in  o,  through  which  drawing  of  inter- 
secting  ab  in  p  and  producing  bt,  at'  till  they  intersect  in 
|r ;  then  because  ba  is  a  diameter^  the  angles  at  t  and  t'  are 
right,  and  the  points  t,  o,  t',  h  in  a  circle ;  .•.  the  Z  tht' 
=:  TOB^the  complement  of  tbo  ;  but  because  ft  is  a  tan- 
gent, the  z  TBO  in  the  segment  is  =  ftg,  consequently 
tht'  =tfg  =:t'fc,  therefore  ft'  being  z=  ft,  and  the 
angle  tft'  double  tht'  f  must  be  the  centre  of  the  circle 
tot'ii,  consequently  the  diameter  ho  passes  through  f. 
.^Iso  since  the  /.  oht'  =:  ott'  =  oba  =  the  complement  of 
p  k'H,  the  angle  hpa  is  right.  Which  is  the  forty ^ninih  Pro- 
position. 

Moreover  fe'*  :  ft*  =  fe' .  vlt!  : :  fe'  :  fA'  : :  (by  Prop.  \%) 
B^g'  :  ^h\  therefore  fe'»  :  ft'*  ::  eY  :  g'A'.  Which  is  the 
Jlfty-sixth  Proposition. 


T(in  be  equal  to  ilie  multiple  of  the  semidiameter  of  the  circle  by  the 
nmnberof  tbe  sides  of  the  fig^ure. 

Prop.  XXXIX.  Let  fheie  be  any  Dumber  of  rij^ht  lines  inter- 
aectins  in  a  point,  and  makiBg  ali  the  angles  aboat  the  point  equal, 
and  let  any  circle  pass  through  the  same  point ;  I  say  the  circumference 
thereof  will  be  divided  by  the  intersecting  lines  into  as  many  equal 
parts  as  there  are  lines, 

Paop.  Xii«  If  there  be  two  triangles  abc,  def.  which  have  one 
HHgle  A  10  one  equal  to  one  angle  n  in  the  utlier,  and  another  angle  • 
io  the  first  tqqal  to  the  sum  of  the  angles  D  and  c  in  the  second ;  thea 
shall  the  Mdej$  ac,  ac,  dk,  dp  be  proportional. 

FttOP.  XLl.    The  square  of  the  line  bisecting  the  vertical  angle  of 
any  triangle  is  a  mean  proportional  between  ^e  differeBce«  of  the 
squares  of  each  side  including  that  angle,  and  the  square  of  the  adja- 
cent segment  of  the  base  made  thereby. 
Prop.  Xlill.    If  from  the  lame  point  two  tangenta  be  diawn  to  m 
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Diagram  VI. 

Having  described  a  circle  about  the  triangle  bac»  and 
produced  ad  till  it  cuts  in  G,  draw  df»  ed  parallel  to  ab» 
AC  respectively,  and  then  another  circle  through  g,  f,  c  cut- 
ting AG  in  L,  and  join  lf,  g;c.  Then  the  z.  afl  zz  agc, 
A  LF  =z  AcG  r:z  the  supplement  of  abg,  therefore  abg  =  dlf, 
and  adf  =  bag  by  construction ;  consequently  the  triangles 
i>r>F«  abg  are  similar,  and  ac  :  ba  : :  of  =  ae  :  dl  and 
AG  :  AC  ::  AF  :  AL ;  but  dl  +  al  =:  ad,  therefore  ba  •  ab 

+   CA  •  AF  =  AG  •  (DL  -f-  AL)  =I  AG    .    AD   =Z  GD  .  AD  +  AD* 

=  £d  •  DC  4-  AD*.     Which  is  Proposition  36. 

Diagram  VIL 

The  construction  being  as  in.  the  proposition,  through  b 
draw  BF,  join  fc,  make  eh  =  ef,  and  join  ah;  then  by 
hypothesis  AC  :  fc  : :  fc  :  bc,  therefore  the  Z-  fbc  =  afc, 
cfb  =  fac  —  HFA,  but  the  Z.  ahf  =  bfh  zz  fbc  =;:  afc, 
therefore  HA F  =  fca,  and  the  triangles  hfa,  fca  similar, 
conseoueully  hf  =  8£F  :  af  : :  af  :  ac.  JVhichis  ihethirty'm 
seventh  Proposition. 

Moreover,  the  two  triangles  afc,  afb  have  the  angle 
A  common,  and  the  angle  afc  =  fbc  ==  a  -f  afb,  and 
iNiking  fi  =:  bf,  the  angle  aif  =  fbczt  afg,  therefore  ac 
;  FC  ::  AF  :  fi  =  FB  : :  (drawing  gk  parallel  to  fb)  aq  : 
Gic.     Which  is  Proposition  40. 

As  to  the'two  intermediate  Propositions,  viz  the  dSth  and 
d9th ;  since  the  double  area  of  any  regular  polygon  is  equal 
the  continual  product  of  the  radius  of  the  inscribed  circle, 
the  number  of  sides  and  the  length  of  one  side;  and  if  it  be 

circle,  aod  a  linQ  be  drawn  joining  the  points  of  contact,  and  another 
Jine  to  be  intercepted  between  tiie  tangents  cut  the  foregoing  which 
joins  the  point  of  contact,  so  as  to  be  bisected  in  the  pnini  of  intersec- 
tion ;  then  1  say  that  the  part  of  that  line  which  is  a  chord  of  the  circle 
will  also  be  bisected  by  the  same  point. 

And,  conversely,  if  the  chord  cutting  the  line  joining  the  pointi 
of  contact  be  bisected  by  the  point  of  intersection;  then  the  con- 
tinuation of  the  same  to  meet  the  tangents  wiU  al&o  be  bisected  by  the- 
same  point. 

Puop.  XLIII.  If  from  one  of  the  equal  angles  of  an  isosceles 
triangU  a  perpendicular  be  drawn  to  the  opposite  side ;  then  I  say 
that  the  rectangle  contained  under  ttiat  side  and  it's  segment  inter- 
cepted by  the  perpendicular  and  the  base  is  equal  to  half  the  square 
of  the  base. 

Prop.  XLIV.  If  in  a  line  ab  two  points  c  and  d  be  taken ;  then  I  say 

that  ABH- AD  X  BC+  BC»=:aA»C  +  BCD. 
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divided  into  trianqles  equinumerous  with  the  sides,  the  sum 
of  their  double  areas,  must  be  equal  to  the  product  of  t  he  sum 
of  their  perpendiculars  and  the  side  of  the  polygon.  Therefore 
the  radius  x  number  of  sides  =  the  sum  of  the  perpeadicu- 
lars.     Whick  is  Proposition  38. 

And  since  equal  arches  of  the  same  circle  subtend  equal 
angles  as  well  at  the  circumference  as  centre,  therefore  the 
39th  Proposition  is  manifest. 

A  c  D  B. 

Because  ad  •+•  db  =  ab,  therefore  ad  +-  bc  =  cd  |-  ab, 
and   ab  +  ad  +  BC  =  2ab  4-  cd,  consequently   (ab  +  ad) 

.    CB  +  CB9  =  2ABC  +  BCD.      aIsO  AB    f    BD   +  AD  IZ  3AD   + 

BC,  therefore  (AB  -f  ad)  .  cd  +  cd*  =  3adc  -h  bcd.  Which 
is  Proposition  44. 

Again  if  ab  :  ad  ::  ad  :  db,  multiplying  by  ab,  ab*  ; 
ab  •  ad  : :  ab  •  AD  :  AB  .  db.     Which  is  Proposition  SK 

Also  ab'*  :  AD»  : :  ab  :  db,  and  by  composition  ab«  +  ad* 
:  AD*  =r  ab  .  DB  ::  ab  +  db  :  db,  and  multiplying  the  con- 
sequents ab  .  DB  and  db  b}'  ad»  and  dividing  them  by  db, 
we  have  ab*  4-  ad'  :  ab  •  ad  : :  ab  -j-  db  :  ad.  /FAiVA  is 
Proposition  52.  For  it  is  evident  that  this  holds  whether  ai 
be  equal  to  ad  +  db  or  not. 

Diaguam  VIII. 

The  rectangle  under  the  difference  of  two  lines  or  quan- 
tities, and  the  difference  of  two  other  lines  or  quantiiicb  i* 
easily  shewn  to  be  equal  the  sum  of  the  rectangles  undor 
the  two  greater  and  two  less,  minus  the  sum  of  the  rect- 
an<jles  under  each  of  the  ijreater  and  each  of  the  less.     There- 


And  moreover  that  a     c     d    1 


. 


•i  — 


AB  -h  AD   X   CD  4-  CD^  s2ADC  +  BCD. 

Puop.  XLV.  If/rom  the  vortical  an^lo  of  any  trianf^tc  two  lines 
be  drawn  to  make  equal  augles  with  the  sides  conlaiuing  it.  »nd  to 
cut  the  base;  then  I  say  that  the  square  of  one  side  is  to  the  square 
uf  the  other  side  as  the  rectangle  under  the  scj^meuts  of  the  base  con- 
tijcuous  to  the  first  side  is  to  tlie  rectangle  under  the  seg:raents  con- 
tiguous to  the  other  side. 

Prop.  XLVI.  If  in  ab  the  diameter  of  a  semicircle  any  point  c  be 
taken,  and  from  thence  any  line  as  on  drawn  to  meet  the  circum- 
ference in  D,  and  a  perpendicular  de  be  demiited  t  then  I  say  that  the 
square  of  the  line  ac  is  equal  to  the  square  of  the  line  cd  together  with 
the  rectangle  under  the  sum  of  tlie  distanoes  of  c  from  a  and  c  from  b 
and  the  line  ae,  when  c  is  taken  in  the  diameter  ac  produced;  but 
equal  10  the  square  of  cd  together  witb  tlie  rectangle  under  the  diflfer- 
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fore  (AC*—  AF')   X  (CB« — PB')  =  AC*  .  CB«  +  AF»  .  FB* — AC* 

.  fb' — CB*.  af\  But  CF  bisects  the  angle  acb,  conse- 
(^uently  cf^  ==  ac  •  cb  —  af  •  fb,  ac  .  i^bsaf  •  cb,  and 
ac»  .  FB«-t"CB* .  AF«zifiAC* .  FB'  — 2ac  .  fb  .  ap  .  cb  ;  there- 
fore the  quantity  above  equal  ac'  .  0  8"+  a f'  .  pb--  9ac  •  cb 
•  AP  .  PB=:the  square  of  AC  .  cb— af  .  fb»  and  consequently 
equal  cj?'  x  cf»:  therefore  ac-  —  af*  :  cf*  ::  cp'  :  cb'  — 
FB^     Which  is  Proposition  41. 

If  upon  CF  produced  be  taken  e  so  that  bk  =  bf»  then 
the  angle  blf  =:  bfe  =  afc,  and  the  angles  at  c  being  equal, 
the  two  triangles  acf,  bce  are  similar,  consequently  eb  = 
fb  :  CK  ::  AF  :  CF.     Which  is  Proposition  58* 

Having  taken  cfl=:cbp,  it  will  be  cb  :  cp  ::  cf  :  cr.^ 
and  the  angle  clf  being  =:  cfb,  alp  must  be  =  afc,  and  the 
triangles  alp,  afc  similar;  therefore  ac  :  af  ::  af  :  al. 
Which  is  Proposition  59. 

If  the  circumscribing  circle  be  drawn  about  the  triangle 
ACB,  and  hl'  he  drawn  parallel  to  ab  to  cut  in  h  and  l',  and 
CH,  CL  be  joined  cutting  the  base  in  m  and  n,  and  making 
equal  angles  AC H,  BCL^  with  the  sides;  then  the  rectangle 
AMB  =  CMu,  and  cnl'  t  anb,  but  cm  :  cn  : :  mh  :  nl'; 
therefore  cm*  :  cn'  : :  cm  .  mh  :  cn  •  n  l^  : :  amb  :  anb. 
Which  is  Proposition  45. 


ence  of  the  distances  of  c  from  a  and  c  from  b  and  the  same  line  ae, 
H-hen  c  is  takmi  iti  the  diameter  itself. 

Prop.  XL  VII.  If  fiom  one  angle  a  of  a  rectangle  a  bod  a  line  be 
drawn  to  cut  the  two  opposite  sides  Rc,  oc,  the  former  in  F,  and  the 
latter  prcdiiced  in  k  ;  tiien  I  say  that  the  rectangle  eaf  is  equal  to  tbo 
sum  of  the  rectangles  edc,  crf. 

Prop.  XLVIII.  If  a  rectangle  be  insnribed  in  a  right-angled  tri- 
angle, so  that  one  of  its  angles  coincide  with  the  angle  of  tlie  triangle ; 
then  I  say  that  the  rectangle  under  the  segment  of  the  hypothenuse  is 
e<|ual  to  the  sum  pf  the  rectangles  under  the  segments  of  the  sides 
about  the  right  angle  made  by  this  inscription. 

Prop.  XLIX.  If  from  the  same  point  c  two  tangents  be  drawn  to 
a  semicircle  whose  diameter  is  au,  and  if  the  extremes  of  the  diameter 
and  the  points  of  contact  be  joined,  either  cross-wa>s  by  two  lines 
intertiecttng  in  F,  or  other-wnys  by  two  lines  intersecting  in  h  ;  then  1 
»ay  that  of  or  hc  produced  to  meet  the  diameter  ar  will  be  perpendi- 
cular to  tiic  same. 

Prop.  L.  If  in  a  semicircle  whose  diameter  is  ab  the  chord  of  60^ 
equal  to  the  radius  be  inscribed  and  from  the  centre  e  a  perpendicular 
dniwn  thereto  and  produced  to  meet  the  circumference  in  f  ;  then 
I  say  that  af,  kf,  bf  are  continual  proportionals. 

Prop.  LI.  If  a  line  be  cut  in  oxrcmc  and  mean  proportion ;  then  I 
say  that  the  square  of  the  ^^UoU ,  t'le  n-cthni^le  under  the  whole  and 
the  greater  segment,  and  the  rectHn;;ic  under  the  whole  and  the  lesser 
«:giii<'uts  arc  coutiuual  prupoitionab. 


/% 


(    M     ) 

Diagram  IX. 
Since  kc'  =  iic»~  be'  ;  .%  ac'  =  ab*  +  Sab  .  ec  +-  ec« 

=  AE*  +  AE  ^  EC  4-  AB  •  BC  +  AE  •  EB  .+  BC^^  AE  .  CaJ  + 
AB  .  BC  -f-  De''  +  EC*  ZI  DC*  +  AE  .  (AC  +  BC).  AlsO  AC'" 
zr  AE'  +  2AE  X  BG^  +  EC"*^  +  BC^'  n  AE  .  AC'  +  AE  .  EB  — 
Afi  .  C'b  +  BC''  =  AE  X    (AC'—  c'b)  +  DE'  +  BC^  -  Dc'*  + 

A£  X  (ac'  —  c'b).     IVhichis  Proposition  the  ^6 th. 

DlAGBAM    X* 

Having  through  the  given  rectangle  abcd  drawn  ae 
meeting  dc  produced  in  e,  and  cutting  bc  in  f,  let  fall  bl 
perpendicular  thereto.  Then  by  similar  triangles  ea  :  ed  :: 
AB  zz  DC  :  al,  and  ea  :  ao  =  bc  ::  bp  :  LP;  consequently 
the  rectanfjie  edc  +  rectangle  cbf  zz  ea  X  (al  +  lf)  =  ea 
•  A  p.     tVhi€h  is  ProfMsiiiou  47* 

Draw  PK  parallel  to  de»  then  pb  :  cs  : :  kf  =  cd  =r  ab 
:  AL|  and  fe  :  cf  j:  bf  :  lf  ;  therefore  fb  =  (al  +  lf)  = 
FE  X  AF  =  ECD  +  cfb  (dka).     Which  is  Proposition  48. 

Also  AF  :  ab  +  BF  : :  ab  +  bf  :  al  +  bl  -I-  bl  +  lf  = 
af  4-  !iBL»     Which  is  Proposition  53. 

And  AF  —  bf  :  BP  —  lf  : :  bf  :  lf,  because  af  :  bp 
bp  :  lf.    Proposition  the  55th. 


Prop.  LII.  If  three  lines  are  contimial  proportionals:  tho  sura 
of  the  s<{uare$  of  the  mean  and  ti\e  greater  extreme  is  to  the  rect- 
angle contained  under  the  same,  as  the  siim  of  the  extremes  is  to 
the  mean. 

Prof.  LUI.  In  every  right-angled  triangle,  as  the  hypotlienuse  is 
to  the  sum  of  the  sides  about  the  right  angle,  sti  is  the  said  sum,  tu  the 
sum  of  the  h}  pothenusc  and  twice  the  perpendicular  from  the  right 
angle. 

Prop.  LIV.  If  a  right  lino  at)  be  any-ways  cut  in  B,  and  from 
thence  a  perpendicular  bk  erected  equal  to  a  mean  proportional  be- 
tween the  whole  ad  and  the  part  An,  and  a  circle  be  dfawn  tbrongfa 
the  points  a,  v,  e,  and  from  a  a  perpendicular  be  erected  to  meet  the 
circumference  in  F ;  then  1  say  that  af,  ab,  bb,  ad,  are  four  continaal 
'^  proportionals. 

Prop.  LV.  In  every  right-angled  triangle,  as  the  difference  be- 
tweeu  the  hypothcnuse  and  one  side  is  to  the  difference  between  the 
same  side  and  its  adjacent  segment,  so  is  tne  same  side  to  the  same 
segment. 

Prof.  LYI.  If  no  be  a  tangent  to  a  circle  meeting  the  diameter 
DB  produced  in  H,  and  from  the  point  of  contact  c  a  perpendicular  CK 
to  that  diameter  be  drawn,  and  likewise  a  line  from  n  cutting  the  circle 
in  F  and  g,  and  the  petpcndicular  cr  in  i,  and  Fbe  the  nearest  point  to 
H ;  then  I  say  that  the  square  of  iiF  is  to  the  square  of  the  tangent  iic 
as  Fi  to  Hi. 


• « 
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Diagram  Xf. 

tf  CB  =  AE  £=  BB  =  CE»  and  cp  =  FB,  then  the  angle  r6n 
£:  PBC,  and  z=  fab  =z  afb,  and  the  triangles  cfb»  abp  are 
iimilar,  consequently  af  :  ab  =  cb  : :  cb  :  bf.  WTiich  is 
Proposition  50. 

*  If  CG  be  drawn  perpendicular  to  eb  and  bl  parallel  to  cg 
cutting  AC  in  L ;  tnen  because  the  angle  pbb  =  cab,  ag  is 
parallel  to  bf^  consequently  le'  s  co  z:  bo  =  bo.  fVkich 
u  Proposition  the  57th, 

Diagram  XIT. 

Erect  DC  perpendicular  to  the  centre  d  qf  the  semicircle 
acb;  join  ac,  cb,  which  produce  till*  it  meets  a  parallel 
PB  to  CD  in  p,  that  cuts  the  semicircle  in  b  and  ac  iu  g; 
then  because  ae  =  gb,  and  fb  =  eb,  and  as  •  bb  =:  he*  =: 
PB  •  GEy  therefore  ge  :  he  : :  us  i  fe.  JVhick  is  Proposi* 
tion  the  60th. 

Upon  HE  produced  as  a  diameter  describe  a  semicircle 
through  H  and  a  meeting  it  in  k»  thea  bk  :  ae  =  gb  t :  ab 
:7  OB  :  HE  ::  HE  :  fe;  take  me  r=  irk,  and  parallel  thereto 
MGr^HB,  and  OE=  NG;  then  no:  me  ::  fb  :  pg,  and 
MO  :  fg  : :  no  r:  he  :  fe  : :  0£  =  NO  :  HE  =  Na»  or  mo  : 
NO  ::  FG  s  NOf  therefore  the  triangles  fon,  mon  are  simi- 
lar>  and  the  angle  nmo  =:  nfe,  consequently  the  points  e, 
M»  M,  p  are  in  a  circle.  And  couTcrsely  when  these  points 
arejn  a  circle^  and  fe  :  ng  : :  kg  :  ge,  take  eo  =  no,  and 
the  triangles  nom^  nop  are  similar;  therefore  pg  :  om  :: 
NG  :  NO  r:  GB  : :  by  hypothesis  fe  :  jfG,  and  ng  =  oe  :  om 


Prop,  LVII.  If  one  side  ac  of  an  equilateral  triangle  abc  be  pro- 
daced  to  b  so  that  ec  may  be  equal  to  ac,  and  from  a  a  perpendioniar 
to  AC  raised 9  and  from  e  a  line  drawn  throagh  the  vertex  b  to  meet 
^e  Mrpendicalar  in  d  ;  then  I  sa^  that  bd  is  equal  to  the  rtfdins  of  die 
drole  which  droomscribes  the  tnangle. 

Paop.  LVIII,  If  BD  bisect  the  vertical  angle  B  of  a  triangle  abc  and 
meet  the  base  in  d,  and  if  with  either  of  the  other  angolar  points  a  or  c  as 
eentre  and  adjacent  segment  ofthe  base  as  radias  a  circle  be  described 
to  out  BD  again  in  b  ;  then  I  say  that  be  is  to  bd  as  that  segment  used 
as  a  radias  is  to  the  other. 

Prop.  LIX.  If  bd  bisect  the  vertical  angle  b  of  the  triangle  abc, 
and  if  on  ba  or  bc  from  b  be  pat  a  third  proportional  to  the  other 
aide  and  the  bisectfaig  line;  then  I  say  the  rectangle  ander  that 
aide  on  which  it  is  pat  and  its  remainder  when  the  third  pro« 
portionai  is  taken  from  it  is  equal  to  the  square  of  the  adjacent 
segment  of  the  base  made  by  the  bisecting  line.    t.  «•  bce  =:  cd*,  or 

SAB  =:  AB*. 
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ri ;  WQ,  and  by  diTiiion  kg  t  hb  : :  pe  :  gb,  or  fs  :  vo 
: :  GB  :  MB,  consequently  fe  :  mg  : :  ng  :  ge  : :  ob  :  Mt, 
or  KB»  0E»  NO,  FB  are  four  continual  proporticmals.  Which 
ii  the  Hth  Proposition. 

Its  convert  is  here  also  proved.  And  likewise  the  fol- 
lowing, viz.  PS  being  divided  by  the  60th  Propositioiii  *> 
that  Gfi  :  EH  :  s  eh  :  fe,  if  el  be  taken  =  ae  =  gb»  a  ctr- 
cle  drawn  through  the  points  a,  h,  l  will  cut  fb  produced 
in  K  so  that  bk^  gb^  hb»  fe,  are  four  continual  propor* 
tionals. 


ARTICLE  III. 


On  the  Theory  of  Elliptic  TYansceMenU^  fiy  Jambs  Ivoit, 
A.M.  F.R.S.. Instit.  Reg.  Sc.  Paris,  el  Soc.  Reg.  So.  GMm. 
Corresp.  and  H.iC.G. 

From  the  Philosophical  Transactions  for  183f. 

The  branch  of  the  integral  calculus  which  treats  of  elliplk 
transcendents  originated  in  the  researches  of  FagnanIi  n 
Italian  geometer  of  eminence.    He  discovered  that  two  srn 
of  the  periphery  of  a  given  ellipse  may  be  determined  in 
many  ways,  so  that  their  difference  shall  be  equal  to  u 
assignable  straight  line ;  and  he  proved  that  any  arc  of  the 
lemniscata,  like  that  of  a  circle,  may  be  multiplied  anj 
number  of  times,  or  may  be  subdivided  into  any  num- 
ber of  equal  parts,  by  finite  algebraic  equations.    TbM 
ttre  particular  results;  and  it  was  the  discoveries  of  Eulbe 
that  enabled  geometers  to  advance  to  the  investigation  of  the 
general  properties  of  the  elliptic  functions^    An  int^ral  in 
finite  terms  deduced  by  that  geometer  from  an  equation  be- 
tween the  differentials  of  two  similar  tianscendent  quantities 
not  separately  integrable,  led  immediately  to  an  algebnic 
eauation  between  the  amplitudes  of  three  elliptic  functiooi^ 
or  which  one  is  the  sum,  or  the  difference  of  the  other  twa 
Tbib  sort  of  integrals^  therefore,  could  now  be  added  cr 
subtracted  in  a  manner  analogous  to  circular  arcs,  or  logi- 


Frop.  JbX.  If  an  isosceles  triangle  be  inscribed  iia  a  senMcfrde  sad 
.one  of  the  eqaal  sides  be  prodaced,  and  if  from  aojr  point  b  in  a  dltns* 
ter  a  perpendicolar  tbereto  be  drawn  to  out  the  side,  the  eirele,  sad  tbt 
itdfeprodaoed  fn  the  points  e«  h  and  r  rtspecti? el/;  then!  saj  that  bs> 
iH  and  Bf  are  continual  proportionals. 
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rithins;  the  amplitude  of  the  sum,  or  of  the  tlifference^ 
being  expressed  algebraically  by  tueans  of  Ibe  amplitude' 
of  the  quantities  added  or  subtracted.  What  Fagnani 
bad  accomplished  with  respect  \o  the  area  of  the  tota- 
Discata,  which  are  expressed  by  a  particular  elliptic  in- 
iegraly  Eulek  extended  to  all  transcendents  of  the 
same  class.  To  multiply  a  function  of  this  kind,  or  to* 
subdivide  it  into  equal  parts,  was  reduced  to  solving  an  al« 
gebraic  equation.  In  general,  all  the  properties  of  elliptic 
transcendents,  in  which  the  modulus  remains  unchang^, ' 
are  deducible  from  the  discoveries  of  Euler.  Lanben 
enlarged  our  knowledge  of  this  kind  of  functions,  and  made 
a  useful  addition  to  analysis,  by  showing  that  the  i^rcs  of 
the  hyperbola  may  be  reduced,  by  a  proper  transformation 
to  those  of  the  ellipse.  Every  part  of  analysis  is  indebted 
to  Lagrange,  who  enriched  this  particular  branch  with  a 
general  method  for  changing  an  elliptic  function  into  an* 
other  having  a  diQerent  moduluB,  a  process  which  greatly 
facilitates  th^  numerical  calculation  of  this  class  of  integral^. 
An  elliptic  functiou  lies  between  an  arc  of  the  circle  on  one 
band,  and  a  logarithm  on  the  other,  approaching  indefinitely 
to  the  first  when  the  modulus  is  diminished  to  zero,  and  to 
the  second  when  the  modulus  is  augmented  to  unit,  its  other 
Ijmiti.  By  repeatedly  applying  the  transformation  of  La<^ 
l^^ANOE,  we  may  compute  either  a  scale  of  decreasing 
moduli  reducing  the  integral  to  a  circular  arc,  or  a  sc^le 
of  increasing  moduli  bringing  it  continually  nearer  to  a  lo« 
garithm.  The  approximation  ia  very  elegant  and  simplie, 
and  attains  the  ena  proposed  with  great  rapidity. 

The  discoveries  that  nave  been  liientioned  occurred  in  the 
general  cultivation  of  analysis;  but  Legendre  has  be- 
stowed miich  of  his  attention  and  study  upon  this  particular 
branch  of  the  integral  calculus*  He  distributed  the  elliptic 
functions  in  distinct  classes^  and  reduced  them  to  a  regular  • 
theory.  In  a  M^moire  sur  les  Tmnscendentes  Elliptiques, 
published  in  1793,  and  in  his  Exercices  de  Calcut  Integral, 
which  appeared  in  1817»  be  has  developed  many  of  their 
properties  entirely  new ;  investigated  the  easiest  methods 
of  approximating  to  their  values;  computed  numerical  ta. 
bles  to  facilitate  their  application;  and  exemplified  their 
use  in  some  interesting  problems  of  geometry  ana  mechanics. 
In  a  publication  so  late  as  18^5,  the  author^  returning  to  the 
«am^.  aulyect,  has  rendered  bis  theory  still  more  perfect, 
and  made  many  additions  to  it  which  further  researches  bad 
suggested,  in  particular  we  find  a  new  method  of  making 
an  elliptic  function  approach  as  near  as  we  please  to  a  cir* 

it- 
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cuUr  arcy  or  to  a  logarithm,  by  a  icaie  of  reduction  very  dir^ 
ferentfrom  that  of  which  Lagrange  is  the  author,  the  only 
one  before  kuown.  This  atep  in  advance  would  unavoidabiy 
have  conducted  to  a  more  extensive  theory  of  this  kind  of  ia^ 
tegralsy  which  nearly  about  the  tame  time,  was  being  dit* 
covered  by  the  researches  of  other  geometers* 

M*  Ab£L  of  Christiana,  and  M.  Jacoqi  of  Konigsberg, 
entirely  changed  the  aspect  of  this  branch  of  anahsis  by  the 
extent  and  importance  of  their  discoveries*  The  first  of 
these  geometers,  whom,  to  the  great  loss  of  science,  a  pre* 
mature  death  cut  oif  in  the  beginning  of  a  career  of  tbe 
highest  expectations,  happilv  conceiv^  the  idea  of  exprei* 
sing  the  amplitude  of  an  elliptic  function  in  terms  of  the 
function  itself.  By  this  procedure  the  sines  and  eosines 
of  the  amplitudes  become  periodical  quantities  like  the 
sines  and  cosines  of  circular  arcs ;  and  analogy  immediately 
points  out  many  new  and  useful  properties  which  it  would 
DC  diiBcult  to  deduce  by  any  other  mode  of  investigatioiw 
This  new  vray  of  considering  the  subject  struck  out  by 
M.Abel,  not  only  disclosed  to  him  some  interesUug  and 
original  views»  but  it  conducted  him  to  the  general  and  re« 
condite  theorems,  which  without  his  knowledge,  had  bee« 
previously  discovered  by  the  geometer  of  KonigsberK* 
M.  Jacobi,  following  in  his  researches  a  different  methoil 
from  M*  Abxl,  proved  that  an  elliptic  function  may  be 
transformed  innumerable  ways  into  another  similar  fuiictioB 
to  whiph  it  bears  constantly  the  same  proportion*  In  tbe 
solution  of  this  problem  tne  modulus  and  the  aniiplitude 
sought  are  deduced  from  tbe  like  given  quantities,  by  equa* 
tions  which  depend  upon  the  division  into  an  odd  number 
of  equal  parts  of  the  definite  integral,  having  its  amplitude 
equal  to  90^;  and,  as  any  odd  number  may  be  chosen  at 
pleasure,  the  number  of  tmnsformations  is  unlimited.  In 
consequence  of  this  discovery,  an  elliptic  function  can  have 
its  modulus  augmented  or  dipainjshed  according  to  an  infinite 
number  of  different  scales.  The  new  process  for  effecting 
the  same  reduction  discovered  byLBOENDBB  in  1895,1* 
only  the  most  simple  case  of  the  extensive  theorem  of 
M.  J  AC  OBI ;  apd,  although  the  older  transformatioo  of 
Lagrange  is  no  part  of  the  same  theorem,  it  bears  to  it  a 
close  resemblance  in  every  respect.  Such  is  the  principal 
addition  made  to  this  branch  of  analysis  by  M.  J  acobi  ; 
but  the  new  methods  qf  investigation  introdqced  by  him 
and  M*  J^bkl,  open  a  wide  ^eld  of  collateral  research, 
which  probably  will  long  continue  to  furnish  matter  for  ex« 
ercising  the  ingenuity  of  mathematicians* 
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But  it  lelJoin  kappent  that  an  mtentor  arriTM  by  thfi« 
Bbortest  road  at  the  results  which  be  baa  created,  or  explaina 
them  in  the  aimpleat  manner.  The  .deinonatrationa  of- 
M.  JjicoBi  require  long  and  complicated  calculations ;  i^nd 
it  can  hardly  be  said  that  the  train  of  deductions  leads  na- 
turally to  truths  which  are  proved,  or  presents  all  the  con-« 
elusions  which  the  theory  embraces  in  a  connected  point 
of  vi^w.  The  tlieorem  does  not  comprehend  the  transfonna* 
tionof  Lagrange,  which  must  be  separately  demonstrate^. 
This  is  an  imperfection  of  no  ii^at  moment;  but  it  is  always 
satisfactory  to  contemplate  a  theory  in  its  full  extent^  and. 
to  deduce  all  the  connected  truths  from  the  same  principles. 
Oa  a  careful  examination  it  will  be  found  that  the  sines  or 
cosines  of  the  amplitudes  used  in  the  transformations  are 
analogous  to  the  sines  or  cosines  of  two  circular  arca^  one 
of  which  is  a  multiple  of  the  other;  insomuch  that  the 
former  quantities  are  changed  into  the  latter  when  the  mo«i 
dolus  is  supposed  to  vanish  in  the  algebraic  expressions. 
We  may  therefore  transfer  to  the  elliptic  transcendent  the 
same  methods  of  investigation  that  succeed  in  the  circle. 
Whtn  this  procedure  is  followed,  there  is  no  need  to  distin-* 
{^ish  between  an  odd  and  an  even  number;  the  demonstra* 
tious  are  shortened  ;  and  the  difficulties  are  mostly  removed 
liy  the  close  analogy  between  the  two  cases.  It  is  in  this 
point  of  view  that  the  subject  is  treated  in  this  paper,  in 
which  it  is  proposed  to  demonstrate  the  principal  theorems 
without  going  into  the  detail  of  the  applications. 

U  Elliptic  functions  of  the  first  kind  are  of  this  form,*^  vis. 


o    \/l  —  A'siu-^ 
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y/\  —  A«8in*4' 


the  arcs  ^  and  4"  being  the  amplitudes,  and  the  quantities 
ft  and  A,  which  are  always  less  tnan  unit,  the  moduli  of  the 
functions.  For  the  sake  of  abridging,  I  shall  denote  the 
foregoing  integrals  bv  k  (f )  and  u  (>)/),  the  prefixes  k  and  h 
having  reference  to  the  moduh  k  and  h ;  and,  for  the  definite 

integrals  between  the  amplitudes  o  and  -•  I  shall  use  indis^ 


-  *  In  what  follows,  the  terms  'elliptic  functions'  and  'eJKptic 
tranficendents'  are  to  be  understood  as  applying  to  the  first  kind  only, 
wbicb  alone  are  treated  of* 


criminately  either  k  |^^  j  aiid  h  (^\  otp  more  simply,  k 

and  H, 

The  general  equation  to  be  investigated  ia  the  following, 

P  being  a  constant  quantity  equal  to  the  first  ratio  of  the 
nascent  arcs  ^  and  p.  IC  we  admii  that  this  is  a  possible 
equation,  and  suppose  that  when  ^  if  successiTely  equal  to 
the  arcs  of  the  series. 

p  attains  the  respectiTe  Talnes, 

Of   X^,    Ag,    Ajj    CLCml 

we  shall  have, 

H  =  ^K  (Xj),  SH  =  /3k  (X,),  3H  =  3K  )X^),  &c,; 
and  consequently, 

K  (Xj  =:  2K(Xj),     KfXj)  =  3K(Xj),  &c. 

Thus  the  arcs  X,,  x,,  &c.  are  the  amplitudes  of  the  multi* 
pies  of  the  function  (kX^).  which  itself  remains  indeterminate. 

We  may  therefore  suppose  p  x  k  (X  J  =  k  ^- j,  p  represent* 

ing  any  integer  number ;  and,  in  consequence,  we  shall  bare 

K  (Xj)  =  -  K,  K  (Xj)  =  -  K,  •  •  •  .K  (X,J  =  —  K. 

Any  propoeed  number  being  assumed  for  p,  we  may  deter« 
mine  the  amplitudes  Xj,  X^,  x,,  &€•  by  the  theory  for  the 
multiplication  and  subdivision  of  elliptic  functions :  but  as 
the  eduations  to  be  solved  are  complicated  and  impractica* 
ble,  the  arcs  Xj,  X„  &c.  may  be  treated  as  known  quantities 
without  any  attempt  to  compute  them. 

An  elliptic  function  becomes  equal  to  the  arc  of  its  am- 
plitude, when  the  modulus  vanishes :  and  in  this  case  the 
arcs  X J,  X,,  X^y&c.  are  obtained  by  the  subdivision  of^tbe 
quadrant  of  the  circle,  and  are  r^pectively  equal  to 
1      V     9     V     3     V    . 

Having  made  these  observations,  we  shall  for  the  present 
dismiss  all  consideration  of  the  equation  to  be  demonstrated, 


and  turn  our  attention  to  Investigate  two  variable  area  ^  atid 
^,'  such  that  the  first  shall  have  the  succ^sive  Values^ 

a>  j»  « ><  ft  3  X  |,  kc. 

irhen  the  second  becomes  respectively  equal  to  the  several 
known  amplitudes, 

8.  As  we  shall  have  occasion  to  refer  to  the  formulas  for 
the  addition  and  subtraction  of  elliptic  functions^  it  will  be 
convenient  to  premise  them. 

Let  a  and  b  represent  any  two  amplitudes,  and  put 

*K(a)  +  k(6)  =  kW 
K(a)  — K(6)zr  K(<f): 
Iheo,  according  to  the  formulas  of  Euleb*, 

_  Binflcosft\/l— Ar'BiirrR-l-costtsin&\/i>-y«in*tf 

•*"  ^  -  r=nFsn?aiii?s ^ — 

sin  a  cos  6\/i— **sin*i  —  cos  o  sin  &v/]— ifc'sin'a 

sin    <r  SS  '       ■  '  '        m         •       ^  •'     m    9  m 

l--p8in*asin' i 
From  these  we  immediately  deduce^. 

sin'  a  —  sin*  b      . 
•*^'*"«^=  l-ysin*asin*&t' 

It  may  be  observed  that  if  a  ==  Xm»  b  zz\^}  then  #  r:  X^^, 
^ssXm-ii:  for  it  is  obvious  that 

K(X«)  +  K(X,)  =:(»+»)  k(\)  =  k(X«i^«) 
x(xj  — k(X„)  =  (m— ii)K(Xj)=:a:(x»«,J* 

3.  In  Older  to  avail  ourselves  of  the  analogy  between  the 
^llrptic  fiiiictions  and  the  arcs  ot  a  circlet  we  must  talce  that 
view  of  the  matter  first  suggested  by  M«  A»£ l.    Lek. 


/' 


then,  as  ti  is  a  variable  qtaantity  depending  upon  the  ampli- 
ttide  6,  reciprocally  this  latter  quantity  will  depend  upon  the 
first;  which  dependance  wis  shall  express  in  thismanner^ 

•  p  s  amplitude  of  n  =:  a»» 
sin  ^  =:  ain  AU* 


^*Mb 


^  Ttait^  det  Fonctions  BlUptiqQes,  torn,  u  p.22. 

t  This  equatlMi  to  oallsd  by  IL  ktn  *'  la  propiiM«  fondsmentald.'^ 
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t'or  <the  take  of  abridging,  let «  :=  i<K;   so  tliat  K^.  \^ 

X„  &€•  will  be  the  redpectWe  amplitudes  of  ai«  ^at,  ^or,  &€< 
aod  X|,  =  amplitude  of  jdwz:  amp.  of  r  =:  90^;  and  xL  =r 
amp.  of  spAT  =  amp.  of  8k  =:  180^  From  the  nature  or  the 
integral,  it  follows  that  when  u  receives  an  addition  equKl 
to  9pay  or  SK  the  amplitude  of  u  will  be  increased  by  1 60^ 

To  the  indeterminate  quantity  u  let  there  be  added  the 
several  even  multiples  of  » less  than  8j9m  ;  and  let  us  consider 
the  sines  of  the  amplitudes  of  the  functions  so  formed,  vis. 

sin  AH,  sin  A(it  f  t«),  sin  A(ai4-4«#>,  •  • « •sin  h.(%\  9pw^9cf^ : 

in  this  series,  if  we  substitute  in  place  of  ar,  the  successive 
quantities  u  -f  SAf,  u  +  4Utf,  u  +  6^,  &c.,  the  same  sines  wfll 
constantly  recur  in  periodical  order,  abstracting  from  the 
change  of  sign  when  an  amplitude  becomes  greater  than  I8a^« 
or  than  a  multiple  of  180^  Thus,  if  we  put  u  -f  S«  in  place 
of  ti,  the  second  term  of  the  foregoing  series  will  stand  first, 
and  the  last  term  will  be  sin  a{u  +  apw)  zz  —  sin  a(v).  In 
like  manner,  if  ii  -f  4«r  be  substituted  for  u,  the  third  term 
of  the  series  will  stand  first,  and  the  two  last  terms  will  be 
— sin  AH,  sin  a(ii  +  Sor) ;  and  so  on. 
Let  us  now  put 

7  =  sin  Aw  X  sin  A(dar)x  sinA(3ar)  •••  x  sinA(S|»w— m) 
or,  whicb  is  the  same  thing, 

7=:sin  X^  x  sinX3  sinX^  .« «.x  sinX||».i; 
and  further,  let  us  assume, 

—  sfa  ^^ X  sin  A(ic-f gti)  X ifa  A(ti  ^■4<»(...  x sin  kju-k-Spm^ftm)         .  . 

:In  this  expression,  if  we  substitute  for  »,  the  several  odd 
multiples  of.  w  in  succession^  viz. 

#,  SWf  5mp  7<«i  &c:. 

it  follows,  from  what  has  been  said,  that  the  products  in 
the  numerator  will  always  be  the  same,  and  equal  to  the 
denominator,  but  that  their  signs  will  change  alternately  as 
the  successive  quantities  are  substituted.  Thus«  when  any 
odd  multiple  (2»  +  !>  is  substituted  for  u  in  the  expres- 
sion (b),  the  value  of  y  is  always  +  1  or—  1,  according  as 
(8ii  Hh  !>'  holds  an  odd  or  an  even  rank  in  the  series  of  the 
odd  multiples  of  «• 

On  the  other  hand  when  u  is  zero,  or  equal  to  9nm  any 
even  multiple. of  w^  we  shall  have  y  =  0,  one  of  the  iacfors 
of  the  numerator  necessarily  vanishing;  toi  in  a  sequence 


q(  the  even  miiltiples  p(  t^.  of  which  the  number  is  p,  there 
must  be  one  equal  to  9pM,.  or  to  a  multiple  of  9p^t  an4 
therefore  when  u  =  Snw,  one  of  the  factors  niust  be  the  sine 
of  an  amplitude  equal  to  1 80^  or  to  a  multiple  of  1 80% 

Further,  let  u — zhe  substituted  for  u  in  the  expression 
(b),  z  being  less  than  a> ;  then 

sin  a(w  —  z)  sin  a(3«  —  x)  .  •  t  .sin  AC^bw—  w  —  z) 

y^^  I*.  I  •       ■■>■-■■■      ■-  I      ■  ■  ^     —   ■      •..t.m,      ■   ^.         a.    ■  .1^  ^ 

Now,'  in  the  humerator,  the  partial  products,  of  the  first 
and  last  factors^  of  the  secona  and  last  but  one,  and  so  on*, 
are  as  follows  i 

eIi\  a(«  —  z)  sjn  A(3pw  ^—  «  —  z)  =  sin  a(<.i  —  z)  sin  a(«  +  «)» 

sin  A(a*H-t)  sin  A(Sp4#— 3«»~9)=:8in  A{3ut^z)uin  A(dM.+z)9&G9 

to  which  we  must  add  the  single  factor  sin  A(p«^  —  z)^  when 
p  is  an  odd  number.  All  the  partial  products,  it  will  be'  ob^ 
served,  have  the  same  value  whether  z  be  positive  or  nega- 
tive ;  and  they  are  all  greatest,  when  «  =;  o,  as  will  readily 
appear  from  what  is  proved  in  §  2.  Wherefore  y  has  the 
same  value  an(|  the  same  sign,  when  u'  is  at  equal  distances 
from  the  limits  0  and  Soi ;  and  it  attains  its  greatest  roagni* 
tude,  equal  to  l,  when  u  =:"&>•  And,  if  we'  substitute 
(S/i  -I-  I) Of — z  for  ti,  this  substitution  will  not  change  the 
foregoing  fectors,  but  only  their  order,  and  the  sign  of  their 
product,  which  sign,  wnile  u  is  contained  •  between  the 
limits  Snitf  and  Snw  +  Soi^  will  be  +  or  — ,  according  as 
(2a  +  l)ia  holds  an  odd  or  an  even  rank  in  the  series  of  the 
odd  multiples  of  &». 

We  may  now  conclude,  from  what  has  been  proved,  that 
3f,  in  the  expression  (b),  represents  the  sine  of  an  arc  i^, 
which  ini^reases  from  zero  with  the  elliptic  functipn  u,  anii 
coincides  with  the  successive  terms  of  the  series, 

0,  ^,    3  ^  ,    3-  ,  &€•  ad  infinitum, 

8  3  S 

at  the  same  time  that  u  attains  the  values, 

0,  wy  3b»,  3(i»,  &c.  ad  infinitum* 

Of,  when  the  amplitude  pf  u  becomes  equal  to  the  several 
known  arcs, 

o,  Xj,  Xj,  X,,  &c.  ad  infinitum  : 

and  further,  that  there  is  but  one  value  of  y,  or  of  sin  ij> 
^etween  the  twp  consecutive  terms  wx  -  and  («  +  I)  X  -  , 
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for  aiiV  given  value  of  u  between  the  limito  ai*  vA 
{m  4- 1} «,  or  for  any  given  amplittide  betw<een  the  an»  X. 
and  V+i« 

4*  Id  what  ba$  beep  proved,  p  may  be  eitber  an  odd  or 
an  even  number ;  but  we  must  now  nistinguisb  between  the 
two  cases,  in  like  manner  as  it  is  necessary  to  do  when  we 
investigate  the  sine  of  a  multiple  of  a  circular  arc  Rq>ie- 
senting  the  amplitude  of  a  by  (p,  we  have  a  =  k  {(f\  and 
ain  <p  B  sin  Aa«  When  p  is  odd,  there  will  be  an  even  nam* 
ber  ^  factors  afWr  the  first  in  the  mtwerator  of  the  expres- 
sion of  y  or  sin  yp ;  and  any  one  of  these,  as  sin  A(a  +  9»')t 
will  have  another^namelyi  sin  A(if+8p«iP^9a*»)r:  sinA(9s4r-»ii), 
answering  to  it ;  and  the  product  of  this  pair  of  fiictors,  Tit 
ain  ▲(«  +  fiiiw)  X  sin  A(d;iAi  —  u\  will  be  found  by  the  for* 
ttiula  (a)  of  §  a,  observing  that  sin  a  main  A(a««#)=8io^i 
ain  A  s=  sin  au.gz  sin  9,  sin  s  c:  tin  A(dit«i  4*  »),  sin«  astii 

tfaua  we  nave, 

/.-.v-      /.^  ^v  sin^Xjb.-^sin'^ 

am  a{u + $nc)  sm  a(ii  +  9pa,  —  9n»)  =  ^^  j^t^i^tx^mH ' 

Wherefore,  by  taking  in  all  the  factors  and  writing  s  fof 
ainf,  we  shall  obtain 

.    ,      z       sin*X^<— 2*         sin*X4-^«*  ain«A|^i-*«' 

The  expression  of  y,  viz. 

7  =  sin  \j  •  sin  \^  .  sin  X^  •  •  •  sin  X^^i , 

may  be  written  ip  this  form, 

iysa.  sin'Kj  •  sin'X,  •  sin'X5«..sin*X«p^, 

omitting  the  factor  sin  x,»  r:  1 :  wherefore,  if  we  assume 

a  —  sin'Xj  .  sin^X^  4  sin'X^  ..  .sin'Xyi 

*"  sin*X|  •  sin'X,  •  sin'X^  •••sin^'Aj^^  * 

we  shall  have, 

p  being  an  odd  number, 

a*  X*  a* 

•    ,     /,  sm'Xa  sm*X.  sm'Xi^t     /.v 

•'^^^'^'-TIlFFSnrx;  '  TTFPilHu:''*  r^FFSiS^x-/  ^'^ 

When  p  is  an  even  number,  if  we  leave  out  the  first  fto 
tor  in  the  numerator  of  the  expression  of  y  or  sin  ip,  therp 
will  remain  an  odd  number  of  factors,  that  which  occupiei 
the  middle  place,  being  sin  a(»  -i-  pt^) :  and  any  factor,  tf 
sin  A(tt  +  %nv),  between  the  first  and  the  middle  one*  will 


{    U    )> 

it  after  the  middle  oae ;  and  the  product  of  this  pair  of  factors 
will  be  obtained  aa  before,  viz* 

With  regard  to  the  middle  factor^,  we  shall  have,  iii  th^ 
formulas  of  $  9,  sin  a  =  sin  aQdaO  s  sin  90\  sin  b  =  sin  au  =: 
sin^,  sin«=:sinA(«+p«tf);  and 

C0B$ 

sitlA(6^ps.)«y^M^^^^^^> 

Whefeibfe,  by  ph3ceeding  as  before,  w^  shall  hM€, 

p  being  an  eveu  number, 

j»*  t^  2' 

^*Vt^Pr«  •  l-A»;:»Sin'x%  *  l^WaWx/'-tt^^,^^^-    (3) 

Bin  X\  *  iiti*  X,  .  Sid'  X, . . .  sin*  X^i  * 

Itt  both  the  formulas  (3)  and  (3%  it  is  obvious  that  j3  is 
the  quotient  of  the  product  of  the  sines  of  all  the  even  am-^ 

Cilitudes,  X.,  X4,  &c.  between  the  limits  O  and  180^,  divided 
y  the  product  of  the  sines  of  all  the  odd  amplitudes,  X.,  x,, 
m»  contained  between  the  same  limits.    The  general  exi^ 

I>res8ion  of  fi^  common  to  the  two  cases,  is  therefore  as 
bllowsy 

^       sin X«  •  sin X.  •  sin X^  •  ••  sin y^^%  z .^ 

smX^  •  smX,  •sinX^...smX4^p^i  ' 

tn  the  femrala  (t)  let  i»  imd  i^  stand  for  the  pradneks  of  the 
binomials  in  th^  numerator  and  denominator  \  then, 

9m4f  zz  ^ —  t 

R 

and, 

cos^^^sr       '  ^  '  ", 

Hie  iiuthenitor  of  this  e^tpfe^sion  is  a  ratidnal  iunetioh 
6f2^,  And  it  wiU  VMisfa  i^henevef  tM*  liP  :£  0,  orsin'ifrt:  i. 
that  is,  when  z*  is  equal  to  8iti*Xtn4.i,  9n+  1  being  any  odd 
number  less  than  spr.  Suppose  that  Sir  4-  l  is  any  odd  num^ 
ber  lest  tbaiip,  the  numerator  6f  the  value  of  co^  4^  will  be  di- 

vbible  ¥y  (1  -  i^jrind  afso  l»y (1  -  j^^A^)  » 


it 


(  s<   ) 

and  at  these  bmomiala  aie  equal,  it  m\l  be  diVbiUe  hj 

their  product  1 1  —  ^i       — ^  ;  andp  being  an  odd  num* 

ber,  to  the  double  dtyisors  there  must  be  added  the  single 
one n  —    .  --   \  =s  1  —  «*.    The  numerator  is  therefore 

divisible  by  the  product, 

and,  as  the  two  expressions  have  the  same  absolute  term  and 
same  dimeusions,  they  must  be  identical.  Wherefore  we 
have, 

p  being  an  odd  number^ 


««     •  .  r*  -  z' 


,     ,   ^— — H  ♦  sin*x,  8in*x.  sin^x,  ^ 

In  like  manner,  if  p  and  r  represent  the  rational  binomial 
products  in  the  nu(nerator  and  denominator  of  the  formttla 
(3),  we  shall  have 

and 

cos  ^- .(i_A*z»)R* 

Pnlceeding  as  before,  it  will  appear  that  the  niimerator^of  this 

expr^stttoit  ia  divisible  by  the  double  divisor  /l— — r-^r \  , 

\       sm  A^4-i; 

911+1  being  any  odd  number  less  than  p;  and  in  this  case 
when  p  is  an  even  number,  all  the  aivisors  are  double. 
Wherefore  the  product 

0~5mn;)  •  (^~5is^;  •  C*""in?x;)  •••(^~smu^.) 

will  divide  the  numerator  of  the  value  of  cos'  i^ ;  and  it  will 
b^  identical  to  it»  because  both  the  expressions  have  the 
m^of^  dimension^.    Thus  vve  obtain, 
.      .,       .         jp  being  an  even  number, 


cos  WZH  —7===-  •   '. £q"»    '"av""   •  •  •  •  T Lit    x^'    9\  '  '  '  »     V^f 

^     ^i^k^z^     l-4VsinX,  l-*4p^**sm''^l^-• 


(  iff  1 

From  the  equations  (9)  aad  (5)  we  deduce 

^     ^ 2^       ^       /\ 

ten  ^=:    y!IZ— L  . r-2. . — ±  .  4. --.z::. 


finn*  Xj  sin*  \,  8ia*X 

but  it  will  readily  appear  that 

sin^^  tan'ip 


sin^X»,  —             t^p*\b> 

"^  8in^^4.i  tan'  X«,+i 

wherefore  we  obtain, 

p  being  an  odd  number, 

tan*$  ,       tan*(p          .        tan'^ 

taa^=taQ$x — r-*  ii .     .  *  .  »•♦ r — r^^*    (T) 

'^           ^              tan*(p  .       tan*(p           ,        tau*$     .     ^  ' 


tan*  Xj  tan*  X^  tan*  X. 

And  in  a  similar  manner  we  deduce  from  the  equations  (3) 
and  (a)» 

p  being  an  even  number, 

tan*  9  tan*^  tan'^y 

^..,—     ^^an(p        ^^  tanU7  tanU,  '  tan^X^ 

niii^lE  '        tan^<p    •  ^  tan*^   '  '"  taaV'  W 

Un*Xj      ^     tan^X^  tan*X,  tan»Xp., 

The  formulas  (2),  (5),  (7),  in  which  p  is  an  odd  number, 
are  those  used  in  the  theorems  of  M.  Jacobi  ;  the  other 
three,  (s),  (6),  and  (8),  have  been  added  here.  Ail  the  forw 
inulas  will  be  true  in  the  circle,  if  we  make  Jt=:0,  and  de<» 
rive  the  arcs  X^,  X^,  &c  from  the  subdivision  of  the  qua- 
drant^ Id  like  manner  as  they  have  been  obtained  from  the 

subdivision  of  the  definite  integral  k  ^|j.    The  coefficient  jS* 

is  the  expression  of  .the  first  ratio  of  the  nascent  arcs  ^  and  f ; 
and  it  is  equal  to  p'vn  the  circle. 
All  the  formulas  are,  however,  imperfect  in  one  respect : 

they  all  suppose  that  the  amplitudes  X^,  X^,  &c.,  derived 
from  the  subdivision  of  the  definite  integral  k  r|\  are  known. 

By  nieans  of  these  amplitudes,  the  general  solution  of  the 
problem  has  beeh  deduced  from  a  particular  caste :  but  the 
formulas  cannot  be  considered  as  complete  till  all  the  co- 


(  a*  ) 

efficients  have  b^en  exprMied  in  Ainctions  dC  thU  tluMiilM  k ; 
and,  with  respect  to  this  point,  the  researches  of  analysts 
have  not  yet  been  entirely  successful. 

5.  Hayrng  now  inrestigated  the  relation  betweed  the  aict 
^  and  f,  we  have  next  to  demonstrate  that  the  e^juntion  (1) 
IS  true  when  these  amplitudes  are  substituted  in  it,  and  a 
proper  value  is  assigned  to  the  mdeteffminate  modultiaAi  b«t 
this  requires  some  preparation,  in  order  to  avoid  complin 
cated  operations. 

First,  p  being  an  odd  number  we  have 

sin  ^  =      "■■>■  ,  COS^  =.  — 25  ; 

K»  P»  Q>  representing  the  rational  binomial  products  in  the 
denominators  and  numerators  of  the  equations  (8)  and  (S); 
we  therefore  obtain, 

Thi^equation  has  been  found  on  the  snppositiaa  that  z  is 
less  than  l ;  but  as  it  contains  no  radical  quantities,  it  wiU 

be  true  for  all  values  of  z.    We  may  therefore  aubstitute  ^ 

for  z  I  and,  in  the  resulting  equation,  the  symbol  z  will 
still  represent  a  quantity  mlrestncted  in  its  value.  Now»  the 

substitution  of  -r-  '<''  '  being  made,  we  shall  obtafai^ 

in  which. expression  R  and  r  denote  the  same  liiactiomi  oft 
as  befbrt ,  and  the  lvalues  of  the  new  symbols  h  and  r'  ass 
aa  follows, 

R'=(I  -i»z»sinn,)  (1— AVsinn,) . . .  .(1— lMsifi»X^V 
•We  thua  have 

Secondly^  when  p  is  an  even  number,  R,  P,  Q  wilt  stand 
for  the  rational  binomial  products  hi  Hie  denominators  ttd 
numerators  of  the  equations  (d)  and  (6) :  thus 


contequeirtly 

(I  ^*«a2)  a»  =  i3»««  (I — «»)  p«  +  ft«. 

And  if  in  this  equation  ve  MibsUtute  -r-  in  place  of  z  we 

shall  obtain  this  result 

{I  —  JP««)  r2  =:  /3«AV(l  — ««)  p*  +  a« 

a  aned  p  representing  the  same  functions  of  x  as  before,  and 
the  new  symbols  A  and  r^  standing  for  these  values 

A=:  k^ .  sin^  X^  •  sin^X^  •  sin^  ^4  •  •  •  .sin^X^^i 

R'-(l-.ilt,«8in«X,)(l^*Vsinax,).,,.(l— JP2»sin«Xj^i, 

From  what  has  been  proved  we  now  have 

\/(l  ^  tfiz^)  B«—  ^«ra (1-S»)  P^  =  ft,  >  /-,v 

v/d  -^  Jfe»za)R4-^Ai**(l  -Z*)  F*  =  It'     i  ^    ^ 

I'o  these  formulas  we  must  add  the  following  principle  of 
•nalysis^  on  which  the  demonstration  we  have  in  view 
mainly  tums.  Let  v  and  o  denote  rational  functions  of  s : 
wtt  shall  have  this  identical  equation, 

•.^^j-u»=.J(v+au)— ^^^ (v-au) 5^— {;. 

from  which .  it  follows,  that  every  double  binmnial  factor 
either  of  V  +  av,  or  of  v— an,  is  a  simple  binomial  factor 

ci  — T —  u* ;  and  further,  if  r  +  a\s  and  r — au  have  no 
az 

common  divisor,  that  every    double   binomial    factor    of 
(v  +  av)  X  (v  —  au)  =  v^  —  a*o*,  is  a  simple  binomial  faq. 

<'.(p 

tor  of  — 5 .  u^. 

dz 

6.  The  differential  of  the  equation  (1)  may  now  be  readily 
demonstrated,  supposing  that /3  has  the  value  investigated  in 
I  4,  and  A.  the  value  assigned  to  it  in  g  5.  And  first  when 
/» is  an  odd  number,  we  obtain  from  the  equation  (s); 

/3  •  sp        .    . 

And  with  these  values  the  equation  (i)  wilt  become 

rS  ,    (zv\ 


V^(R»— /3a««P»)  (R»  —iS'A^z'p*)      v/l— i^.l— *V  • 
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|Qd,  on  account  of  the  formulas  (c), 

dz  R  ' 

Now  it  18  evident  that  r  +  ^  •  sp  and  r  —  fi  •  z^,  have  not 
i:ominon  divisor :  for  as  r  contains  only  the  even  powers  of  2, 
end  xp  only  the  odd  powers^  if  l  +^z  be  a  factor  of  r +/3 » z«» 
I  —  cz  will  necessarily  be  a  factor  of  r  —  ^  •  zp.  Wherefore, 
according  to  what  has  been  proved  above,  every  double  bi- 
nomial factor  of  r^ — /S^z^p^,  thai  is,  everj- factor  of  q,  will 
be  a  factor  of  the  function  in  the  numerator  of  the  left  sid^ 
of  the  last  equation.  In  the  very  same  manner  it  is  proved 
that  every  doubly  binomial  factor  of  r*  —  jS^A^z'p*,  tnat  is, 
every  factor  of  r^  will  be  a  factor  of  tbe  same  function* 
Wherefore  the  numerator  of  the  left  side  of  the  last  equation 
is  divisible  by  the  product  q  x  r^  in  the  denominator ;  and, 
n  both  the  expressions  have  the  same  dimensions  and  the 
same  absolute  term,  they  are  identical ;  which  verifies  the 
equation.  Wherefore  the  equation  (l)  is  demonstrated  when 
p  is  an  odd  number. 

Secondly,  when  p  is  an  even  number,  we  )iave  by  eqoa- 
tion  (3),  

am  }L  t=  ~===.  .  — ,  sin  ^  =  z : 
and  the  differential  of  equation  (1)  will  become  by  substitutioD^ 

dz  Vl— ifc»Z*.R' 

\/  ((i ^*«8a)R«-^2,2(i  ^2a)p«)  ((1  ^ft«2a)R2-(?aA«««(i -z«)p>) 

:  and,  on  account  of  the  formulas  (d). 


1 


(y— ibV)R«^    £  v/ri:? ,  p. 

dz  VVl  — feV.Rj  _    I 

It  will  be  proved  by  the  like  reasoning  as  before,  that  the 
numerator  of  the  left  side  of  this  equation  is  divisible  by 
the  product  in  the  denominator.  Now  if  we  perform  tbe 
differentiation  indicated,  we  shall  find» 

S  =  (l-.tj»  +  AV)  PR  +  «(l-»»)(l-l»2«)R»  -J5_f  , 


(    4t     ) 


and  it  is  evident  that  all  the  rational  factors  of  the  left  side 
of  this  last  formula,  and  consequently  all  the  factors  of 
Q  X  r',  will  be  factors  of  s.  By  substitution  the  diifereu- 
tiaJ  equation  (l)  will  now  become 


which  is  manifestly  verified :  for,  as  q  x  n^  divides  s»  and 
the  two  expressions  have  the  same  dimensions  and  the  same 
absolute  term«  they  are  identical.    The  equation  (1)  is  there** 
fore  demonstrated  when  p  is  an  even  number. 
.7«  The  transformation  expressed  by  the  equation, 

has  now  been  demonstrated  for  any  number  whether  odd 
or  even,  the  constant  /3  being  determined  by  the  formula  (4), 
and  the  modulus  h  by  the  special  formulas  in  §  5»  or,  ge- 
nerally without  distinguishing  whether  p  is  odd  or  even,  by 
this  formula, 

h  =:  kP  .  (sin  X|  sin  X,  sin  X^  •  • .  .sin  Kr^)^»  iff) 

the  sines  multiplied  together  being  those  of  all  the  odd  am- 
plitudes less  than  180^  The  relation  between  the  variable 
amplitudes  xj^mid  ^  is  expressed  by  the  several  equations  in 
§4. 

In  order  to  render  the  solution  of  the  problem  more  com« 
plete,  it  may  be  proper  to  add  a  useiul  method  of  computing 
the  amplitude  ^. 

lu  ^  5  we  have  obtained  this  equation, 

R'^/J^a'p'  +  Cl  — «*)e*. 

And,  if  we  represent  by  h  and  m  the  products  of  the  bino* 

mials  in  the  numerator  and  denominator  of  the  equation  {7\ 

we  shall  have 

/3  tan  4«  N 
tan  ;/^  =   - 


M 

Let  *  =  tan  f,  then  «*  =r  sin'^  = ;; ;  and,  observing  that 

a'       _  tan' A,, 


sin'X;,  \^\  -f  x«)     ' 

YOL.  VI,    PART  111.  { 
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it  will  readily  appear  that 


M 


.  *.Q-  y 


These  values  being  substituted  in  the  foregoiqg  equatioa, 
we  get 

And  if  R*be  transformed  ihfO  a  Function  of  x*,  we  shall  obtain 

m'  +  ./3Vn»  =  (I  +  O  (1  +  f « V)'  (1  +  C4  V)«  •.-.(!+  cv-jx7, 
the  new  symbol  €^  being  determibed  by  iliis  fbrittvia, 

c73*  =:  I  —  ^*  sin'  Xt* ' 
The  last  equation  may  be  resolved  into  these  two, 

The  second  of  which  being  divided  by  the  first,  there  will 
result^ 

N(^w  u  being  ati  arc  of  a  circle^  we  haVe  this  w6ll'  knawo 
formula, 

1  i_tantt\/^=^. 

U  ZZ    — --;i=r   X   log.  f,     ,     ^ . )  .• 

21/ 1  ^  \I  +  tantf  |/— 1/ 

wherefore*  if  we  take  the  logarithms  of  the  factors  of  the 
foregoing  expression,  and  substitute  the  ^qutvalef»t  circulir 
arcs,  we  shall  obtain, 

p  beiijg  an  odd  number, 

ibe  ar^  ^^^  being  deterttiined  by  the  equation, 

tan  9^  =  Csn  X  tan  ^. 
Wheu  p  is  an  even  number^  we  have  this  equation  in  §  5, 

And,  using  n  and  m  to  denote  the  products  of  the  binomiab 
in  the  nun.erator  and  denominator  of  the  equation  (8),  we 
have 


tani/'  = 


-        .M 


'■ 
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By  the  Bub?titmion  of;7=^  f<>'  *  »'  ''^*'°'*'  *''*'"  *^ 
found  that. 


Wh^refgr^  we  bavi?, 

M«  +  j8^;r«N«  Ji  (I  +  *^)'^(i  — **«^)  »•; 
and  l)y  converting  (I  -it«  i«) .  r«  into  a  function  of  ««,  we  get 

M«+6^;t^N«  =  (1  +a:')  (1  +  *  V)  (I  +  c^H'^Y . . .  .(I  +  c't-H^')^'" 

By  treating  this  equation  a»  before,  we  get 

i-tan^v/:rf  ^  i-yt/:g^    i-A^y/g^  .i-c^,yt/^J^      ^ 

aBd  from  this  we  deduce, 

p  being  an  even  number, 

tan  ^'  =  k^  tsip  ^,    tan  fi9»  S3  Cm  tan  ^. 

8.  In  what  ^oea  before,  our  attention  hag  been  confined 
to  two  related  fq  net  ions,  which,  fortbes^ke  of  ^bridging, 
we  have  denoted  by  the  prefixes  h  and  fc ;  but  as  we  shall 
hate  occasion*  in  what  follows^  to  compare  several  functions 
diifering  from  one  another  in  their  moduli  and  amplitudes, 
it  will  be  proper  to  adopt  th.Q  uaual  and  more  general  no* 
tatioD,  by  means  of  the  characteristic  f  prefixed  to  the 
modulus  and  amplitude.  According  to  this  notation,  the 
equation  (1)  will  be  thud  written, 

p(*,>/,)  =  /3F('..0);     F(*,^)=  ^»(A,i/.)- 

« 

The  modulus  i(  being  given,  we  can  compute  thje  an)pli«> 
ludes,  X,,  X,,  &c.,  at  least  by  approximation;  aad  the  am- 
plitude ^  being  supposed  known,  the  foregoing  formula^ 
will  determine  the  modulus  A,  the  multiplier  /),.  and  ihe 
amplitude  1^ ;  so  that  the  function  f(4:,  ^)  will  be  reduce^ 
to  the  similar  function  F  (A,  ;^),  of  which  the  modulus  h  is 
less  than  the  giveamodulus  A:.  And  in  like  manner  as  the 
three  quantities  A«  /3,  \^  were  determined  frpui  tli«  two  A-,  0, 
we  can  deduce,  from  the  two  A,  i//,  three  new  quantities,/!), 
^/>  ^,t  which  will  satisfy  the  equations, 

i  9 


are  nevertheless  of  great  practical  utility  ijn  this  theory ;  and 
they  exptesa  succinctly  the  conditions^  necessary,  in  order 
that  the  transformatibus^  in  the  e^ationa  (I)  and  (12)  take^ 
place.  A  little  attentron  will  shew  that  the  formulas  (14) 
and  (IS-)  are  entirely  similar,  the  quantiries  j5^  h',  k'  occupy- 
ing^the  same  p4aeea  in  the  first*  that^».  jfc,  A  do  in  tl»e  otheiw 
F£mi  thisiwe  leaiiiii  tbftt[1iie«e(|ua(biQa^  (1>  and  (is)  will  !»tiU 
be  true  if  Mret  efaafoge  /S,  i,  A  for  /3^»  A',  *",  respeclkvely,  Thna 
iMeh«ve, 

f(^-^V')  =  /S'f(AK,^), 

the  letters  ^  and  ^,  it  need  hardly  be  noticed^  alihough^  uted 
on  a  formei  occasion,  here  express  aimply  the  variable  am- 
plitudes of  the  reJated  fibmetions.    If  thenefore  we  divide 

h'  =  F  \h\  ^  into  p  equal  parts,  and  put  ^i^,  jx^,  ^3,  &c., 

12  3 

for  the  respective*  amplitudes  of  -  h%    ^  h^    -^  ntf^  &o. ;   we 

p  r  r 

shall  have  by  the  formulas  (4)  and  (9), 

^       sin/ij  sin^.  ....sin/i9p_s  ^ 

^       8in^jSinf^3 sm/i8p«i  V  (16) 

^^  =  A'  .  (sin  ptj  sin  /U3  ....  sin  /*Bp-i/    J 

The  multipliers  P  and  /3'  being  similar  functions,  the  first 
of  the  amplitudes  X,,  Xj.X,,  &c.,  and  the  other  of  the  am- 
plitudes fi^^fi^tfi^^  Sec,  the  equation  ^0^  zz  p,  expresaes  a 

curious  property  of  those  functions. 

And,  in  like  manner,  if  we  change /S,  k.  A,  respectively  for 
/S',A^/p' in  the  equation  (IS);  or,  which  ia  the  Mime  thiols, 
if  we  derive  an  equation  from  (15)  in  the  same  manner  that 
(12)  w^  obtained  from,  (I),  we  shall  get 

r(^T)=/3'F(A,(r). 

sin«<r  sinV  sinV 

•        "T"        7'"         y<"^  1        "T*  'f        »     •  1     if"        '    ■  ■     ■        !■   -    I 

ni  '      .  tanVo  tanV*  tanV.~i 

'  1    +      *  *  ■*         1     -T"     -" 1  At       

^  tanV,  «an>3  ^an^j^-t  J 

Although,  in  the  investigation  of  this  §^  we  have  supposed 

that^isanodd  number,  yet  it  is  obvious  that  they  will 

iMcceed  eaually  vrhen  p  is  an  even  number,  the  formula  (8) 

being  used  instead  of  (7). 
The  analysis  by  which  the  equation  (12),  of  which  those 

tbat  follow  are  consequences,  has  been  deduced  from  ths 


>W 
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equation  (1),  is  precisely  Aat  by  wbicti  the  expressioh  or  « 
circular  arc  is  made  to  pass  into  alogkrlthm ;  so  tliat  tlie 
whole  6f  tliis  analyiical  theory  red^s on  pne  principle,  namely, 
the  analogy  which  an  elliptic  fuftittion  bears  to  a  circular  arc 
dnd  to  a  logarithm^  which  areits  extreme  limits. 

10.  Of  the  transformations  in  the  last  §,  the  |:)rincipal  one 
is  contained  ib  the  formulas  (17),  Which  constitute  what  is 
called  the^ecoAd  theorem  of  M.  Jajcobi.  One  of  its  chief 
uses  is  to  supply  the  defect  of  the  first  theorem  by  furnish- 
ing a  direct  process  for  reducing  an  elliptic  function  to  a 
logarithm,  through  a  scale  of  increasing  moduli.  In  the 
ftiirtctiou  ^{hy  tf),  thfe  modulus  ft  being  giveti,   ^e  kndw 

A'  (=  v/ 1  — A-)  named  the  complement  of  A  for  the  sake  of 
abridging;   we  shall  therefore  obtain  the  amplitudes  ^^^/u^, 

&c.,  by  the  subdivision  of  the  function  H'=r  f  \k\  ^  J  ;    we 

next  compute  the  quantities  /3^  and  A/ by  the  formulas  (l6); 
and/  the  amplitude  (t  being  given,  we  deduce  from  Ihe  for- 
niulas  (17),  the  amplitude  t,  which  will  satisfy  the  equation, 

the  modulus  k  of  the  new  function  being  greater  than  A> 
because  the  complement//  is  less  than  the  complement  A\ 
Taking  now  A'  the  complement  of  ^,  we  deduce  from  it,  by 
means  of  the  formulas  (l  6)  and  (17),  the  three  quantities  /J';. 
*'„  T.,  in  like  manner  as  /3^  k^,  r  were  deduced  from  k  ;  and 
we  snail  have  these  equations, 

F(A,  t)  =  /30f(*„t);  r(A,<T)=  ^,  x  F(i„r,); 

the  modulus  k,  being  greater  than  *,  because  the  eomple- 
ment  k",  ii  less  than  k\  'Vhe  like  opferations  being  contmued, 
we  shall  at  length  arrive  at  a  modulus  *„,  as  near  the  limit  l 
as  may  be  required. 

Another  use  of  the  second  Ihcorem,  when  combined  with 
the  first,  is  to  find  any  multiple  of  an  elliptic  functron.  or 
any  aliquot  part  df  it.    By  the  first  theofera,  we  have 

F(A,)^)=  i3F(l,^); 
and  by  the  second,  making  <t=  yp  in  the  equations  (1 7>, 

F(A-,r)=r(3'F(A,  1^);      ' 
and,  by  combining  the  two  equations,  observing  that  fifi^^ 
p,  weg^t 

F(A-,  r)=:  pY{k,  ^). 
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If  ^  be  an  odd  number^  the  amplitudes  are  obtaiqed  bj  the 
forfnula9(e)  and<i7),  vis. 

sin*p  sin*^ 


am  ^  7  /3  Bin  f  x   - — ri---o:^— -l—  •  •  •  •  z — ..«  •  « ^  1^ —  • 


tan-^^'  tan*^. 


When  a  multiple  is  required,  we  pas)  directly^  by  means 
of  the  two  equatiouB,  from  the  given  amplitude  ^  tor  which 
is  Bought.  In  the  case  of  nn  aliquot  part,  the  amplitude  r 
being  given,  the  solution  of  the  second  equation,  of  which 
p  is  the  dimension,  will  determine  sin>)/;  and  the  ampli- 
tude 9  which  is  sought,  will  then  be  found  by  solving  the 
first  equation,  which  is  also  of  f  dimensions.  From  the 
nature  of  the  second  equation,  it  nas  only  one  real  root,  and 
p— - 1  impossible  roots,  for  every  real  value  of  sin  r;  and 
therefore  it  follows  fri»m  the  first  equation,  that  the  ampli- 
tude p  of  the  function  ~  f  {k,  r)  admits  in  all  of  p^  values, 

of  which  only  p  values  are  real  quantities,  and  the  rest  im- 
possible. 

If  ^  be  an  even  number,  the  expression  of  sin  yp  will  con- 
tain radical  quantities,  but  instead  of  it  we  may  take  the 
value  of  tan  i/r  in  the  formula  (8) ;  and  the  two  equations 
for  the  amplitudes  will  be. 


1  _   ^^"^^  **"^ 


tani/^:= 


/3tanf  tan^x       .  tan«x 


tan«(p  tan^j?  tan«<p 


smr  zz 


tan«Xj  tan«x  ,  tan<x;^ 

g^BJniA  "*■  tau«/iA-  "•"   tan«^^ 


»in«i/.       ,    ,     sin'J.    "••      ^       sin*,^ 


I   +    TT^o^         I    +    .^TZT^  1    + 


tanVi  tan«/M,  tan';i^i 

from  which  the  same  general  properties  may  be  deduced,  as 
when  p  is  an  odd  numoer. 

11.  We  have  now  demonstrated,  as  was  proposed,  the 
principal  and  leading  points  of  this  theory,  tor  which  we 
are  indebted  to  M.  Jacobi,     For  the  aubordinate  details, 
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and  for  many  curious  and  important  collateral  researchea 
that  have  been  suggested  by  the  new  views  laid  open  to  this, 
branch  of  analysis,  we  must  refer  to  M.  Jacobi's  own 
work,  to  the  papers  of  M*  Abel,  and  to  the  writings  of 
Legemdre*  We  shall  conclude  this  paper  by  applying  the 
formulas  that  have  been  investigated  to  two  particular  in- 
stances,  taking  for  p  the  most  simple  values,  namely  9 
and  3« 

Example  l.  Supposing  p  =  9. 

By  the  formulas  (3)  and  (6)  we  have  these  equations  be- 
tween the  amplitudes  \^  and  ^,  z  being  =  sin  p, 

, ?!_ 

/82v/i— ««  ,  8in«x, 

sin  \L  =  — y        ,    ^;  cos \L  zz     j    i  "      i  * : 

wherefore 

!-*'.«  =  /3«»«(l-.«)+(l-^)*: 
and 

^        sin*Xj       8in«Xj       ^ 
We  now  get 

A  Iso,  by  the  formula  (9), 

from  which  we  deduce 

(1  +  h)  (I  +  A')  =  9. 
The  equation  (1),  viz. 

F  (A,  >p)  =  iS  p  (A,  ^), 
may  now  be  put  in  one  or  other  of  these  two  forms, 

F(A, »//)  =  (I  +  A')  r(A.(p): 

by  the  first  we  pass  from  the  greater  modulus  A  to  the  less 
A;   and  by  the  second,   from  the  less  modulus  A   to  the 

greater  A. 

In  the  first  of  the  two  cases  we  must  derive  the  ampli- 
tude  yff  from  ^ :  and,  for  this  purpose  we  immediately  ob- 
Uiu  irom  the  formula  (1 1), 

tan  {\Ij  —  tp)  =  A'  tan  f . 

VOIit  VI.    PAIlt   111.  TJ 


(    so    ) 
Wherefore,  i( 

represenl'  si  series  of  dedreasing  moduli,  of  whith  tbe  toa^ 
^Temeht^  are, 

F,  A',  i\,  A'„  &c. 

the  successive  quantities  being  derived  from  one  another  by 
these  formulas, 

and,  if  we  likewise  deduce  a  series  of  amplitudes  in  this 
manner, 

iiii{\lf  —  ^)  =  A'tan  ^ 

tan  (>//j  —  i/.)  =  A'  tan  x 

tan  {\l/^  —  ^f'j)  =  A/  tan  t^^,  &c 

we  shall  have  these  successive  transformations,  l^y  which  the 
value  of  the  given  function  F  (A,  ^)  is  made  to  approach  in- 
definitely to  the  arc  of  a  circle, 

F(A,#)=  l±*r(A,,^) 
F(*,^)=i±*.ii5*iF(A,,^,) 

F  (*,^)  =    l±i  .  l±^  .  l±^  .  F(A..  ,^,),&C 

In  the  second  case,  when  we  would  pass  frotn  the  lt» 
modulus  A  to  the  greater  A,  the  anriplitude  f  must  be  deduced 
from  \l/.    For  this  purpose  we  have 

sin  ^  ^  gay/l  —  g*    ^   gsin^cos^  _ 
cosi/'"  .       .    2*        ~    1— /3sin«©' 

sin^X. 


butj3=  ■       >;  cos^smf=  ^;  and  1-3  sm*^=:co6  2f: 

wherefore, 

•jM:  ^  -    »iP^-.  iHd.(H-'^)-:»«ftf 
COS  ^  A  +  cos  9f  *^  ^        ^^  ^ 

wherefore  if  the  quantities, 

A,     *,         J»        4>     otC« 

represent  a  scries  of  increasinij  moduli  clerivVd  from  one  an. 
other  by  these  equations. 
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^'=Tirh'    Ai-i  +  if    "'.^  -ji  +  v 

and  further,  if  the  amplitude*  i^,  (p,  py  fz^M*  ^  deducefl 
irom  the  formulaB, 

sin  (2^   —  >/')   =  A  sin  \^, 

sin  (2^1  —  0)   =,^  «in  0» 

sin  (20g  —  ^j)  =  *^  sin  1^1 :  .&c. 
we  shall  have  these  transformations  in  which  .tjie  successive* 
moduli  tepd  to  the  limit  l, 

F(A,)/.)  =  Ci  +  *Or(*,0), 

F  (A,  >/.)  =  (!  4- ^^(l  "I-*/) '(^.^i). 

F(A,  vl;)  nU  +  O  (1+i/)  0  +  V).P(*2»  0£).&c- 

EMp^ple  g.  Supposing  p  zz  3. 

By  the  formulas,  (2)  and  (5)  we  have  ^ese jBpuatipns  be- 
twei^n.the  amplitudes  ^  and  0, 

•'"'''=  i-iV8.n»S  •'  «<»»'^=y»-«*  •  .1  -i»^ sin's  ' 
wherefore,  ^ 

from  which  we  get 

Sifc^sin^Xg  = 

2/3* 


sin'^x,  ' 


_  sin*  Xj 
^  "*  sin-'x  ^ 


Now  observing  that   --^  =    i^Jr~.  we  obtain  by  equa^ 
ting  the  values  of  **sin*  X^, 

^iTn^,  "^        ^     )     ~  »«"*  ,  8in«X^ 

from  which  we  deduce 

^        sm\j 
In  order  to  simplify  the  formulas  I  shall  put  ^r^^  =  1  + 1 

r,    2 
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then  /3  =  1  +  2g,  And  sin*  X,  =  ^  fiin«  \.   crz  .V^t^?:  •"<•.  h«^- 

inff  Rubstituted  these  values  in  the  first  of  the  foregoing 
equations,  we  shall  get 

This  equation  may  be  resolved  by  the  usual  method  into  the 
two  following  qqad ratio  factors, 

H*  +(1  +  v/l  ~  p)  €.  —  I  v/p«  +  Ak'^  _  |p  =  0, 
6«  +  (1  —  i/  i"^fi  +  iv/p«-|-4ifc'2—  |p  -  0. 

The  second  of  these  equations  has  two  impossible  roots: 
the  first  has  two  real  roots,  one  bein^  negative  and  foreisoJ 
to  the  question,  and  the  other  positive,  which  solves  the 
problem.  Thus  e  ha^  only  one  value,  which  may  be  con- 
structed geometrically,  but  the  algebraic  expression  of  it 
need  not  be  written  down. 

\Ve   have  next  \aj  derive  the  amplitude  \//  from  0,    Wc 
readily  obtain  from  the  foregoing  biquadratic  equation, 

and  hence 

1  — 1«  8in«  \  =  Cg*  =  ««. 

And  the  formula  (lo)  will  determine  i//  when  ^  is  given. 

Finally,  therefore,  we  have  these  determinations, 

themoiUilus  A  being  less  than  *'.  By  repeating  the  like 
operntions,  a  succession  of  moduli  rapidly  decreasing  may 
be  formed,  by  iheans  of  which  the  given  elliptic  function 
will  be  reduced  to  a  circular  arc  as  near  as  may  be  required. 


(  sz  ) 


ARTICLE  IV. 

Prop.  4,  Book  4,  of  the  Mathematical  collections  of  Pappus 
AUxandrinus,  in  a  more  general  form :  to  which  are  added  some 
Propositions  of  a  similar  nature.  By  Matthbw  Stewart,. 
Professor  of  Mathematics  in  the  Universitj  of  ^dinhurgh."^ 

Let  ABC  be  a  circle,  of  which  the  centre  i5  e,  diameter  Bc,and. 
AD  a  tangent  meeting  bc  in  the  point  d.  Draw  df,  join  A,  £,' 
and  produce  it  to  g,  join  fkg  and  glh.    Then  k.e=£l. 

Analysis.  Make  ke  =r  el, 
and  draw  hxm  parallel  to  KL : 
then.MX  =.  XH.  Draw  also  from 
the  point  e,  en  perpendicular 
to  fh;  then  pn  =:  nh  :  but 
MX  =  XM  .*.  NX  is  parallel  to 
FM ;  and  Z.  unx  =  Z.  N  f  &i  = 
Z-HAx;  and  a,  N,  x,  h,  are 
points  in  a  circle.  .%  Z.  anh  = 

Z.  AXH  =:  Z.AEL;  and  A,  E,  N,  D,   are  likewise   points   in  a 
circle,  for  each  of  the  angles  ead,  en  d  is  a  right  anglt*. 

Synthesis.  Since  each  of  the  angles  ead,  end  is  a  right 
angle  a,  d,  e,  n,  will  be  points  in  a  circle.  .•.  JL  and=:  z.aed. 
ButZ.AED=:  AXH,  because  ed,  XH  are  paraUeL  .*.  A,  n,  x,  h, 
arc  points  in  a  circle  and  Z.  haxzzZ.  hnx  :but  Z,  hax  =  hfm» 
therefore  fm  is  parallel  to  NX»  and  fn=inh;  wherefore 
M X  =:  X H  :  and  as  xg  :  g e  : :  xm  :  ex  and 

XG  :  ge  :  :  xh  :  le 
.',  xm:  ek  : :  fix  :  le 

but  XM— XII  .*.  KB  — KL. 


On  considering  this  prop,  it  occurred  to  me  that  its  very 
beautiful  analysis  and  synthesis  would  be  equally  true,  although 
BC  were  not  a  diameter,  for  if  it  be  bisected  in  the  point  k,  the 
demonstration  may  be  framed,  with  the  assistance  of  the  following 
Lemma,  almost  in  the  words  of  Pappus. 


•  From  "Essays  and  Observations.  Physical  and  Literary,  read 
before  the  Philosophical  Society  in  Bdinbursch,  and  published  bjr 
them."— JBtfiwAMr^A  1764—71.  vol.  1.  p.  Ul— 83. 


Lemma. 

Let  AB,  CD  be  two  straight  lines  inscribed  in  a  circle  meeting 
in  a  point  E,  without  it;  and  Jet  them  be  bisected  in  the  pcrinti  r, 
G  :  let  EH  be  drawn  from  the  point  e,  a  tangent  to  the  circle  at 
H.    Then,  e,sF,  g.  h  will  be  f^ts  in  ^  qirde. 

Moreover  if  h  be  a  point  in  the  circumterence,  and  i,  f ,  «• 
u,  points  in  a  circle,  bh  mthen  joined  will  be  a  tangent  to  ihc 
circle  at  h. 

Case  1.  When  oi^e  of  the  straight  lines  ab.  cd,  (supppic 
AB,)  is  the  diameter.    Join  fo,  fh. 

Since  the  straight  lineCD  is 
bisected  in  c,  and  F  is  the 
centre  of  the  circle  because  dia- 
meter AB  is  bisected  \n  f  ;  the 
angle  fge  will  be  a  right  angle 
butZ.FUE  is  a  right  angle  be- 
cause EH  is  a  tangent  to  the 
circle  at  h,  wherefore  Z.  fge 
=  Afhe  •*•  E,  f^  g,  h,  are 
points  in  a  circle. 

And,  if  H  be  a  point  in  the  circumference,  and  s,  f,  o,  h 
points  in  a  circle,  eh  when  joined,  will  be  a  tangent  to  the  cir- 
cle in  H. 

rBecause  the  diameter  ab  is  bisected  in  f,  f,  will  be  the  centre 
qftbe  gircle;  .ai>d  because  the  straight  line  cd  is  bisected  Id  g, 
^FOjE  will  be  a  right  angle;  but  the Z.f.H£=fg £» since  B,  N 
G,  H«  are  points  in  a  circle;  therefore  /.fhe  is  a  right angbt 
and  consequently  ehJs  a  ungent  to  the  cirqie  at  u* 

Case  2.  If  neither  of  the  straight  lines  ab,  cd  be  a  diameter 
let  K  be  the  centre  of  the  circle,  and  join  kt,  kg,  kh,  fh,  ch, 
and  KE« 

Because  the  straight  lines  ab,  Cd 
are  bisected  in  the  pomts  f^g  ;  Z.  kfe 
and  Z.  KGE  are  right  angles  and 
because  eh  is  a  tangent  at  h  the 
Z.  eh K  will  be  a  right  anglct  Now, 
since  KGE,  KUE  are  right  angles 
E,  K,  6,  u  are  points  in  a  circle; 
wherefore  the  angle  egh  =  ekh, 
and  since  the  angles  efk  ehk  are 

right  angles,   e,  f,  k,  h    are   points    in   a   circle ;    wherefore 
Z.  cfh  =:  /•  EKH  =:  Z.  EGH  and.  s,  F,  (iy  H  are  points  in.a  circle. 


{    Si   } 

Aiid,  if  A  Be  a  ]^birit  ih  th^  Cfteunkfepttnccy  and  e,  f»  g,  h 
p<Ami^  ih  al  Circte,  Ett^  wHefi  joified  will  be  » taagehl  to  die  cir* 

Because  i^B»  co  are  bisected  ih  t^  G,  atid  It  h  th<i  ^ettittli  eif 
the  circle,  bfk,  bgk  will  be  right  anglei;  arid  £,  f,  a^  k  points 
in  a  circle  :  •*.  e,  f,  k,  g,  h,  are  points  in  a  circle :  conse^uemif 
£HK=:£GK.  But  BGK  is  a  right  angle  .*•  eh&  is  a  right  angle^ 
and  £H  is  a  tangent  to  the  circle  at  H. 

The  Proposition  of  Pappus  may  be  differently  enuneiated  i» 
the  following  form. 

General  Proposition. 

Let  ABC  be  a  circle,  and  bc  a  straight  line  me^iiilg  it  in 
B,  c  :  let  AD  be  a  tangent  to  the  circle  at  A»  meeting  i^t  iii  d  : 
let  BC  be  bisected  in  e,  let  ae  be  joitx^d  sind  produced  lo  Ihe^ 
the  circle  in  G :  through  the  point  d  let  afiy  straight  lin^  bt 
drawn  meeting  the  circle  in  f,  M,  sirid  let  of,  gR  be  joined^ 
iiieetih^  thb  straight  line  bc  in  K,  t*    Then  isK  will  be  eqttal 

to  EL. 

See  Pint  Fig, 

Analysis,  Make  ek  =:  el.  £)raw  hm  parallel  to  kl  meeting 
ili^  Straight  lines  gf,  CA  in  M,  x ;  bisect  Fu  in  N ;  join  ne^  Nx, 
K X,  and  Ail. 

Since  EK=  el,  mx  =  XH;  but  FNsisJJH,  .•..NJc,  vab  atfe 
parallel  Hence  Z.HNX-  jL'ktU—  t.  hXx  ;  and  a,  h,  ±,  6,jirc 
points  in  a  circle  :  .%  /.a^HziZaxhssZ-Abl,  wherefore  a,  e, 
N,  D  are  points  in  a  circle*  &lid  (by  preceding  Lemma)  ad  is  a 
tangent  at  a* 

Synthesis.  Since  da  is  a  Ungent  at  a,  (by  preceding  Lemma) 
A,  E,  Ny  D  are  points  in  a  circle  $  wherefore  i^AifD  =  z.A£D=r 
^AXH,  .•.  A,  N,  x,H  are  points  in  a  circle  J  .•.  ^AvxzzjLHAX 
=  ^HFM,  and  NX  is  parallel  to  fm:  since  also  fn=nh, 
then  iiix  =  XM, and£K=:£L»  (^  .  e  •  D. 


Some  other  ^roposttioiis  of  a  similar  nature  have  occurred  to 
me,  "a  few  of  Mrhich  are  h^re  fiippended* 

"P&op.  1. 

Let  ABC  be  a  circle,  and  ab  a  straight  line  meetihg  U  in  a,  A, 
and  let  c  be  li  ))6im  1h  che  xircamference.    Join^A,  cb  and 
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let  the  straight  line  DS  be  parallel  to  ac  meeting  the  itraight 
lines  AB,  CB  in  d,  k  :  let  any  straight  line  be  drawn  through 
the  point  d  meeting  the  circle  in  P,  g  :  let  cf,  cg  be  joined 
meeting  de  in  h,  k  :  then  the  rectangle  hek  =  rcct.  ceb. 

Analysis.  Make  rect. 
HEK  =  CEB,  and  join 
BH»  BF.  Since  rect.  hek  = 
CEB,  Kf  H,  c,  B  are  points 
in  a  circle,  .-•  JL  bhd  = 
Z  BCG  =  Z  BFD  ;  and  con- 
sequently B,  H,  F,  D  are 
f>oints  in  a  circle :  where- 
ore  ^ADH  r:  CFB  :=:  cab, 
•*•  DE  is  parallel  to  ac 

Synthesis.  Because  the 
straight  line  de  is  parallel 
to  AC,  Zadh=Z.cab  = 
Zcfb:  •*.  Bj  H,  F^  D  are  points  in  a  circle.  .'•  z.bhd=zBFD 
=:BCG  :  therefore  k,  h,  c,  b  are  points  in  a  circle  ;  and  rec- 
tangle H£K=rect.  CFB.  Q«  E.  D.     • 


Lemma. 

Let  a,  b,  c,  d  ;  E,  F,  G,  h,  be  straight  lines,  and  let  a  :  ■ : : 
c  :  D,  and  e  :  f  :  :  c ;  h  ;    then  rect.  (a,  e)  :  rect.  (b,  f)  : : 
rect.  (c,g)  :  rect*  (d,  h).* 
For^  rect,  f  a,  e)  :  rect  (b,  e)  : :  a  :  b 

::  c  :  D 

: :  rect.  (c,  g]  :  rect.  (d,  o) 
and  rect.  (b^  e]  :  rect.  (b,  f)  : :    £       :      f 


: :    o      :      h 


::(d,c):(d,h) 
,*.  ex  aequo,  rect.  (a,  e)  :  (b,  f)  ::  (c,g)  :  (d,  h) 

Q.  E.  D* 


Prop.  IL 

Let  ABC  be  a  circle,  and  ab  a  straight  line  meeting  it  in 
A,  b;  let  c  be  a  point  in  the  circumference,  let  ca,  cb  be 
joined;  and  D  a  point  in  the  straight  line  ab;  let  be  :  bc  :: 
bd  :  DA  ;  through  the  point  d  let  any  straight  line  be  drawn 
meeting  the  circle  in  F,  G;  let  cF,  CG  be  joined  meeting  ai 
in  h»  K ;  then 

rect.  HAK  :  rect.  hik  : :  ac'  :  rect  cbb. 
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Amalyn^.  Let  this  be  granted.  I>rtrw  bl  pavaHel  to  AC» 
meeting  the  ttmdit  linei  cb,  cp,  ca  in  l,  M,  N  :  tfarongh  the 
point  L  draw  a  Une  parallel  to  ab,  meeting  the  itraight  lines 
CP,  CG  in  o,  p. 

Because  reet*  hak  :  rect.  hbk  : :      ac*      :  rect.  cat, 
altemandoi  rect.  hak  :       AC*      : :  rect.  hbk.  :  rect,  cbb 
But  since    ol  :       IiM  ha       :  ac 

and    PL:       ln       ::      xa       :  ac. 
(By  Lemma)  rect.  olp  :  rect.  Mln  :  :rect.  hak  :  ag* 

: :  rect.  hbk.  :  rect.  cbb 
andinvertendo,  rect.  mln  :  rect.OLP.: :  recti  cbs 

but  rect.  olp  :  c^ : :  rect.  hbk 
wherefore  rect.  m ln  :  cl^:  :  rect.  cbe 

: :      BE 
and  since  bb:        bc       ::      bd 

•  •         BL 

::  rect.CLB  :  cl^ 
OL*     ::fett.cLB:  CL* 
rect.  MLK  =:  rect.  clb. 
Since  rect.  mln  =  rect.  clb^ 
rect.  MLK :  cl*  : :  rect.  clb  : 

r !      BL       : 
and  since  bl  :  lc  : :      bd 

: :      BE       : 
:  :  rea.  cbb  : 
rtti.  mln  :     CL*     :  •  rect.  cbe  :  bc* 
but  CL*    : rect. olp::       bc* 
rect.  MLN  :rect.OLP  : :  rect.  cbe 
and  invertendo,  rect.  olp  rreci.MLii : :  rect.  hbk  :  rect.  cbe. 
But  since  ha     :      ac      : :       oL       :     lm 

and     ka    :      ac      : :       pl  ln 
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rect.  hbk 
;  BC% 
;  BC\ 

BC 
DA 
LC 


we  have  rect.  mln 


Symhisis. 


••. 


CL« 

LC. 

DA 

BC 

BC* 


rect.  Haf 
rect.  HBK 
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(by  Lemma)  rect.  hak  :      ac*     :  :  reel,  olp  :rect.  mln 

: :  rect.  hbk  :  recu  cbe  ; 
and  alternando,  rect.  hak  :  recUHBR : :       AC^       :  rect.  cbe. 

a.  c.  D. 

Prop.  III. 
Let  ABC  be  a  circle,  and  ab  a  straight  line  meeting  it  in 


Fig,  6. 


a,  b  :    let  c  be  a  point  in  the 
circumference,  join  ca,  cb,  let 
o  be  a  point  in   ab;    ef   any 
straight  line  meeting  ca,  cb  in 
E,  F ;   let  FG  :  CF  : :  db  :  da  ; 
through  D  let  any  straight  line 
be  drawn  meeting  the  circle  in 
H,  K ;    and  CH.   ck  be  joined, 
meeting  ef  in  l»  M  :  then 
rect.  LEU :  rect.LFif : :  ec'  :  rect.  cfg. 
Analysis.    Let  this  be  granted. 
Draw  DN  parallel  to  AC,  meet- 
ing cb,  ch,  ck  in  N,  o,  p ;  through  the  point  n  draw  a  line 
parallel  to  ef,  meeting  co,  cp  in  q,  r« 
Since  rect.  lem  :  rect.  lpm  : : 
rect.  LEM  :      ec^       ;  : 
But  since  qn  :       no        :  : 

and  RN  :       np        : : 
then  (by  Lemma,  Proposition  2.) 

rect,  QRN  :  rect.  onp  :  : 


EC* 

rect.  LFM 

lb 

ME 


rect.  cfo 
rect.  CFG 
:  EC 
;  EC 


and  invertendo,  rect.  onp  : 
but  rect.  qnr  : 
rect.  ONP  : 


•  • 


and  since  fg 


QNR 

CN* 

CN* 


CF 


•  . 


Synthesis* 


• . 


rect.  ONP 
Since  rect.  onp 


rect.  ONP 


and  since  bn 


.*.  rect.  ONP 

But  CN* 

wherefore  rect.  onp 

and  invertendo  qnr 


CN 


NC 


CN^ 

rect.  QNR 
rect.  QNR 

ON? 


rect.  LEM 
rect.  LFM 
rect.  CFG 
rect.  LFM 
rect.  CFG 

FG 
OB 
BN 

rect.  CNB 
=  rect.  CNB. 
=  rect.  CNB, 

rect.  CNB 

BN 
BD 
GF 

rect.  CFG 
rect.  CFG 

CF« 

rect.  CFG 
rect.  LFM 


• . 


•  % 


:  EC* 
rect.  CFC 
rect.  LFM 

CF* 
OF* 
CF. 

DA 

NC 
CN* 


CN« 
NC 
DA 
FC 
CF« 

;  CF* 

rect.  LFM 
rect.  LFM 

;  rect.  cfg 
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But  since  le     : 

EC     :  :        QN 

:  NO 

and  ME    : 

EC       ■ •             RN 

:  NP 

(by  Lemma,  Prop..  2) 

rect.  lbm: 

EC*    : :  rect.  (JNR 

:  rect.  onp 

: :  rect.  lem 

:  rect.  cfg  ; 

and  alternando  rect.  lem  :  rect.  lpm  :  :        EC^        :  rect.  CVG 

Q.  E.  D. 

Corollary,  Let  abc  be  a  circle,  and  ab  a  straight  line 
meeting  it  in  a,  b  ;  let  c  be  a  point  in  the  circumference,  let 
CA,  CB,  be  joined;  let  ef  be  a  straight  line  meeting  CA,  CB  in 
£«  F ;  in  AB  produced  let  there  be  taken  any  point  o  so  that  db 
:  DA  ;  :  C£* :  CF^;  let  ef  be  bisected  in  t»  and  through  d  let 
there  be  drawn  any  straight  line  meeting  the  circle  in  H,  k,  and 
CH^  CR  be  joined  meeting  the  straight  line  ep  in  L.  M.  then  wc 
shall  have  lt  =  tm. 

Let  FG     :         FC     : :         DB  :  OA 

Then  rect.  CFG  :         cf*    :  :         fg 

DB 


■  • 


:  FC 
:  DA 


DA 


CE« 
CE« 


CF' 


:  CF« 

rect.  CFG. 

ME 
EM. 

D. 


and        DB  : 
therefore  rect.  cfg  :         cf' 

.•.  CE^zrrect.  CFG  : 
But,  (by  preceding  Proposition. )  * 

rect.  LEM :  rect  lfm  : :         C£^ 
wherefore  rect.  LEM=:rect.  lfm. 
•*.  £L    :  LP     :  :         FM 

and  componendo,  ef    :         fl     :  :        bf 

.*•  EM=FL.    And  since  et=:tf,  then  ltzttm. 

Q.  E« 

Prop.  IV. 

Let  AB  be  a  straight  line  meeting  the  circle  in  i,  b  ;  let 
AC,  bc  be  tangents  to  the  circle  at 
A  and  B,  through  any  point  d  in 
AB  let  D£  be  drawn  parallel  to  ac, 
meeting  bc  in  e.  If  through  the 
point  D  b^^rawn  any  straight  line 
meeting  the  circle  in  f,  o ;  and  cf, 
CG  be  joined,  meeting  de  in  H,  k; 
then  the  rect.  hek  =  de\ 

Analysis.  Join  cd.  Let  df  meet 
the  straight  lines  ac,  bc  in  l,  m; 
through  M  draw  a  parallel  to  ac,  db, 
meeting  ch,  ce,  cd,  and  ad  in  the 
points,  N,  o,  p,  Q. 
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Since  rect.  U£R  =z  t^E*  and 

reel.  NMo  :        mp*    : :  rect.  uek  :  db% 
then  rect.  nmo  =      mp^;  and  rect.  fugzzub*; 
wherefore  rect.  pug  :  reel-  nmo  1 1  mb'  :  mp*. 


and  since         fl     :  lc 

and  GL     ;  hc  ■ 

then  (by  Lemma,  Proposition  2.) 
rea.  Fl.G(=         AL*):  lg^ 


: :  FM 


MH 
MO, 


but  IIQ 


. .  ^^ 


•  • 


2    • 


liF 


::i;ect»PMG  :reclUiiUO 

:  MP* 


•  « 


AL< 


M^ 

::  MQ 


:  ME. 


wherefore  mq  =  mb. 
But  AC  CB 

therefore  AC  =  cb,  which  is  true,  stace  AC,  bg  arte  tangenu  tq 
the  circle  at  a  and  b. 

Synthesis.    Since  ac  bg^  are  tangents  ^t  a  and  b,  ac  =:  bc. 

and  MQ    :  mb    :  :  ac  :  cb 

wherefore  mq  =  mb  and  mq'  :=  mb^  =  rect.  fmc. 
•%  rect.  fmg  srect.  nmo  : :  MQ^         :  rect.KMO; 
and  since  fl     :  lc     ::  fm  ;  |4v 

andOL  hO     ::gm  :  mOj 

then  rect.  flg  (=al*)    :  i.c^   :  :reet«P|sa :  rect,  |iho 

:  :  mq'         :  rect.  nmo. 


But  MQ^ 


LC' 


MP9:  :  Ah* 

: :  HQ^  : rect.  M mo; 

therefore  rect.  NMO  =:  MP-* 

and  since  rect.  HMK    :  PB^  :  '•  rect,  mmo  ;  mpS 

rect.  HBK  =:  de*. 

Q.  E.D. 

Let  AB  be  a  straight  line,  meeting  tl^e  circle  in  A,  b;  Ift  ac, 


BC  be  tangents  at  a,  b;  tbrqugh  wy 
point  D  in  AB  lel  there  be  drawn  a 
straight   line  meeting   the   circle   in 
F,  o;  let  CF,  CO  be  joiaed^  meeting 
AB  in  Hj  K ;  then 
rect.  HAK  :  rect«  abc 


fig.  8. 


AD^  :  DB^ 


Analysis.  Let  this  be  granted* 
Draw  DL  parallel  to  the  straight  line 
AC,  meeting  cb,  cf,  cg  in  &,  m»  n: 
and  draw  lo  parallel  to  ab,  meeting 
CF9  CG  in  0|  p. 
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Since  rcc:taiigte  har  :  ltd.  hbk 

aad  rccUHBK :  rect.  ot? 
thea,  recti  hak:  rect.  olp 

and  9Ucrmiulo»  rect.  hak  ;     ac* 
AfWibecioue  ol    :      lm 

smd  PI.    :     I'N 
(Loofluu  Prop.  9)  rea.  olf  :  recUM  hv 

Therefione  rect.  uhu  =;  b«**  =^  i>  l*. 

PropositioD,)  we  know  to  be  true. 

SynihsU.   Since  (preceding  Prop.) 

leci*  oiiP  :  Kct.  MLN  : 

but  since  ha    :       ^c        * 

and  KA    •       A^ 

(by  Lemma,  Prop,  a.) 

fCCt.  HAK :        AC* 


and  alterqando,  rect.  hak  :  rect.  olp 

Bnt,  lectang.  o  lp  :  rect.  hbk 
wherefore  rect.  h  a  K :  rect .  hb  & 


AO* 
CL* 
CB* 
CB* 


:  DB« 
:XB*; 
:  CL*. 

:bl« 
:  BL*. 
:  AC 
:  AC 


AC 

reel.  OLP 

HA 
KA 

XtCt.  HAK  :  AC* 

rect.  OLP  :  BL*. 
Which,  (by  preceding 


OL 
PL 

rect,  OLP 
rect.  OLP 

AC* 
BC* 

cl' 

CL* 

AD*' 


.•=BL«: 


:  LM 
:  LN, 

;  rect.  mln 
:  BL* 
;  BL* 
;  BL*: 
:  cB*; 

5  BL* 

:bd*. 

E.  D. 


Prop.  VI- 

Let  AC.  BC  be  tangenu  at  a.  a,  let  n  be  a  H°^  j" '»»yf«^^^ 
line  AB ;  let  ep  be  a  straight  line  meeting  AC.  bc,  m  b,p.  and 

CD,  when  joined,  in  g  :  if  through 
the  point  D  any  straight  line  be  drawn 
meeting  the  circle  in  H,  K  ;  and  CH, 
CK  bc  joined,  meeting  bf  in  L,  M ; 
then, 

rect.  LEM  :  lfm  : :  ge*  :  of* 

Analj/Ms.  Let  this  be  granted. 
Through  d  draw  a  parallel  to  ac, 
meeting  the  straight  tines  cb^  CH,  CK« 
in  N ,  o»  P  ;  through  the  point  n  draw 
a  parallel  to  ef,  meeting  cH,  CK 
in  ft,  B :  through  the  point  f  draw 
FS  parallel  to  AG,  meeting  CD  in  s. 

Since  lectangle  lem  :  rect.  lfm  :  : 


alternando,  rect.  lem  : 


EG» 
EC* 

EC*  :  :rect.  lfm 


fO' 


•  • 


FS 

F8' 


«. 
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:recULFM:  cf* 
:         CJF»    :  F8» 


rect.  lfh:  F8 
: :  rect.  leh  :  eg. 
qn:  no 


Also  since  rectangle  qnr  : 

and  CN^ : 
therefore  rect*  qnr  : 

But  since  L£  : 

and  me: 

(Lemma,  Prop.8)  rect.  lem  : 

.*.  rect.  QNR  :  rect.ONP  : :  rect^QMR  :  vd\ 
.•.  rect.  ONP=zND*  which  (Proposition  4.)  we  know  to  be  true. 
Synthesis.    Since  rect.  o  n  p = nd% 

rect.  QNR  rrect.  ONP::rect.(2NR:  nd' 


EC     :: 

EC    ::  RN  :np therefore 

EC'    : :  rect.ft  n  r  :  rect.  ohp 


and  since  le 

and  ME : 

rect.  LEM  : 

But  since  rect.  qnr  : 

and  ON* : 

rect.  QNR  : 

.  •  recta  i«EM  • 

altemandoy  rect.  lem 


EC 
EC 
EC* 

CN« 

ND* 

ND' 

EC« 


QN    :  NO 
RN    :  NP» 

:  :  rect.QNR:  onp 
: : rect. qnr:  vd\ 


•    m 


rect.LFM :  cp 

CF*  :  FS*;  then 
:  rect*  lfm  :  ps'; 
:rect.  lfm  ;  ps%and 
EC»    :  PS', 


Fig.  10. 


rect.LFM 

: :  eg'    :  fg". 

Q.  e.  d. 
Pbop.  VII. 

Let  AB  be  a  straight  line  meeting  the  circle  in  a,  b,  and  in 
it  take  any  point  c;  draw  c  ^'~     " 

o,  meeting  the  circle  in  d,  e, 
and  let  ad,  be  be  joined, 
meeting  in  f  ;  draw  C6 
parallel  to  the  straight  line  a 
p,  meeting  bf  in  g.  If 
through  the  point  c  there  be 
drawn  any  straight  line  meet- 
ing the  circle  in  h,  k,  and 
PH,  FK  be  joined,  meeting 
CO  in  L,  M  :  then 

rect.  LGM  =  CG*. 

AncUysis,  Join  cp,  and 
let  CH  meet  ab,  bf,  in  n,  o  ; 
through  the  point  o  draw  a 
parallel  to  cG,  or  ap,  meet- 
ing the  straight  lines  pl, 
PM,  FC,  in  p,  Q,  R,  and  ab. 
DE,  in  s,  T. 
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Since  recL  L6m=CG*  and 
reaangle  poq  •         or*  : :  rect.  lgm  :  Co* 
then  rect.  po^  =  or* 
and  rect.  hok  =:  rect.  eob; 
.*•  rect.  hok  :  rect.  boq  : :  rect.  eob  :  or*; 
and  since  hn  :  nf  : :         ho      :  op. 

and  KN  :       .  np    :  :         KO      :  oq 
Lemmat  Proposition  8.) 

rect.  HNK  :        fm^    : :  rect.  hok:  :  recL  poq 

::  rect.  sob:      or^; 
But  FN*  :  rect.  and  : :       or^      :  rect.  sot: 
wherefore  reot.  hnk  :  rect.  and  : :  rect.  £ob  :  rect.  sot ; 
and  since  rect.  HNK=:rect.  and,  rect.  eob  =:  rect.  sot  ; 

.*•  OB  :  OS  : :  OT  :  0£ 
that  ist  BQ  :  GC  : :  oc  :  6  E. 
therefore  4I  qec  =  Z.  gcb  =  Z.  bad,  which  is  true^ 
since  a,  b,  e*  d  are  points  in  a  circle. 

Synthesis*    Since  a,  b,  b,  d,  are  points  in   a   circle, 
Z.  gbc  =z  Z.  bad  =:  JL  gcb. 


.•• 


BG  :  GG  : :  GC  :  G£ 


chat  is  OB  :  OS   : :  OT  :  oe. 

•*•  rect.  soT=  rect.  eob  =: rect.  hok;  wherefore 

rect.  HOK  :     or«  : :  rect.  sot  :  ou* 

: :  rect.  and  :  fn^ 

: :  rect.  HNK  :  fn* 

But  since  hn  :       NF      ::        HO        ;  op 

and  KN  :       nf      ::        ko         :  oq»  then 

rect.  hnk:   fn*  ::  rect.  hok  :  rect.  poq. 

.*.   rect.  HOKirect.poQ: :  rect.  hok  :      or* 

and  rect.  poq  z=  or* 

and  since  rect.  LGM  :      Gc*    ::  rect.  poq  :       OR% 

then  also  rect.  lgm  =  GC^ 

Q.  £•  d. 
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Pbop«  VIU. 


Let  AB  be  a  straight  lute,  meetiiif  tlie  circle  at  ▲»  b;  in 


▲B,  let  there  be  taken  a  piniit 
c;  let  CD  be  dhnrii.  meecfag 
the  circle  in  Dt  B^  let  ad,  bb 
be  joined,  meetbg  in  p ; 
throng  the  point  c  let  there 
be  dmrir  afljr'  stiBighi  line, 
meetingthe  circle  m<ff  a ;  let 
vo,  FH  be  joined  meeting  ab 

in  K^  L ;  then 

r«at  KAL :  reot*  r^nL : :  a«*  :  MtK 
Analysis.  Let  this  begranted* 
Draw  CM  parallel  to  ap,  meet-* 
ingthe  itrai|^  liaea  tm^  pk,  pl 
in  M,  N,  o,  through  the  point 
M  draw  a  parallel  to  the  atnrigbt 
line  AB,  meeting  fk,  fl  in 

Since  rect«  kal 


Fi§.tu 


rtCU  KB[/ 


rect.  PM9  : : 
rect.  PMQ : : 


•  • 


''•  • 


•  • 


af' 

MN 

WO 


::rect.PMQ.:  uc\ 

KA  :   AP, 

LA       :  Air,  then 


and  rect.  kbl 
rect.  KAL 

and,  alternando^ 

rect.  KAL  : 
But  since    fm 
and  QiA   : 
(by  Lemma^  Pk^op.  a^) 

rect.  PMQ  f  rect*  nmo  t :  rect.  kal  :  af* 

: :  rect. PMQ :  cm' 
.•.  rect.  NMO =cm\     Which  (by  preceding    PropO   is 
known  to  be  trtre. 
Synthesis.    Since  rect.  nmo=  mc*. 

rect.  PMQ  :  rect.  nmo  ::  rect.PMQ  :  Mc. 
But  since  ka     :        af        : :       pm        :  mn 

and  LA     ;        af        : :       qm         :  mo,  then 
rect.  KAL  :        ap*       ::    pmq       :  nmo 

PMQ        :  mc^  ; 
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and  alternando, 

rect.  KAL  :  rect.  pmq  ;: 


and  rect.  pmq  :  rect.  kbl  : : 
therefore  rect.  kal  :  rect.  kbl  : : 


AF» 

FM* 
AC* 


:  MC* 
:  BM* 
:  fb\ 
:  BM* 

:   BC*. 


Fig.  12. 


QL 


Prop.  IX. 

Let  AB  be  a  straight  line  meeting  the  circle  in  a,  b,  and  in 
AB  let  there  be  taken  any 
point  c,  through  C  let  there 
be  drawn  a  straight  line 
meeting  the  circle  In  d,  e, 
let  ADt  BE  be  joined  meet* 
ing  in  the  point  f  ;  and  let 
the  straight  line  6H  meet 
AFy  BF  in  G«  H,  and  fc^ 
(when  joined),  in  K;  if 
through  the  point  c  be 
drawn  any  straight  line 
meeting  the  circle  in  l,  m  ; 
and  EL,  F  M  be  joined  meet- 
ing 6H  ill  N,  o»  then  rect, 
OQif  :rect.oHN  ::gk\hk' 

Analysts.  Let  this  be 
granted.  Through  the  point 
c  draw  a  parallel  to  Ai^  meet- 
ing the  straight  lines  fb, 
FL,  F M,  in  p,  Qy  R ;  through 

the  point  p  draw  a  parallel  lo  GH  meeting  fl,  fm  in  s,  t  ; 
draw  HV  parallel  to  the  straight  line  pc,  meeting*FC  in  V. 

Since  rectangle  OGA  :  rect.  ohn 


an< 


alternando^  rect.  ggn 

since  rect.  spt 

and  pf' 

rect.  SPT 

But  since  no 
and  OG 
(by  Lemma,  Prop,  s.) 

rect.  OGN 
.•.  rect.  SPT 
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pg' 

PF* 

PC* 
PC* 

gf 

GF 

fg« 

rect.  QPR 


:      GR'      : 

FG*       : 

;  reGt.OHN  ; 

rect»€HN  : 

HF«      : 

rect.  OH N : 

rect.  OGN  X 

sp        : 

TP       : 

rect.  SPT  : 
rect:  «PT  : 


UV 


then 


then 


HV 
HV' 
HF« 
HV% 
HV« 
P^\ 
P« 

PR,  then 


rect.  Q  PR. 
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Therefore  rectangle  qpr  =  pc*.    Which  (by  Prop.  7)  wc 
know  to  be  true. 
Synthesis*     Since  rect.  qpr  =:  PC^« 

rectangle  spt  :  rect*  qpr  ::  rect.  SPT  1  PC*. 
and  since     ng 
and  OG 
then  J  rect*  ogn 

But  since  rect.  spt 
and  FP* 
therefore  rect.  spt 
.-.  rect.  OGN 
andyaIternando,rect.OG  N 


FG 
OF 
FG* 

PF* 
PC' 
PF* 
FG^ 


sp       :  P(i 
Tp       :  PR 
::  rect.  spt  :  rect.  qpr 
recL  8PT  :  PC* 


•    a 


rect.  OHN 


HV 


:  :  HF         :   HV\ 

::  rect.  ohn*:  hv* 
: :  rect.  OHN  :  hv* 


rect.  OHM  :: 


FG*        :  HV* 
OR*        :    HK*. 
Q.  E.  D* 

Scholium.    The  preceding  propositions  obtain  also  in  the 

Conic  Sections.     And  in  considering  Fig^*  13. 

thiSf  the  following  theorems  occurred 
to  me,  from  which  many  others  may 
be  deduced. 

Theor.  i.  Let  ab,  cd  be  two 
straight  lines,  tangents  to  a  Conic  Sec- 
tion in  A,  c  ;  and  let  a,  c  be  joined, 
let  there  be  any  straight  line  meeting 
AB,  CD,  AC  in  B,  D,  E,  and  the  Sec- 
tion in  F,  G  ;  then 

rect.  BFD  :  rect.  bgd  : :  ef*  :  eg*. 

Theor.  S.    Let  ab  be  a  tangent  to  a  conic  section  at  a. 

Fig.  14. 
and  CD  a  atraight  line  meeting  the 

section  in    c,  D,    let  ac,    ad  be 

joined;    let  any  straight  line  meet 

AB,  CD«  AC,  AD  in  E,  F,  G,  H  and 

the  section  in  ic^  l  :  then 

rect.CKF :  elf  ::  rect.GKH  :rect.GLH. 
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« 

Tkeor.  3.     Let  two  atraight  lines  AB,  cd  be  inscribed  in  a 

conic  section,  and  ac,  bd,  be  joined.  Fig*  1  j* 

let   any  straight  line  meet  ab*  co» 

AC,  BD  in  £,  F,  o,  H  and  the  section 

in  k,  L  ;  then 
rect.  EKF  :  elf  ■ :  red.  gkh  :  rect*  glh* 

From    these   we    have    also    the 
following  theorem. 

If  in  a  conic  section  any  quadri* 
lateral  figure  be  inscribedt  three  sides 
of  which  pass  through  given  points 
in  a  straight  line  ;  the  remaining  side 
will  either  converge  to  a  given  point,  or  will  be  parallel  to  a 
straight  line  whose  position  is  given. 

In  conclusion,  I  will  add  one  more  theorem,  not  altogether 
undeserving  of  notice;  which,  with  a  very  slight  change, 
obtains  also  in  conic  sections ;  whence  others  may  be  derived, 
which  have  not  been  mentioned  by  any  writers  on  Geometry, 
with  whose  works  I  am  acquainted. 

Fig.  16.  Fig.  ij. 


Let  AB  be  a  diameter  of  a  circle,  whose  position  is  given  ; 
let  the  line  CD  meet  it  perpendicularly  in  c,  (c  not  being  the 
centre  of  the  circle)  and  let  the  point  D  be  given  in  en.  If  c  be 
within  the  circle,  let  cd*  be  greater  than  rectangle  acb.  but  if 
c  be  without  the  circle,  let  cd'  be  less  thanrect.  acb.  Pro- 
duce DC  to  E,  so  that  CE  =  CD ;  then  two  points  f,  c  will  be 
given  without  the  line  de  ;  such  that  if  we  draw  two  lines  fh, 
GH  to  any  point  h  in  the  circle,  meeting  de  in  K,  L;  the  sum 
of  DK«,  and  EK*  will  have  a  given  ratio  to  the  rectangle  dlb. 


i  s 
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ARTICLE  V. 
On, CERTAIN  Properties  of  Plane  Triangles  which 

ARE  NOT  GENERALLY  KNOWN.      By  C.  F«  A.  JaCOBI. 

fCommunicaied  b^  Mr.  Da viES.^ 

A  hhort  finie  ogo,  a  curious  tract  tell  into  my  hiuids,  wriiteB  by 
Mr.  Jaco)>i,  coj34aini»g  a  considerable  number  of  iotereaUng  prii- 
perties  of  plane  triangles.  As  tbey  belODjjc  to  a  clajss  that  has  not 
been  much  considered  in  this  country,  I  thought  I  should  be  afforctiog 
a  gratification  to  British  Geometers,  by  sending  a  copy  of  it  t»  tbc 
£ditor  of  the  KCatbematical  Repoaitory ;  aad  I  am  sure,  devoted  ta 
bi4  whole  life  has  been  to  the  ouUivatioi^  aj»d  diffusion  of  n^attiemaUcil 
science,  a^d  having  contributed  by  the  publication  of  th^t  work,  ia 
so  eminent  a  degree  to  the  formation  ol  that  elegance  of  t«ste, 
which  is  now  so  generally  diffused  amongst  finglish  mathematidaiu— 
that  the  Editor  will  oheerfuily  accord  in  my  views  by  printing  it  in  hij 
valued  mathematical  annual.  I  shall  add  a  few  notes  at  the  end— 
and  merely  r«fnark  in  this  place,  that  all,  or  most,  of  the  properties 
have  beautiful  analogies  in  spharo, 

T.  S.  D. 

Dq  triangulorum  rectillneorum  propiietatibus  quibusdam 
nondqm  satis  cognitis/ 

Memorjam  anniversariam  inauguratoe  ante  hos  CCLXXXII 
annos  Scholoe  Provenciall^  Portensis. 

A.  D,  I.  Noyembr  MDpCCXXV  pie  celebrandram  indicit 
et  ad  recitationes  et  orationeia  discipulorumex  omnibus  classibui 
electorum  audiendas  invitat. 

Carolus  pREDERicys  Andreas  JacobIi 

Math,  et  Phys*  Prof. 
Pxpstat  Lipsiae  apud  £•  B,  Sobwickertum,  iSs  j. 

Geometry  has  ofcQti  been  praised  for  the  clearness  and 
cogency  ot  the  reasonings  employed,  which  are  on  this  accouni 
admirable  exercises  for  the  mi/i4* 

They  wtx)  have  endeavoured  to  weaken  the  opinion  CO01- 
moaly  entertained  of  ^eomeiry  on  this  head,  have  geo^i^ilty 
shown  a  want  of  sufRcient  acquaintance  with  the  nature  and 
objects  of  that  science,  so  that  its  honour  has  rather  been  more 
firmly  established  by  these  attempts  than  at  all  injured. 

Another  merit  of  geometry,  and  one  which,  in  my  opinion, 
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is  equally  important,  ii  the  daily  increase  it  admits  of,*  not 
only  by  the  introduction  of  new  matter^  (by  which  it  is  ex- 
ceedingly useful  in  different  studies,}  but  also  by  the  discovery 
of  easier  and  more  elegant  methods  of  accomplishing  and 
amplifying  problems,  which  had  been  already  discovered. 

Geometry  gives,  as  it  were,  a  vast  field  to  our  view— one 
part  (which  was  cultivated  by  the  nations  of  antiquity,  and 
more  especially  by  the  Greeks),  has  through  many  ages  yielded 
fruit  plenteously  to  mankind,  and  indeed  it  has  never  been 
neglected  by  mathematicians.  Another  portion  which  was 
first  cultivated  in  the  last  century  has  engaged  the  attention  of 
many  great  men,  some  of  whom  indeed  seem  almost  more  than 
mere  mortals :  another  portion  again  waits  for  the  ingenuity 
and  diligence  of  posterity.  The  recent  publications  of  two 
distinguished  men,  A.  L.  Crelle-f-  and  €•  G.  Feuerbachj:  have 
confirmed  me  in  the  opinion  of  the  indefinite  extent  of  geometry. 

These  mathematicians  by  publishing  new  properties  of 
that  simple  figure,  the  rectilineal  triangle,  and  by  giving 
new  demonstrations  of  theorems  already  known,  have  clearly 
shown  the  errors  oi  those  who  conceived  that  the  geometry  of 
the  triangle  is  altogether  limited ;  and  their  propositions  are 
capable  of  extension  and  generalization. 

It  seemed,  therefore,  proper  to  publish  the  new  demonstra- 
tion! I  bad  found  of  Crelle's  theorems,  and  also  properties 
which  I  had  discovered  similar  to  those  of  Feuerbach  both  for 
the  sake  of  those  students,  for  whom  this  book  was  more  espe- 
cially designed,  and  because  I  remembered  the  opinion  given 
on  this  subject  by  that  great  geometer  Laplace.§ 


*  *' Die  etobcrangen  dcr  Matliematik  wachscn  tag  lich,  wiewohl 
ohno  Ccriia.scb*'  Herbart  uber  die  Moglichkeit  Mathematik  auf 
Psychologic  anzuwenden  •  Konigsber^  1822,  p.  47. 

t  Uber  einige  Eigcnivchaftea  des  eb^aen  gesadliuigen  Dreiecks  etc. 
Berlin,  1816. 

J  Eigenscbaften  ciniger  merkwurdigeu  Punkte  des  geradlinigcn 
Dreiecks  etc.     Niirnberg,  1822. 

^  Laplace.  Exp,  Sys.  Mon.  4me.  ed.  Pftr.  1813,  p.  403.  Tout  se 
iieiit  dans  la  chaine'  inoLmense  des  Veritas  de  la  geometrie  pure ;  ct 
ffouveut  une  seule  observation  a  saffi  pour  feconder  les  plus  stcriles  en 
upparcnce  etc. 
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CHAPTER  I. 
On  transversals  intersecting  in  one  point. 

I.  . 

Fig*  1-  Fig'^* 


The  sides  of  the  triangle  abc  we  shall  call  a,  l^  c,  and  the 
opposite  angles  A,  B,  c  in  the  usual  way. 

Right  lines  from  the  vertices  of  a  triangle  abc  as  ad,  be,  cf 
which  intersect  the  opposite  sides  produced  if  necessary  are 
called  transversals*     We  shall  call 


BD 
C£ 
AF 


*  • 


•  • 


CD 

«// 

AE 

K 

BF 

<?//. 

AD 

d 

BE 
CF 

e 

I 

AK 

HB 
BU 


•  • 


•  • 


i, 


*U 


IE 

•  •             •  •            ^// 

CI 

•  •         •      y// 

FK 

•  •            •  •          f/i 

KH 

i 

HI 

k 

KI 

h 

<BAD 

*   •                           «   •                         Ay 

^CBE 

)  •                         •   •                       By 

<ACF 

c. 

<CAD 

k„ 

^ABF 

•          •  •         ^1/ 

<BCF 

C,f 

Then  by  a  well  known  property  of  triangles 


a, 

:  d 

:  :  sin  a^ 

sin  B 

d 

:  a„ 

:  :  sin  c 

sin  K„ 

h 

:  e 

:  :  sin  b^ 

sin  c 

e 

:b„ 

: :  sin  a 

sin  B„ 

'/ 

J 

:  :  sin  c, 

sin  A 

/ 

••  ^„ 

:  :  sin  fi 

sin  c„ 

:  a,*h,u,\  a,, .  b,,  •  c,, : :  sin  a  ^ .  sin  b^  .  sin  c, :  sin  a„  .  sin  b„  .  sin  c,. 
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Or  the  rectangular  parallelopipeda  contained  by  tliree  non« 
contiguous  segments  of  the  sides  have  the  same  ratio  to  one 
another  as  the  sines  of  the  opposite  angles  when  multiplied 
together. 

Cor.    In  the  same  way 
d, .  e,if,:  {d,  +i) (/^ + &}  ( /,  +  A) : :  sin  A, .  sin  b,  .  sin  C/ : :  sin  a^  .  sins^i .  sin  C/ 
•••  a,V,  .  fl,A,r„  ::  d,e,f,  :  {J.-k-c)  (r,+^) (/,4-A) 

II. 

It  is  evident  that  the  triangle  ghi  formed  by  transversals  is 
not  constant  but  varies  with  the  transversals  themselves  and 
that  its  area  vanishes  when  g^  h,  i  coalesce  or  the  three  transver* 
sals  pass  through  the  same  point.    Then 

it  =  A  z:  c  =  ^.     Hence  the  proponions  will  become 

^/  ^/f/  •  ^/^///  •  •  *J^  \  '^^  ^/  **"  ^/  •  "'^  ^//  ****  ^//  w**  ^// 
d,.e,.f, :  rf,c,/  : :  tf, .  A, .  c, :  a„ .  4,,  .  c„ 

\*  sin  A^  •  sin  B/  •  sin  c,  =  sin  a^^  •  tin  B^^  •  sin  c^^ 

and  ffy  •  6y  •  ^/  =.  fl//  •  ^/^  •  c^/ 

Or^  besides  the  equality  of  the  two  parallelopipeda  formed  of 
the  alternate  segments*-the  products  of  the  sines  oi  the  oppo- 
site angles  are  equal.* 

III. 

The  converse  of  (II)  is  true.  F6r  if 
it  be  not  it  follows  that,  when  we  draw 
the  right  line  agh. 

BH  .b,.  C,ZZ  CH* b,, .  c„ 

But  as  by  hyp.  a,  b,  c,  =  a„  b„  c„. 
It  follows. 

a^ :  BH  : ;  a,, :  CH. 

Comp.  a,  +  a„  :  bh  +  ch  :  a„  :  ch. 

•.•    a,,  =  CH,  which  is  absurd :  therefore  if  a,  .  b,  .c^zz. 
^H  •  ^/t  -  ^//  '^^  transversals  will  pass  through  one  point  c. 

Cot.    From  this  proposition  and  from  (II)  it  follows  that 
transversals  making 


*  John  Bernoulli  first  demonstrated  this  theorem,  vid.  Opp.  Tom.  iv. 
p.  23 ;  other  demonstrations  ha?e  been  given.  Carnot  '*  Oeometrie 
de  Position;"  Von  Schumacher,  Tom  ii.  p.  329.  Crclle  in  the  book 
mentioned  above,  page  7  and  others. 
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I 


sin  A, .  sin  B, .  »in  c,  :=:  s\n  a^,  .  tin  b^,  .  sin  c,,  intcricci  in 
6nt  point. 

Another  demonstration  may  be  gix^en  of  this  ihA)rem. 

If  it  be  possible  that  transversals  making 
!>in  A,  sin  b,  sin  c,  =:  sin  A,,  sin  B^^sin  c^,  do  not  intersect  in 
one  point  it  follows  (a oh  being  drawn  and  <bah  and  <cak 

being  denoted  by  A// Ajv) 

sin  A,^, .  sin  b,  .  sin  c,  —  sin  Aiv  •  sin  n^,  sin  r,^ 

But  by  hyp. 

sin  A,,  sin  B^.sin  c,  =:  sin  a,^  .  sin  b,,  .sin  c,^ 

•.•  sin  A,  :  sin  a,,  : :  sin  a,„  :  sin  Ai»  . 

Comp.  et  Divid. 

sin  A,  +  sin  a,,  :  sin  a,,,  +  sin  Ay  : :  sin  a,  -  sin  A/,  :  sin  A,,  —  sin  Air 

ainjA  .oos^A/-v):8iniA.cosi(A„,-Aiv)::  sin(iA„-A.,)cos.U  :  shil(-«,rA;0'-o5ii. 

••'  1 :  1  : :  tan  J  (a,—  a„)  :  tan  |  ( a,„  -►  a,,.  .) 

Which   since     a,  ^a,,,. 

is  absurd*;   and  therefore  transversals  so  drawn  will  intersect  m 
one  point. 

IV. 

From  these  propositions  others  may  easily  be  deduced,*  viz. 

Transversals  bisecting  either  the  angles  or  the  sides  of  the 
triangles  pass  through  the  same  point. 

IVansversals  which  are  perpendicuiar  to  the  opposite  sides 
pass  through  the  same  point — + 

For  then  a,  =  c,»  b,  =  a,,,  c,  =  b,,. 

Transversals  which  cut  the  opposite  sides  in  the  same  points 
as  the  inscribed  circle-^ 

For  then  a,  =  c^,  5,=  a^^  c,  =  h/,»  T^ 


*  Yid.  Crelle  In  the  above  mentioned  work  p.  10. 

t  Gauss  has  given  a  very  cleg^ant  synthetical  demonslraliou  of 
this  property,  which  seems  not  to  be  commoTrty  known  by  jfcoroctrrsi 
vid.  Carttot  in  his  *'*  Geometric  dc  Position/'  Tom*  ii.  p.  403. 


(    78    ) 

When  any  two  sides  ab^  ac  of  a  triangle  abc  are  each  di- 
vided into  two  parts  having  the  same  ratios  as  the  sides  them- 
selves; then  the  third  intersecting  line  agd  being  drawn*  it 
shall  bisect  the  third  side  bc.    For  pi„  .^ 

c,  I  b^^  I  :  c  :  t  ^ 

b,  :  c^,  :  :  b  :  c 
whence  */,  =  b,/:,,    • 
But  also  a,b/:^  =  a„6,/?,„ 
from  which  it  is  manifest  that 

On  the  other  hand  the  line  by  which  the  base  is  bisected  meets 
the  lines  BE,  CF  by  the  other  lines  are  divided  in  the  same  point 
G  :  and  hence  it  is  manifest  that  a  straight  line  can  be  drawn 
from  a  g^iven  point  to  a  given  line  which  shall  bisect  a  third. 

But  if  we  take  on  either  side  6,  c  any  number  of  parts 

AE,  AFy  AH,  AI,  AL,  AM,  &C.  (Fig.  5)  SO  that 

i  :  c  : :  AE  :  AF  :  :  AH  :  Ai  : :  al  :  am,  etc 

and  draw  the  lines  ei,  fh,  km,  il,  lb,  mc,  etc  : 

then  the  straight  line  which  bisects  the  third  side,  will  pass 
through  the  points  b,  K,  k,  etc.  in  which  p^^^  . 

these  pairs  of  lines  mutually  intersected  ^*  ^' 

each  other.     For  if  the  two  lines  hi,  lm  A. 

are  drawn,  they  will  be  parallel  to  one  an-  ^/^z:^^^ 

other,  and  be  bisected  by  the  same  trans-        x^^^^^^ 
versah    Therefore,  if  bd  =  dc  the  trans-    v^sS^^^^II^^^ 

versal   ad,  from  what   has  been  already    A ^^^^^^^ — ^ 

shewn,  must  pass  through    n,    and  also 
through  R  since  it  also  bisects  the  straight  line  ML. 

V. 

In  all  triangles  innumerable  triads  of  transversals  may  be 
drawn  to  pass  through  the  same  point  besides  those  which  have 
been  already  mentioned. 

For  the  sake  of  brevity  let  us  call  the  triad  in  which  the  trans- 
versals bisect  the  opposite  sides-— 

The  first  triad : 

where  the  angles  are  bisected. 

The  second  triad : 
where  the  transversals  are  perpendicular  to  the  opposite  sides. 

VOL.  VI.    PAET  III.  X 
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The  third  triad : 
where  a^  iz   b^   zr   c,. 

The  fourth  triad : 
where  k„  zz   b,,  =   c^. 


«//»  ^/ 


'// 


v/ 


The  fifth  triad : 
where  a,  =  c^,,  6, 

The  sixth  triad : 

where  a,  =  *,„  i,  =:  c„,  c,  =  a, 

The  seventh  triad : 

a,  i^  c,  etc  will  still  be  used  in  the  same  way  as  before^  but  with 
a  number  over  them,  to  show  to  which  triad  they  refer. 

VI. 

With  regard  to  the  first  triad  we  may  observe :  First* 
The  point  of  intersection  is  the  centre  of  gravity  of  the  triangle. 
Secondly, 

(3)       (1)  (i;      fi)  (1)      (1) 

Thirdly 

d^  +  ^«  +/2  =  4(a«  +  i«  +c^) 
Fourthly 


'// 


Fifthly 


(1) 
d.d,^  e.e,  +/.X=:i{a«+  ¥  +  c«) 

(I) 
d.d„^re.e„-^  S.f,s  =  \  (a"-  +  h°-  +  c^) 

(I)  OL 


Sixthly,  if  any  circle  be  described 
from  G  as  a  centre  and  in  its  circum- 
ference any  points  p  and  Q  be  taken. 


Fig.  6. 


PA*  +  PB*  +  PC2=  QA2+eB'^+  QC«. 

And  many  other  properties  of  the  same 
kind  may  be  found  which  I  shall  pass 
over^  as  they  are  sufiiciently  known« 


It  is  evident  that 


VIL 

The  second  triad. 


_ 
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(2)  (2)  (2)  (2)  V2)  (2) 

a, ,  b  ^  a^  .  c ;  b^ ,  c  =  t^^ .  a  \  c,.a  zz  c^^.b 
whence 

(2)  (2)  (2) 

(2)  ,       (2)  (2) 

=  a„  {c,  +  O  +  b„{^a,  +  J  J  +  c,,(6,  +  b„). 
a,.bf  +  6,  .c,  +  «/  .  c,  -I-  a, .  &,/  +  A,,  c,,  +  a„  .  c, 

That  is,  the  sum  of  the  three  rectangles  contained  under  the  al- 
ternate segments  of  the  sides  are  equal  to  the  sum  of  the  three 
other  rectangles  contained  under  the  remaining  segments. 

VIII. 

In  every  triangle,  (if  we  denote  the  radii  of  four  circles  such 
that  each  touches  the  sides  of  the  triangle  produced  if  necessary 
l>y  ^» '/» ''//» *"///)    ^*   f  fl^  +  be  will  equal 

This  was  demonstrated  by  Feurbach,*  and  from  this  and  the 
preceding  theorem  it  easily  follows  that  any  two  triangles,  the 
sides  of  one  of  which  equal  a,  6,  c,  each  to  each,  and  those  of 
the  other  equal  a,,  h,,  c,^  have  always  this  property,  that  the 
sum  of  the  rectangles  under  the  radii  (of  the  circles  touching 
the  sides)  taken  by  twos  in  the  one  triangle  shall  be  equal  to 
the  sum  ot  the  similar  rectangles  in  the  other  triangle. 

IX. 

By  elementary  geometry 

(«)     ,         (i)  ,W  ,      W 

d«  =  bc  —  afl,f\  /«  =  flc  -  b]b^ \  p  =  ab  —  cf„ 

V    d*  +  e«  +/«  =  fl*  +  ac  +  6c  —(«,«,,  +  b,  b^,  +  c,cj 

that  is,  the  sum  of  the  squares  of  the  transversals  equals  the  dif- 
ference between  the  three  rectangles  under  the  sides  and  the 
three  rectangles  of  their  segments. 
Cor. 


*  Sec.  6  of  the  above-mentioned  work* 

*8 


I 


5' 


«  ■         ■  • 

In  every  case 
•••  6  i  c  :  :  a,,  :  a,  v       . 

V  ^  +  c  :  fl  : :  c  :  fl, 
.     •••  {b  +  cy  :  a*  :  :  c« :  a% 

•••  (ft  +  c)«  —  a'  :V  —  «/::(*  +  c)« :  c« 

(i+c  +  a)(tf  — 6  +  c)ic*  —  a*  ::(&  +  c)«:^» (i) 

Nov  wc  have 

(«)    ,.  (t) 

or  d* :  A  .  c  : :  c«  —  a/  :  c«. 
From  this  and  the  preceding  expression  (i)  we  obtain 

(9) 

(Pibc  ::  {a  -^  b  +  c)  (—a  4.  ft  4.  c) :  (6  +  c)«. 

In  like  manner 

(t) 

f« :  <«c  : :  (tf  +  6  4-  c)  (a  —  A  +  c) :  (a  +  c)« 

(«)     , 
/« :a6  : :  (a  +  6  +  c)  (a  +  6  -  c) :  (tf  +  *)•; 

V  d'^f^id'tViiCa^b^cY  (— fl  +  ft  +  c)  fa-ft  +  c)  («+*-c) 
:(a+*)«(ft+c)«(6+c)*::(fl+ft-|-c)\i6A«:(a+*)«(a+c)»(A+cy 
*.*d.e,fia.b.cii  (a  +  A  +  c) . 4  a  :  (a  +  i)(tf  +  0(ft  +  ^) 
that  is^the  parallelopipeda,  one  of  which  is  contained  under  the 
transversals  and  the  other  under  the  sides  of  the  triangle  are  in 
the  same  ratio  to  one  another,  that  a  prism  (whose  base  is  four 
times  the  area  of  the  triangle,  and  altitude  equal  to  the  sum  of 
the  three  sides  of  the  triangle)  is  to  the  parallelopipedon  con- 
tained  under  the  sides  of  the  triangle  taken  two  and  two. 

XL 

The  perpendiculars  cl,  cm,  on  (Fig,  7)  being  let  fall  from 
G  upon  the  sides  of  the  triangle^  we  have 

(•)       - — 

tf/  =  AM*  +  cm"  :  but  since 

iM  =  |(-a+6  +  c,)andGM=:  -r^j^-— it  follows 


•  •  • 

=  !(«+&  +  0(— «  +  *+  0{(a  +  *+c)(— fl+  i  +  c) 

+  (fl  — i+c)(a  +  *-c)} 
=  (fl  +  ft  +  c)  ( —  a  +  i  4-  f )  6* ;  whence 

d/ : bri :— tf  +  64-^:fl  +  6  +  c;  similarly 

(t) 

€,^  :ac  i:  a  —  b  +  c  :  a  ■{-  b  •{-  c  and 

(«) 

j^'  :ab  : :  a  +  & — c:  a  +  6  +  c  ;  whence 

d,V/,>:a«*«c»::(-af6  +  c)(a-*  +  c)(a  +  i-c)(j  +  6  +  c)' 

::8r*  A  :(a  +  *+  c)» 

: :  4?*  :  (a'  +  *  4-  c)* 

(«) 

That  is,  the  rectangular  parallelopipeda  one  of  which  is  con- 
tained under  the  segments  of  the  transversals  next  their  respec- 
tive vertices  or  superior  segments,  and  the  other  under  the  sides 
of  the  triangle,  are  to  one  another  in  the  same  ratio  as  the  dia- 
meter of  the  inscribed  circle  is  to  the  perimeter  of  the  triangle. 

XII. 

From  (lo  and  it) 
(«) 
d.e  .f:a  .b,c::  (a4^+c)4A  :(a4-ftj  (a+c)(6+c) 

(9) 

a.b .cid,.e^.f^ ::  a+  i  +  c  :  ar 

(«)  («) 

•••  d.c.f.\d,.e,.f,ii  (a  +  6-|-c)*4A:ar(a  +  6)(a  +  c)(6+c) 

::  (a  +  6  +  c)a4  A  :  ^  _^^^  ^  [a  +  i)  (a  +  c)(*  +  c) 

: :  (a  +  »  4-  c)' :  (fl  +  6)(fl  +  c)  i4  +  c). 

That  is,  the  rectangular  parallelopipeda  under  the  whole  trans- 
versals and  the  superior  segments  are  in  the  same  ratio  as  the 
cube  whose  side  is  the  perimeter  of  the  triangle,  is  to  the  rectan- 
gular parallelopipedon  under  the  sums  of  the  sides  of  the  triangle 
uken  two  and  two. 

*  r  signifies  the  radius  of  the  inscribed  circle. 


(    7«    i 


XIII. 
It  is  easily  seen  that 

Z.  AGE    =  i(A+  B)and  Z.  AGM   =  ^  (b  +  C) 
.*.    Z.   EGM  =  t(A  —  C) 

in  like  manner 

L   FGN  =  |(A  — B) 
Z  DGL  =1(b  —  C) 

(«)  («)        ,  ,        . 

•••    d,8in4  A  =  €,,  .cosf  (a-c) 

t,  sin  i  B  =/„  .  cos  f  (a  —  B) 
/,sinf  c  =  tf„.cos  i(B  — c) 

V  d%,.fs  •  ^?-  ^/  -^/z  •  =  *^^**  (A-B).COS|  (a-C)  .  COti  (B-C) 

:  sio  I  ▲  .  sin  {  B .  sin  ^  c* 

But  since  in  every  triangle 

tf  +  6  :  c  : :  cos  i  (a  —  b)  :  sin  |  c 
a  +  c  :  *  : :  cos  H A  —  c) :  sin  i  b 

6  +  (T :  o  : :  cos  Hb  —  c) :  sin  |  a 
we  obtain 

d/ .  ?.// :  ^//  •  C/// :  5  (^  +*)(«  +  ^)  (*  +  ^)  =/»ft^ 
that  is,  the  rectangular  parallelopipeda,  one  of  which  is  con- 
tained under  the  superior  segments  of  the  transversals,  and  the 
other  under  the  remaining  or  inferior  segments  are  to  one 
another  in  the  same  ratio  as  the  parallelopipeda,  one  of  which  is 
contained  under  the  sums  of  the  sides  of  the  triangle  taken  two 
and  two,  and  the  other  under  the  sides  of  the  triangle. 
Ccr.  I.  In  any  equilateral  triangle 

(«)      («) 

d,^  :  dj  : :  8tf» :  a^ 

•.'  d,  :  d//  ! :  2:  i* 

That  is,  the  superior  segments  of  the  transversals  of  this  triad 
in  an  equilateral  triangle  are  double  the  inferior  segments,  a  fact 
already  known  from  elementary  geometry. 

Car.  II.  The  angles  egm,  fgn,  dol,  have  always  thisceb. 
tion  to  one  another,  that  one  of  them  (that  which  is  equal  to  half 
the  difference  between  the  greatest  and  least  angle  of  the  triangle) 
is  always  equal  to  the  sum  of  the  other  two.    For 
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^  EGM  =    i  (A  —  C)  =  f  (A—  b)  -^  4  (B  ~  C) 

=   Z    FGN    +  Z.   DGL 

and  since  in  an  isoceles  triangle  one  of  these  angles  vanishes,  the 
other  two  are  equal. 

XIV. 

J n  the  triangles  A]>b»  bjsc,  cfa 

(2)  (2) 

a,:c  ::  d„  :  d, 
b^i  a  : :  e^,:  e^ 

V  a^.b^.c^ia.b.c  : :  d,, .  e^, ./,, :  d, .  «,•/,. 
and  since  we  have 

^//  •^//  •///  ''d,.c,.f,i\a.b  ,c  :  (a  ^  b)  (a+cj  (b  +  c) 
it  follows 

a, .  i, •  r, :  fl .  6 .  c  : :  a  •  6  .  c  :  (fl  +  6)  (n  +  tf)  (ft  +c) 
and  a,,.b,,9C,,i  a.b.cix  a  »b.ciKa  -f  &)(a-|-  c)  (^  +  0 

that  iSf  the  rectangular  parallelopipedon  contained  under  the 
three  sides  of  the  triangle  is  a  mean  proportional  between  the 
rectangular  parallelopipeda,  one  of  which  is  contained  bvthe 
non-contiguous  segments*  of  the  sides  of  the  triangle,  and  the 
other  by  the  sums  of  the  sides  taken  two  and  two. 

XV. 

In  these  triangles 

(2)  (2) 

(2) 

(2)  (2)  (2) 

•.•  rf/  +  t?  +  f}  =  ab,  +  bc,^ ca,^  d,d„ ~  €fi,,^jj„ 

(2)  (2) 

%•  d.d,\t.tf  +f.f,  =  ab,  +  ftc,  +  ca, 

that  is,  the  sum  of  the  three  rectangles  contained  under  each 
transversal,  and  its  respective  superior  segment,  is  equal  to 
the  sum  of  the  three  rectangles  contained  under  each  side  of 
the  triangle  and  the  farther  segment  of  the  succeeding  side.^ 

*  By  tkefint  side  1  mean  the  side  denoted  by  (a),  and  hy  the  second 
siffe  that  denoted  by  (b),  and  by  the  third  tidey  that  denoted  by  (e),  so 
tl>at  the  8id«  b  succseds  or  comes  after  a,  but  precedes  or  goes 
before  c. 


I 


^ 
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Cor.  Hence 

XVI. 

Subtracting  the  two  preceding  equations  from  one  an- 
other,  we  obtain  the  following  equation 

(2) 

rf(rf,-rf//)  +  ^(^,-^/i)  4-/(//-"//,)  =  ab.^bc,  +  ca, 

(2) 

(d.  +  d,s)  (di  -  dj  +  {e,  +  ^  (^,-^J  +  [//  +  ///)  (//-  ///)= 
(«/  +  «//)*/  +  (*/  +  *//)  ^/  +  (^,  +  <?//)«/  +  (*/—«/-«/,)  *,/  + 
(O  -  ft/— *//)<^//+  K  — <^/— ^//)  «// 

(2)  (2) 

V  d/  +  €/  +  //  -  (d,/  +  e,;  +  /,/)  =  a,,(a,  +  b,) 

+  ft/,(ft/  +  O  +  <^//(0  +  «/)  —  «/*//  — V//  —  <^A/ 

=  («/  +  */+  ^/)  («//  +  ^//  +  ^//l  -  2(^A/  +  V//  +  ^A/) 
that  is,  the  difference  between  the  sums  of  tbe  squares  •( 
the  superior  and  inferior  segments  of  the  transversals,  is 
equal  to  that  between  the  rectangle  under  the  two  sums  of 
the  non-contiguous  segments  of  the  sides,  andl  twice  the 
sum  of  the  rectangles  under  the  segments  taken  two  and 
two* 

XVII. 

The  extremities  d,  e,  f,  (Fig.  7)  of  the  transversals  being 
joined,  and  perpendiculars  ds,  fr,  bt,  being  let  fall  from 
these  three  points  on  the  succeeding  transversal,  this  equa- 
tion will  be  round 

ADEF=  A  D6F  -f    ^DGE  +    A   EGF 
=  i  (^/,.  DS  +  d.  FR  +///  •  ET) 

=  |r{Ds.8eci(A*c)+FB,8ec|(B— c)+£T.sec{(A-B)} 

=  ir*{teci(A — c)  .(sec I  (b  —  c)  .  sin  f  (a  +  b)  + 

sec  |(a  —  b)  •  sec  |(b  —  c) .  sin  i  (a  +  c)  4 

sec  |(a  —  b)  .  sec  |(a  —  c) .  sin  4  (b  -f-  c)} 

•.•    A   DBF  —  2  cos  I  (a  —  Bj  .  cos  |(A  -  C)  COS  |  B(  -  C) 
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{sin  4  (a  +  c)  cos  i  f  a  —  c)  -h  «in  {  (b  ■{•  c).  co»  j  (B  —  c) 
+  «in  I  (A+  b)cos  I  (a  — b)}; 
and  since 

sin  I  (a  +  c)  cos  i(A  —  c)  =  J  (sin  A  +  sin  c)  &c. 
r    o  sin  A  +  sin  B  +  sin  c 

A  DEF  =  I  r«  --7 .  ,   . -r — r 

COSf  (a—  B)  cos  I  (a  —  C)  COS  i  (B— c) 

from  which  since 

sin  A  4*  sin  B  +  sin  c  =  4  cos  |  a  •  cos  |  b  .  cos  {  c 
we  get 

2  r'  cos  I  A  cos  I  B  cos  i  c 

A  DEI  = r? \-       J  s     • — ^ — hy 'x* 

COSf(A— Bj.COS^  (A-C)C09  f(B—  C) 


XVIII. 

It  18  well  known  by  trigonometry,  that 

COS  i{\  —  b)  =  cos  I  A  COS  I  B  -f-  sin  {  A  sin  I  B 
cos  j  ( A  —  C)  =  COS  f  A .  COS  I  c  +  Sin  |  A  sin  |  c  .  ctc* 

V   COS  ^  (a  —  B)   •   COS  f  (a  — C)  COS  I  (B  —  c)  = 

(cos  \  A  .  COS  i  B  -)-  sin  I  A  sin  f  b)  (cos  |  a  cos  {  c 
+  sin  I  A  sin  |  c)  (cos  i  b  cos  |  c  +  sin  |  b  sin  |  c) 
n  cos* I  A .cos^f  B  COS*  i  c  + 
I  {sin  A  sin  B  -f  sin  a  sin  c  +  sin  b  sin  c} 
+  sin'  4  A  sin*  f  b  sin'  j  c 

S=  1   —  cos'  i  A  —  cos"  4  H  —  COS*  \  c 
4-  cos*  i  A  COS*  I  B    +    COS*  i  A  COS*  ^  C   +   COS*  4  B  COS*  i   c 

.  ^  [sin  A  sin  b  4-  sin  a  sin  c  +  sin  b  sin  c] 

•••  A  DEF  = 

gr*  COS  -^  A  •  COS  i  B  COS  ^  c 

COS'JB  —  COS'^C 

COS*  4  A  COS*  ^  c  -h  cos'  J  B  cos^ 

I  [sin  A  •  sin  B  +  sin  A  sin  c  +  sin  b  sin  c] 

Substituting  in  this  expression  for  cos  ^  a,  cos  ^  B^  cos  i  c 
and  putting  J  n  A  (a  +  6  +  c)  we  get 

VOL.  VI.  part  III.  X 


2r*  cos  j^  A  #  cos 

{1   —  COS*i  A cos* 
+  cos'  ^  A  cos'  ^  B  Hh  I 
+  i  [sin  A.sin  B  +  sij 
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A   J>EF    =: 

a  -\ 

'aSc 


^^:x,t«(*— «)+*^«^*)+^'-c)H 


ate 


Tc  \ 1: ^  + 1 "^  a ) 

s(s—a)  (s  --b)  {s—c)  /£  ^.  1  ^.  iV 

And  hence  since 

5  -  c)  +  ^  -  6)  (^  —  c)]  =  (5  —  a)  (j  —  6)  +  (*  —  a){s^c) 
4-  (5  -  i)  (^  -  c)  +  (*  —  a)  (f  -  6)  +  (s  -  a)  (*  -  c)  + 
(^  .  ^)  (j  —  c)  it  follows  that  a  def  = 

-±.H..«)(,-*)(*-c)(i+i+i)- 

(,_a)(/  — i^  — (^  _fl)(,^c)  — (J— ft)(j— c)  + 

V    A  DBF  = 

ftf*  A 


from  which  since 
*L(*  — a)(*-A)+(i  — a)(s— c)+(J— *)(f-c)]=: 
(i  —  a)  (i  —  6)  (*  —  c)  +  aic  we  obtain 

2jr2A 


ADEFz: 


^^"^ 


(j—  a) {9—  b)  {s  —  c)  —flic 
(a  +  6  -f  c)f^A 

\a       6       cj              a-\-b-\-c 
^ {a  +  ft4-c)^y^A 

[(.  +  «+c)(!l-i+-')-.].i' 


I 
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SA 


(«+*  +  c)(2+J+i)-i 


whieh  remarkable  property  is  not  capable  of  an  easy  enun- 
ciation in  words. 


I 


Fig.  8. 


XIX. 

Although  the  third  triad  has  some  remarkable  properties, 

et  as  they,  have  been  admirably  discussed 

y  Feurbach,  I  shall  not  dwell  upon 
them.  One  however,  there  is,  which  I 
do  not  remember  ever  to  have  seen  and  I 
shall  therefore  give  it  a  place  here.    Since 

5B  =   -r^  =  -r^  =  -4-,»  it  foUows 
sm  A       sm  B       sin  c 

that 


a6  -f  gc  -f  be    _    4R^  4 R^         4B* 

sin  A  sin  b  sin  c  "  sin  a       sin  b       sin  c 


^ 


JL» 


«  (sm  A  sm  b  +  sm  a  sm  c  +  sm  b  sm  c 

=:    4R«    V : : : 

^  sm  A  sm  B  sm  c 

ab  +  ac+&^=4a'(sin  a  sins  +  sin  a  sin  c  +  sinBsin  c) 


4A'\ 

.  2a  /2a     ,     2A     .    2a\ 


abc 

'(8) 


/(8)  (8)  (8)% 

=  2tt    U    +    ^  +j} 

that  is,  the  sum  of  the  three  rectangles  coutaiued  under  (be 
sides  of  the  triangle  (combined  by  twos)  is  equal  to  the  rec- 
tangle contained  under  the  diameter  of  the  circumscribed 
circle  and  the  sum  of  the  three  perpendiculars  from  the  an- 
gles on  the  opposite  sides. 


*  The  foUowiog  is  an  easy  demonstnttion  of  this  propositioa : 

CO  a  .  .    , 

—    1=  X*   =    sjn  COD  =  sm  4  bgc  =:  sin  4  ; 

CO         aa  * 


.  ■ 


2a  = 


sm  A 


etc    (lis.  8}. 


X  2 
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XX. 

Tbe  fourth  triad  is  that  in  which  a,  =  b^  =  c^. 

In  tbe  first  place  let  us  investigate  the  mode  of  drawing 
the  transversals  so  as  to  form  this  triad  ;  for  this  is  not  obvi- 
ous, nor  does  it  appear  from  the  elementary  parts  of  geo- 
metry. 

Let  three  circles  be  drawn,  each  of  which  has  one  side  of 
the  triangle  for  its  chord  and 


Fig*  9. 


the  succeeding  side  for  its 
tangent;  these  circles  will 
intersect  one  another  in  the 
same  point  as  the  transver- 
sals of  this  triad.  It  is  evi- 
dent that  any  two  of  the 
circles  will  intersect  in  some 
two  points.  Let  g  be  the 
point  through  which^  (be- 
sides the  other  point  c)  the 
circles  acp  and  bco  pass, 
then  will  the  th  ird  circle  pass 
through  6,  For  the  circle 
passing  through  abg  will 
evidently  have  c  for  a  chord; 

and  since  from  the  construction  Z.bag  =  Zacg  =:  zcBCit 
will  also  touch  ab»  whence  it  coincides  with  the  third  circle, 
which  fulfils  the  conditions. 


XXL 

The  angles  under  which  the  transversals  cut  one  another 
are  easily  seen  to  be  equal  to  a,  b  and  c,  that  is 

a  =  A 
/3  =  B 

y  =  c 

If  perpendiculars  be  let  fall  from  o  on  the  sides  of  the  Ui- 

angle  abc  and  the  points  h,  i,  k  be  p*     ^^ 

joined,  the  triangle  hik  will  be  simi-  ^' 

lar  to  ABC;    and  if  transversals  be 

drawn  in  the  triangle  hik  so  as  to 

form  the  third  triad,  the   point  of 

their  intersection  will  be  g. 

Since  the  quadrilaterals  A I GK  bhgk 
and  CHOI  are  inscribable  in  a  circle 
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L  KIG  =    Z.  KAG  :=  Z.  ACF 

/.  HiG  =  GCH  and  therefore 
^  HiK  ==  0  and  in  the  same  way 
KHi  r:  B 

HKI  =:  A 
Z.   KIG   =  I    BAH  =    Z.  CBE  =    Z.  HKG  =  Z.  AGP 

=:  Z.   GHI 

from  which  the  truth  of  the  proposition  stated  above  is  evi« 
dent.  If  the  same  thing  be  done  in  the  triangle  hik  as  in 
the  original  triangle  abc,  a  third  triangle  will  be  formed  si- 
milar to  the  two  others  ;  and  in  this  triangle  the  transversals 
of  the  fourth  triad  will  also  pass  through  the  same  point  g. 
And  so  on  with  all  succeeding  triangles. 

XXII. 

In  every  triangle  perpendiculars  from  any  point  being  let 
fall  on  the  sides  as  gh,  gi,  gk^  from  o  on  bc,  ac,  and  ab, 
we  have  by  the  elementary  part  of  geometry 

a.BH  +  ^.CI  +  C.AK  =:  a.CH   +   5.AI  +  e.BK 

=  i  (a*  +  6»  +  c«) 
and  therefore 

(4)  <4) 

\  (a*  +  *•  +  c«)  tan  A,  =;  (  [a.BH  +  i.ci  +  c.  ak]  tan  a^ 

=  \  [a.GH  -h  6.GI  +  c.ok] 

whence  since  by  trigonometry 

cot  A  +  cot  B  +  cot  c  = we  get 

(4)  a*  4-  6*  +  c* 

cot  A   Z=Z  ~ ' =  cot  A  +  cot  B  +  COt  C*= 

4A 

that  is,  the  cotangent  of  the  angle  made  in  this  triad  by  each 
of  the  transversals  with  the  side  of  the  triangle  equals  the 
sum  of  the  cotangents  of  the  three  angles  of  the  triangle. 
Cor.  I. 

(1)  cosees  A^  =  cosec*  a  +  cosec*  b  +  cosec  c 


*  This  elegant  theorem  is  dae  to  Crelle,  who  has  given  several  de- 
monstrations ot  it  widely  different  from  mine  in  the  above-mentioned 
work. 
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(2)  If  one  of  the  angles  A,  b»  c,  be  a  right  angle,  as  for  in* 
stance  a 

(4) 

cot  K,  =  cot  B  +  cot  c  =  8  eosec  tn  =i.s  xosec  ac 

=  cosec  SB  <h  cosec  Sc. 

XXIU. 

The  triangles  b«c  and  hgi  are  similar :  whence 

a:  GC  ::  HI  :  Gi 

oi  .    <*> 

V  Hi=a. —  =A.sinA. 

GC  ' 

(*)  .        (4) 

•*.  A  :  A  HiK  : :  a' ..:  a'  sin*  a,  : :  i :  sin^  a^ 

: :  cosec'  a«  :  i 

: :  cosec*  a  +  cosec*  b  +  cosec*  c :  i. 

Corol.  If  the  triangles  are  both  isosceles  and  right  angles,  we 
obtain  this  proportion : 

A  :  A  HiK  : :  1  +  S-cosec'  fB:i::£:i 

that  is,  the  primary  triangle  is  to  the  secondary  as  j  to  one. 

XXIV, 
Stnce.the  triangles  bcu9,.cgb  and  agf  are  similar  respectively 

to  BAD^  CB£«  ACF 

(4)  (4) 

(4)  (4)  (4)  (4) 

6/  =  t.€,^ ,  c/  =////  whence 

(4)  (4)  (4)  (4) 

angukr  parallelopipedon  contained  under  the  three  non-contigu* 
ous  segments  of  the  sides  is  a  mean  proportional  between  the 
parallelopipeda,  one  of  which  is  contained  under  the  trans  versab, 
and  the  other  under  their  inferior  segments. 


In  the  same  way 


XXV. 

(4)  (4) 

a,\  t,  :i  d  :  c 

b, :  f,  :  i  c  :  a 
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(4)  (4)  <4)  (4) 

V    a,  b,  c, :  d,  e,f^ : :  def :  aic 

(4)  (4) 

and  •••    d/,f, :  d,/i„f„  : :  tfSc  :  ajb/c,  {24).     But 
Crelle  has  shown,  that 

(4)  c*        C*>       ,       o«        ^*>  6« 

whence 

(4)  a^  6»  c' 

<*/«,//  •  rf/A////  =  •  («'  +  6*)  («*  +  ^)  (*'  +  0  >:  a»y^«: 
this  expression  I  have  given  chiefly,  that  it   might  be  com- 
pared  with  those  obtained  above  (Art»   13),    And  it'  is  worth 
while  also  to  compare  the  following  expressions  : 

(1)  ^        (1)  (1) 

(S)  (3)  (8) 

d^J :  d,^J„  : :  «6c  :  a,b/:^ 

(4)  (4)  (4) 

(«)  («)  (») 

XXVI. 

If  a  circle  be  circumscribed  about  the  triangle  ABCt  and  if 
the  transversals  produced  meet  the 
circumference  in  p,  q,  r,  and  ar, 
BP«  &c«  being  joined 

AR  =:  BP  =  cq; 

and  also  the  triangles  ag(2»  AORt 
BOP,  BGR5  cGP,  CGQ  will  be  simi- 
lar to  each  and  to  the  original  tri- 
angle ABC ;  and  therefore 

AG  :  BG : :  AQ  :  BP 
BG  :  CG  ::  br  :  cq 
CG  :  AG  ::  cp  :  AR 

AQ  •  BR  •  CP  =:  AR 


Fig.  !!• 


•  • 


—     A  oS 


BP  .  GQ  =  AR% 


*  The  tmtfa  of  this  is  obvioas  from  the  sirailarity  of  the  triangles 
AOF,  and  ABD  etc. 
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Hence  we  find  that  if  in  a  triangle  whose  sides  are  ar  +  aq, 
AR  +  BR  and  AR  -J-  CP  transversals  be  drawn,  so  that  a,  zz  b,- 
c,  =  AR,  or  that  a,,  =  b^^  =  c,,  =  ar,  these  transversals  will 
intersect  one  another  in  the  same  point. 


Fig.  18. 


XXVII. 

The  fifth  triad  in  which  a,,  z=b,,  :=  c,^  is  very  similar  to  the 
last.  In  the  first  place^  the  construe* 
tion  by  which  the  transversals  are 
drawn  so  as  to  fulfil  the  conditions,  is 
very  similar.  Let  three  circles  be 
described,  having  one  side  of  the  tri- 
angle for  a  chord^  and  the  preceding 
aide  for  a  tangent ;  then  the  point  of 
intersection  of  the  three  circles  will 
be  that  through  which  the  transversals 
of  this  triad  pass.  In  this  triad,  not 
only  will  the  angles  at  which  the 
transversals  cut  one  another  be 
respectively  equal  to  a,  b  and  c,  but 
also  will 

cot  A„  =  cot  A  +  cot  B  +  cot  C 

as  is  easily  seen;  it  may  be  demon- 
strated in  a  way  similar  to  that  of  Crelle  :  that 


(5) 
(5) 


(ft)  6?         (5) 

(5)  fA  (5) 

ft^^n  b' 


C2 


'// 


¥  +  c 


c.,  =  c 


£>*'// 


a«  +  c» 


XXVIII. 
From  these  expressions  we  easily  obtain  the  following : 

(4)  (4)  (1)  (5)  (5)  (5) 

(l)    A^    =      B^  — .  C,     =  A,,  =   B,,  =  C, 

(4)    ^        (4)  a^b^c^ 

(a)  a//?,  -.  aj.fi,,  =  (a»  +  6«)  (a«  +  c»K6*  +  O 

(a)  (5)      • 

=    fly  V/   =   ^/fiff/t 

that  is^lhe  rectangular  parallelopipeda  under  the  non-contiguous 
segments  of  the  sides  in  the  fourth  triads  are  equal  to  the  simibf 
parallelopipeda  in  the  fifth  triad. 
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(4)  (4) 

(S)  ^^f  =  *k/*    ^or  we  have 

V     iefi  ajbfi, : :  sin  a  sin  b  sin  c  :  sin'  a, 

(5)  (5) 

and    def\  a,Jb^,,  : :  sin  a  sin  b  sin  c  :  sin'  a,, 

that  is,  the  rectangular  parallelopipeda  under  the  transversals  of 
these  two  triads  are  equal  to  one  another. 

(4)  (5) 

(4)  ^//////  =  c^/A////  for 

f4)  (♦)  (♦)  (4) 

def :  a,h/:,  : :  d//,  :  i,fi„f„  and 

(a)  (5)  («)  (4) 

(4)  (5) 

(4)    <r^///    =  CT////- 

For  if  AD,  BE,  CF  be  transversals  of  the  fourth  triad,  and 
AH,  Bi,  CK  be  those  of  the  fifth,  we 
necessarily  have  these  proportions  : 

(4)  ,       ^*)  . 

d^\h  iihin  Kf  ;  sin  a 

(4)  (5) 

<{^ :  c  : :  sin  a,^  :  sin  a 

(4)       (5) 

dg\d,\\  fr  :  c  and  in  the  same 


i^»g-  »3 


•  • 


way, 

and 
and 


(4) 


V 


e. ::  c 


(4)      (« 


(4)  (5) 

therefore  the  two  rectangular  parallelopipeda  contained  the  one 
under  the  superior,  and  the  other  under  the  inferior  segments  of 
the  transversals  of  the  fourth  triad,  are  equal  to  the  similar 
parallelopipeda  in  the  fifth  triad. 

Cor.  From  the  proportion  just  given : 

(4)      (5) 

d,x  d,  : :  0  :  c, 

it  follows  that  the  superior  segments  of  the  same  transversals  in 
the  fourth  and  fifth  triads  are,  when  the  triangle  is  isosceles, 
equal  to  one  another. 

XXIX. 


If  ABC  and  3ll$<!t  be  two  similar  triangles,  having 
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d,e^  zz  0/e,f/  they  will  necessarily  be  equal  to  one  another. 
For 

^^'^^  sm  A  sm  B  sm  c 

D,e,t,  -  ate   sin  a  sin  » 8111© 
•/     Since  by  hyp. 

rf////=  M/t/ and  (t8) 

(♦)         (a) 

A,  =  ^,/ 

we  get        abc  =  abc 

•/     a  =  a,  6  =  b,  c  =  c. 

for  if  it  were  possible  that 

ay  a        it  would  follow  that 

6>b 

cy  t  because  the  triangles  irc 
by  hypothesis,  similar.  Since,  therefore,  the  three  sides  of  the 
one  are  equal  to  the  three  sides  of  the  other,  the  triangles  mait 
be  equal* 

XXX. 

If  the  transversals  of  the  fourth  and  fifth  triads  be  drawn, 
three  isosceles  triangles^  amb,  blc,  a  nc  are  formed,  the  sum  of 
which  equals  the  original  triangle.     For 

(4) 

A  AMB  =  $  c  •  MR  z=  -^  c^  .  tan  A, 

(•4) 

A  BLC    z2  i  a^  .  tan  a, 
/^  ANC   zz  ^b' .  tan  A, 

•/     A  AMB  +    ABLC+   A  ANC  =  i  (a^  +  6*  +  C«)  tan  A,=  a(««-I 

Cor.  Whence  we  find  that 

A  CGL  =    A    AGN  +    A   BOM 
A  COM  =    A    AOM  +     A    BOI« 


XXXI 

The  sixth  triad  is  that  in  which  the  transversals  cut  thc$i<l«* 
so  that 


r 
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^/  =  ^//>  h  =  ^//»  ^/  =  *//• 

In  the  first  place,  since  from  elementary  geometry  it  is  clear 
that  the  transversals  cut  the  sides  in  the  same  points  as  the  in- 
scribed circle  touches  them,  it  is  easy  to  construct  the  triad. 
It  is  also  evident  that 

(«)       («)  («)       («) 

a,  =  c^,  =  i  {a  —  b  +  c);  b,  =  a^^  =1  i  {a  -{■  b  -^  c) 

(«)        («) 

(«)  re) 

•••  a,b/:,^a,Jb„c„  z:  i  (—  a  -h  6  -f  e)  (a— 6  +  r)  (a  -f  6  — |c) 

=r  , =  r.  A 

that  is,  the  rectangular  parallelopipedon  contained  under  the 
non-contiguous  segments  of  the  sides*  is  equal  to  a  prism  whose 
base  is  the  triangle,  and  altitude,  the  radius  of  the  inscribed 
circle. 

XXXII. 

The  extremities  o^  £,  f,  of  the  transversals  being  joined, 
the  triangle  thus   formed  will  have 
this  property, 

r.   A     =  2R  .   A  DEF, 

This  was  demonstrated  by  Feuer- 
bach,*  and  from  it^  it  follows  that 

(6)  (6)  (fl) 

0,6/",  =  ^tPtftf  =  flR  •  A    DEF 

that  is,  the  parallelopipedon  contained       b 
(as  above)  by  the  non-contiguous  seg- 
ments of  the  sides  is  equal  to  the  prism  whose  base  is  the  tri- 
angle inscribed  in  the  original  triangle,  and  altitude  the  radius  of 
the  inscribed  cirele. 


XXXIII. 

Since,  in  every  case 
(_  a  4-  6  +  cj  (a  —  t  +  c)  -I-  (—  a  +  b  ^r  c)  [a  Ar  b 

+  (a  —  A  +  c)  (a  +  *  —  <:)  = 

a  {—a  Vb\c)Jth{a  —  b  -^r  o)  \  c(a  \  h  —  c), 

we  get  the  following  equation  : 


-c) 


♦  See  Feuerbach,  in  the  above-mentioned  wor!f,{^.  6.) 

/*2 


I 

J 
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.  («)  _  (0) 

i(— fl  4-  fc-f  c)(a  — 6  +  c)  +  I  (—a  +  6  +  c)(a  +  *— c)  4- 

I  (a  —  i  +  O  (a  +  6  —  c)  IT 

^  [a  (_  fl  4-  A  +  c)  +  i  U  —  A  f  c)  4-  c  (a  +  6  -  c)")  = 

(6) 

I  [ar^  +  ha,  +  cij 

that  isy  the  sum  of  the  rectangles  contained  under  the  non-con- 
tiguous  segments  oi  the  sides  is  equal  to  the  half  of  the  sum  of 
the  three  rectangles,  each  of  which  it  contained  under  one  side 
of  the  triangle,  and  the  preceding  non-contiguous  segments  of  a 
side. 

XXXIV. 

The  following  equation  is  evidently  true : 

(— a  4-  6  f  c)(a  — i  +0  +  (-  «  +*  +  ^)(a  +  6  -c)4- 
{a—b-\-c)(a-\-  b-^c)  =  2  (aft  +  ac  4-  ic)  —  (a«  +  t^  +  c^ 

whence 

(6)  (9) 

a,h,  4-  afi,  4-  hfi,:=^a,fi„  4-  a,/:,,  4-  h,fi„  zz  r  (r,  4-  r,,  4-  r,„) 

that  is,  the  sum  of  the  three  rectangles  contained  under  the  non- 
contiguous segments  of  the  sides  taken  two  and  two,  is  equal 
to  the  rectangle,  one  side  of  which  is  the  radius  of  the  inscribed 
circle,  and  the  other  the  sum  of  the  radii  of  the  three  circles 
which  touch  the  sides  of  the  triangle. 

XXXV. 

Since  in  every  case 
a  {a  —  b  +  c)'  {-  h  {a  '\-  h  —  c)  4-  c( —  a  -^  6  +  c)  = 

a  (a  4-  /;  —  v)  -\-b  ( — a  4-  /-*  4-  rj  4-  c  (a  —  6  +  c) 
z:  a-  4-  i^  4-  <^  we  find  that 

aa,  +  bb,  4-  cc,  =  na„  +  bb„  4-  ce„  =  i  {a*  4-  i^  4-  c«) 

that  is,  the  sum  of  the  rectangles  contained  under  each  side  of 
the  triangle  and  one  of  its  segments  is  equal  to  the  sum  of  the 
other  three  rectangles  contained  under  each  side  of  the  triangle 
and  its  segment. 

Cor*  Since  it  is  evident  from  the  thing  itself  that 

aa,  4-  bb,  4-  cc,  =  aa„  4-  bb„  4-  cc„  z=  {  (a*  4-  *•  +  «•) 
and  since  from  the  elementary  proposition,  quoted  [22>  wc  have 
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(«)  (1) 

as,  +  bb,  +  cc,  =  aa„  +  bb,,  +•  cc,,  =  f(a*  +  6»  +  c*) 

it  follows  that 

(1)  (I) 

(3)  (3) 

=  a^^  -h  bb,  +  cc^  =  a«/,  +  o6^  +  cc^, 

(J)  (T) 

=  aa,  +  66,  +  cc,  =  aa„  +  66,,  +  rc„ . . .  ,(38) 

XXXVI. 

It  is  easily  seen  that 
abc  —  a  (—  a  +  6  +  c)'  —  *  (tf  —  6  +  c)»  —  c  (a  +  &  —  e)* 

=  {—a  +6  +  c)(a  — 6  -f  ir)  («  +  6  — c) 
wherefore 

(6) 

tfc/+6a/  +  c6,2  =  fl^c— I  (^^a  +  ^  +  r)  fa— 6+c)(a+6— c) 

^  a  -f  0  -r  c 

that  isy  the  sum  of  the  three  rectangular  parallelopipeda,  each  of 
which  has  one  tide  of  the  triangle  ior  its  altitude,  and  the  tquare 
of  the  non -contiguous  segment  of  the  preceding  side  for  its  base, 
is  equal  to  the  prisnl  whose  base  is  twice  the  triangte,  and  alti* 
tude  is  the  difference  between  the  diameter  of  the  circumscribed 
and  the  radius  of  the  inscribed  circle. 
Cor.  Hence 

(«)  (6) 

ac/  +  baz-hcb,^  +  ^(^/lf,c,  +  2  z=zab,;^  +  be  J  +  ca^;^ 

+  a„b,^€i,zz  4R  .  A  =  a6c. 

XXXVII. 

If  a  circle  def  he  inscribed  in  the  original  triangle  (Fig.  14.) 
and  the  triangle  pef  be  inscribed  in  this  circle,  then  necessarily, 

Q£  .  DF  .  ^F  3:  4r  A 
and  therefore 

(«)  (•) 

DE  .  DF  .  £F  ::::  4a,  •  6,  •  C/  (31) 

that  is,  the  parallelopipedon  contained  under  the  lines  joining 
the  ends  of  the  transversals  is  equal  to  four  times  the  parallelo- 
pipedon under  the  three  non-eontiguous  segments  of  the  sides. 


(  ^  ) 


XXXVIII. 
The  seventh  and  last  triad  is  that  where 

(7)  (7)  0)  (7)  (7)  (7) 

and  is  intimately  connected  with  the  preceding.  For  it  is 
easily  seen  that 

(7)  (7)  (7) 

«/  =  i  («  +  *  — 0,ft/=  f  (— a  +  6  +  c)  c,{a—  6  +  c) 
wherefore 

(7)  (6)     (7)  (fl)        (7)  (6) 

a,  =  a,,   6,  iz  b,„  c,  =  c„ 

that  is,  each  of  these  triads  becomes  the  other,  when  the  seg- 
ments of  the  sides  are  interchanged*  Wherefore,  I  shall  not 
dwell  longer  on  this  triad. 


XXXIX. 

Let  me  be  permitted  to  add  in  this,  a  proposition  which  has 
reference  to  transversals  intersecting  one  another  in  the  same 
pbint. 

If  from  the  vertices  abc  of  any  triangle,  ai,  ak,  hb,  bc, 
CH,  ci,  be  drawn,  so  that 

L.   BAR   zr    Z.  CAI  ;     L    ABK  =    Z.  CBH 
Z.    BCH  =   Z.   ACI  : 

then  the  lines    ah,    bi,   ck   will    pass 

through   the    same    point.      For    it    is 

evident  that 

Ai  :  IF  :  :  sin^  aei  :  sin  ^ 
IE  :  CI  : :  sin  ^„     :  siniEC 
CH  :  HD  :  :  sin  cdh  :  sin  ^„ 
HD  :  BH  : :  sin  0,      :  sin  bdh 
BK  :  FK  : :  sin  bfk  :  sin  ^, 
FK  :  AK  : :  sin  ^        :  sin  afk 

•••      AI.  BK.  CH=:  AK.  BH.CI 

and  therefore  since 
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31  :  CI  : :  tin  (c  4-  ^//)  :  sin  b 
Ai  t  Bi  : :  sin  b. 


'// 


sine. 


:  sin  (A  +  0,,) 

CH  :  AH  ; :  sin  h„  :  sin  c   +  ^„) 

AH  :  BH  : :  sin  (b  +  ^^  :  sin  k, 

ck:  ak  ::  sin  (a+  >)    :  sin  c^ 

BK  :  CK  : :  sin  c^,  :  sin  (b  +  ^/) 

BK  •  CH  :  AK .  BH .  CI : :  sin  h,,,  sin  3^^  sinc^^ :  sin  k,  lin  B^ 
ivhcnce  since 


AI  .  BK  .  CH  =   ak  •  BH  •  CI 

sin  K,  sin  b^  sin  c^  =  sin  k,^  sin  b^^  sin  C/^ 

and  therefore  the  transversals  ah,  bi,  ck  will  pass  through  the 
same  point.  (3  Cor.) 

Sch»  The  demonstration  shews  that 
the  proposition  will  hold  goud  if  the 
lines  AX,  ak,  &c.  be  drawn  to  the  inte- 
rior of  the  triangle. 

Cor*  1.  Since  the  angles  0,  ^^  9^,  are 
arbitrary,  it  is  plain  that  it  is  possible  to 
make 

9  -f  i  A  =:  0,  +  I  B  =  ^„  +  i  c  =  90^ 

and  then  ai,  ak  ;  bh,  bk;  ch,  ci  will  either  form  (by  twos) 
straight  lines,  or  there  will  be  a  triangle  hik.       ' 
But  from  the  hypothesis 

0  +  iA  +  0,  +  iB  +  9,^  +  ic  =  8R 

•••  0  +  ^/  +  0//  =  ^«* 
Besides 

^   +   ^,  +  K  =  0  +  ^,,  +   I    =  ^,  +   9„  +   H  =  2R 
V  0  =    H,0,  =   I,^/,  =   K 

and  therefore  circles  may  be  inscribed  in  the   quadrilaterals 
ABHi,  ACHKand  BCiK.     Wherefore 

Z.  CAH  =  Z.  HKC  =:    Z.  BIC  =  Z  BAH   =  |  A 
V    Z.  HAK  =    Z.    HAI  =  90** 

Similarly 

Z.   IBH   =   Z.  IBK   =:    Z.    KCH  =L   Z.   KCf 

that  isj  the  transversals  meet  the  sides  of  the  triangles  abc,  hik 
at  right  angles. 

Cor.  2«  Since  it  makes  no  difference  which  we  consider  as  the 
original  triangle,  we  easily  obtain  this  theorem :  If  from  the 
angles  oi  any  acute  angled  triangle,  perpendiculars  be  let  fall  on 


<    9«    ) 

the  tides,  the  common  poiiit  of  the  perpetidicuhrs  will  be 
centre  of  the  circle  inscribed  in  the  triapgle.fonned'byjoj 
the  feet  of  the  perpendiculars. 

There  are  many  other  properties  of  the  sainekind,  which: 
coo  well  known  \C  induce  me  to'dwetl  on  them. 
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W.  GlendiiDiiioc,  frinter,  25|  Hattoii  Garden,  Londan. 
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CAMBRIDGE  PROBLEMS- 


SB 


THE  SENATE-riOUSE  PROBi;.EMS, 

Cf  cfAi  to  the  Candidates  for  Honors  during  tie  Examination 

for  the  degree  of  B.A. 

By  THE  two  MODERATORS. 


Moderators, 

,      ■      • 

Mr.HAHSON,  Caius.        Mr.  King,  Queen's, 

Examiners,         . 

Mr.  Miller,  St.  J<rfin's.         Mr.  Bowstbad,  Corpus.' 


Friday  Morning.— ^aff«ar)f  15,  1830. 

9  o'clock  to  II. 
Firsts  Second,  Tkird^  and  Fourth  Classes. 

$ 

*  '  I  •  •  9  M  ^  m 

1.    In  any  r^ht-angl^  triangle,  the  square  which  is.  d<>> 
scribed  upon  the  side  subtending  thp  right  angle,  is  equal. to* 
the  sum  of  the  squares  described  upon  the  sides  containmg.the 
right  anpl^*  .v     .    .  t  ,.  .   .  .4,,:,. 

9.  The  sides  about  the  equal  angles  oie^iatig^lar  triangles 
are  proportional,  and  those  which  are  opposile  to  the.  equal  a»T. 
gles  are  homologous  sides.    ;  ,'    *     • 

3/    Divide  iji3ft  feet  9  -^  inches  by  81  feel  9  inches. 

4*    Find  the  amount  of  an.  annuity,  (yf J  in  n  y«ars;.land  the 
present  worth  of  <£i40.  per  annum  for  ever  at  5  per  cent.- 
.  5.    In  any  number^  if  a  point  •  be  placed  over  every  third 
digit,  beginning  with  t^epnei^n  the,  right  hand,  sbewshal  the, 
number  of  digits  in  the  cube  root  is  equal  to  the  number  ef  such; 
points ;  and  extract  the  cube  root  of  3t8.6s199.to  a  places  o£ 
"^  decimals. 
'^     ».    Investigate  a  rule  for  finding  the  greatest  conunon  measilffo 

roL  VI.  a 
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of  any  twQ  algebraicjtl  qmnUUes^  aa4  ^hew;  th^i  ^  f^tp;  pf  anf 
divisor,  vrhsch  i»  contained  in  the  eorresponaitig  dtviiBoi^  may 
be  removed  without  affecting  the  result. 
7*     Solve  the  following ayiariong-; 

(0    v/x  -♦-  16  =  ft  -f  \/x, 

(3)    ViTTlPi^^Mi i -r «/ W>. V I  —  «•• 

8.  The  coefficients  of  the  terms  of  an  expanded  binomU 
are  whole  nunib«i>»,  ivlM»  tits  index  is  it  whoK  number ;  and 
the  coefficients  of  the  terms  equidistant  from  the  exuemes  ate 
equal. 

9.  If  two  magnitudes,  when  'subttitpted  for  the  unknown 
quantity  in  an  equation,  ffive  resuhs  affected  with  different  signs, 
an  odd  nupiber  oi  roots  Ue  between  them ;  but  if  they  jpve  re- 
sults with  the  same  tign,  efther  no  root  or  an  even  number  of 
roots  lies  between  them. 

10.  An  equation  of  m  dlmehsiohs  has  n  equal  roots ;  shew 
how  lOiiiod  them  l » Wd  ^^I^A  th^  equation  :  1 . 

X*  +  13X'  +  33JC*  +  81  +  10  =  a» 

which  has  three  equal  roots*    ' 

11.  Prove  that  in  any  system  of  logarithips 

log  MN=z  logJIf  +  logi^f  J9g  y  ^  logAf  —  log  JV, 

Explain  the  advantages  of  Briggs's  system,  and  having  9  table 
cemtiHkicd)  fdr  one  ^]^8t«m,  gt^d  fbelriethod  of  constrac(inga 
tablefor  a  diflfe«>M  iyHem.  '    *'  , 

'  il2f  -^iisut  fihe  sides  of  (I^/^um  aHd'^ifference  of  two  arcs  in 
terms  of  the  sines  and  cosines  of  the  arcs  themselves. 

« "ig* '  'GI«e^'lh6'S[(ks  of  a  plane  triangle,  find  the  cpsine  of  an 
aniglel^'ipireMi^l^fM^tilaE^  adapted  to  fogaritfmiic  computation 
for  the.  solution  of  the  triangle^  and  explain  which  ; of  tU'CAi^- 
thods  is  besi  in  paiiticulaf  <SMes.  ' 

14. -  ^Given  tan  A^  tan  S:'.  •  •  .ftnd  \m{A  4  B  -y-.. ..)  and 
thence  dlMitt  CO  fad  f^.  •«•  .. 

'  Sij,  .'Prov6  Nwpw's  f«ite  for  the  sohition  of  right-an^W  tii- 
anpigl^^w)iMt>Beof'the  Sides  i>s  thbrh^didlj^  pari;  ^nd  hx^^ 
gl^dii  ^onM  ii<l«  taii4  tin  ait^^le 'Opposite  t6  It,-  ^ivetfse  trian^e, 
Snd'^UfVA  w4its0er  tliere  is  any  ^tiibt^tlity-'' 

16.  If  the  distance  of  any  point  P  from  a  fixed  point'.^  be  iff 
a^f^n^ratio'fto  t(s  ^ialan^' jpVl3  from  affixed Ihie.  tai  the  rect- 
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«ngolar  t!q»« joo  lo  the  4ooui  bf,  F,  aoewding  a*  .SP  n  VfMl  », 
lew,  or  arealer  tha«  PM* 

tj.    In  tne  ellipse,     ■  j^y\  ■  —  gjji* 

18.    InVeittotfe  k  rttle  fcUirtrt*r<ftte1hg  TigWberi  frott'ooe    . 
scale  of  notation  to  another,  and  tWfaslirta  4H.36  frOM  th«i  de- 

T^ri; %ttif^^t%i{t  ^  i  4- 1^^..  i .)-.  *.ia  tl*  CO. 

by  W,  thftiA*^* -- i  i*  divisible  by  »n.  .      .u»«,wi»* 

21  Find  the  equation  to  a  straight  line  pa«Mi«  thrdhWl » 
*kthptnnl.  and  cuttint  a  ^rert  straight  »«*  «  *g^«"  **g'*- 
Lc^uired  also  the  co^brainifii  bf  Ihfe  porat  <A  iflt6r»etH6ft; 

"tRf DA"*  AtTElifebttit . . . .  .Hill-pttll  <S  to  8- 

■   tirst,'Seconl  fii^l' and  foud  ttassili:      . 

,  ' A  cori  baisifig  ttlind  i  fiied  t)»irft  Ik.  flraWfi  iti  diffifent 
dirVctipn.  b7t>?o  equal.  f6rt^  ^t^iX  a  i^^  kn^!fc ;  ««<<  ftt 

^Tl£^  CUd  <yf  gradU^tirig  fti^t^iiibi,  «eel^«. 

b      Find  the  relation  between,  the  power  and  the  weigTit  W WHi      . 
Jre  is  an  «qulf!brium  o'n  the  tnclih<rd  bUttt.       ,   ^^  _      . 

^  two  b6di*»  Whosft  cftmtfioii  clastit.ty  is  i,  rtioVWg  With 
aiven  velocities,  impinge  directly  upon  each  other;  it  is  rt^ittd 
to  determine  their  velocities  after  impact. 

f  Define  .^«rf>lfc  ^rik^/y ;  What  is  tirf  relation  between 
the  weieht.  vqW,  and  specific  gravity  of  any  subtance  ? 
Explain  the  meaning  of  tbc  numb*s  given  m  tables  of  specific 

■ 

^eT'^befeorflie  NiolwlW*  Hydronii|ter.  and  ahew  how. the 

aDC«t««!  Jtw^tty  x»f » fWid  pay  be  found  by  it. 
•^^t    BiSaih  the  ei.p*rki.«nt  by.  wliich  «ti8  ascertained  tliat 

tbfc  d^i^  of  *ir  is  Vp«»ti««»l  to  ^  force  witch  com- 

**  a^Describc  the  common  pump,  and  find  the  Uast  play  oT 
the  jiiston  which  will  enable  the  pump  to  work,  the  lower  valve 
V\Ax\o  at  the  suriacv  oinhe  waiter,  ,       .  •      - 

Q*  Having  feiv<?n  the  position  of  an  ol  ject  placed  between 
tw2  *lanclnir.or,.  inclined  to  each  other  at  a  given  angle,  find 
the  dbmb^  and  position  of  th«i  images.  ,.     ,    , 

^X  Diverging  rays  are  intidenj  .early  perpcu  Jicularly  upon 
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a  given  spherical  refractiog  surface ;  having  given  the  focai 
of  incidence^  find  the  focus  after  refraction^  and  prove  thx 
the  conjugate  foci  move  in  the  same  direction  upon  the  axis  of 
thesurtace. 

ti.  Explain  the  construction  of  the  divided  object  glass 
micrometer,  and  shew  its  use. 

18.  Enunciate  and  prove  Newton,  Ltmma  o.  I 
,  18*    A  body  is  projected  round  a  centre  of  force  varying      | 

as  the  distance,  with  a  given  velocity^  in  a  given  direction; 
find  the  magnitude  and  position  of  the  axes  of  the  orbit  dc* 
scribedj  and  also  the  periodic  time.  Newton,  Prop.  x.  Cprs.  | 
and  a. 

%A.  A  body  revolves  in  a  parabola,  .find  tl^e  law  of  the  forcf 
tending  to  the  focus.    Newton,  Prop,  xi ii. 

ij.  In  different  conic  sections  described  round  the  same 
centre  of  force,  situated  in  the  focus ;  the  latera  recu  are  at 
t(ie  squares  of  ttie  ^^s  described.in  a  gJLVW  time.  Newton, 
Prop.  xiv# 

t6«    Explain  what  is,  meant  by  the  error  0/  ike  fine  of  coH* 
.  maiion,  and  shew  liow  it  may  be  avoided. 

17 «  Haying -given  the  sidereal  tin^eof  any  phaenQmenon, 
find  the  corj;esponding  mean  solar  time, 

|8.  Find  the  latitude  of  the  place  of  observation,  from  two 
e(iual.altitud€S.of  the  sun  before  and  after  noon,  and  the  time 

between.  , 

19.  Determine  the  precession  in  north  poUr  dif  tance  ai|d 
rig^t  a^ensfOQ*  and  shew  when  it  if  additive  ^andwl^n  sub- 
tracflve. 

EVENING  PRQQLEMS. 

^.    Find  the  value  ol  ■  .  -  .    —  ^ ,  when  0  =  o. 

fl«  A  person  spends  In  the  first  yea^  m  times  the  interest  of  . 
his  property,  in  the  second  tm  times  that  of  the  remainder,  in 
(he  third  3m  times  that  at  the  end  of  the  second,  imd  so  00  j 
and  at  the  end  of  2p  years  he  has  nothing  remaining ;  shew  that 
in  th^  p*^  year  he  spends  as  much  as  be  has  left  at  the  endo^ 
that  year. 

A 

q.    Given  tan  0  +  tan  fi  +  tan^  =  1  +  "—s 
^  V3 

tane  .  tan<>  +  tan'fl  .4'  -*-  tan(p  .  tan^^  =  *  +  "/=- 

tan  0  •  tan  f  I  tan  4"  =  1 . 
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find  e^  ^,  and  4"  f  and  sum  the  series* 

(.ec «)•+  (i  sec  1)'+  (i.  ,ec  A J+  (i ^cl.)*  +  ..adif^f, 

4*   •  In  any  polygon  with  n  sides  ^i-rf,,  -^2^3,  .  .*. 

respectively  represented  by  a^»  a,  ••••••  prove  that 

a^mA^—a^siniA^  4- //J  +«5sin(^^  ^  A^  +  A^)-^  •••• 

±a^ism{Aj^'\'A^  +  A^ •  +  ^^i)  =:  o. 

5*    A  ray  of  light  is  retracted  through  a  prism^  the  angle  of 

which  is  60^  and  index  of  refraction  v/s,  so  as  to  undergo  the 
lea^t  possible  deviation ;  determine  that  deviation.  Shew  also 
t^ai  no  ray  can  be  directly  transmitted  through  9  prism  of  the 
same  refracting  power  when  the  ajigle  exceeds  90*. 

6.  li  aX  +  bY  +cZ  zz  0}  where  Jf  =  ax  +  a^x^  +  a^. 

thenjr»+y«-hZ» 

(4^1— *ic)«  +  (a^c  —  ac^f  +  (tf^i  — «i*? 

7.  Trace  the  curve  the  equation  to  which  is  jf  =  e^'^.and 
express  in  a  series  the  area  which  recurs. 

8«  A  perfectly  smooth  rod  in  a  vertical  plane  revolves  uni* 
formly  round  a  vertical  axis,  and  a  ring  placed  on  it  is  attracted 
to  4  horisontal  plane  by  9  force  varying  as  the  distance  in  addi- 
tion to  the  uniiotifi  force  of  gravity ;  required  the  form  of  the 
rod  that  the  ring  may  remain  on  wnatever  point  it  is  placed. 

9*  An  ellipse  may  be  constructed  so  that  if  any  abscissa  be 
taken  to  represent  tl^e  aberration  in  lonntude  of  a  ^iven  star, 
the  correfponding  ordinate  will  represent  the  aberation  in  latitude* 
co-ordinates  be^ng  measured  from  the  centre  along  the  axes ; 
prove  this  and  determine  the  axes. 
'-    lo.    The  eqaattoii  of  a  projectile  is 

y  =2  ax  +  ^  hyp.  log  (1  —  hx), 

gravity  ( ::=  g)  acting  parallel  to  the  axis  of  y ;  shew  that  the  re* 
distance  =:  x  .  velocity. 

1  %m    Find  the  volume  of  a  solid  the  equation  to  which  is 

«=  c    • 
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and  .nteg«te  — -^j  .       dfl._-__. 

19.  A  (AtCnhr  itctbt  rt^dl^es  through  any  angle  round  one 
«f  ut  «xtriiiie  r^ii ;  find  the  tenttt  of  gravinr  of  cfae  Mli  gd* 
nerated^  k»  den^ty  varying  as  .thd  it***  p0wer  dt  ibe  iiisiaaee  from 
the  centre  of  the  circle* 

13*  In  ihh  above  ca^e,  supposing  the  anglfe  of  the  sector  slnd 
*6  ^trgit  thhiugh  which  it  tas  i-fcVof^ed  to  Wmain  the  ttrte, 
pvovt  that  as  the  radius  VitieS  the  tnotfoh  of  the  centre  of  p^vhf 
will  l)t  tA  K  plart6  pa^isiil^  thfoug^  the  cemrd  6f  tht  circle ;  find 
the  line  of  motidti,  and  tne  equation  to  th^  |ilanei 

t^  Wat^ritsues  irom  thcf  iiorizdinal  suffiic^  oT  a  fouotiia, 
at  aa  aiM;!^  a,  %vith  si  velocity  .'due  10  ii  tbTodgh  ft  circular  an* 
ilttlui  ofwhich  the  radius  is  r  :  f^  is  the  volume  contained  by 
the  surface  of  the  fountain,  the  ascendinff*  md  tka  desenidio| 
stream ;  and  V^  by  the  surface*  the  ascending  stream  and  a  plane 

pr 
touthipglt  at  the  highest  foim :  prove  thai  py  is  constant  when 

a 

ig.  A  bodjr  (iete<i  m  by  ^vitf  68ti!!aM  Inn  carve,  and  a 
^fit^  ef  giv^rt  letigth*  svspefided  fnom  the  hotiteiftat  o^tliAst« 
^^1y^«  the  tnotfon  cotmneAcei^,  is  dividtd  by  the  orditttite  at  Ach 
point  iilto  two  paits  ptop^rfiottal  to  tfa^  two  parM  of  the  xeh^ 
at  thskt  jpoittt  kAsltig  ir^rti  fhe  Centrifugal  forced  abd  fr^Mii  ^vity. 
y^hit  ts  the  tttrvfc. 

i«.  A  pHriftrt^fofd  iftfVOlvfi&g  tOixM  its  Mii  iftrflea^  k  body  P 
ift  K  Areetiofl  peirpenditttl^  to  the  radium,  and  P,  teiftg  af- 
liMted  to  tht  imelMtitiOn  of  th^  radium  atfd  axi«  by  ^  f&¥Ct  ^m)" 

ing  at  -n ,  after  impact  dctdribet a paribola  of  «be  saitie  diaico^ 

sions  as  the  genehuing  on^    DetferiUine  the  velocity  of  rotation 
and  the  point  of  impact. 

if.    A  given  opaque  Ipfaere  a(nd  A  gtvefi  tuMiiftoul  ftLtJMtiA 
of  revolution  have  their  axes  in  the  same  lihe;  the  dittatt^be* 
iweetl  them  being  krtOWA,  tledtice  the  equtftioti  to  the  suffice    I 
of  the  shadow,  and  find  the  iotm  of  the  shadow  thrown  00  a    | 
given  plane, 

18.    In  the  scries  of  quantiti«ni  A^fA^^A^^..  •••• 

if  il J  =:  r  tan  f  sin  r—  +  a  j ,  i^g  =  r  Cao  r  sin  ^  +  •  )• 


J 


and  the  remaining  ones  be  derived  according  to  the  fc^QWing 
law?  .  .      »  - 

19.  If  Ay*  +  J?jry«  +  Cxy  +  D**  -i^  Ey  +  Fx  ±:  o  be  the 
equation  to  4  ci^Fvej  5y"  +  Cj^  +  gJDj|^  +  f  ;?  4  ^  t^e  equa- 
tion to  a  parabola  which  bisects  all  the  chords  parallel  to  the 
axis  oi  X.       . 

aBy*  +  Cy  +  2Dx  •{-  F  =  o  and  Cy  +  ^Dx-f-  F  ^^  o  fve 
eqtiatiotisto  a  parabola  and  straight  line  which  ar^  assymp^pi^^ 
to  the  curve. 

The  two  parabolas  ^Itd  the  straight  line  have  a  common  sqij^V 
of  contact  in  the  bi'section  of  that  ch9rd  which  passes  t])fpyal^ 
the'origiri.  V.     '  .    *  \  i.l       i 

29.  If  a  penddtMfti  of  length  t  vibrate  in  9  small  cir<;ular  j^rd 
in  a  medium 'bf  Which  the  resistance  21  kv*to  velocity  v^  ^d  fi  4 
be  th^  arc  described  from  the  commencement  pf  a  vibratipii  ti) 
the  point  where  the  velocity  is  greatest' when  the  friction  at  the 
axis  of  suspension  is  taken  into  aocoQUlU  .and  ^  the  correspond* 
ing  arc  when  the  friction  is  deglectfidy  p^^  that 

g 
f  being  the  constant  effect  of  friction^  ai)d  g  ^rayityw 

ai.  Two  planets  P^t  Pg  revolve  in  circular  orbit's  at  the 
distances  r.,  r^  from  the  sun»  an4  whea  they  appear rttationary 
to  one  anotnqr  90^  P^s  qlpng^tidn  seen  frpfn  t^  ;^  |  ta^  d ;  shew 

that  it   =:  I  tan  i  .tana  •    3i    1  ^    : 


fj  "  s  .    ■'       .  I       .0 


sa. 


Jx  +Sy  +  C«  2:0/         .  ^'J  '^s  ii^   1 

4fxTJy^(yz^  of  "^  *«  PW^-iWM  HT  ita  places 

in  which  two  planets^ ipove,  Appl^  tl^em  t^  ^nd  the  inclination 
of  the  Qi;bi^s  t,Q  on^'  <^i6tber^  iii  terms  pf  their  ia<:Iifi9ti9Pf  to  |^e 
ecliptic  an4  P.f  tne  longitudes  of  their  ascending  npde$j  thf  fr^^ilh 
tic  beiii^  m  Ae  jl^ne  pf  or  apd  ^. 

a3.'  ItUne  earth  be  ah  oblate  spheroid  of  small  elipiicit|: 
yi\\^  SMniraytif  ^?^f}4  ftf  <He  ratio  of  ^hQ  rpfan  density  tpithat  at' 
the  surface  is '    *    *  .    •;!       : 

■   -^  ft  — *  >  ^'  ■^' -^  very  nearty, 
/c«a*V  3tanAi  Jl       ^  -^^ 

assuming  the  density  to  be  yniform  throughout  each  spheroidal 

it^tum  at  the  same  distai^  frpif  the  evil's  sarfaoe,  a^d't^  Vtey^ 
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as   at  diflferent  difUxices,  where  il  is  a  constant  quaotiijr 

'  .  •  •  • 

and  r  the  polar  semi-axis  of  the  surface  of  equal  density. 

24,  Explain  the  theory  of  the  interferences  of  hght,  and 
determine  the  colour,,  origin*  and  intensity,  of  a  ray  resulting 
from  the  interference  of  two  similar  rays,  differrng  in  origin  and 
intensity. 

Saturday  Morning 9  o'clock  to  11. 

First,  Second^  Third,  and  Fourth  Classes. 

1.  Similar  triangles  are  to  one  another  in  the  duplicate  ratio 
of  their  homologous  sides. 

8*  It  two  straight  lines  jmeeting  one  anothert  be  parallel  to 
two  straight  lines  which  meet  one  another,  but  are  not  inth^  same 
plane  with  the  first  two^  the  plane  which  passes  through  these,  is 
.   parallel  to  the  plane  passing  through  the  others* 

3.  If  y  =  ax  +  2,  and  yzzax-\-  b\  be  the  equations  to  two 
straight  lines  in  the.  sanie  plane ;  prove  that  the  cosine  of  the 
angle  contained  between  them  is  equal  to 

,         i  4"  aa' 

Ji       A         'ji 

4.  ^f  "tT^  »^  ^  &Q-  Tp  be  a  series  of  fractions  approxi- 

A 
mating  to  ^  shew  that , 

5*    Resolve  «*  —  1  into  its  simple  and  quadratic  (actors. 
6.     In  a  spherical  triangle, 

cot  a  •  sin  6  r:  cos  h  •  cos  C  -V  ^iu  C «  cot  A* 
7*    If  CB  and  CD  be  semi-conjugate  diameters  of  an  hyper- 
bola, prove  that 

CP^^CD\^AO  -^BO. 
8.     Investigate  Napier^s  analogies ':  shew  for  what  cases  in 
the  solution  of  spherical  triangles  they  are  applicable ;  shc^r 
also  how  these  cases  may  be  solved  by  the  aid  of  Napier's  rules 
alone. 

9*    Shew  how  to  find  the  number  cotrespbuding  to  a  given 
*  logarithm  not  lound  exactly  in  the  tables. 

ID.  Ifd,  &andrbe  three  whole  numbers  taken  in  success 
sion,  prove  that  Nap.  log.  &  rr 
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^hd  shew  the  peculiar  use  of  this  formala  in  finding  the  logarithmi 
of  prime  numbers. 

1 1.  From  the  equation 

y*  —  ay  +  *  =  o, 
find  y  IS  a  Aeries  ascending  by  the  powers  of  »,  by  the  Rafirsion 

of  Series. 

12.  Having  given  the  equation  to  a  plane,  and  the  co-ordi« 
nates  oi  a  given  point  without  it.  find  the  equations  to  a  ttraisht 
line  drawn  from  the  point  perpendicular  to  the  plane  ;  and  de- 
termine its  length. 

13.  Define  the  difleren  tial  co«e(ficietit  of  any  function,  and 
from  that  definition  find  the  differential  co-efficient  ofuvt  u  and  v 
being  functions  of  x* 

14.  Find  the  differential  of  the  siyface  of  a  solid  of  revolu- 
tion. 

ij.  Prove  Maclaurin's  theorem,  and  thence  expand  tan^^  ;t 
Co  5  terms. 

16.    Define  the  radius  of  curvature ;  and  sfiew  that  in  curvet 


(-  ^  %)' 


referred  to  rectangular  co-ordinates  i&  =:    -^5 :     shew 

also  that  in  general  the  circle  of  curvature  at  once  touches  and 
cuts  the  curve. 

17.  Integrate  the  following  differentials  : 

dx  x^dx         y—   J         J 1      dx     ,  .    ^  . 

^'•(**  +  4)    \/i— a?*  COS** 

18.  Trace  the  curve  whose  equation  is 

and  determine  the  number  and  nature  of  its  singular  points. 

Saturday  Apterkook.  Half^past  ir  to  3* 
FirsU  Second^  Thirdt  and  Fourth  Classes* 

1.  Find  the  centre  of  gravity  of  any  system  of  points  what* 
ever. 

a.  Find  the  resultant  of  any  number  of  forces  acting  in  the 
tame  plane  upon  a  rigid  body^  and  the  equation  to  the  line  in 
which  it  acts. 

3.  Investigate  the  equation  to  the  catenary  between  the  arc 
and  abtcissa ;  and  shew  that  the  tension  at  the  vertex  it  equal  td 
the  weight  of  a  portion  of  the  catenary  of  the  same  length  at  the 
radius  of  curvature  at  the  vertex. 

vol,,  VI.  ft 
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,4.  If  two  bodies  A  and  R  of  elasticity  e  impioge  directly  on 
each  other  with  velocities  a  and  h  respectively,  and  if  u  and  v  be 
their  respective  velocities  after  impact,  and  p  and  q  the  veloci' 
tics  lost  and  gained  respectively, 

then  ^a« -f  Bi«  :=:  ^««  +  Bo«  +    ^ll .  (^a»  ^.  Ba«). 

5.  Define  the  centre  pf  pressure^  and  find  it  in  the  case  of  1 
semi-parabola  immersed  in  a  fluid  with  its  base  contiguous  to 
the  surface. 

6.  Determine  all  the  positions  of  equiliWium  of  an  equilateral 
triangle  floating  on  a  fluid  with  one  ang!e  immersed. 

7.  The  compreflsing  force  of  the  air  varying  as  the  density, 
and  the  force  of  gravity  varying  inversely  as  the  square  ot  the 
distance  from  the  cc^ntre  of  the  earth,  find  the  relation  between 
the  density  of  the  air  at  any  altitude  and  the  density  at  the  earth'i 
surface. 

8.  Determine  th'e  form  of  a  surface  which  shall  refract  a 
pencil  of  rays  proceeding  from  a  given  point  accurately  to  an- 
other given  point. 

9.  £xplain  the  formation  ot  the  primary  rainbow,  and  she«r 
that  the  breadth  of  the  bow  =  radius  of  the  red  arc  —  radius  of 
the  violet  arc  +  the  apparent  diameter  of  the  sun's  disc. 

IG.  Construct  the  astronomical  telescope^  and  having  given 
the  focal  lengths  of  the  object  and  eye  glasses,  find  the  position 
of  the  eye  when  the  field  of  view  is  greatest* 

11.  When  a  body  descends  from  a  point  A  towards  a  cen* 
tre  of  force  S,  the  iorc^e  varying  as  the  distance,  shew  that  the 
space  described,  the  velocity,  and  the  time  of  motion,  are  respec- 
tively proportional  to  the  versed  sine,  sine,  and  arc  of  the  ciKle 
of  radius  6 A ;  and  find  the  time  to  the  centre; 

19.  Explain  Newton's  method  of  finding  the  angle  between 
apsides  in  orbits  neaily  circular,  and  apply  it  when  the  force 

z=  mA  \    ^. 

13*     Newton,  Sect  XI.  Prop.  66. 

14.  In  the  case  of  the  sun,  moon,  and  earth,  find  the  whole 
lorce  on  the  moon  in  the  direction  of  the  radius  vector,  the  orbits 
being  considered  in  the  same  plane. 

15.  Shew  that  the  centres  of  oscillation  and  suspension  are 
reciprocal,  and  explain  the  use  of  this  property  in  findingpracti- 
cally  the  length  of  a  pendulum. 

16.  Explain  fully  the  equation  of  time^  and  shew  at  what 
seasons  that  part  of  it  arising  from  the  obliquity  of  the  ecliptic  is 
positive,  and  at  what  seasons  negative. 

.  17.  Shew  that  the  inciiuation  of  the  ecliptic  to  tlie  horizon  is 
a  minimum  when  Aries  rises,  and  a  maximum  when  it  sets;  and 
explain  the  phenomenon  of  the  harvest  moon. 
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EVENING  PROBLEMS. 


I.     If  X  =z  m  .iznz  —  nx  where  x  is  small  compared  with  x, 

,               m           sin  «z  , 

prove  that  «  z:   —  .  ; r-  very  nearly. 

■^  2      win  4-  cos'2       ^  ^ 

a.  If  -Pi»^  .  x'^P,  — Pm-^  •  »'""*.  — P«i-r  •  a;"•"■^  -  &c. 
be  ihe  negative  terms  of  an  equa&ipn  of  m  dimeosions.  then  will 
the  greatest  root  of  this  equation  be  less  than  the  sum  of  tbe  two 

greatest  of  the  quantities  Pm^p^$  Pm-q^  f  &^* 

3*  a  and  b  are  respectively  the  first  term  and  common  dif- 
ference of  an  arithmetic  series, 

5m  the  sum  of  7|  terms,  '    ' 

Sn+i {n  +1)  terms,  . 

&c.  &c. 

prove  that  Sn+Sn^i  +  5  „4.«  f  &c.  to  n  terms 

n  h 

=  (3» —  i) .«  .  ~  4-  (7»  —  a)  •  (« —  1) .«.  g. 

4.  A  vertical  prismatic  column  the  horizontal  section  of 
which  is  an  equilateral  and  equiangular  pentagon  fs  cut  by  a 
given  plane ;  find  the  sides  and  angles  of  the  section. 

5.  Elitninate  by  differentiation/  f  -  j  and  ^  [xy)  from  the 
equation 

6.  Find  the  Iqcus  of  the  intersections  of  the  tangent  of  an 
hyperbola  with  the  perpendiculars  upon  them  from  the  centre  : 
determine  its  maximum  ordinate,  its  area,  and  the  angi^es  at 
which  it  intersects  the  axis. 

7.  Having  given  the  two  first  terms  of  the  expansion  of 

(a*  -+-  6«  -f  aaS  •  cos  fl)      in  a  series  of  the  form 

/^o  +  ^,  .  cos  0  -f  -rfg  .  cos  a6+  &c. 
shew  how  from  them  the  two  first  terms  of  the  expansion  of 

(tf*  4-  ^*  +  ^ab  cos  B)      may  be  determined. 

8.  If  5]  represent  the  sum  of  the  ordinatcs  in  the  quadrant 
(»f  a  circle  whose  radius  is  i, 

S^  represent  the  sum  of  their  squares, 

£3 • cubes, 

&c.  &c. 

provjc  that  S^,  .  S^  =  ^—  .  S^  .5,.  , 
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9*  A  straiglit  Iibc  revDlviog  in  its  own  plane  about  9  given 
point  intersects  a  curve  line  in  two  points ;  Qnd  the  curve  when 
the  rectangle  of  the  lines  intercepted  between  the  given  point 
aind  the  points  of  intersection  is  constant. 

to.  Prove  that  if  the  tangent  plane  to  any  curve  surface 
make  with  the  three  co-ordinate  planes  the  least  possible  volume, 
the  distance  of  the  intersection  of  the  plane  and  axes  fmm  the 
oritf in  »re  remaively  mx,  ^,  and  32^  x^  y,  and  z  being  the  to* 
ordinatts  of  tne  point  of  contact. 

II.  A  plane  is  so  moved  as  always  to  cut  off  from  a  given 
paraboloid  of  revokitioh  equal  volumts  $  dietemine  the  equatioo 
to  the  surface  to  which  it  is  always  a  ungentt 

IS.  Integrate  the  following  dififerentials  and  differpntia) 
equations : 

dx  ix  fix 

or*  -f  I     «*\/i  ••^  X*     \/a  —  a?—  \/x 

d^f  dv 

(««+  y")d*+xVy=o,  (I  +  x)  .  -i  +fl.g  =0. 

9^nd  ^Iso  the  following  equations  of  differences  : 

/(#')'r-/(ic)  =:  m,  and  u^  .  u^^^  zz  *• 

S3.  There  are  tivo  urns  w^  and  ii,  i|i^  former  containiiig 
three  white  and  the  latter  three  black  balls  •  a  ball  is  taken  from 
each  at  the  same  time  and  put  into  the  other,  and  this  operation 
is  repeated  three  times ;  what  is  the  probability  that  A  will  con- 
tain three  black  and  B  three  white  baits  ? 

14.  A  uniform  rod  rests  with  one  of  its  f  xtreraitiei  in  a  seflii'* 
circle  whose  axis  is  vertical^  find  th4  nature  of  the  line  sttppert* 
ing  HI  other  extfcmi^  ao  that  k  may  rest  iq  every  position. 

1  j.  Having  given  the  variation  of  the  obliquity  of  tke 
telip^ ;  6fid  the  corresponding  variatipns  in  right  ascension 
and  declination. 

i6.  Determine  the  lalkode  of  the  place  of  observation  from 
observing  the  times  of  the  rising  of  two  known  stars. 

17.  The  axis  of  a  given  cone  filled  with  fluid  is  inclined  at 
a  given  angle  to  the  horizon ;  find  how  much  of  the  fluid  will 
flow  out  and  determine  the  pressure  exercised  by  the  remainder 
ufon  the  conical  surface. 

i8.  A  body  attracting  with  a  force  varying  directly  as  the 
distance  moves  uniformly  in  a  straight  line ;  determine  the  mo- 
tion of  another  body  situated  in  the  same  plane  and  subject  to  its 
influence. 

19.  Determine  the  orbit  described  and  the  time  of  describing 
any  angle  when  a  body  is  projected  round  a  centre  of  force 
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varying  as  yrj-,  at  an  angle  whose  tangent  r:  ^,    and    wkh 

a  velocity  which  is  to  the  velocity  in  a  circle  at  the  same  dis- 
tance ::  v/2  ;  V^gjl 

fto*  A  body  descends  down  the  arc  of  a  vertical  catenary 
hftving  its  vertex  at  tbe  lowest  point ;  find  tlie  curt«  of  ascent 
when  the  oscillations  are  isochronous^  the  two  onrves  being  lo 
If nited  at  the  lowest  point  aa  to  hxvc  a  oompon  tancent. 

St.  A  corpvsde  is  attracted  by  two  straight  Tines  at  right 
angles  to  e^ch  other^  the  particles  of  which  attract  with  forces 

Varying  as  -rr^  having  given  the  position  of  the  corpuscle  and 

the  length  of  one  of  the  lines^  find  the  length  of  tbe  other  wbei^ 
the  direction  in  which  the  porpuscle  begins  Co  move  is  towards 
their  common  intersection. 

ftfi.  A  body  descends  in  a  straight  line  in  a  medium  whereof 
the  density  varies  9s  the  iqnare  root  of  the  distance  from  a 
given  pointy  and  is  urged  by  a  constant  force  tending  to  that 
point :  Snd  the  velocity  and  time  corresponding  to  a  given 
space,  supposing  the  resistance  to  vary  as  the  density  and  vdo« 
city  jointly. 

83.  A  body  descries  a  circle  of  given  radius  nnifomlv, 
ncted  upon  by  two  forces  each  varying  as  the  distance  and  witn« 
put  the  plane  of  the  circle ;  find  the  velocity  of  the  body  and  the 
position  of  the  planis  oi  its  orbit. 

94.  If  a  boay  revolve  in  an  ellipse  round  the  focus^  prove 
that  a  progressive  motion  of  the  apse  will  be  the  eflect  01  any 
cpntiQu^l  addition  of  force  ID  the  direction  of  ttie  radius  vedxtf 
during  the  progress  of  the  body  from  thp  higher  to  the  lower  apfc^ 
and  point  out  the  effect  on  the  eccentricity. 

a^.  Two  balls  connected  tqipBfefaer  by  an  inflexible  and  inex- 
tensible  line  a|re  constrained  to  move  the  one  on  a  horizontal 
plane,  the  other  on  an  inclined  plane  wliicfa  is  at  liberty  to 
move  freely  on  tbe  horizontal  plane ;  find  the  motion  of  the 
balU  and  of  the  ptane»  supposing  tbe  motron  of  the  rod  to  be  in 
a  vertical  plane. 

MOUNING  PROBLEMS. 
MoMSAv  Morning,  9  o'clock  to  1 1 . 

im  If  n  be  a  wliole  number,*  prove  that  —  .is  also  a 
Vfhole  number. 
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.   a.    The  jratio  between  the  area  of  an  equilateral  andcqui^    'i^i* 
angular  decagon  described  about  .a  circle,  and  that  of.  another.     .* 

8 

within  the  same  circle  is  equal  to  — ; • 

4  +Li. 
4  + 

3*    If  a  and  &  be  the  sides  of  a  plane  tiiangle^  J  and.£  their  *»  ^ 
opposijte  angles,  then  will  ;     .  •  ii 

hyp.  log*'^— *iiyp.Iog*  tf  =  cosft^^-'cosaf  %^ 

+  |{cos  4^  —  cos aB)  +  i-tcose/i  —  cos  6JB>  +..-..     *"  * ^J^ 

'  4*  Of  all  spherical  triangles  which  have  the  $ame  base  aii^^  ; 
equal  perpendiculars  from  the  vertex  to  the  base,  shew  that  tb^  ^*  .< 
isosceles  has  the  greatest  vertical  angle ;  and  from  tlie  result  prove.  . .' 
Am  the  same  is  tru^  in  plane  triangles,  y 

5.  Having  given         log  88oi  =  3.9445320  ^. 

jog  88pa  =:  3.9445|i4 
log  8804  =:  3.9440800 

log  8805^=7  3-9447«94  •  •  ** 

find  log  8803.     .  .  '  %, 

6.  Two  straight  lines,  which  are  alwavs  tangents  fo  a  giv^ 
parabola,  are  so  inclined  to  the  axis  of  x  that  the  sum  of  the  cor  - 
tangents  of  the  angles  which  they  make  with  that  axis  is  constant;  . 
prove  that  the  locus  of  their  intersection  i^  a  straight  line  paralkt  * 
tolHeaxis.  ":     ■'* 

7.  Find  the  surface  in  which  a  taugent  plane  always  cuts  t^ 

axis  of  z  at  distances  from  the  origin  proportipnal  ^to  —  {  91V} 

when  n  zi  t  give  to  the  arbitrary  function  that  particular  fprfp 
which  will  produce  the  equation  to  the  ellipsoid.'  •* 

are  the  eauations.  to  a  straight  line  ,aad  c^r^e  of  double  curva- 
voaiCp  fina  the  equation  to  the  surface  generated  by  a  straight  lin^ 
movbg  always  parallel  to  the  plane  of  xjf,  ^d  passing  thfongh 
the  straight  line  and  the  cur>'e. 
Q*    Integrate 

^  +a^yzz2'coBax, 

Z'-^px  —  yy  =  m(x  +  jf  +  2). 
IP,    Solve  the  following  equations  of  differences : 

A'jp  +  A'ar  +  Ax  zz  x^. 
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1 1;    Sum  the  following  series : 

' — --  +  — 2"  +   +  -^ +  ••••M  infinitum^ 

,1.3        4*6       7.9        lo.  12  '^ 

tec  0  •  cos  0  4-  4(8ec  d)> cos  sO  -f  i3(sec  0)^  cos  39 

*^   •  +40  (sec  d)^  cos  4  0  4-  &c.  to  n  terms. 

18  Find  sin  x  fioih  the  equation 
^ '  i^  I* .  sin  X  •  cos  cos  te  y  a  sin* xzzb^ 

*  9^  -  and  shew  its  use  in  the  solution  of  the  following  problem.  To 
.  im*-"  determine  how  much  theazimuih-of  a  known  star  on  the  horizon 
•-^^^^  i*»affected  by  refraction. 

*  ^f  .'^  <f  Jl3^  a  right*angied  triangle  vibrates  in  its  own  plane  about 
\  jC^i%axis  passing  through  its  vertex,  find  the  length  of  the  iso* 
^.  .^     ^  chronous  sim^e  pendulum ;  and  if  one  of  the  sides  be  slightly 

«^,^  'diminished  arid  the  other  as  much  increased,  determine  the  varia« 

%  ;tion  of  the  pendulum. 

;^       14.    If  a  hemisphere  and  paraboloid  of  equal  bas<^  and  simi- 

* .-.  lar  materials  have  their  bases  cemented  together*  the  whole  solid 

'will  rest  on  a  horizontal  pls^ie  on  any  point  of  the  spherical  tur- 

'  ^&ce  rf  the  altitude  of  the  paraboloid  =  a  |/    ^  ,  (a)  being,  the 

i|[^iui  of  the  hemisphere. 
15.     Prove  that  the  eye  cannot  be  achromatic  for  objects  at 
•  all  distances. 

"  ^  6.     A  body  is  acted  on  by  two  forces,  the  one  repulsive  and 

'  va^ing  as  the  distance  from  a  given  point,  the  other  constant 

afld^  acting  in  parallel  lines*    Determine  the  motion  of  the 

body. 

;  tj*    A  body  falls  towards  a  centre  of  force  which  varies  as 

^,.  in  a  medium  of  which  the  density  varies  as -jr;  ,  and  the 

resittaiSce  varies  aa  (vel^)^    Prove  that  at  any  distance-(r)  from 
the  centre, 

where  m  ==  force  at  distance  1,  A  =2  density  at  distance  1,  and 
a  r:*discance  from  centre  at  the  beginning  of  motion. 

i8«  A  uniform  rod  vibrates  in  a  medium  the  resistance  of 
which  varies  as  the  velocity ;  find  the  time  of  one  of  its  small 
oscillatioxij* 

Monday  Afternoon*  i  o'clpck  to  3, 

First  and  Second  Classes^ 

1.  Expand  f{x  +  A,  y  +  A)  in  a  series  ascending  by  powers 
of  k  and  it. 
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9.  Reduce ^ to  an   inte^rable    form  whcri 

ttx  =1  a  -h  6x  :  and  sum  the  series 

•*  ft'  4* 

z +  I r  +  ^ +  • ...  to  II  termi« 

3.  Prove  Lagrange's  theorem. 

4.  A  bag  contains  m  white  balls  and  n  black  balls ;  find  the 
|)n>babiiity  of  uking  out  a  white  ball  ai  least  p  times  in  r  trials, 
the  ball  being  replaced  after  each  trial. 

5.  State  the  general  nature  of  developable  surfaces.  ItH 
▼estigate  the  partial  differential  equation  of  the  second  order 
which  belongs  to  them. 

,6.  Find  the  longitude  of  the  perihelion,  and  the  time  of  iht 
earth^s  pauing  through  tt. 

7.  Prove  that  the  centre  of  gravity  of  th«  earth  and  moon 
describes  about  the  son  very  nearly  an  ellipse  in  one  plane,  and 
that  the  area  described  by  its  radius  veaor  is  very  nearly  pro* 
portionat  to  the  time. 

8.  Find  the  horary  variation  of  the  inclination  of  the  moon*f 
orbit.    (Newton,  VcL  III.  Prop.  34.) 

9*  Find  the  attraction  oi  an  oblate  spheroid  on  a  particle  in 
its  equator. 

10.  Having  given  the  declination  of  the  moon,  compare  the 
magnitudes  and  duration  of  the  superior  and  inferior  tides  in  any 
latitude^  the  effect  of  the  i$un  on  the  tide  being  neglected. 

MonOAY  AfTERMOON,  1  o*clockt0  3. 

Third  Mi  Fpurtk  Cla$$u. 

s  •  Find  the  equation  to  a  plane,  and  determine  the  constanH 
when  the  distances  of  the  intersections  of  the  plane  with  the  co« 
ordinate  axes  from  the  origin  are  siven. 

s.  In  a  spherical  triangle,  the  sides  of  which  vtt  small 
compared  with  the  radius  ofthe  sphere,  having  given  two  sides 
and  the  included  angle,  find  the  angle  between  the  chord:^  of 
those  two  sides. 

g.  £xplain  Newton's  method  of  approximating  to  the  roots 
of  an  equation ;  and  shew  that  its  accuracy  does  not  depend 
upon  the  ratio  of  the  quantity  assumed  to  the  root,  but  upon  its 
being  nearer  to  oiie  roo4  than  to  any  other. 

4,     Integrate  -—r, — ^ ?^  between  the  limits  «  =  #,  aad 

•  l7^+S9  +  3)-rt  +  «8r+aoy  — 7  =  0. 


j.     A  body  moving  on  a  curve  is  tcfied  on  by  forces  X  tod 
Y  parallel  to  the  axes  of  the  curve,  find  the  re-action ;  and  apply 


CAMABID6K   PROBLEMS^    1830.  I7 

il  to  find  the  tension  of  a  string,  at  the  loWiit  point,  when  a 
body  oBctllatet  in  a  circle  through  an  arc  of  i  ao^ 

6.  As  the  line  of  nodes  of  the  moon's  orbit  tnoTes  from 
syzygy  to  quadrature,  the  inclination  of  the  orbit  to  the  acKptIc 
is  diminished ;  and  as  the  line  of  nodes  mofes  from  quiadrac-iife 
to  syzygy,  the  inclination  is  increased.  (Newton*  Prop«  LX  VL 
Cor.  10.) 

7«  A  ladder  rests  with  one  end  on  a  smooth  bdrizonUl  ptdh^, 
and  the  other  against  a  smooth  vertical  wall ;  find  the  horiMnClil 
force  at  ite  foot  which  will  keep  it  at  rest;  and  when  the  force 
is  removed  determine  its  motion. 

8.  Find  experimentally  the  refracting  power  of  any  trans- 
parent  snbstauec. 

9.  Find  the  sun  s  right  ascension  by  Fhunstead's  method. 
Why  must  the  obserrations  be  made  near  the  equinox? 

10.  Explain  Mercator's  projection  of  the  sphere^  and  find 
the  length  of  the  projection  of  an  arc  of  the  meridian  included 
between  the  latitudes  30°  and  6o^ 

Tuesday  Morning,  9  o'clock  to  1  i« 

First  Class. 

1.  If  from  a  point  two  straight  lines  be  drawn,  and  their 
extremities  be  joined  by  a  carve ;  find  its  nature  when  its  length 
id  a  matimumy  the  area  eomatti^  by  (he  two  lines  and  the  curve 
being  given. 

'  a.    Explain  the  method  of  integrating  the  partial  differeAtial 
^nation 

where  P,  Q,  i?  are  functions  of  j:,  y»  ^*  T"*    "t*  * 
}•    Prove  that 

"^  s         2.1.S.3  dx       6.i.a.3.4.^  dx 

&c.  the  coefficients  being  the  same  a»  tlK>se  of  t  in  the  expant* 

aion  of  -7 . 

4.  Find  tttejgeherad  equation  to  conica!  surfaces;  and  i\  i 
conical  surface  be  described  about  a  surface  of  the  ^/vojsA  ord'er« 
shew  that  the  curve  of  contact  will  be  in  one  piaoe« 

5.  Find  the  horary  increment  of  the  area  which  the  moon 
describes  about  the  earth  in  a  circular  orbit*  (Newtoti»  Vol.  III. 
Prop.  tt6.) 

6.  A  pile  of  weight  a/,  is  driven  by  a  hammer  H  impinging 
with  a  velocity  Vy  ihe  friction  being  represeaied  by  F;  find  tktf 

yox.,  yi.  t 
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motion,  and  when  the  velocity  given  to  the  pile  is  small,  approxi- 
mate to  the  \^hc4e  space  through  which  it  is  driven. 

7*  Find  the  two  parts  of  solar  nutation,  and  prove  that 
they  arc  connected  by  the  equation  to  an  ellipse,  the  axes  of 
which  are  in  the  ratio  of  cqs  I :  t,  where  i is  the  obliquity  of  the 
^liptic. 

8  A  body  is  acted  on  by  gravity,  find  the  tautochronous 
curve  in  a  medium  in  which  the  resistance  varies  partly  as  the 
velocity  and  partly  as  the  square  of  the  velocity :  and  from  the 
result  prove  that  it  is  a  cycloid  when  the  resistance  vaDishes,  or 
varies  as  the  velocity. 

9.     s  =  k  I  sin  (gd  —  7)  +  ^  sin  (2  — 2m— ^)  6  -f  c/3  +  yl 

where  s  =  tan.  of  moon's  latitude,  y  n  longitude  of  node,  — /5 
the  8un*8  mean  longitude  whea  ©no.  Explain  the  effect  of 
these  terms^  and  thence  shew  that  the  inclination  of  the  orbit 
is  greatest*  when  the  line  of  npdcs  is  in  syzygies,  and  least  when 
it  IS  in  quadratures. 

• 

Tuesday  Morning,  9  o'clock  to  it. 

Second  and  Third  Classes. 

t  •  Find  the  present  value  of  an  annuity  of  £t  to  be  continued 
during  the  life  of  an  individual  of  a  given  age,  allowing  com- 
pound  iiiterest  for  the  money. 

9.     In  the  surface  whose  equation  is 

Az*+  By^  4-  Cx*  +  Jtx  =  o. 
shew  in  what  cases  the  svirface  will  be  respectively  an  ellipsoid, 
^hyperboloid,  elliptic  paraboloid,  hyperbolic  parabploidj  aud  a 
paraboloid  of  revolution. 
3,    Prove  that 

2 

and  thence  shew  that 

1 .1)  •  3  ,  8cc.  If  =  n'*  —  -^ .  n— il*  +  -  .  -^^^  .  ^H^-ftc. 

1  12 

4*    Integrate  the  following  differential  equatiqns : 

!+!--.•,  0-.v=co.„„..(g)*=-;zr^v 

explain  also  the  relation  which  subsists  between  the  particular 
solution  and  complete  integral  of  a  differential  equation* 

5.  Find  the  moment  of  inertia  of  an  ellipse  revolving  in  its 
own  plane  about  any  axis. 

6.  Determine  the  centre  and  diameter  of  the  least  circle  of 
chrumalic  aberration,  in  a  given  lens. 
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7.  Explain  the  method  of  determining  altitudes  above  the 
earth's  surface  by  the  barometer^  account  being  taken  of  the 
Variation  of  temperature. 

is.  Find  the  ratio  of  the  diameters  of  the  lunar  orbit,  sup-, 
posing  it  to  have  been  originally  without  eccentricity.  Newton, 
B.  III.  Prop,  a 8. 

9.  Having  given  the  length  of  a  degree  of  latitude,  and  also 
the  length  of  a  degree  in  a  direction  perpendicular  to  the  meiidiao, 
in  a  given  latitude ;  find  the  ellipticity  of  the  earth. 

Tuesday  Morning,  go^clocktos. 

Fourth  Class. 

1.  The  roots  of  the  equation  *•  —  px*  -4-  yx  —  r  =  o  are  a^ 
b  and  c,  transform  it  into  one  the  roots  of  which  are 

aba        c       b         c 

a.     In  each  of  the  conic  sections,  the  radius  of  curvature 

(normal)' 

(|lat.rect.)*' 
3.     Find  the  differential  of  a  solid  of  revolution,  atid  apply  it 
to  find  the  content  of  a  segment  of  a  paraboloid,  the  radii  of  the 
greatei  and  smaller  ends  of  which  are  fa)  .and  (b)  (espectively, 
and  the  distance  between  them  ic\ 


f 


4'  f"V^..u-x)>  f;;f;^y 

^.4(sind)-+^.(coji9)-^^^^  /cos(a  +  M)cos(^  +  B9).i9. 


5. 


(cos  e)'*+* 

State  the  principle  of  virtual  velocities,  and  prove  it  when 
two  bodies  are  in  equilibrium  on  a  bent  lever. 

6k  Prove  that  the  imaga  of  a  straight  line  placed  before  a 
spherical  reflector  is  a  conic  section,  and  determine  in  what 
cases  it  is  each  particular  conic  section. 

7.  Find  the  specific  gravity  of  a  body  lighter  than  the  fluid 
in  which  it  is  weighed. 

8.  Shew  how  to  determine  whether  a  planet  is  a  superior  or 
an  inferior  one ;  and  having  given  the  synodic  period  of  a  planet, 
and  the  length  of  a  year,  find  the  planet's  period.  ^ 

g.  Construct  a  horizontal  dial,  and  find  the  limits  beyond 
which  it  is  unnecessary  to  graduate  it. 

ic  If  two  bodies  S  and  P  attract  each  other  mutually,  the 
orbit  which  P  appears  to  describe  about  S  in  motion  may  be 
described  about  5  nxed,  by  the  action  of  the  same  force.  (]Vew« 
ton.  Sect.  XI.  Prop.  58.) 


A 
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f .    Ai  any  point  in  any  curve  surface,  the  sections  of  greatest 
and  least  curvature  are  at  ri^ht  angles  to  each  other. 
8.    Approximate  to  the  following  integrals : 

dj; .  log  t-he.  cos  x»  and  ^  -~  tfar^y  rr  o, 

and  solve  the  followiqg  diSerential  equation, 

3*  Explain  fully  the  mode  of  applying  the  calculus  of  varia- 
tions to  cases  wherein  it  is  required  to  determine  one  function 
(fi)  a  maximum  or  minimum,  the  value  of  another  function  [v] 
being  given  :  and  exemplify  it  by  finding  the  curve  of  quickest 
descent  from  one  given  point  to  another^  the  length  of  the  curve 
being  given  :  shew  also  how  the  constants  introduced  by  inte- 
gration may  be  determined  in  this  case. 

^»  When  a  sttiall  pencil  of  diverging  cays  is  incident 
obliquely  on  a  concave  refracting  surface,  the  ultimate  intersec- 
tion of  two  refracted  rays  in  a  normal  plane  is  determined  from 
the  equation 

CI  V  fA  U  \         ^^  y.     I       T 

j.     If  a  system  move  in  any  manner  whatever,  prove  that 
/Tifnvds  is  a  minimum. 

6.  Determine  the  circular  orbit  of  a  planet  from  two  ob- 
servations* 

7.  Find  the  mean  horary  motion  of  the  nodes  of  the  lunar 
orbit,  supposed  to  be  elliptical.    Newton,  B.  III.  Prop.  31. 

8f  When  the  force  at  the  pole  of  a  revolving  fluid  spheroid  is 
to  the  force  at  the  equatof  as  tbe  equatoreal  radius  is  to  the  polar 
r{idiu9»  any  two  canals  drawn  from  any  points  in  the  surface  and 
ipef  ting  within  it,  will  balance  each  otber. 

9.     eliminate  i  from  the  differeptial  equaiious 

Iff -^^' 

and  ^^^'^  -  ^  5 

Tuesday  Afternoon,  1  oVIock  to  3. 

Second  and  Third  Classes* 

I  Given  the  two  sides  and  tbe  included  angle  of  a  spherical 
triangle,  required  its  area;  and  from  the  cxpressipn  obtained, 
find  the  area  of  a  plane  triangle  jn  corresponding  terms. 
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s.    Find  the  magoitude  and  position  of  the  principal  axes  of 
the  curve  of  the  second  order,  the  equation  of  which  is 
Jy*  +  Bay  -h  Cx*  +  I)y  +  jEot  +  F  =  c 
g.     Explain  the  method  of  finding  whether  a  curre  has  mnU 
tipTe  points,  and  find  the  number  and  nature  of  mulCtpie  points 
ot  the  curve  the  equation  of  which  is 

y— aay—  aoar'  —  34***  +  n*  =  o. 
4*     Explain  the  transformation  of  the  independent  variable, 
and  transform  the  equation 

d*y  X  iy  y      _ 

where  x  is  the  independent  variable,  into  one  where  t  is  the 
independent  variable,  0  bein^  equal  to  cos^^'x. 

5.  Find  the  conditions  ot  the  stable  and  unstable  equili- 
brium  of  a  floating  body ;  and  if  it  revolve  about  a  horizontal 
axis,  shew  that  it  passes  alternately  through  positions  of  stable 
and  un&» table  equilibrium. 

6.  Find  the  time  of  an  oscillation  in  a  hypocycloid,  tbfebody 
being  acted  upon  by  a  force  varying  as  the  distance  from  the 
centre  of  the  globe. 

7.  When  a  chain  fixed  at  two  points  is  acted  upon  by  a  cen- 
tral attracti/e  or  repulsive  force,  the  tension  at  any  point  is 
inversely  as  the  perpedicular  from  the  centre  of  force  upon  the 
tangent  at  that  point. 

8.  Find  the  moment  of  inertia  of  a  system  about  any  axis 
passing  ihrough  the  ori^n  of  the  co-ordinates,  and  the  moment 
of  inertia  about  any  axis  in  terms  of  the  moments  about  the 

,  principal  axes* 

9.  If  a  body  acted  upon  by  gravity  be  projected  in  a  medium 
the  resistance  of  which  varies  as  the  square  of  the  velocity,  find 
the  equation  to  the  curve  described ;  and  when  the  resistance 
vanishes,  shew  that  it  is  the  equation  to  a  parabola. 

Tuesday  Aftbrnook,  1  o'clock  to  3. 

Fourth  Class. 

Investigate  Wariog's  Rule  for  the  solution  of  a  biquadratic 
equation. 

a«  X,  J  and  X,  Y  are  the  co-ordinates  of  a  point  referred  to 
two  systems  of  rectangular  co-ordinates  having  a  common  origin 
and  inclined  to  each  other  at  a  given  angle :  find  the  relation 
subsisting  between  x^^  yt,  X»  and  Y. 

3.  The  radius  of  curvatfare  of  a  spiral  =r  -j— . 

4.  Trace  the  curve  whose  equation  is  ay*  =r  ,    and 

find  its  area. 
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g.  Having  given  the  quantity  oF  air  in  the  tube  of  a  b^roiitN 
•ter,  determine  the  depression  below  the  standard  altitude. 

6.  Having  givsn  the  radius  of  the  arc  of  any  colour  in  the 
primary  rainbow,  find  the  index  of  refraction  for  that  colour  oat 
of  air  into  water. 

7.  The  difference  of  the  forces  at  corresponding  points  in  thd 
fixed  and  revolving  orbit  varies  inversely  as  the  cube  of  the  dis- 
tance. Newton,  Prop.  XLIV. 

8.  Compare  the  axis  major  of  the  ellipse  apparendy  de^ 
scribed  by  Jr  round  T,  with  that  of  the  ellipse  described  by  P 
round  T  fixed  in  the  same  periodic  time.     Newton,  Prop.  LX, 

9.  In  a  given  latitude  find  the  sun's  azimuth ;  his  decltnation 
and  the  time  of  the  day  being  given  ;  and  adapt  the  trigonometri- 
cal formula  to  logarithmic  computation. 


Questions  Proposed  by  PROFESSOR  AIRY,  at  the 
EXAMINATION  for  SMITH'S  PRIZES. 

1.  The  expression  for  the  radius  of  curvature  is  sometimes 
given. 

(rfjc«  +  df//*)^         ,  ,.         (rf;r«  +  £f^*)* 
T— 75 —  >  *"d  sometimes  y-- — r— r-  • 

Explain  the  different  suppositions  to  which  these  expressions 
correspond  i  and  give  the  expression  in  terms  of  difiereutial  co- 
efficients only. 

Find  the  expression  for  the  radius  of  curvature  in  terms  of 

_ ,  —  ,  &c.  the  equation  to  the  curve  being  Uzz  o,  where 
dx     dy 

U  is  a  function  of  x  and  y.  ^ 

2.  Investigate  the  corrections  in  the  A.  R.  and  decIinaUon 
of  a  star  for  precession,  nutation,  and  aberration  :  and  explain 
what  is  meant  by  the  equation  of  the  equinoxes  in  right  ascen- 
sion. 

Shew  that  the  sum  of  the  corrections  in  A.  R.  and  in  decli- 
nation may  be  exprassed  by  Aa  {■  Bb  -h  Cc  +  Dd  and 
jaf  +  Bb'  +  Cf/  +  Dd\  where  j1,  B,  C,  D,  depend  only  on 
the  day  and  year,  and  a,  a^  i,  6',  c,  c',  d,  d\  only  on  the  place 

of  the  star. 

Explain  generally  the  optical  theory  of  interferences, 
[ention  the  circumstances  under  which  the  anion  of  two 
streams  of  light  will  produce  black  stripes. 

Shew  thai,  atUris  paribus^  the  breadth  of  the  stripes  is 
inversely  proportional  to  the  distance  between  the  sources  of 
light. 


tii 
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Explain  why  the  stripes  farthc^st  from  the  centre  become  co- 
loured, and  finally  disappear. 

4.  Prove  that  the  variations  of  the  axis  and  excentricity  of  a 
planet's  orbit  are  defined  by  these  expressions  ; 

d£        na  / J  ,  / :  dR        na    y r-  dR 

where 

D  _  -_,    xx' '\' pif'  -\- zz' tnf 

the  mass  of  the  sun  being  i. 

5.  Log  a  zz  1,2649236 ;  log  6  zi  1,743628a  :  find  log  a-{-b 
by  means  of  a  subsidiary  angle,  without  the  use  of  any  natural 
numbers 

6.  If 

Vfl^—aaa'cosd+y*  01  %  •    4 

(jnd  the  general  relation  between  A^^^  A^^u  ^^a+i*    And  if 

' '.  ■    V  =  Bq  +  B^  cos  9  +  B,  cos  29  +  &c. 

(a*— 2aa'cosa  +  a'*) 
^   express  B^  in  terms  of  ^^  and  An^i. 

7.  Prov^  that  a  —  *  X  c  —  d  '=.  ac  —  he  —  ad  -{-  hdi  and 
pArplain  how  this  equation  can  be  said  to  have  any  meaning 

8.  In  the  Lunar  Thpory,  given  that 

-:  =  —  w' .  -^  .  -r  «in  2  i  9  —  9% 

u*  2        tt* 

^=«r..?i;;(8  +  acosa.r=T). 

»*  «♦   \2  2  / 

d^s  tt«      ■*"  II*    •  59 

Solve  the  last  equation,  and  shew  that 

1.  The  node  of  the  moon's  orbit  regresses,  the  mean  in« 
clination  remaining  unaltered. 

2.  The  motion  of  the  node,  and  the  inclination*  are 
subject  to  periodical  inequalities,  the  length  of  the 
periods  being  the  same,  and  the  maximum  of  one 
inequality  corresponding  to  the  disappearance  of  the 
other. 
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9*  Tbd  diBtieity  of  the  air  being  siipposeit  to  Tary  as  the 
—  n^^  power  of  the  expansion,  find  the  diensity  of  the  air  at  a&y 
distance  abore  the  earth's  sUrfaoe. 

Investigate  the  quantity  of  atmospheric  refraction  :  velocity)* 
of  light  on  the  Newtonian  hypothesis^  being  represented  by 
a  +  b  density  of  air. 

lo.  Distinguish  between  the^rc^  and  the  power  of  an 
agent :  shew  that  the  former  may  be  increased  by  the  intervention 
of  machinery,  but  that  the  latter  cannot. 

11..  Explain  the  principle  and  construction  of  the  hydraulic 
ram. 

13.  Given  the  attraction  of  a  homogeneous  spheioid  on  a 
point  within  it,  shew  how  the  attraction  of  a  bomogeDebns 
spheroid  on  a  point  without  it  may  be  found.  And  from  this 
expression  shew  how  the  attraction  of  a  heterogeneous  spheroid 
on  a  point  without  it  may  be  found 

13.  Given  a,,  iix+i,  ttx+2>  "i+a,  prove'that 

»« Tfi!  ' 

14.  In  a  spherical  triangle,  prove  that 

a  — b 
^  cos .        ^ 

tan  —    :r:    -.  cot -. 

a  a  +  ^  a 

cos         I 

B 

1 5.  Solve  the  equation  j\  —  ^Jf  +  ttf  :^  Xj 
and  the  equations  ~    +    ^^  +  a;  +  >jr  =  /, 

16.  Explain  the  method  of  calculating  tables  by  Differences : 
and  calculate  log  -^  flaking  the  terms  only  as  far  as  0*)  for 
every  80'  to  ao**. 

1^.  A  small  pencil  of  light  &Ils  obliquely  on  a  spherical  re- 
fractii^  surface:  investigate  the  distances  at  which  rays  converge 
ia  the  primarv  and  secondary  planes. 

18.  A  rod  acts  with  a  nntform  force  in  the  direction  of  iu 
lei^h  on  the  fly- whee-cmnk  of  a  steam-engine^  and  a  uniform 
Rsistaaccift  lo  be  overcome  by  the  flywheel :  find  the  velocity 
rfthc  wheel  at  aay  time.  And  find  the  eoptessioii,  supposing 
the  force  and  resistance  to  be  so  adjusted  thas  after  half  a  revo« 
Juijon  the  velocity  may  be  unaltered. 


THE  SENATE-HOUSE  PROBLEMS, 

Given  to  the  Candidates  for  Honors  during  the  ExaminaHan 

for  the  degree  of  B.  A. 

BY  THE  TWO  MODERATORS. 


Mod£ratok;s« 
Mr.  Challis»  Trinity.  Mr.BowsTEAD,  Corpus. 

Examiners^ 
Mr.  King,  Queen's.        Mr.  HansoKi  Caius. 


Friday  Morning.— y^sttary  141  1831. 

9  o'clock  to  11. 
tirst^  Second 9  Thirds  and  Fourth  Classes. 

M.  The  opposite  angles  of  any  quadrilateral  figure  inscribed 
in  a  circle  are  together  equal  to  two  riffht  angles. 

s*  Desciibe  an  equilateral  and  equiangular  pentagon  about  a 
given  circle. 

g.  What  sum  must  be  paid  for  ^439  12$.  gd.  3f  per  cent. 
8to  ck,  at  92^  per  cent.  ? 

4.  Shew  that  3^5_±^3  -  jg.y^g,  &c.  also  prove  that 

the  cube  root  of  any  number  containing  ^n,  311  —  1,  or  3^  — .  s 
digits,  contains  n  digits. 

5.  Reduce  the  fraction  ^^^„J^^^9^  ,  ^^f  ^  to  its  lowest 

terms. 

6.  Solve  the  following  equations : 

X  +  y — S  zz  o. 

— :; —  +  — n —  ^  *r  —  ^^ 

a  3  3 

^ — s  +  4X  =  14. 

«'  +  v/^+  11  =  31. 

7.  Investigate  the  binomial  theorem,  and  apply  it  to  extract 
the  square  root  of  •  ^  ^  .  ^  to  four  terms. 

VOL.  VI.  D 
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8.  Prove  that  log  (m  +  n) 

°  ^4»i+ii        3\2w+ii/  5  \2m+n/  ) 

9.  The  c'**  root  of  a  binomial^  one  or  both  of  whose  factori 
are  possible  quadratic  surds,  may  sometimes  be  expressed  by  a 
binomial  of  that  description. 

ID.  Investigate  an  expression  for  the  sine  of  any  angle  of  a 
plane  triangle  in  terms  of  the  sides. 

11.  Prove  that 

cos  n6  +  \/—  1  sin  nfl  .-z  (cot  9  +  \/'^i  sin  fl)». 
whether  n  be  integral  or  fractional. 

12.  Impossible  roots  enter  equations  by  pairs. 

1 3.  Investigate  Waring*8  rule  for  the  solution  of  a  biquadn- 
tic  equation,  and  shew  that  the  reducing  cubic  equation  is  soluble 
by  Cardan's  rule^  only  in  the  case  where  two  roots  of  the  given 
equation  are  possible  and  two  impossible. 

14.  In  the  hyperbola  prove  that  CD  •?¥:=.  AC  •  BC. 

CD* 

15.  The  radius  of  curvature  in  the  ellipse  =:    p„  . 

1 6.  Shew  how  the  fraction  ^  may  be  represented  in  the  form 
of  a  continued  fraction^  and  apply  the  process  to  find  a  fraction 
which  shall  be  nearly  equal  to  -7^  t  and  in  lower  terms. 

17.  Having  given  the  equations  to  two  straight  lines  in  the 
same  plane,  find  the  tangent  of  the  angle  contained  between  them. 

i8.  Obtain  the  equation  to  a  straight  line  which  passes 
through  two  given  points  of  a  parabola,  and  find  what  the  equa- 
tion becomes  when  the  points  are  supposed  to  coincide. 

19.  The  measure  of  the  surface  of  a  spherical  triangle  is  the 
difference  between  the  sum  of  its  three  angles  and  two  right 
angles. 

20.  Having  given  two  sides  and  the  included  angle  of  a 
spherical  triangle,  obtain  the  third  side  in  a  formula  convenient 
for  logarithmic  computation. 

Friday  Aft£rnoon Haif-past  12  to  3. 

First,  Second,  Third,  and  Fourth  Classes. 

!•  If  two  equal  weights  act  perpendicularly  on  a  straight  lever, 
fhey  may  be  kept  in  equilibrium  round  any  fulcrum  by  the  same 
force  as  if  they  were  collected  at  the  middle  point  between  them. 
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ft.  Define  the  centre  of  gravity,  attd  find  it  in  a  plane  triangle. 

3.  Two  weights  keep  each  other  in  equilibrium  on  a  bent 
lever : 

fi)  Compare  them. 

(a)  Prove  that  ii  an  indefinitely  small  motion  be  given,  the 
centre  oi  gravity  will  neither  ascend  nor  descend. 

4.  Define  inertia,  mass,  weight,  moving  Jbrcc,  accelerating 
force* 

5.  A  body  acted  on  by  gravity  descends  in  a  straight  line  : 
find  the  space  described  in  a  given  time,  and  prove  that  it  is 
ecjual  to  hair  the  space  which  would  be  described  in  the  same  time 
with  the  last  acquired  velocity  continued  uniForra. 

6.  A  body  descends  on  an  inclined  plane :  find  the  accele- 
rating force ;  and  prove  that  at  any  pomt  in  the  descent,  the 
velocity  is  equal  to  that  which  would  be  acquired  down  the  per- 
pendicular heiffbt. 

7.  Rays  fall  upon  a  plane  reflecting  surface :  prove  that  the 
foci  of  incident  and  reflected  rays  are  on  opposite  sides  of  the 
reflector,  and  equi-distant  from  it. 

8.  A  small  pencil  of  rays  diverging  fiom  a  point  in  the  axis 
of  a  spherical  reflector  is  incident  nearly  perpendicularly  upon  it : 
find  the  focus  of  reflected  rays.  When  the  foci  are  on  opposite 
sides  of  the  reflector,  the  divergence  of  the  reflected  is  less  than 
that  of  the  incident  pencil  by  a  constant  quantity. 

9.  Find  the  principal  focus  of  a  double  convex  lens,  the  thick- 
ness of  which  is  inconsiderable, 

10.  If  given  volumes  of  two  fluids  of  known  specific  gravities 
be  mixed  together,  find  the  specific  gravity  of  the  compound, 
supposing  its  volume  to  be  equal  to  the  sum  of  the  volumes  of 
the  parts. 

11*  If  the  particles  of  an  elastic  fluid  repel  each  other  with 
forces  varying  inversely  as  the  n^^  power  of  their  distances,  prove 

that  the  compressing  force  varies  ai  (density)   ^  • 

IS.     Find  the  density  ofliir  in  the  air-pump  after  n  turns. 

13.  The  limiting  ratio  of  the  arc,  chord,  and  tangent  of  a 
curve  of  continued  curvature  is  a  ratio  ol  equality. — (Newton, 
Lemma  vii.) 

14.  A  body  being  acted  upon  by  a  force  tending  to  a  centre, 
the  areas  described  are  in  one  plane,  and  proportional  to  the  times 
of  description. —  (Newton,-  Frop*  i.) 

1  j.  investigate  an  expression  for  the  force  by  which  a  body 
may  be  made  to  describe  any  orbit  whatever  round  a  fixed  centre 
in  the  same  plane  with  it:  and  apply  it  to  find  the  law  oi  force 
tending  to  the  focus  of  an  ellipse.— (Newton,  Props,  vi.  &  xr.) 

Ha 


J 
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t6.  State  the  muments  from  which  tt  is  infened  that  the 
earth  revolves  round  its  axis  and  round  the  sun. 

17.  Shew  how  to  draw  a  meridian  line  by  observing  the 
shadow  ot  a  vertical  gnomon  on  a  horizontal  plane,  and  correct 
for  the  change  in  the  sun's  declination  between  the  observations. 

i8.  Explain  the  nature  ot  the  five  astronomical  corrections: 
Refraction,  Parallax,  Aberration,  Precession,  and  Nutation. 

EVENING  PROBLEMS. 

1.  Find  all  the  solutions  in  positive  whole  numbers  of  the 
equation  ttx  +  1^9  =  1031. 

fl.  Determine  which  is  the  greatest  term  of  the  expansion 
of  (a  +  4)*. 

Q.    Shew  that  \/a  is  jrreater  than  —  and  less  than  — ^ , 
^  •^     *  305  1292' 

and  that  it  differs  from  the  latter  fraction  by  a  quantity  less  thaa 

1 

a  X  305  >c  laga  * 

4.  BCf  CD  are  two  consecutive  arcs  of  a  parabola,  the  sa« 
gittae  of  which,  bisecting  (he  chords,  and  parallel  to  the  axis, 
are  equal ;  prove  that  the  chord  of  BCD  is  parallel  to  the  tan« 
gent  at  C. 

£.  If  a,  £,  c,  be  the  lengths  of  the  chords  of  three  arcs  of  a 
circle,  which  together  make  up  a  semi-circumference,  and  r  the 
radius  of  the  circle,  then  j^r^  —  (a*  +  i*  +  c*}  r  —  abc  =  o. 

6*     If  two  roots  of  the  cubic  *'  —  yx  -f  r  =  o, 

be  a  +  6  >/—  3  and  a  —  6  \/— 3, 

then  will  —  ^  +  i/^1  —  2i  =  (6-a)». 

a  4         27       ^         ' 

7 .  Required  the  conditions  to  be  satisfied  that  in  the  divi- 
sion  of  .T*  +  qx*  +  rx  +s  by  x^  +  ax  +  A,  the  remainder  may 
be  =1  o  independently  of  the  value  of  ar,  after  three  terms  of  the 
quotient  are  obtained  :  and  when  these  conditions  are  satisfied, 
obtain  an  equation  for  finding  b  from  7,  r,  s,  given,  and  shew 
how  to  solve  it. 

8.  Assuming  that  if  hp,  iq,  Ir,  be  the  virtual  velocities  of 
three  forces  P,  Q,  /?,  which  keep  a  point  at  rest, 

P^p  +  Q^q  +  /I^r  =  o, 
io  whatever  direction  the  virtual  motion  of  the  point  takes  place; 
prove  that  the  forces  are  proportional  to  the  sides  of  a  triangle 
drawn  in  their  directions. 
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^.  A  ladder  rests  with  its  foot  on  s^  horizontal  plane^  and  its 
upper  extremity  against  a  vertical  wall ;  having  given  its  length, 
the  place  of  its  centre  of  gravity,  and  the  ratios  of  the  friction 
to  the  pressure  both  on  the  plane  and  on  the  wall,  find  its  position 
when  in  a  state  bordering  upon  motion. 

10.  Find  the  content  ot  the  solid  generated  by  the  revolution 
of  the  curve  the  equation  to  which  is 

about  the  axis  of  t, 

ti.  The  straight  line  joining  any  points  P  and  Q  of  the  sur- 
face of  an  ellipsoid  is  bisected  by  a  plane  passing  through  the 
centre  of  the  ellipsoid,  and  through  the  line  of  intersection  of  the 
tangent  planes  at  P  and  Q. 

12.  A  curve  surface  is  described  by  a  straight  line  always 
passing  through  two  straight  lines,  the  equations  to  which  are 
X  =  a,  y  ^b;  and  x  zz  a\  zzzb'i  and  through  a  curve,  z  = 

f{y)f  in  the  plane  zy ;  shew  that  the  equation  to  the  surface  is 
a  i'  —  a'z  _  r-  fxb  —  ay\ 
x^  of    "^  \  X — a  / 

13.  When  a  very  small  conical  pencil  of  rays  is  reflected  at 
a  spherical  surface,  the  transverse  section  of  the  reflected  pencil 
will  be  a  circle,  at  a  distance  from  the  point  of  reflection,  which 
is  an  harmonic  mean  between  the  distances  of  the  focal  lines  in 
the  primary  and  secondary  planes  from  the  same  point. 

14.  Integrate  tlit-  differential  equations, 

dx*  dx  ^  X — a'        dy        dx  ar— a 

and  obtain  a  particular  integral  of 

dH       2dz      d*z  fdz'^  _    ,\  d*z  _ 

15.  Eliminate  arbitrary  functions  by  differentiation  from  the 

z  '1/      X  \ 

equation   —  i~  ^  (  -  ,*  ~  j  ;  and  prove  that  the  integral  of  every 

difierential  equation  of  the  first  order  and  degree  between  four 
variables,  is  of  the  form  P  zz/(j2,  /i). 
x6*     Prove  that  the  integral  of 

is  Ux  =  Ca'  +  Cff'  -hC'V,  if  a  —  1,  /J—  1,  y  -  i,  be  the 
roots  of  2'  +  flz-  -4-  is  -4-  c  =  o.  Also  by  varying  the  parame- 
ters, obtain  the  integral  of 

17.     Supposing  the  earth  to  l^e  spherical,  and  the  matter  in 
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its  interior  b(*ing  compressed  according  to  the  law  p  zz  k^f'^S^)^ 
p  being  the  pressure  and  ;  the  density  at  any  distance  r  from 

the  centre^  and  I  the  density  at  the  surface ;  shew  that  {  oc  — ^  s 

9  being  a  certain  constant. 

i8.  The  path  of  a  ship  in  a  horizontal  plane,  is  referred  to 
rectangular  axes,  that  oi  x  being  in  the  direction  of  the  wind, 
and  its  velocity  in  sailing  from  one  given  point  to  another  is  as« 

sumed  to  be  /[  ^;  required  the  nature  of  the  brachystochro- 

nous  path  between  the  given  points. 

19.  If  the  materia!  particles  m,  m\  •  .of  any  system  in  mo- 
tion, pass  from  the  positions  a,  a^. .to  i,  6,  ..during  the  very 
small  time  It^  and  c,  c^, .  .be  the  positions  they  would  have  had,  if 
during  H  only  the  impressed  forces  had  acted ;  then  forces  propor- 
tional to  and  in  the  directions  of  bc^  hfc\  •  .will  produce  equili- 
brium with  the  pressures  on  the  fixed  points  and  axes  of  the 
system. 

so.  Also,  if  ^,  fft  •  »be  the  places  m,  m' .  .would  have  had, 
if  the  impressed  motions  had  been  compounded  with  uniform 
motions  during  H  along  the  actual  paths  with  the  velocities  at 
tfy  €l\  . .  then  forces  proportional  to  and  in  the  directions  of 

Te,  //V, ..  will  keep  the  system   at  rest;  and  ify,    y\«.  be 
any  other  positions  coitipatible  with  the  conditions  of  the  system 

2i«  An  elastic  chord  AahcB  is  stretched  between  two  fixed 
points  ^»  B\  the  portion  ahc  is  made  to  assume  the  form  of 
two  straight  lines  ah^  bc^  the  points  u  and  e  being  in  the  straight 
line  joining  ji,  B,  and  ft  at  a  small  distance  from  it:  when  the 
chord  is  suddenly  left  to  itself,  what  motion  will  take  place,  and 
what  will  happen  when  the  motion  reaches  the  fixed  points  ? 

22.  Let  r  be  the  mean  interval  between  successive  passages 
of  the  moon  over  the  meridian  of  a  place*  in  lat.  X,  and  i  be  ber 
declination  at  a  time  t  reckoned  from  the  high-water  of  a  known 
spring-tide  ;  let  r',  ^',  be  corresponding  quantities  for  the  sun : 
prove,  on  the  supposition  that  each  lominary  causes  vertical 
isochronous  oscillations  of  the  ocean,  which  vary  slowly  in 
extent,  that  the  height  of  the  tide  at  that  time  above  its  mean 
height,  is  nearly 

M  cos«  (\  —  a)  cos  ^  4-  Scos*(\  — ^Ocos^. 

T  It 

23.  Prove  that  a  column  of  air  in  a  cylindrical  pipe  of  length 
/,  closed  at  one  end,  may  be  made  to  vibrate  so  that  at  distances 
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ftX,  4\ . .  2k\  from  the  closed  end,  the  air  will  be  stationar)^, 
and  at  distances  X,  gX,  5X,  ..(814-  1  )X  the  last  of  which  z:  /, 
the  density  will  be  constant. 

24.  What  properties  of  a  medium  in  which  the  density  varies 
as  the  pressure,  correspond  to  and  serve  to  explain  the  following 
observed  properties  of  light :— -Its  rectilinear  and  uniform  trans- 
mission ;  the  diiFerent  intensity  of  different  rays ;  the  difference 
of  intensity  of  the  same  ray  at  different  distances  from  its  origin  ; 
the  difference  which  the  eye  distinguishes  in  rays  by  colour; 
their  crossing  in  all  possible  ways  without  mutual  disturbance; 
the  interferenceof  two  rays,  the  paths  of  which  nearly  coincide  in 
direction  and  differ  in  length  by  a  multiple  of  a  certain  interval  ? 

2$.  If  any  number  of  rays  be  incident  parallel  to  the  axis  on 
the  surface  of  an  elliptic  paraboloid,  the  reflected  rays  will  all 
pass  through  each  of  two  parabolas  lying  in  the  principal  planes 
of  the  paraboloid. 

Saturday  Morning 9  o'clock  to  ii, 

Firsif  Second^  Third,  and  Fourth  Classes* 

1.  Triangles  and  parallelograms  of  the  same  altitude  are  to 
one  another  as  their  bases. 

2.  Planes  to  which  the  same  straight  line  is  perpendicular  are 
parallel  to  one  another. 

3.  Express  {sin  A)^"^^  in  terms  of  the  sines  of  the  multiple 
arcs, 

4.  Having  given  the  sides  of  a  spherical  triangle,  find  the 
sine  of  one  of  its  angles. 

j.     Construct  a  table  of  proportional  parts  and  explain  its  use; 

and  if  log  67833  =  48314410, 
and  log  67832  =  4.8314346, 
^  find  log  678328. 

6.  Find  the  equation  to  the  ellipse, 

( 1 )  referred  to  rectangular  co-ordinates  measured  from  the  centre, 
(2) polar focus. 

7.  find  the  equation  to  the  section  of  a  right  cone  made  by  a 
plane,  and  determine  the  position  of  the  plane  when  the  section 
is  a  parabola. 

8.  Prove  that  in  any  equation  the  greatest  negative  coefficient 
increased  by  unity  is  greater  than  the  greatest  root.  Find  also 
a  limit  less  than  the  least  positive  root, 

9.  Find  the  sum  of  the  ;n''*  powers  of  the  roots  of  an  equation 
of  n  dimensions  in  terms  of  the  sums  of  inferior  powers. 
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1Q«     Determine  in  what  cases  the  equation 

Ak*  +  By^  +  Cxjf-h  Dx+  Ey  +  F  =  o 

belongs  to  each  conic  section. 

^    11.     Find  the  equation  to  a  plane,  having  given  the  distances 

pt  its  intersections  with  the  three  co*ordmare  axes  from  the 

origin. 

12.  It  there  be  {a)  chances  of  an  event  happening,  and  (t) 
of  its  failing  in  one  trial,  find  the  probability  of  its  happening 
{0  times  at  least  in  (n)  trials. 

13.  Investigate  the  differential  coefficients  of 

\/a*  +  a?*,  log  X,  and  sin  ar. 

14.  If  »  be  a  function  of  y,  and  y  a  function  of  ;r,  then 

du  _  du      dy 
<ix  "  dy  *  dx 

15.  Find  the  equation  to  a  straight  line  touching  a  given 
curve  at  a  given  point ;  and  apply  it  to  draw  a  tangent  to  the 
ellipse  at  the  extremity  of  the  latus  rectum. 

16.  Find/(4  +  bxY  .  *'<'-«^. 77:^5 .  J**^*  y/i—x\ 

dx 

,  fd  9  •  cos  d «  cos  9nd« 


h 


x\/ax^  —  b 

fj.  Find  the  differential  of  a  surface  of  revolution,  and  apply 
it  to  find  the  portion  of  the  surface  of  the  sphere  includea  be- 
tween two  given  parallel  planes. 

i8*  Shew  generally  how  to  resolve  a  rational  fraction  ipto 
factors,  and  apply  your  method  in  the  integration  of 

dx 

(;c'-- 4*-)  (OP*  4-1)* 

Saturday  Afterhook,  Half«past  12  to  3* 

« 

JVrj/,  Second^  Thirds  and  Fourth  Classes, 

1  •  Find  the  relation  of  the  power  to  the  weight  when  there  is 
equilibrium  on  the  sciew. 

2«  Having  given  the  direction  and  velocity  of  projection  of  a 
body  acted  upon  by  gravity,  find  the  equation  q\  the  trajectoxy. 

a.  A  body  is  supported  on  a  plane  curve  by  forces  X^m  Y 
acting  in  the  directions  of  the  rectangular  axes  of  x  and  y; 
prove  that 

Xdx  +  Ydy  zz  o. 

4.     Find  the  time  of  oscillation  in  a  cycloidal  arc. 
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5.  If  a  body  by  the  action  of  any  centripetal  force  move  In 
/any  manner,  and  another  body  ascend  or  descend  in  a  straight 

line,  and  their  velocities  in  any  case  of  equal  distance  be  equal, 
their  velocities  at  all  equal  distances  will  be  equal.  Nbwton, 
Prop.  XL. 

6.  Prove  that  the  difference  of  the  forces  in  the  fixed  and 
moveable  orbits  varies  inversely  as  the  cube  of  the  distance. 
Newton,  Prop,  xliv. 

7.  Required  the  part  of  the  suh*s  disturbing  force  perpendi- 
cular to  the  plane  of  the  moon's  orbit. 

8.  A  system  of  material  points  moveable  about  a  horizontal 
axis,  has  all  its  parts  acted  on  by  gravity:  it  is  required  to  de« 
termine  theaccelerative  force,  and  to  finH  a  point  of  the  s;f'stem 
which  shall  be  accelerated  exactly  as  much  as  a  single  point  in 
the  same  position. 

9.  Determine  the  pressure  exercised  by  an  incompressible 
fluid  of  uniform  density  against  the  surface  of  the  vessel  con- 
taining it. 

10.  Shew  th^t  if  a  material  particle,  moving  in  any  manner 
in  space,  be  solicited  by  the  forces  X,  K,  Z,  in  the  directions 
of  three  rectangular  axes,  and  x,  y^  z,  be  the  co-ordinates  of  its 
place  at  the  time  t, 

^  -  aF'   ^  ^  W    ^'  IF' 

1 1.  Find  the  angle  at  which  a  small  pencil  of  parallel  rays 
must  be  incident  on  a  sphere  of  water,  that  the  rays  after  one 
reflexion  within  the  sphere  may  emerge  parallel  in  the  plane  of 
refraction. 

12.  The  distance  of  the  least  circle  of  aberration  from  the 
approximate  focus,  is  three-fourths  of  the  longitudinal  aberration 
of  the  extreme  ray,  and  its  diameter  is  half  the  lateral  aberration. 

13.  Construct  the  astronomical  telescope,  and  find  its  mag« 
nifying  power. 

14.  When  the  vertical  plane  in  which  a  transit  instrument 
moves  nearly  coincides  wiih  the  meridian,  to  find  the  deviation. 

15.  Investigate  the  two  equations 

nt  zz  u  —  «  sin  &, 

and  tan  --   =  \/    tan  -  -  • 

2         y     \  — e  2 

the  former  expressing  the  relation  between  the  eccentric  and 
mean  anamoly  and  the  latter  that  between  the  eccentric  and 
true  anomaly. 

16.  What  are  the  sidereal,  the  tropical  and  the  anprnalistic 
years  ?  Which  is  longest  and  which  shortest  ? 

17.  Determine  the  relative  positions  of  the  earth  and  an  in- 
ferior planet,  when  the  latter  appears  stationary. 

VOL.   VI.  t 


14  CAMBRIDGE   PBOBLC^M&i     l8^t. 

EVENING  PROBLEMS.- 

Firsi,  Second,  Thirds  and  Fourth  Classes. 

I.     ir  She  the  focus,  and  A  the  vertex  of  any  conic  section, 

and  if  ZTthe  tangent  at  the  extremity  of  the  latus  rectum  L 

AS 
meet  the  axis  in  T ;  shew  that  -^rrjr  is  the  eccentricity. 

9.  From  a  station  B  at  the  base  of  9.  mountain  its  lumniit  A 
it  seen  at  an  elevation  of  60^:  after  walking  one  mile  towards  tbc 
summit  up  a  plane  making  30^  with  the  horizon,  to  another  sta- 
tion C,  the  an^le  BCA  is  observed  to  be  13  j^.  Find  the  height 
of  the  mountain  in  ^ards. 

3.  A  mortgage  is  taken  on  an  estate  worth  N  acres  of  it ; 
land  rises  n  per  cent*  in  price,  and  in  consequence  the  mortg^e 
is  only  worth  N^  acres,  and  it  is  then  paid  off.  During  the 
continuance  of  high  prices  another  mortgage  is  taken,  which  h 
worth  N  acres  as  before ;  prices  return  to  their  former  level, 
and  the  mortgage  is  worth  N^  acres ; 


n 


shew  that  iV^ — N.  i  N^  —  N  =1  i  :  1  + 

4,  The  distance  of  a  point  P  from  the  circumference  of  a 
circle  :  its  distance  from  a  fixed  diameter  AB  =  n  ;  i.  Prove 
that  the  locus  of  P  is  a  conic  section. 

j.  An  indefinite  area  is  to  be  divided  into  similar  and  equal 
regular  figures.  Shew  by  what  figures  this  can  be  done.  Also 
if  three  equal  areas  be  divided  into  the  same  number  of  equal 
regular  figures  which  are  respectively  triangular,  square,  and 
'  hexagonal,  shew  that  the  sum  of  the  lengths  of  the  dividing  lines 
in  the  cases  of  triangular,  square,  and  hexagonal  divisions,  are  to 

one  another  as  i/ij  •  \/i6  :  v^iF;  the  whole  area  to  be  divided 
being  very  great  in  comparison  of  one  of  the  divisions. 

6.  In  a  given  equilateral  parallelogram  inscribe  an  ellipse  of 
^iven  eccentricity. 

y.  If  A  and  a  be  the  areas  of  horizontal  sections  of  a  water- 
fall at  heights  /f  and  A  above  the  horizon,  find  the  height  oi  (be 
fall,  the  (velocity)'  of  the  water  at  any  point  being  as  the  height 
from  which  it  has  fallen. 

8.  In  a  given  latitude  a  vertical  rod  is  placed  at  a  given 
distance  irom'^an  east  and  west  wall  so  as  to  cast  a  portion  of  its 
shadow  upon  it,  find  the  equation  to  the  extremity  of  the  shadow 
traced  upon  the  wall  on  a  given  day.  Shew  what  the  equation 
becomes  when  the  sun  is  in  the  equator  and  the  latitude  of  the 
place  45% 

9.  Find  the  time  of  emptying  a  given  prismatic  vessel  fill^ 
with  water,  by  a  cycloidal  syphon  of  small  bore  placed  with  its 
i>ase  horizontal ;  the  vertex  of  the  syphon  resting  on  the  edge  of 
the  vessel. 

10.  A  small  pencil  of  diverging  rays  is  Incident  obliquely  on 
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i  reflecting  rarface  at  its  centre,  arid  the  section  of  ibe  surface 
in  the  prifliaiy  plane  is  i  circle  of  ffiven  daryatore;  find  the 
Cttnrature  of  the  section  in  the  secondary  plane^  that  the  foci  of 
rays  reflected  in  the  two  planes  may  coincide. 

II.  If  a  uniform  chain  be  suspended  from  two  piers,  the 
points  of  suspension  being  in  the  same  horizontal  line,  shew  that 
when  the  cham  is  nearly  horizontal^  the  tension  is  nearly  equal  to 

the  weight  of  a  length  • jr  of  the  same  chain^  where  s  =: 

length  of  the  chain,  and  b  =:  the  distance  between  the  points  of 
suspension.  Shew  also  that  such  a  length  may  be  given  to  the 
chain  as  to  render  the  tension  at  either  pier  a  minimum,  and  in- 
vestigate an  equation  for  determining  the  minimum  tension. 

IS.  Find  the  quantities'of  matter  of  planets  which  have  satel- 
lites. And  these  being  given  shew  how  to  determine  the  quan* 
titles  of  matter  of  those  which  have  not  satellites. 

ig.  The  ages  of  a  man  and  his  wife  are  respectively  8^— •  m 
and  86  — n,  find  the  present  worth  of  an  annuity  A  16  be  paid 
to  the  wife  after  the  death  of  her  husband,  supposing  one  Inale 
out  of  every  85.  and  one  female  out  of  every  86  to  die  annually ; 
and  n  greater  than  m* 

14.  If  AP  be  any  curve  referred  to  a  pole  Sp  and  if  «  be  the 
solid  generated  by  the  revolution  of  the  area  ASP  about  AS9 
SP  =  r,  and  the  angle  ASP  zz  a, 

shew  that  ^r  =  -  «r' .  sin  9. 
dd       3 

I  j»  If  two  equal  bodies  which  attract  each  other  with  forces 
varying  as  y  .i     >^  are  constrained  to  move  in  two  straight  lines 

at  right  angles  to  one  another,  shew  that  they  will  arrive  together 
at  the  point  of  intersection  of  the  lines,  from  whatever  pointp 
their  motions  commence.  And  having  given  their  distance  at 
the  beginning  of  the  motion,  find  the  time  to  the  point  of  inter* 
section. 

i6.  She^  that  every  differential  equation  of  the  nf^  order  has 
n  first  integrals. 

Integrate  ^«^^^,^_^,>       i_^.cos«.d   ' 

xy*dy  +  y'dAf  =  a»Ar. 

d^x  dx*  X  dx     dv 

jp  ^a-^h^   i  eliminate  i  supposmg  «•  *f  '»  ^  •  ^  «« 

d^        0       dy\} \  vanish  together. 

r  8 
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'.  17*  Kastraight  line  P5P,  revolve  about  a  fixedpoimS: 
and  if  perpendiculars  PM,  P^  M^  be  drawn  upon  a  fixed 
straight  line  pasting  through  S,  find  the  equation  to  the  curve 

in  which  ^-jj-  -r-  p  A^  ,  =  — .  • 

i8.    Prove  that  -g-ji   =  {log  (i  +  a}"»  .  b,^  where  any 

power  of  A  as  A^'f  in  the  expansion  of  {log  (i  +  A)}*,  when 
Ug  is  joined  to  it,  denotes  the  p*''  difference  of  ti;^. 
And  if  ^i*  a^f  a^^ a*^  be  the  coefficients  of 

A*"B:r,     A*"+*    Ux%     A"+»    •    B, 

in  the  expansion  of  {log  (i  +  a  )}"*  •  b^..  Shew  that  a^  is 
found  in  terms  of  a^^  1  &c«  from  ihe  following  equation 

'»if^  =  ^{n-(wf  i)}a^_i-i{n-2.(m+i)}tf, 

+  -  •    {«  —  3  •  («+  *)}  «il-3  — &c. 

4 


19.  Having  given  Bo5  B^t  b^^^  three  values  of  a  function  near 

its  tnaximum,  observed  at  times  o,  u^  2i ;  find  the  time  when  the 
function  will  be  a  maximum.  And  if  the  declinations  of  the 
sun  at  noon  on  three  successive  days  were  23®  •  QJ'^  23® ,  27'  •  9, 
$3°  .27^  .6,  find  when  the  declination  was  greatest. 

20.  If  the  earth  be  an  oblate  spheroid,  and  from  any  point 
Q  above  it  perpendiculars  QM^  QN  be  drawn  to  the  axis  and 
equator  respectively,  intersecting  a  meridian  in dP  and  p;  and 
if  tangents  PT,  pt  to  this  meridian  meet  the  axis  and  equator  in 
TBLuStf  and  if  the  straight  line  which  joins  Tand  t  cuts  the 
meridian  in  E  and  Ff  E  and  F  are  the  extreme  points  of  the  me- 
ridian  visibl^from  g. 

21.  A  given  hemisphere  rests  with  its  base  upon  a  horizontal 
plane,  and  a  given  uniform  rod,  one  end  of  which  is  moveable 
about  a  horizontal  axis  fixed  in  the  plane,  is  placed  against  the 
hemisphere  ao  as  to  be  a. tangent  to  a  great  circle  of  it }  and  the 
rod  by  its  pressure  puts  the  hemisphere  in  motion ;  find  the 
equation  for  determining  the  motion  of  the  rod  when  the  friction 
or  the  plane  varies  as  the  pressure  of  the  hemisphere  upon  it. 
And  when  there  is  no  friction,  find  the  angular  velocity  of  the 
rod  when  it  comes  to  the  plane. 

22.  If  normals  be  drawn  at  every  point  of  the  rhumb  line, 
find  the  locus  of  their  intersection  with  the  equator,  the  earth 
being  considered  an  oblate  spheroid. 

23.  If  x,  y,  2,  r,  and  x%  y\  z\  r^  be  the  co-ordinates  and 
distances  of  two  planets  m  and  m^  from  the  centre  of  the  sun  sup- 
posed at  rest,  and  if  X  =  the  distance  of  m  from  tn  j, 

and  Q  =    ~f .    —  -  , 


r=» 
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prove  that  the  axis-maior  of  the  ellipse  of  curvature  bX  the  point 
(*9  Vf  ^f)  of  m's  orbit  is 

where  i  =  mass  of  the  sun. 

flow  dues  it  appear  that  the  mean  motions  of  the  planetn 
are  subject  to  no  secular  variations  ? 

MORNING  PROBLEMS. 

Monday  Morning,  go*clocktoii« 

1,  If  n  be  any  whole  number,  one  of  the  three  «\  «•  +  i, 
«*  +  4t  is  divisible  by  5  without  remainder. 

3.     A  debt  of  a<£.  accumulating  at  compound  interest,  is 

discharged  in  n  years  by  annual  payments  of  —  <£. ;  prove  that 

a  — 'Qgu      f^n    ^  beiugr  the  interest  of  i£.  for  one  year. 

log{i  +r)   •  ^ 

3.  If  ot  be  less  than  45%  shew  that 

5  sin  ( ^  +  «  )  =  v/i  +  cosSflt  +  v/i  —  cos  2<z. 

and  3  cos  (^  +  «)  =  v/i  +  cosS*  +  \/i  —cos  2a. 

4.  Prove  that  the  locus  of  the  points  of  bisection  of  any 
number  of  chords  to  an  ellipse,  which  pass  through  the  same 
point,  is  an  ellipse;  and  find  the  magnitude  and  position  of  (he 
axes,  when  the  co-ordinates  to  the  point  are  given. 

5.  Shew  that  three  conditions  must  be  satisfied  by  the  con-?, 
stant  coefficients  in  the  general  equation  to  lines  o^  the  secou J 
order^  that  it  may  be  the  equation  to  two  straight  lines. 

6.  If  Pi  Q»  oe  any  two  points  in  a  curve  referred  to  a  pole 
Sp  and  PM9  QN  perpendiculars  on  a  fixed  straight  line  TiVIN, 
find  the  equation  of  the  curve,  when  the  area  SPQ  is  to  the  area 
PQMNbls  I  to  «,  and  construct  the  curve  when  n  =z  1. 

7.  Trace  the  curve  of  which  a*v  =  x(x  —  a)«  is  the  equa- 
tion, m  being  an  even  number;  find  its  maximum  and  minimum 
ordinates,  point  of  contrary  flexure,  and  the  angle  at  which  it 

cuts  the  axis  of  ^.  ,        *       . .  , 

8.  Required  the  equation  of  the  plane  m  which  two  given 
straight  lines  He,  which  intersect  each  other  in  space. 

'  9,  Three  uniform  beams  AB,  BC,  CD,  of  the  same  thick- 
liess,  and  of  lengths  /,  2/,  /  respectively,  are  connected- by  hinges 
at  Band  C,  and  rest  on  a  perfectly  smooth  sphere,  the  radius  of 
which  =  «/,  so  thai  the  middle  point  of  flC,  and  the  extremities 
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A^  Df  Btt  iti  (Contact  with  the  sphere :  shew  that  the  preiiare  at 
the  middle  point  of  BC  :=:  ^  of  the  Weight  of  the  heaths. 

10.  H^vine  given  the  latitudes  of  two  places  on  the  earth's 
surface,  one  of  which  isN.£.  of  the  other,  find  the  difference 
of  their  longitudes  and  their  distance  from  each  other,  consi- 
dering the  earth  a  sphere. 

11.  If  a  body  be  attracted  by  a  force  whieh  varies  as  r-r — t— 1 

^  ^  *  (dist.)* 

find  the  value  of  n  when  the  velocity  acauired  from  an  infinite 
(listancc  to  a  distance  r  from  the  centre,  is  equal  to  the  velocity 

that  would  be  acquired  from  r  to  *-  • 

12  Water  retained  in  a  constant  elevation,  issues  from  one 
vessel  into  another  through  a  cylindrical  pipe  of  radius  f ,  aud 
thence  into  the  air  through  another  cylindicat  pipe  of  radios  K; 
having  given  the  depth  H  of  the  mouth  of  the  latter  below  the 
constant  surface,  find  the  velocity  and  pressure  at  a  given  depth 
h  in  the  other  pipe. 

13  A  reflector  is  formed  of  an  indefinite  number  of  feces* 
which  are  tangents  to  a  parabola,  and  rays  diverge  from  a  given 
point  in  the  axis  of  the  parabola  ;  find  the  locus  of  the  images 
produced  by  reflection. 

14..  Three  given  quantities,  [a^z),  (a-fz)  +h,(a+z)  +k\ 
approximations  to  the  root  a  of  an  equation,  bemg  substituted 
for  the  unknown  quantity,  give  results  «,  n+d,  n-^  i  shew 
that  z  will  be  very  nearly  found  from  the  equation^ 

z\hy  -  h'^)  +  2(A»a'  -  A'*a)  4-  nhh\h'^h)  =  o. 

15.  If  a  plumb  line  be  drawn  from  Ibe  vertical  by  a  small 
quantity  of  matter,  at  a  small  elevation  m  above  the  earth's 
surface,  shew  that  the  deviation  will  be  a  maximum,  when 

tin  d  rr  —    .- ;  where  B  is  the  angular  distance  at  the  earth's 

centre  of  the  plumb  line  and  attracting  point,  and  r  the  radHus 
of  the  earth  supposed  spherical* 

i6.  A  body,  drawn  towards  the  origin  of  rectaoRuIar  co« 
ordi  nates  by  a  force  mr,  and  from  the  plane  yz  by  a  force  Ji4r, 
is  projected  perpendicularly  to  the  plane  xt,  from  a  point  in  it 
distant  by  D  from  each  of  the  axes  o(x  and  z,  with  the  velocity 

\/m  .  D  ;  required  the  equation  of  the  orbit,  and  the  posi« 
tions  of  the  apses. 

17.  If  the  particles  of  a  fluid  mass,  revolving  with  a  given 
angular  velocity,  be  attracted  to  a  fixed  centre  by  a  force 
which  is  any  function  of  the  distance  from  the  centre,  the 
ellipticit^,  supposed  small,  will  be  half  the  ratio  of  the  cen- 
trifugal force  to  the  attraction  at  the  equator. 

i8«  Demonstrate  the  laws  of  reflexion  and  refraction  oo 
the  uadulatory  theory  of  light. 
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Monday  Afternoon*  i  o'clock  io  3. 
First  and  Second  Classes. 
I.    Suip  the  following  series : 

(*)     71   +  n  +   -r  + ad  infinitum. 

(«)     «  +  5  +  at  +  8/;  + to  «  terms. 

4.    Explain  fully  the  mode  of  solving  the  equation 

where  the  coefficients  are  all  constant,  and  where  the  equation 

«"•  -f-  -/^«*~*  -f- +  jM  zz  o 

contains  p  equal  roots. 

3.  Find  the  variation  of  /Vdx,  where  ?^  is  a  function  of 
^>  iff  pt  ^9  &c.  and  the  conditions  requisite  for  a  maximum, 
or  m minium  value. 

Apply  the  two  resulting  equations  to  find  the  shortest  line 
that  can  be  drawn  from  one  given  curve  to  another  given 
curve. 

4.  Define  points  of  simple  and  double  reflexion  iq  a  curve 
of  double  curvature,  and  shew  how  to  determine  them. 

S»  Find  the  horary  motion  of  the  moon's  nodes  in  a  circu* 
lar  orbit    (Newton,  Vol.  III.  Prop,  xxx.) 

6.  A  body  being  acted  upon  by  any  forces,  prove  that  the 
motion  of  the  qentre  of  gravity  will  be  the  same  as  if  all  those 
forces  acted  at  that  centre,  and  that  the  motion  of  rotation 
will  beaflfected  as  if  the  centre  of  gravity  were  fixed,  and  the 
same  forces  applied. 

7*  Having  given  the  position  of  the  sun  and  moon  supposed 
to  be  in  the  equator,  find  the  interval  between  high  water  at 
any  place  and  the  passage  of  the  moon  over  tiie  meridian* 

8.  Express  the  radius  of  curvature  of  the  meridian  in  a 
spheroid  of  small  ellipticity  in  terms  of  the  latitude. 

If  A,  x^  be  the  latitudes  of  two  stations  on  the  same  meridi^ 
an^  prove  that  the  length  of  the  arc  included  betv/een  them  is 

9.  Investigate  the  change  in  the  inclination  of  the  ecliptic 
produced  by  the  sun's  action  on  the  earth. 

Monday  Afternoon,  1  o'clock  to  3, 
Third  and  Fourth  Classes. 

I.  Find  the  present  value  of  an  annuity,  to  commence  at 
the  expiration  of  p  years,  and  to  continue  y  years;  compound 
interest. 

t.  ^A  recurring:  equation  of  an  even  number  of  dimensions 
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may  be  solved  by  means  of  an  equation  of  half  the  number 
of  dimensions ;  prove  this^  and  solve  the  equation 

*♦  +  4*'  —  sx^  +  4x  +  I  =  o. 

3.  Prove  Maclaurin*8  Theorem,  and  apply  it  to  expand  i 
as  far  as  x*  when  u*  —  6ux  —  8  =  0. 

4.  Find  generally  an  expression  for  the  radius  of  curvature 
of  a  spiral  curve/and  apply  it  to  determine  the  radiusof  cur?a- 

ture  of  the  reciprocal  spiral,  the  equation  to  which  is  r=  —  • 


^'dx 


5.  Integrate  (mc^  *      '      ^"^^^x^ 

;^  =  X  +  y.    .      and  -£  ;=  I  +  ^  . 
ax  ^  .    ,      •     c/x  X* 

6.  The  moment  of  inertia  of  any  system  with  respecl  to 
any  given  axis^  is  equal  to  the  moment  about  an  axis  parallel 
to  this  passing  through'  the  centre  of  gravity,  together  with 
the  moment  of  the  whole  body  collected  in  its  centre  of  gra- 
vity about  the  given  axis. 

7.  If  the  revolving  orbit  (Newton,  Sect.  9.)  be  an  ellipse, 

force  in  the  focus  and  =  -r^  at  distance  A,  prove  that  tbe 

force  on  the  body  m  fixed  space  =  —  -I -^ . 

If  the  orbit  be  nearly  circular,  shew  that  this  expression  ap- 

proximates  to  G-A  as  its  limit. 

'8.  In  what  position  of  the  node  and  moon  is  the  inclinatioD 
of  the  lunar  orbit  to  the  ecliptic  respectively  a  maximum  and 
minimum?  (Ne,wton,  Prop*  lxvi.  Cor,  lo.) 

9.  Investigate  the  precession  in  N.P.D.  and  R«A.|  and 
shew  when  they  are  additive  and  when  subtractive. 

Tuesday  Morning,  9  o'clock  to  11. 

First  Class. 

1.  Find  the  equation  to  a  curve  of  the  parabolic  kind  that 
will  pass  through  four  given  points. 

2.  Investigate  Lagrange's  Theorem. 

3.  If  each  of  the  angles  of  a  spherical  triangle,  the  sides 
of  which  are  very  small  compared  to  the  radius  of  the  sphere, 
be  diminished  by  a  third  part  of  the  spherical  excess,  tbe 
angles  so  diminished  may  be  taken  as  the  angles  of  a  plane 
triangle,  the  sides  of  which  are  equal  in  length  to  those  of  the 
vpherical  triangle. 
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r:o. 


4.  Integrate 

5.  The  mean  horary  variation  of  the  inclination  of  the 
lunar  orbit  to  the  plane  of  the  ecliptic*  for  a  given  position 

'of  the  line  of  nodes,  varies  nearly  as  the  sine  of  twice  the  an- 
gular distance  of  the  nodes  from  syzygv.  (Newton,  Bcok  in. 
Frop.jixxiv.  and  Cars,  i,  3,  3.) 

6.  Find  the  proportion  of  the  axes  of  a  homogeneous  re- 
volving fluid  spheroid;  dhevr  .that  there  are  two  formi  of 
equilibrium,  and  find  the  eccentricity  in  each  case  when  the 
centrifugal  force  is  small.  *  *  ' 

7.  If  several  angular  velocities  be  impressed  on  a  body  at 
the  same  time,  the  resulting  axis  of  rotatic^,  and  the  angular 
velocity  about  it,  will  be  found,  by  finding  the  direction  and 
magnitude  of  the  resultant  offerees  in  the  directions  of  this 
several  axes  of  rotation  and  proportional  to  the  angular  velo- 
cities. 

8.  Prove  that  the  vibrations  propagated  from  any  point 
of  disturbance  in  a  cylindrical  column  of  air,  are  such  that  the 
velocity  of  the  particles  is  proportional  to  the  condensation^ 
and  the  condensed  particles  move  in  the  direction  of  propa« 
gation,  the  rarefied  in  the  contrary  direction. 

9.  Find  the  equation  to  a  surface  which  envelopes  a  series 
of  surfaces  described  after  a  given  law. 

Tuesday  Morning,  9  o'clock  to  1 1. 
Second  and  Third  Classes^ 

I.  Transform  the  equation  to  a  plane  curve,  from  one 
system  of  co-ordinates  to  another  inchned  at  a  given  angle  to 
tne  former,  and  having  a  different  origin,  both  systems  being 
rectangular;  and  take  the  example  y*  =  wx  +  nx*» 

S.  The  equations  to  a  straight  line  and  plane  being  given, 
find  the  conditions  that  they  may  be  at  right  angles  to  one 
another. 

3.  Expand/(x  4-  A,  y  +  *)»  and  if  u  =/(«'•  y),  shew  that 
each  term  involving  differential  coefficients  of  thep*^  order 
will  be  of  the  form 

-T  •  f  y  nj'    •(w-nV*'termoftfaeexpansionof(A+it)y 

4.  Find  a  multiplier  which  will  render  the  Iiomogeneoas 
equation  Mdx  +  Ndy  =  o  an  exact  differential. 

Integrate  the  equation  -^  +  u  =:  t  cos  9. 

VOL.   VI.  f 
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5.  Find  the  variation  of  the  moon.  (Newton,  Book  iiu 
Prop.  39.) 

6.  A  small  pencil  of  rays  being  refracted  obliqueljr  at  a 
conrex  spherical  surface,  determine  the  foci  in  the  primary 
and  secondary  planes. 

7*  Find  the  general  equation  of  the  equilibrium  of  incom- 
pressible fluids^  If  the  fluid  be  heterogeneous,  shew  that  all 
surfaces  of  equal  pressure  are  of  uniform  density. 

8«  If  any  numoer  of  bodies  be  acted  upon  by  their  mutual 
attractions,  their  centre  of  gravity  will  either  be  at  rest,  or 
move  uniformly  in  a  straight  line. 

9.  £xplain  the  method  of  finding  the  longitude  of  a  place 
by  the  observed  distance  of  the  moon  from  the  sun  or  a  fixed 
star,  and  deduce  formulsB  adapted  to  logarithmic  computation. 

10.  Find  the  attraction  of  a  spherical  shell  on  a  particle 

without  it,  the  law  of  attraction  being  ■  .■.        • 

Tuesday  Afternoon,  i  o'clock  to  3. 

First  Class. 

I.  Explain  the  connection  between  the  Differential  Calcu* 
lus,  as  depending  on  the  Theory  of  Lim  its,  and  the  Calculus  of 
Differences;  and  deduce  Taylor's  Theorem  from  the  equation 

I  X.S  1«S^ 

S.    Having  given 

nt  =  0--.  2€  sin  fl  +  «—  sinSO  —  —  sin  qA, 

4  3 

apply  Lagrange's  Theorem  to  prove  that 

B  =  nt+f9e— 1\  sin  nt-^  ^  sin  9ni  +  ^  sin  ^i, 

neglecting  higher  powers  of  «  than  the  cube. 

3.  Having*  given  a  value  which  satisfies  a  differential 
equation  of  the  first  order,  find  whether  it  is  included  ia  the 
complete  integral. 

Prove  that  either  of  the  two  first  integrals  of  a  differential 
equation  of  the  second  order  will  give  the  same  particular 
solution. 

4*  A  body  which  is  symmetrical  with  respect  to  a  verti- 
cal plane  passing  through  the  centreof  gravity  revolves  about 
a  horizontal  axis,  the  body  being  acted  on  by  gravity  only : 
find  the  pressure  on  the  axis. 

5.  The  centre  of  gravity  of  the  earth  and  moon  describes 
about  the  sun,  very  nearly,  an  ellipse  in  one  plane,  and  the 
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area  passed  over  by  its  radius  vector  is  very  nearly  propor- 
tional to  the  time.  * 

6.  Determine  the  aberration  of  a  pencil  of  parallel  rays 
refracted  directly  through  a  double  convex  lens;  and  if  the 
index  of  refraction  be  ^,  find  the  ratio  of  the  radii  when  the 
aberration  is  a  minimum. 

7.  State  and  prove  the  principle  of  conservation  of  vis 
viva ;  and  when  the  vis  viva  is  a  maximum  shew  that  the  body 
passes  through  a  position  of  stable  equilibrium,  and  when  a 
minimum  through  a  position  of  unstable  equilibrium.  « 

8.  Let  any  particle  of  a  mass  of  incompressible  fluid,  the 
co-ordinates  of  which  at  any  time  ^are  x^y^  z,  be  acted  upon 
by  the  forces  X,  y,  Z,  in  the  directions  of  the  axes  of  co-ordi- 
nates ;  and  let  ii,  r,  tr,  be  its  velocities,  in  the  same  directions ; 
then  \iudx  +  vdy  4-  v)dz  zz  dtp,  a  complete  differential,  the 
pressure  and  motion  are  determined  by  the  equations 


d%        3  ^da^       di/        di 

Tuesday  Aftehngon,  1  o'clock  to  3. 

Second  and  Third  Classes. 

I.    Trace  the  curve  whose  equation  is  ay^=r  x^  —  6x». 
8.    Determine  the  five  first  terms  of  Sor". 
Q.    Letj;  and^  be  functions  of  a  third  variable  i\  it  is  re- 
quired to  determine  what  substitutiou  must  be  made  for 

dy^     d»y      d3y 

dx'    dx^*    dx** 

ip  an  expression  in  which  x  is  the  independent  variable,  to 
change  it  to  one  in  which  t  is  the  independent  v<iriabie. 

4.  Determine  the  relation  between  the  focal  length  of  two 
lenses  which  shall  achromatize  each  other  when  separated 
by  a  given  interval. 

5.  A  cylindrical  body  unrolls  itself  from  a  vertical  string, 
the  other  end  of  which  passes  over  a  fixed  pulley  and  supports 
a  weight :  it  is  required  to  determine  the  motion. 

6.  The  resistance  of  a  medium  being  Q^  •  v\  and  the  force 
tending  to  a  fixed  centre  being  P,  the  differential  equation 
of  the  trajectory  is 

f  2 
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!r.    Shew  haw  th^tim#,  duration,  and  magnitude  of  a  lunar 
ipse  may  be  computed. 

8*  Find  the  mean  annual  motion  of  the  moon's  nodes. 
Nkwtoiv«    Book  III.  Prop*  38. 

9.  Having  given  the  three  edges  of  a  parallelopipedoOy  and 
the  angles  they  make  with  each  other,  find  its  solidity. 

Tuesday  Morning*  9  o'clock  to  ii. 

Fourth  Class. 

I.    If  a  solid  angle  be  contained  by  three  plane  angles, 
any  two  of  them  are  greater  than  the  third. 
'    2.    If  X  be  the  angle  which  the  normal  to  any  point  in  an 
ellipse  makes  with  the  axis  major,  the  length  of  the  normal 

a(i— «*8in*x)' 

3*  Find  the  polar  equation  to  the  rectangular  hyperbola, 
the  centre  of  the  hyperbola  being  the  pole,  and  thence  deter- 
mine the  area  of  the  sector. 

dx  dx 

and  dy  +  Pi/dx  =  Qdx. 

^.    Graduate  th^  common  steeUyard. 

6.  If  the  force  of  gravity  be  considered  constant,  and  alti- 
tudes from  the  earth's  surface  be  taken  in  arithmetical  pro- 
gression, the  corresponding  densities  of  the  air  will  decrease 
m  geometrical  progression. 

7.  A  ray  of  light,  which  passes  through  a  prism  in  a  plane 
perpendicular  to  the  axis,  is  turned  towards  the  thicker  part 
of  the  prism,  if  it  be  denser  than  the  surrounding  medium. 

8«  In  what  positions  of  the  apse  of  the  lunar  orbit  is  the 
eccentricity  respectively  a  maximum  and  minimum  ?  (New- 
ton, Prop.  Lxvi.  Cor.  9.) 

Of  Distinguish  between  a  sidereaU  a  solar,  and  a  mean 
solar  day;  and  define  the  equation  of  time,  stating  the 
two  causes  from  which  it  arises. 

Tuesday  Afternoon,    1  o'clock  to  3. 

'  Fourth  Class. 

I.  If  a  straight  line  be  drawn  from  a  given  point  perpen- 
dicular  to  a  given  straight  line,  find  the  co-ordinates  of  the 
point  of  intersection,  and  the  length  of  the  perpendiculari 

S.    Give  a  general  method  of  determining  the  value  of  a 
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fraction  when  the  numerator  and  denominator  vanish ;  and 
apply  it  to  find  the  value  of 

-wbenxsa. 


3*    Find  the  centre  of  gravity  of  a  semi- parabola. 

4*  A  second's  pendulum  is  carried  to  the  top  of  a  moun- 
tain, and  there  loses  jfi'\6  in  a  day :  determine  the  height  of 
the  mountain,  supposing  the  earth's  radius  to  be  4006  miles. 

j«  If  a  luminous  point  be  placed  between  two  plane  mir- 
rors inclined  to  each  other,  prove  that  there  will  oe  a  series 
of  images  which  lie  in  the  circumference  of  a  circle :  deter- 
mine also  the  number  of  imnc:es, 

6.  Explain  Bramah's  Hydrostatic  Press.  What  is  the 
limit  to  its  practical  application? 

7*    A  body  descends  in  a  straight  line  from  a  given  point 

towards  a  centre  of  force,  the  force  varying  as  -r^:  find  the 

time  of  describing  any  space,  and  the  time  to  the  centre. 

8.  The  mean  disturbing  force  of  the  sun  on  the  moon  in 
the  direction  of  the  radius  vector  is  ablatitious  and  equal  to 
half  the  mean  addititious  force,  supposing  the  orbits  to  be  in 
the  same  plane. 

9*  Construct  a  horizontal  dial  for  a  given  latitude,  and  deter- 
mine the  limits  beyond  which  it  is  unnecessary  to  graduate  it. 

EXAMINATION  PAPER  for  SMITH'S  PRIZES. 

Professor  Airy. 

I.  Give  Huygen's  construction  for  determining  the  course 
of  the  ordinary  and  extraordinary  ray  produced  by  the  double 
refraction  of  Iceland  spar. 

Shew  that  the  extraordinary  ray  is  not  generally  in  the 
plane  of  incidence. 

Shew  that  in  one  case  the  tangents  of  the  two  angles  of  re- 
fraction are  in  a  constant  ratio  :  and  that  in  another  case  the 
sines  of  the  two  angles  are  in  a  constant  ratio. 

Describe  the  construction  of  the  doubly-refracting  prism  : 
and  mention  some  of  its  uses. 

9.  Find  the  pressure  of  a  revolving  body  on  its  axis  of  ro- 
tatiout  supposed  to  pass  through  its  centre  of  gravity :  (the 
effect  of  gravity  being  neglected.) 

Define  \}\q  principal  axes,  and  find  the  pressure  when  the 
axis  of  rotation  is  a  principal  axis. 
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A  rigid  solid  of  revolution  moves  freely  in  space,  and  is  not 
acted  on  by  any  external  force;  investigate  the  circumstances 
of  its  motion. 

3,  Describe  the  different  methods  of  ascertaining  the  dif* 
ference  of  longitudeof  two  places,  their  latitudes  being  known* 
And  explain  the  calculations  which  are  necessary  when  the 
occultation  of  a  fixed  star  by  the  moon  has  been  observed  at 
both  places. 

4,  A  wave  of  air  diverges  from  a  centre  symmetrically  on 
all  sides :  find  the  expression  for  the  motion  of  a  particle  of  air 
in  any  place ;  and  deduce  the  value  of  the  intensity  and  velo- 
city of  sound. 

Calculate  the  tone  of  an  organ-pi}^  of  given  length,  both 
ends  of  which  are  stopped, 

5«  Find  the  size  of  the  stone  which  must  be  put  under  the 
wheel  of  a  coach  of  given  dimensions  in  order  to  prevent  it 
from  running  down  a  hill  of  given  inclination. 

6.  Explain  the  terms  astigmatism  and /oca/  lines. 

The  luminous  point  is  i  foot  above  the  surface  of  stagnant 
water:  a  conical  pencil  of  rays,  whose  radius  at  the  distance 
I  foot  from  the  luminous  point  is  ^  inch,  meets  the  surfieice 
of  the  water  lo  feet  from  the  foot  of  the  perpendicular  let 
lall  from  the  luminous  point :  find  the  position  of  the  focal 
lines :  and  give  the  form  of  sections  of  the  pencil  pevpendicu* 
lar  to  its  axis  at  the  distances  i,  2,  lo,  and  20  feet  from  the 
point  of  refraction. 

Investigate  the  position  of  the  focal  lines  when  the  surface 
IS  curved. 

7.  The  A.  R.  of  the  moon's  centre  is 

64*  51'  i8'^77  (in  space  :)  its  N.  P.  D.  73''  28'  s&\65 1 
the  A.  R.  of  a  fixed  star  is 

65**  7'  14^48  :  its  N.  P.  D.  73^  24'  45^2o: 

Calculate  numerically  the  distance  between  the  moon's 
centre  and  star. 

Investigate  different  formulae  for  the  case  above:  and  shew 
why  that  which  you  have  used  is  preferable  to  the  others. 

8.  Describe  the  phenomena  of  Newton's  coloured  rings : 
give  Newton's  explanation,  and  also  the  explanation  on  the 
theory  of  undulations.  Explain  why  the  rings,  which  at  first 
areonlyblackandwhite,  become  vividly  coloured,  and  at  last, 
after  many  alternations  of  pink  and  green,  disappear  entirely. 

9*  State  whether,  and  how  far,  you  consider  the  foundation 
of  Statics  to  be  experimental.  And  if  it  appears  at  all  experi. 
mentalyState  the  difference  between  the  natureof  these  experi- 
ments and  the  nature  of  those  on  which  Dynamics  is  founded. 

Investigate  the  power  of  the  toothed  wheeL 
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io«    lutegrate  the  equation 

1 1.  Give  the  theory  of  the  achromatic  object-glass :  and 
shew  the  effect  of  a  separation  of  the  lenses  on  the  focal  length 
and  on  the  chromatic  correction< 

Give  the  theory  of  the  achromatic  eye-piece  of  two  lenses. 

The  focal  length  of  the  object-glass  is  lo  feet :  that  of  the 
eye-glasses  3  inches  and  i  inch:  their  distance  S  inches.  Find 
the  distance  between  the  object-glass  and  the  first  eye-glass : 
atid  calculate  the  power  of  the  telescope. 

IS.  Shew  that  a  mountain  near  tne  earth's  pole  would 
diminish  precession :  that  a  chain  of  mountains  on  the  equator 
would  increase  it:  and  that  ia  chain  of  mountains  in  latitude 
45^  would  make  no  alteration. 

Distinguish  between  lunUsolar  precession  and  general  pre» 
cession :  shew  the  difference  of  effects  which  they  produce  on 
the  A.  R«  and  N.  P.  D.  of  stars:  and  mention  the  observations 
proper  for  determining  the  magnitude  of  each. 

13.  Explain  Fresnefs  method  of  calculating  the  intensity 
of  light  near  the  shadow  of  a  body.  Shew  that  the  expressions 
are  very  much  simplified  if  a  lens  be  applied  to  the  body  whose 
focal  length  is  such  that  rays  diverging  from  the  luminous 
point  are  made  to  converge  exactly  on  the  screen. 

The  body  is  a  plate  of  metal  with  a  square  hole  -^  inch  in 
diameter:  the  distance  of  the  luminous  point  and  that  of  the 
screen  are  each  10  feet :  a  lens  of  5  feet  focal  length  covers 
the  hole:  find  the  intensity  of  the  light  on  various  points  on 
the  screen 

14.  Investigate  Lagrange's  theorem,  and  apply  it  to  this 
example :         _^.,^  

,ptzz  d+  AsincB  —  a+  B  sin  2c0  —  S«  +  ^ •  sin igB —  2y 


+  2) .  sin  (2  —  2m)d  +  2^  +  £  sin  (2  —  2m  —  €)B  +  2/3  +  « 

+  F  sinmO  —  /3  — f, 
where  ^  is  a  small  quantity  of  the  first  order,  and  B.  C,  D, 
E,  JF,  are  of  the  second  order:  to  find  d  in  terms  of  /  to  the 
second  order. 

15.  The  equation  to  a  curved  surface  is 

(aV  +  bY  +  c»2')  (x»  +  ^  +  2«)-a'(6*  +  c»)«»— 6*{a»+c.)y» 

—  c»(a*  +  i»)2»  +  rf^cf  =  o : 

discuss  this  equation,  and  find  the  nature  of  the  surface. 
Examine  the  case  where  c  zz  b. 

16.  If/,  g^  A,  be  the  co-ordinates  of  an  attracted  point  in 
the  directions  of  ar,  y,  z,  and  c(i  +  e),  c(i  +  ^\  and  c  the  axes 
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of  a  spheroid  in  the  same  directions,  and  the  point  be  without 
the  spheroid,  the  attractions  are 

If  the  point  be  within  the  spheroid,  the  attractions  are 

and  t—p  .  A  .  (i  +  **). 
3  5 

Assume  these  expressions,  and  deduce  Clairaut^s  theorem. 

1B30.  Moon's  A.  R.  Moon's  decL 

17,  Apr. 20..  o^  ..  ..354*. j9^3o'^3:..  •.2^43^2 i'',7..S. 
.. ..  20 ••12^  ••  .•    2.5  •53  ,3:.,  ..o  .22.  Q  »3.*S« 

•     ••  2]  •  •    O^     •  «  •      9  'l^  •42  9O:  c  •  .  .2  •   O  .30  ,2«.N« 

•  •..2i..i2^   ••»  16  .29.Q3  ,o:*.  ••4  .SS  .36  ,3.»N. 

•  •«.S2..  o^....  23.47.12  ,o:«*   .6 40 .32  ,3.».N« 
Find  when  the  moon  was  in  the  equator :  and  her  A*R.  at 

that  lime. 

.  i8.    Investigate  the  equation  to  a  caught  de  niveau,  aad 
the  pressure  at  any  pointr 

If  the  elastic  force  of  air  be  proportional  to  its  density, 
shew  that  the  extent  of  the  atmosphere  must  be  infinite:  and 
investigate  its  density  at  the  surface  of  Jupiter. 

Investigate  the  limits  of  the  atmosphere  on  other  supposi- 
tions. ^ 

19.  Explain  analytically  t^enariation  of  parameters. 

Eplain  its  geometrical  meaning,  and  apply  it  to  the  follow- 
ing instances  3^  To  find  the  motion  of  a  pendulum  disturbedby 
a  small  force:. To  find  the  alteration  in  the  elements  of  a 
planet^s  orbit  produced  by  a  resisting,  mediuuu 

20.  Describe  the  terms  in  Physical  Astronomy  which  are 
much  increased  by  integration. 

The  moon's  parallax  being  expressed  (nearly)  by 

P ^i  +  <r  cos  cS— a  +  m^ cos  (2-^2J»;d  +  S/3 
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+    -^Wtf  .  cos  (2— 2»i  — 00+  fl/J-f  aK 

explain  the  meaning  of  each  term. 
Explain  particularly  the  effect  of  the  last  term. 


